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Î ñëó÷àéíîì áëóæäàíèè ñî ñïåöèôè÷åñêèì àëãîðèòìîì
ïåðåêëþ÷åíèé

On a Random Walk with a Speci�c Switching Algorithm 1

Â.È. Ëîòîâ

Àííîòàöèÿ
Èçó÷àþòñÿ ñâîéñòâà òðàåêòîðèé ñëó÷àéíîãî áëóæäàíèÿ ñ íåçàâèñèìûìè ñëà-

ãàåìûìè, ó êîòîðîãî ðàñïðåäåëåíèå ñêà÷êîâ ìåíÿåòñÿ ìåæäó F1 è F2 â ñîîòâåò-
ñòâèè ñî ñëåäóþùèì ïðàâèëîì. Ðàñïðåäåëåíèå F1 ñ ïîëîæèòåëüíûì ìàòåìà-
òè÷åñêèì îæèäàíèåì ñîõðàíÿåòñÿ äî ìîìåíòà ïåðâîãî äîñòèæåíèÿ òðàåêòîðèåé
ìíîæåñòâà (−∞,−a), a ≥ 0, ïîñëå ÷åãî ïðîèñõîäèò ïåðåêëþ÷åíèå íà áëóæäàíèå
ñ îòðèöàòåëüíûì ñíîñîì, ñîîòâåòñòâóþùèì ðàñïðåäåëåíèþ F2. Ýòî ïðîäîëæà-
åòñÿ äî ìîìåíòà ïåðâîãî äîñòèæåíèÿ òðàåêòîðèåé ãîðèçîíòàëüíîé ãðàíèöû íà
óðîâíå b ≥ 0, ïîñëå ÷åãî ðàñïðåäåëåíèå ñêà÷êîâ âíîâü ïåðåêëþ÷àåòñÿ íà F1, è
òàê äàëåå. Â ðàáîòå ïðèâîäÿòñÿ îöåíêè äëÿ âåðîÿòíîñòåé êîíå÷íîñòè ìîìåíòîâ
ïåðåêëþ÷åíèé è äëÿ âåðîÿòíîñòè ðàâåíñòâà áåñêîíå÷íîñòè ñóïðåìóìà òðàåêòî-
ðèè, à òàêæå òî÷íûå ôîðìóëû äëÿ ýòèõ õàðàêòåðèñòèê â íåêîòîðûõ ÷àñòíûõ
ñèòóàöèÿõ. Â îáùåì ñëó÷àå íàéäåíû äâîéíûå ïðåîáðàçîâàíèÿ íàä ñîâìåñòíûìè
ðàñïðåäåëåíèÿìè ìîìåíòîâ ïåðåêëþ÷åíèé è ïîëîæåíèé ïðîöåññà â ýòè ìîìåí-
òû, à òàêæå ïîëó÷åíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ íèõ ïðè a → ∞,
b →∞ â óñëîâèÿõ êðàìåðîâñêîãî òèïà íà ðàñïðåäåëåíèÿ F1 è F2.

The properties of random walk trajectories with independent increments are
studied, where the jump distribution alternates between F1 and F2 according to
the following rule. The distribution F1, which has a positive expectation, remains
in e�ect until the trajectory �rst reaches the set (−∞,−a), a ≥ 0. At this point,
the process switches to a random walk with a negative drift corresponding to the
distribution F2. This continues until the trajectory �rst hits the horizontal boundary
at level b ≥ 0, after which the jump distribution switches back to F1, and so on.

The paper provides estimates for the probabilities that the switching times are
�nite, as well as the probability that the supremum of the trajectory is in�nite.
Exact formulas for these characteristics are also derived in certain special cases.

In the general case, double transforms of the joint distributions of the switching
times and the process positions at those times are obtained. Asymptotic representations
for these transforms are also established as a → ∞, b → ∞, under Cram�er type
conditions on the distributions F1 and F2.

Áèáëèîãðàôèÿ: 13 íàçâàíèé.
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1 Ââåäåíèå. Îöåíêè ñâåðõó
Ðàññìàòðèâàåìûå â ðàáîòå ñëó÷àéíûå áëóæäàíèÿ ñ ïåðåêëþ÷åíèÿìè îáû÷íî îò-

íîñÿò ê ðàçðÿäó îñöèëëèðóþùèõ, òî åñòü òàêèõ, ó êîòîðûõ ðàñïðåäåëåíèå ñêà÷êîâ
òðàåêòîðèè ìåíÿåòñÿ ïðè äîñòèæåíèè íåêîòîðûõ ðåãóëèðóþùèõ óðîâíåé. Íàïðèìåð,
ýòî ìîæåò ïðîèñõîäèòü âñëåäñòâèå æåëàíèÿ îãðàíè÷èòü â íåêîòîðîé ñòåïåíè âûõîä
òðàåêòîðèè âûøå êàêîãî-òî óðîâíÿ èëè äàæå âûõîä çà ïðåäåëû ïîëîñû, ðåãóëèðóÿ
òåì ñàìûì äâèæåíèå òðàåêòîðèè â îáîèõ íàïðàâëåíèÿõ. Ñâîéñòâà îñöèëëèðóþùèõ
ñëó÷àéíûõ áëóæäàíèé ñ ðàçëè÷íûìè ìåõàíèçìàìè ïåðåêëþ÷åíèé èçó÷àëèñü âî ìíî-
ãèõ ðàáîòàõ, ñì., íàïðèìåð, [1]�[4] è ëèòåðàòóðó òàì. Èíòåðåñ ê èññëåäîâàíèÿì òàêèõ
ñëó÷àéíûõ áëóæäàíèé âîçíèêàåò ïðè ïîñòðîåíèè ðàçëè÷íûõ ñòîõàñòè÷åñêèõ ìîäå-
ëåé, â òîì ÷èñëå â òåîðèè ñèñòåì îáñëóæèâàíèÿ è òåîðèè óïðàâëåíèÿ çàïàñàìè.

Îáû÷íî â áîëüøèíñòâå èçâåñòíûõ êîíñòðóêöèé ìåõàíèçì ïåðåêëþ÷åíèé ñïîñîá-
ñòâóåò ïåðåíàïðàâëåíèþ òðàåêòîðèè âíèç, åñëè îíà çàáðàëàñü ñëèøêîì âûñîêî, ëèáî
íàîáîðîò, ïåðåêëþ÷åíèå ñòèìóëèðóåò äâèæåíèå ââåðõ, ÷òîáû îãðàíè÷èòü ñïîëçàíèå
âíèç. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ âåñüìà ñïåöèôè÷åñêèé ìåõàíèçì ïåðå-
êëþ÷åíèé. Åñëè òðàåêòîðèÿ ñ ïîëîæèòåëüíûì ñíîñîì âïåðâûå óøëà íèæå ãîðèçîí-
òàëüíîé ãðàíèöû íà óðîâíå −a ≤ 0, òî ñ ýòîãî ìîìåíòà îíà äàëåå äâèæåòñÿ ñ îò-
ðèöàòåëüíûì ñíîñîì. Åñëè æå ïîñëå ýòîãî òðàåêòîðèÿ â êàêîé-òî ìîìåíò äîñòèãíåò
ìíîæåñòâà [ b,∞), b ≥ 0, òî ñíîñ îïÿòü ìåíÿåòñÿ íà ïîëîæèòåëüíûé, è òàê äàëåå.
Òåì ñàìûì ìåõàíèçì ïåðåêëþ÷åíèé â íåêîòîðîì ñìûñëå îòñëåæèâàåò âîçìîæíîñòè
ñêîðåéøåãî óõîäà òðàåêòîðèè â îäíîì èç äâóõ íàïðàâëåíèé. Îêàçûâàåòñÿ, ïîäîáíàÿ
êîíñòðóêöèÿ ïðåäñòàâëÿåò èíòåðåñ â èññëåäîâàíèÿõ ìîäåëåé ñòîõàñòè÷åñêîãî ãðàäè-
åíòíîãî ñïóñêà â îäíîìåðíûõ ëàíäøàôòàõ [5], ÷òî â ñâîå âðåìÿ ÿâèëîñü ñòèìóëîì ê
íàïèñàíèþ ðàáîòû àâòîðà [6]. Îòìåòèì, ÷òî ðÿä àñèìïòîòè÷åñêèõ ðåçóëüòàòîâ äëÿ
ñëó÷àéíûõ áëóæäàíèé ñ òàêîãî ñîðòà ñïåöèôè÷åñêèìè ïåðåêëþ÷åíèÿìè ñîäåðæèòñÿ
â íåäàâíèõ ðàáîòàõ [7]�[8].

Â [6] ïðåäïîëàãàëîñü, ÷òî a = b = 0. Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò è ðàñøèðÿåò
èññëåäîâàíèÿ [6] â áîëåå îáùåé ñèòóàöèè.

Èòàê, ïóñòü èìåþòñÿ äâå íåçàâèñèìûå ïîñëåäîâàòåëüíîñòè íåçàâèñèìûõ îäè-
íàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí {ξ+

n , n ≥ 1} è {ξ−n , n ≥ 1} òàêèå, ÷òî

P(ξ+
1 < x) = F1(x), P(ξ−1 < x) = F2(x), E ξ+

1 > 0, E ξ−1 < 0,

ïðè ýòîì P(ξ+
1 < 0) > 0, P(ξ−1 > 0) > 0. Îáîçíà÷èì ÷àñòè÷íûå ñóììû ýòèõ ïîñëåäî-

âàòåëüíîñòåé ÷åðåç
S±n = ξ±1 + . . . + ξ±n , n ≥ 1, S±0 = 0,

è ââåäåì ìàðêîâñêîå ñëó÷àéíîå áëóæäàíèå {Xn, n ≥ 0} ñëåäóþùèì îáðàçîì.
Ïóñòü X0 = 0, è äëÿ 1 ≤ n ≤ η−1 ïîëîæèì Xn = S+

n , ãäå

η−1 = η−1 (a) = inf{n ≥ 1 : S+
n < −a}, a ≥ 0.

Ïðè ýòîì ïîëàãàåì âñåãäà inf ∅ = ∞. ßñíî, ÷òî P(η−1 < ∞) < 1 âñëåäñòâèå ïîëîæè-
òåëüíîñòè ñíîñà ïîñëåäîâàòåëüíîñòè S+

n . Ïîñëå äîñòèæåíèÿ ìîìåíòà η−1 íà ñîáûòèè
{η−1 < ∞} ñêà÷êè ïðîöåññà Xn áóäåì âûáèðàòü èç âåðîÿòíîñòíîé êîïèè ïîñëåäîâà-
òåëüíîñòè {ξ−n , n ≥ 1}. Åñëè η−1 = k è Xk = x, x < −a, òî ïðè k < n ≤ η+

2 ïîëàãàåì

Xn = x + S−n−k,

ãäå
η+

2 = k + inf{n ≥ 1 : x + S−n ≥ b}, b ≥ 0.
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Äàëåå íà òðàåêòîðèÿõ, óäîâëåòâîðÿþùèõ óñëîâèþ {η+
2 < ∞}, ïðîöåññ Xn âíîâü ýâî-

ëþöèîíèðóåò ñêà÷êàìè ñ ïîëîæèòåëüíûì ñðåäíèì, âûáèðàåìûì èç âåðîÿòíîñòíîé
êîïèè ïîñëåäîâàòåëüíîñòè {ξ+

n , n ≥ 1}. Åñëè η+
2 = k è Xk = x, x ≥ b, òî äëÿ

η+
2 < n ≤ η−3 ïîëàãàåì

Xn = x + S+
n−k,

ãäå
η−3 = k + inf{n ≥ 1 : x + S+

n < −a},
è òàê äàëåå. Òàêèì îáðàçîì, ïîëó÷àåì ïîñëåäîâàòåëüíîñòü ìîìåíòîâ ïåðåêëþ÷åíèÿ
{η±k , k ≥ 1},

η+
0 = 0, η−2k−1 = inf{j > η+

2k−2 : Xj < −a},
η+

2k = inf{j > η−2k−1 : Xj ≥ b}, k ≥ 1.

Ââåäåì ñîáûòèÿ
A±

k = {η±k < ∞}, k ≥ 1.

ßñíî, ÷òî A−
1 ⊃ A+

2 ⊃ A−
3 ⊃ . . . .

Ïîëîæèì
X = sup{Xn, n ≥ 0}, X = inf{Xn, n ≥ 0}.

Â ðàáîòå ïðèâîäÿòñÿ îöåíêè äëÿ âåðîÿòíîñòåé P(A±
k ), P(X = +∞) è P(X = −∞)

(òåîðåìû 1, 2 è èõ ñëåäñòâèÿ), à òàêæå òî÷íûå ôîðìóëû äëÿ ýòèõ õàðàêòåðèñòèê â
íåêîòîðûõ ÷àñòíûõ ñèòóàöèÿõ. Íàéäåíû äâîéíûå ïðåîáðàçîâàíèÿ íàä ñîâìåñòíûìè
ðàñïðåäåëåíèÿìè ïàð (η±k , Xη±k

) (òåîðåìû 3, 4), à òàêæå ïîëó÷åíû àñèìïòîòè÷åñêèå
ïðåäñòàâëåíèÿ äëÿ íèõ ïðè a → ∞, b → ∞ â óñëîâèÿõ êðàìåðîâñêîãî òèïà íà ðàñ-
ïðåäåëåíèÿ F1 è F2 (òåîðåìà 5 è åå ñëåäñòâèå).

Ïîëîæèì
S = sup{S−n , n ≥ 0}, S = inf{S+

n , n ≥ 0}.
Ýòè ñëó÷àéíûå âåëè÷èíû êîíå÷íû ñ âåðîÿòíîñòüþ 1, ñâîéñòâà èõ ðàñïðåäåëåíèé âåñü-
ìà ïîäðîáíî èçëîæåíû â [9, ãë. 12].

Ïóñòü òàêæå
p1(x) = P(S < −x), p2(x) = P(S ≥ x).

Òåîðåìà 1 Ïðè âñåõ k ≥ 1 èìåþò ìåñòî îöåíêè

P(A+
2k) ≤ p1(a)pk−1

1 (a + b)pk
2(a + b), P(A−

2k−1) ≤ p1(a)pk−1
1 (a + b)pk−1

2 (a + b). (1)

Äîêàçàòåëüñòâî. Åñëè η−1 < ∞, òî äî ìîìåíòà η−1 ñêà÷êè áëóæäàíèÿ {Xn} ñîâïà-
äàþò ïî ðàñïðåäåëåíèþ ñ ξ+

1 è P(A−
1 ) = P(S < −a) = p1(a).

Äëÿ òðàåêòîðèé, óäîâëåòâîðÿþùèõ óñëîâèþ η−2k−1 < ∞, k ≥ 1, áóäåì ôèêñèðîâàòü
çíà÷åíèå Xη−2k−1

= −x < −a è äàëåå ðàññìàòðèâàòü ïîñëåäóþùóþ ÷àñòü òðàåêòîðèè
Xn, ñòàðòóþùóþ â ìîìåíò âðåìåíè η−2k−1 ñ òî÷êè −x. Ñêà÷êè ýòîé ÷àñòè òðàåêòîðèè
äî ìîìåíòà η+

2k íå çàâèñÿò îò ïðåäûñòîðèè ïðè ôèêñàöèè ïîëîæåíèÿ â ìîìåíò η−2k−1

è áóäóò èìåòü îäèíàêîâîå ðàñïðåäåëåíèå ñ ξ−1 . Íå îãðàíè÷èâàÿ îáùíîñòè, ýòè ñêà÷-
êè áóäåì âûáèðàòü èç íåçàâèñèìîé âåðîÿòíîñòíîé êîïèè ïîñëåäîâàòåëüíîñòè {ξ−n }.
Ïóñòü S̃i � ñóììà ïåðâûõ i ÷ëåíîâ ýòîé âåðîÿòíîñòíîé êîïèè, S̃i = 0. Òîãäà

P(η+
2k < ∞) = P(η+

2k < ∞, η−2k−1 < ∞)

=

∫

(a,∞)

P(η+
2k < ∞, Xη−2k−1

∈ −dx, η−2k−1 < ∞)
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=

∫

(a,∞)

P(−x + sup
i≥0

S̃i ≥ b, Xη−2k−1
∈ −dx, η−2k−1 < ∞)

=

∫

(a,∞)

P(sup
i≥0

S̃i ≥ b + x)P(Xη−2k−1
∈ −dx, η−2k−1 < ∞). (2)

Äàëåå ýòî âûðàæåíèå áóäåì àíàëèçèðîâàòü â ðàçíûõ óñëîâèÿõ. Âî-ïåðâûõ, â ïîäûí-
òåãðàëüíîì âûðàæåíèè ïðè x > a ìîæíî èñïîëüçîâàòü îöåíêó

P(sup
i≥0

S̃i ≥ b + x) ≤ P(S > a + b),

÷òî äàåò íàì íåðàâåíñòâî

P(η+
2k < ∞) ≤

∫

(a,∞)

P(S > a+ b)P(Xη−2k−1
∈ −dx, η−2k−1 < ∞) = p2(a+ b)P(η−2k−1 < ∞).

Â ÷àñòíîñòè,
P(η+

2 < ∞) ≤ p1(a)p2(a + b). (3)
Àíàëîãè÷íî ïîëó÷àåì ïðè k ≥ 1

P(η−2k+1 < ∞) =

∞∫

b

P(x + inf
i≥0

˜̃Si < −a)P(Xη+
2k
∈ dx, η+

2k < ∞)

=

∞∫

b

P(S < −a− x)P(Xη+
2k
∈ dx, η+

2k < ∞), (4)

îòêóäà ñðàçó æå ñëåäóåò

P(η−2k+1 < ∞) ≤
∞∫

b

P(S < −a− b)P(Xη+
2k
∈ dx, η+

2k < ∞) = p1(a + b)P(η+
2k < ∞), (5)

ãäå ˜̃Si îáîçíà÷àåò ñóììó ïåðâûõ i ñëó÷àéíûõ âåëè÷èí èç íåçàâèñèìîé âåðîÿòíîñòíîé
êîïèè ïîñëåäîâàòåëüíîñòè {ξ+

n }. Èç (3) è (5) ïðè k = 1 ïîëó÷àåì

P(η−3 < ∞) ≤ p1(a)p1(a + b)p2(a + b), P(η+
4 < ∞) ≤ p1(a)p1(a + b)p2

2(a + b),

è òàê äàëåå. Òåì ñàìûì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû 1. ¤
Íåðàâåíñòâà (1) ðàíåå óñòàíîâëåíû â [6] ïðè a = b = 0. Òàì æå îáñóæäàëèñü âîç-

ìîæíîñòè íàõîæäåíèÿ âåëè÷èí p1(0), p2(0) â òî÷íîì âèäå è ïðîâåäåíî èõ âû÷èñëåíèå
â ñëó÷àå ýêñïîíåíöèàëüíûõ õâîñòîâ ðàñïðåäåëåíèé ñëó÷àéíûõ âåëè÷èí ξ±1 .

Ñëåäñòâèå 1 Èìåþò ìåñòî îöåíêè

P(X = −∞) ≤ p1(a)

1− p1(a + b)p2(a + b)
,

P (X = +∞) = 1−P(X = −∞) ≥ 1− p1(a)

1− p1(a + b)p2(a + b)
,

P(X = +∞) ≤ 1− p1(a) +
p1(a)p2(a + b)

1− p1(a + b)p2(a + b)
.
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Äîêàçàòåëüñòâî. Â òåîðåìå 1 óñòàíîâëåíî, â ÷àñòíîñòè, ÷òî P(A±
k ) → 0 ñ ýêñ-

ïîíåíöèàëüíîé ñêîðîñòüþ ïðè k → ∞. Îòñþäà ñëåäóåò, ÷òî ìíîæåñòâî òðàåêòîðèé,
èìåþùèõ áåñêîíå÷íîå ÷èñëî ïåðåêëþ÷åíèé, èìååò íóëåâóþ âåðîÿòíîñòü. Ïåðå÷èñëÿÿ
òåïåðü òðàåêòîðèè ñ êîíå÷íûì êîëè÷åñòâîì ïåðåêëþ÷åíèé, äëÿ êîòîðûõ X = +∞ è
äëÿ êîòîðûõ X = −∞, ïðèõîäèì ê ñëåäóþùèì ñîîòíîøåíèÿì:

P(X = +∞) = P(η−1 = ∞) + P(η+
2 < ∞, η−3 = ∞) + P(η+

4 < ∞, η−5 = ∞) + · · · , (6)

P(X = −∞) = P(η−1 < ∞, η+
2 = ∞) + P(η−3 < ∞, η+

4 = ∞) + · · · . (7)
Äåéñòâèòåëüíî, åñëè ðàññìàòðèâàòü öåëèêîì òðàåêòîðèþ ñëó÷àéíîãî áëóæäàíèÿ

{S+
n , n ≥ 0}, òî õîðîøî èçâåñòíî, ÷òî P(sup{S+

n , n ≥ 0} = ∞) = 1. Ðàññìîòðèì
òåïåðü ñîáûòèå {η−1 = ∞}. Íà íåì òðàåêòîðèè ïðîöåññà Xn ñîâïàäàþò ñ òðàåêòî-
ðèÿìè ñëó÷àéíîãî áëóæäàíèÿ {S+

n }, êîòîðûå íèêîãäà íå îïóñêàþòñÿ íèæå ïðÿìîé
íà óðîâíå −a. Ðàçóìååòñÿ, ñóïðåìóì êàæäîé òàêîé òðàåêòîðèè ïî-ïðåæíåìó ðàâåí
áåñêîíå÷íîñòè, íî âåðîÿòíîñòíàÿ ìåðà ýòîãî ïó÷êà òðàåêòîðèé óæå ìåíüøå åäèíèöû:

P(η−1 = ∞) = 1−P(η−1 < ∞) = 1−P(S < −a) = 1− p1(a) < 1.

Äàëåå ðàññìîòðèì ñîáûòèå {η−1 < ∞, η+
2 < ∞, η−3 = ∞}. Îíî ñîäåðæèò òðàåêòîðèè

ïðîöåññà Xn, êîòîðûå âïåðâûå äîñòèãëè óðîâíÿ −a â ìîìåíò âðåìåíè η−1 , çàòåì, ïî-
ìåíÿâ ðàñïðåäåëåíèå ñêà÷êîâ, â ìîìåíò âðåìåíè η+

2 âïåðâûå äîñòèãëè óðîâíÿ b ≥ 0,
ïîñëå ÷åãî óæå íå îïóñêàëèñü íèæå óðîâíÿ −a. Òàêèì îáðàçîì, îñòàâøàÿñÿ ÷àñòü
òðàåêòîðèè ïðîöåññà Xn ïîñëå ìîìåíòà âðåìåíè η+

2 ÿâëÿåò ñîáîé òðàåêòîðèþ ñëó-
÷àéíîãî áëóæäàíèÿ ñ ïîëîæèòåëüíûì ñíîñîì, ñóïðåìóì êîòîðîé ðàâåí áåñêîíå÷íî-
ñòè. È ýòî ïðîèñõîäèò íà ñîáûòèè {η−1 < ∞, η+

2 < ∞, η−3 = ∞}, êîòîðîå ñîâïàäàåò ñ
{η+

2 < ∞, η−3 = ∞} â ñèëó ñâîéñòâà A−
1 ⊃ A+

2 . Ðàññìîòðåíèå äàëüíåéøèõ ñëàãàåìûõ
â (6) ïðîèñõîäèò àíàëîãè÷íî.

Òî÷íî òàê æå â ïðàâîé ÷àñòè ôîðìóëû (7) ïðîèñõîäèò ïåðåáîð ïó÷êîâ òðàåêòîðèé,
êîòîðûå ïîñëå î÷åðåäíîãî ïîïàäàíèÿ â ïîëóïëîñêîñòü íèæå óðîâíÿ −a íà÷èíàþò
áëóæäàòü ñ îòðèöàòåëüíûì ñíîñîì è áîëüøå íèêîãäà íå äîñòèãàþò óðîâíÿ b ≥ 0; ýòî
îçíà÷àåò, ÷òî êàæäûé ðàç èíôèìóì îñòàâøåéñÿ ÷àñòè òðàåêòîðèè ðàâíÿåòñÿ ìèíóñ
áåñêîíå÷íîñòè.

Îòìåòèì, ÷òî ñîáûòèÿ {X = +∞} è {X = −∞} íåñîâìåñòíû, è P(X = +∞) +
P(X = −∞) = 1.

Èç òåîðåìû 1 è (7) ñëåäóåò

P(X = −∞) ≤ P(η−1 < ∞) + P(η−3 < ∞) + . . .

≤ p1(a)
∞∑

k=1

pk−1
1 (a + b)pk−1

2 (a + b) =
p1(a)

1− p1(a + b)p2(a + b)
,

ïîýòîìó

P(X = +∞) = 1−P(X = −∞) ≥ 1− p1(a)

1− p1(a + b)p2(a + b)
.

Îäíîâðåìåííî èç òåîðåìû 1 è (6) âûâîäèì

P(X = +∞) ≤ P(η−1 = ∞) + P(η+
2 < ∞) + P(η+

4 < ∞) + · · ·

≤ 1− p1(a) + p1(a)p2(a + b)
∞∑

k=1

pk−1
1 (a + b)pk−1

2 (a + b)
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= 1− p1(a) +
p1(a)p2(a + b)

1− p1(a + b)p2(a + b)
.

Ñëåäñòâèå äîêàçàíî. ¤
Åñëè a > 0 è b > 0, òî ìîæíî ïðåäëîæèòü äðóãèå îöåíêè äëÿ P(A±

k ). Äëÿ ýòîãî
îáîçíà÷èì ϕ±(λ) = E exp{λξ±1 }, è ïðåäïîëîæèì, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ
êðàìåðîâñêîãî òèïà:

ϕ−(C) < ∞ äëÿ íåêîòîðîãî C > 0, ϕ−(C) > 1; (8)

ϕ+(c) < ∞ äëÿ íåêîòîðîãî c < 0, ϕ+(c) > 1. (9)
Ôóíêöèè ϕ− è ϕ+ âûïóêëû âíèç ñîîòâåòñòâåííî íà èíòåðâàëàõ [0, C] è [c, 0], è óðàâ-
íåíèÿ ϕ±(λ) = 1 èìåþò íåíóëåâûå âåùåñòâåííûå ðåøåíèÿ µ è ν òàêèå, ÷òî

ϕ−(ν) = 1, ϕ+(−µ) = 1, ïðè ýòîì 0 < ν < C, 0 < µ < −c.

Èçâåñòíî [10, �22, òåîðåìà 16], ÷òî ïðè x ≥ 0 èìåþò ìåñòî îöåíêè

P(S ≥ x) ≤ e−νx, åñëè âûïîëíåíî óñëîâèå (8),

P(S ≤ −x) ≤ e−µx, åñëè âûïîëíåíî óñëîâèå (9).
Èòàê, ïóñòü âûïîëíåíî (8). Òîãäà ïðàâóþ ÷àñòü ðàâåíñòâà (2) ìîæíî îöåíèòü ñëåäó-
þùèì îáðàçîì:

P(η+
2k < ∞) =

∫

(a,∞)

P(sup
i≥0

S̃i ≥ b + x)P(Xη−2k−1
∈ −dx, η−2k−1 < ∞)

≤
∫

(a,∞)

e−ν(b+x) P(Xη−2k−1
∈ −dx, η−2k−1 < ∞)

≤ e−ν(a+b)

∫

(a,∞)

P(Xη−2k−1
∈ −dx, η−2k−1 < ∞) = e−ν(a+b)P(η−2k−1 < ∞).

Àíàëîãè÷íî ïðè âûïîëíåíèè óñëîâèÿ (9) èç (4) âûâîäèì

P(η−2k+1 < ∞) =

∞∫

b

P(S < −a− x)P(Xη+
2k
∈ dx, η+

2k < ∞),

≤
∞∫

b

e−µ(a+x) P(Xη+
2k
∈ dx, η+

2k < ∞) ≤ e−µ(a+b)P(η+
2k < ∞) ≤ e−(µ+ν)(a+b)P(η−2k−1 < ∞).

Äîáàâèì åùå, ÷òî
P(η−1 < ∞) = P(S < −a) ≤ e−µa,

P(η+
2 < ∞) ≤ e−ν(a+b)P(η−1 < ∞) = e−ν(a+b)e−µa,

P(η−3 < ∞) ≤ e−µ(a+b)P(η+
2 < ∞) = e−(µ+ν)(a+b)e−µa,

è òàê äàëåå. Ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Òåîðåìà 2 Ïóñòü a > 0, b > 0 è âûïîëíåíû óñëîâèÿ (8) è (9), òîãäà äëÿ âñåõ k ≥ 1

P(η−2k−1 < ∞) ≤ e−(k−1)(µ+ν)(a+b)e−µa, P(η+
2k < ∞) ≤ e−ν(a+b)P(η−2k−1 < ∞).
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Èñïîëüçóÿ ýòè íåðàâåíñòâà, ìîæíî ïåðåïèñàòü îöåíêè, ïîëó÷åííûå ðàíåå â ñëåä-
ñòâèè 1.

Ñëåäñòâèå 2 Â óñëîâèÿõ òåîðåìû 2 ñïðàâåäëèâû îöåíêè

P(X = −∞) ≤ exp{−µa}
∞∑

k=1

exp{−(k− 1)(µ + ν)(a + b)} =
exp{−µa}

1− exp{−(µ + ν)(a + b)} ,

P(X = +∞) = 1−P(X = −∞) ≥ 1− exp{−µa}
1− exp{−(µ + ν)(a + b)} ,

P(X = +∞) ≤ 1− exp{−µa}+ exp{−µa− ν(a + b)}
∞∑

k=1

exp{−(k − 1)(µ + ν)(a + b)}

= 1− exp{−µa}+
exp{−µa− ν(a + b)}

1− exp{−(µ + ν)(a + b)} .

2 Òî÷íûå ôîðìóëû
Èçó÷åíèå ðàñïðåäåëåíèé ãðàíè÷íûõ ôóíêöèîíàëîâ äëÿ ñëó÷àéíûõ áëóæäàíèé ñ

ïðÿìîëèíåéíûìè ãîðèçîíòàëüíûìè ãðàíèöàìè îáû÷íî ïðèâîäèò ê íàõîæäåíèþ ðå-
øåíèé â òî÷íîì âèäå òîëüêî â èçâåñòíûõ ÷àñòíûõ ñèòóàöèÿõ. Îäíàêî íàõîæäåíèå
â ÿâíîì âèäå ïðåîáðàçîâàíèé Ëàïëàñà�Ñòèëòüåñà èñêîìûõ ðàñïðåäåëåíèé îêàçû-
âàåòñÿ äîñòóïíûì â çíà÷èòåëüíî áîëåå øèðîêèõ êëàññàõ çàäà÷. Â ñâÿçè ñ ýòèì â
äàííîé ñåêöèè ñíà÷àëà áóäåì èíòåðåñîâàòüñÿ ïðåîáðàçîâàíèÿìè Ëàïëàñà�Ñòèëòüåñà
ñîâìåñòíûõ ðàñïðåäåëåíèé ïàð

(
η±k , Xη±k

)
, k ≥ 1.

Ââåäåì äâîéíûå ïðåîáðàçîâàíèÿ íàä ðàñïðåäåëåíèÿìè ýòèõ âåêòîðîâ:

Uk(z, λ) := E
(
zη−k exp{λXη−k

}; η−k < ∞)
=

∞∑
n=1

zn

∫

(−∞,−a)

eλy P(η−k = n, Xη−k
∈ dy),

Vk(z, λ) := E
(
zη+

k exp{λXη+
k
}; η+

k < ∞)
=

∞∑
n=1

zn

∞∫

b

eλy P(η+
k = n, Xη+

k
∈ dy),

çäåñü |z| ≤ 1, Reλ = 0.
Íèæå áóäóò ââåäåíû äâà îïåðàòîðà, íàçîâåì èõ A è B, êîòîðûå äåéñòâóþò íà ìíî-

æåñòâå ââåäåííûõ äâîéíûõ ïðåîáðàçîâàíèé è ñ ïîìîùüþ êîòîðûõ áóäóò ïîëó÷åíû
ðåêóððåíòíûå ñîîòíîøåíèÿ âèäà

U2k+1(z, λ) = (AV2k)(z, λ), V2k(z, λ) = (BU2k−1)(z, λ), k ≥ 1. (10)

Ïåðåéäåì ê ââåäåíèþ ýòèõ îïåðàòîðîâ. Äëÿ ýòîãî ïîòðåáóåòñÿ èñïîëüçîâàòü òåî-
ðåìó 1 èç [11], ôîðìóëèðîâêà êîòîðîé òðåáóåò ââåäåíèÿ äîïîëíèòåëüíûõ îáîçíà÷åíèé
è ïîäðîáíîãî îïèñàíèÿ.

Èòàê, â ýòîé òåîðåìå ðàññìàòðèâàåòñÿ ïðîèçâîëüíîå ñëó÷àéíîå áëóæäàíèå Sn =
ξ1 + . . .+ξn, n ≥ 1, S0 = 0, ïîðîæäåííîå ïîñëåäîâàòåëüíîñòüþ íåçàâèñèìûõ îäèíàêî-
âî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí, è ïóñòü τ ≥ 0 � ïðîèçâîëüíûé ìîìåíò îñòà-
íîâêè äëÿ ýòîãî áëóæäàíèÿ, âîçìîæíî, íåñîáñòâåííûé. Ïðåäïîëîæèì, ÷òî èçâåñòíî
äâîéíîå ïðåîáðàçîâàíèå íàä ðàñïðåäåëåíèåì ïàðû ñëó÷àéíûõ âåëè÷èí

(
τ, Sτ

)
:

g(z, λ) =
∞∑

n=0

zn

∞∫

−∞

eλyP(τ = n, Sn ∈ dy), |z| ≤ 1, Reλ = 0. (11)
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Åñëè P(τ = 0) = 1, òî â ýòîì ñëó÷àå g(z, λ) ≡ e(z, λ) ≡ 1. Íà ñîáûòèè {τ < ∞}
ââîäÿòñÿ ñëó÷àéíûå âåëè÷èíû

τ+(b) = inf{n ≥ τ : Sn ≥ b}, τ−(a) = inf{n ≥ τ : Sn < −a}.

Îñîáåííîñòüþ ýòèõ âåëè÷èí ÿâëÿåòñÿ òî, ÷òî çäåñü îïðåäåëÿþòñÿ ìîìåíòû äîñòèæå-
íèé ñîîòâåòñòâóþùèõ óðîâíåé âïåðâûå íå ïîñëå íóëÿ, à ïîñëå íåêîòîðîãî ïðîèçâîëü-
íîãî ìîìåíòà îñòàíîâêè τ . Âîçíèêàåò âîïðîñ: êàê âûðàçèòü äâîéíûå ïðåîáðàçîâàíèÿ
íàä ðàñïðåäåëåíèÿìè âåêòîðîâ (τ−(a), Sτ−(a)), (τ+(b), Sτ+(b)) ÷åðåç g(z, λ). Òåîðåìà 1
â [11] óòâåðæäàåò, ÷òî

E
(
zτ−(a) exp{λSτ−(a)}; τ−(a) < ∞)

= (Ag)(z, λ), |z| < 1, Reλ ≥ 0,

E
(
zτ+(b) exp{λSτ+(b)}; τ+(b) < ∞)

= (Bg)(z, λ), |z| < 1, Reλ ≤ 0.

Ó÷àñòâóþùèå çäåñü îïåðàòîðû A è B îïðåäåëÿþòñÿ íèæå ñëåäóþùèì îáðàçîì. Ïóñòü

η+ = min{n ≥ 1 : Sn ≥ 0}, η− = min{n ≥ 1 : Sn < 0}, χ± = Sη± ,

� ñîîòâåòñòâåííî ïåðâûå ëåñòíè÷íûå ìîìåíòû è ëåñòíè÷íûå âûñîòû äëÿ ñëó÷àéíîãî
áëóæäàíèÿ Sn, è ïóñòü äëÿ |z| ≤ 1, Reλ = 0,

r−(z, λ) = 1− E
(
zη− exp{λχ−}; η− < ∞)

, (12)

r+(z, λ) = 1− E
(
zη+ exp{λχ+}; η+ < ∞)

, (13)
� êîìïîíåíòû èçâåñòíîé ôàêòîðèçàöèè ([9, ãë. 12])

1− zE exp{λ ξ1} = r−(z, λ)r+(z, λ).

Óñëîâèìñÿ îáîçíà÷àòü ÷åðåç Π ìíîæåñòâî ôóíêöèé f , èìåþùèõ âèä

f(λ) =

∞∫

−∞

eλydF (y), Reλ = 0,

∞∫

−∞

|dF (y)| < ∞.

Çäåñü F � ïðîèçâîëüíàÿ ôóíêöèÿ ñ êîíå÷íîé ïîëíîé âàðèàöèåé. Íàêîíåö, ââåäåì
îïåðàòîðû A è B ñëåäóþùèì îáðàçîì. Äëÿ âñÿêîé ôóíêöèè f ∈ Π ïîëîæèì ïî
îïðåäåëåíèþ ïðè |z| < 1, Reλ = 0,

(Af)(z, λ) = r−(z, λ)
[
r−1
− (z, λ) f(λ)

](−∞,−a)
, a > 0,

(Bf)(z, λ) = r+(z, λ)
[
r−1
+ (z, λ) f(λ)

][b,∞)
, b > 0,

ãäå ïðèíÿòî îáîçíà÷åíèå
[ ∞∫

−∞

eλydF (y)

]D

=

∫

D

eλydF (y)

äëÿ ëþáîãî èçìåðèìîãî D ⊂ R. Ôóíêöèÿ f â ýòîì îïðåäåëåíèè ìîæåò òàêæå çàâèñåòü
îò z. Çàìåòèì, ÷òî òàê îïðåäåëÿåìûå îïåðàòîðû ñàìè çàâèñÿò îò z, íî äëÿ êðàòêîñòè
ýòî íå ïîä÷åðêèâàåòñÿ â èõ îáîçíà÷åíèÿõ. Ñòîÿùèå â êâàäðàòíûõ ñêîáêàõ ôóíêöèè
r−1
± (z, λ) ïî ïåðåìåííîé λ òàêæå ïðèíàäëåæàò Π äëÿ |z| < 1, Reλ = 0, ýòî èçâåñòíî
èç [9, ãë. 12].
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Èòàê, âûáèðàÿ â êà÷åñòâå f ââåäåííóþ â (11) ôóíêöèþ g, ïîëó÷èì óòâåðæäåíèå
òåîðåìû 1 èç [11]. Åñëè æå â ýòîé òåîðåìå ñ ñàìîãî íà÷àëà P(Sτ ≥ b) = 1, òî, î÷åâèäíî,
áóäåì èìåòü â ýòîì ñëó÷àå (Bg)(z, λ) ≡ g(z, λ).

Õîðîøî èçâåñòíî, ÷òî äâèæåíèå òðàåêòîðèè ñëó÷àéíîãî áëóæäàíèÿ ââåðõ ê ãî-
ðèçîíòàëüíîé ãðàíèöå îñóùåñòâëÿåòñÿ, øàã çà øàãîì, íåçàâèñèìûìè ñëó÷àéíûìè
ñêà÷êàìè, îäèíàêîâî ðàñïðåäåëåííûìè ñ ïåðâîé ëåñòíè÷íîé âûñîòîé χ+, à ïðîìå-
æóòêè âðåìåíè ìåæäó ýòèìè ñêà÷êàìè íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû ñ ïåð-
âûì ëåñòíè÷íûì ìîìåíòîì η+. Ïîýòîìó âïîëíå åñòåñòâåííûì ÿâëÿåòñÿ òîò ôàêò, ÷òî
äâîéíîå ïðåîáðàçîâàíèå íàä ðàñïðåäåëåíèåì ïàðû ñëó÷àéíûõ âåëè÷èí

(
τ+(b), Sτ+(b)

)
âûðàæàåòñÿ ÷åðåç äâîéíîå ïðåîáðàçîâàíèå íàä ëåñòíè÷íîé ïàðîé

(
η+, χ+

)
, êîòîðîå

ïî÷òè ñîâïàäàåò ñ ñîîòâåòñòâóþùåé êîìïîíåíòîé ôàêòîðèçàöèè.
Îòìåòèì âàæíóþ îñîáåííîñòü ïðèâåäåííîé òåîðåìû. Ðàñïðåäåëåíèå ñêà÷êîâ ñëó-

÷àéíîãî áëóæäàíèÿ äî ìîìåíòà τ ìîæåò áûòü ïðîèçâîëüíûì è íèêàê íå âëèÿåò íà
ðåçóëüòàò, èñïîëüçóåòñÿ òîëüêî çíàíèå ôóíêöèè g. Ó÷àñòâóþùèå â îïðåäåëåíèè îïå-
ðàòîðîâ A è B êîìïîíåíòû ôàêòîðèçàöèè îïðåäåëÿþòñÿ ñêà÷êàìè áëóæäàíèÿ Sn

ïîñëå ìîìåíòà τ , ðàñïðåäåëåíèÿ ñêà÷êîâ áëóæäàíèÿ ïîñëå ìîìåíòà τ íå îáÿçàíû
ñîâïàäàòü ñ ðàñïðåäåëåíèÿìè ñêà÷êîâ äî τ .

Îáðàòèìñÿ ê ïåðâîìó èç ñîîòíîøåíèé (10). Äëÿ åãî îáîñíîâàíèÿ ïðèìåíèì òåî-
ðåìó 1 èç [11], ïîëîæèâ τ = η+

2k è íàïîìíèâ, ÷òî ïîñëå ìîìåíòà η+
2k äî ìîìåíòà

η−2k+1 ïðèðàùåíèÿ ïðîöåññà Xn ðàñïðåäåëåíû îäèíàêîâî ñ ξ+
1 . Ïîýòîìó áåðåì íåçà-

âèñèìóþ âåðîÿòíîñòíóþ êîïèþ ïîñëåäîâàòåëüíîñòè {ξ+
n }, ñòðîèì ïî íåé ïîñëåäî-

âàòåëüíûå ñóììû è äëÿ èñïîëüçîâàíèÿ â ôîðìóëå (12) â êà÷åñòâå η− áåðåì íîìåð
ïåðâîé îòðèöàòåëüíîé ñóììû èç íèõ, à χ− áóäåò ðàâíî âåëè÷èíå ýòîé ñóììû. Îïå-
ðàòîð A â ýòîé ñèòóàöèè áóäåì îáîçíà÷àòü êàê A, à ó÷àñòâóþùóþ â îïðåäåëåíèè
ýòîãî îïåðàòîðà êîìïîíåíòó ôàêòîðèçàöèè r−(z, λ) áóäåì îáîçíà÷àòü ïðîñòî r(z, λ),
äëÿ êðàòêîñòè îïóñêàÿ èíäåêñ. Ïðè ðàññìîòðåíèè âòîðîãî ñîîòíîøåíèÿ â (10) ðîëü
ìîìåíòà îñòàíîâêè τ âûïîëíÿåò τ = η−2k−1, è äàëüíåéøèå ñêà÷êè ïðîöåññà Xn ðàñïðå-
äåëåíû îäèíàêîâî ñ ξ−1 . Ïîýòîìó â ôîðìóëå (13) â êà÷åñòâå η+ áåðåì íîìåð ïåðâîé
íåîòðèöàòåëüíîé ñóììû, ïîñòðîåííîé ïî íåçàâèñèìîé âåðîÿòíîñòíîé êîïèè ïîñëå-
äîâàòåëüíîñòè ξ−n , à χ+ ïîëàãàåì ðàâíûì âåëè÷èíå ýòîé ñóììû. Îïåðàòîð B â ýòîé
ñèòóàöèè áóäåì îáîçíà÷àòü ÷åðåç B, à ó÷àñòâóþùóþ â îïðåäåëåíèè ýòîãî îïåðàòîðà
êîìïîíåíòó ôàêòîðèçàöèè r+(z, λ) äëÿ êðàòêîñòè áóäåì îáîçíà÷àòü ïðîñòî R(z, λ).

Òàêèì îáðàçîì, ïðèìåíåíèå òåîðåìû 1 èç [11] âëå÷åò ñïðàâåäëèâîñòü ñîîòíîøåíèé
(10), â êîòîðûõ îïåðàòîðû A è B çàäàþòñÿ ôîðìóëàìè

(Ag)(z, λ) = r(z, λ)
[
r−1(z, λ) g(λ)

](−∞,−a)
, a > 0,

(Bg)(z, λ) = R(z, λ)
[
R−1(z, λ) g(λ)

][b,∞)
, b > 0.

Ïîëó÷àåì òåïåðü èç (10)

U1(z, λ) = (Ae)(z, λ),

V2(z, λ) = (BAe)(z, λ),

U3(z, λ) = (ABAe)(z, λ),

è òàê äàëåå. Â èòîãå óñòàíàâëèâàåì ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 3 Ïðè |z| < 1, Reλ = 0, äëÿ âñåõ a > 0, b > 0 è k ≥ 1 èìåþò ìåñòî
ñîîòíîøåíèÿ

U2k−1(z, λ) = (A(BA)k−1e)(z, λ), V2k(z, λ) = ((BA)ke)(z, λ), (14)

â êîòîðûõ ñòåïåíè îïåðàòîðîâ ïîíèìàþòñÿ êàê ñóïåðïîçèöèè.
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Ïîñëå íàõîæäåíèÿ äâîéíûõ ïðåîáðàçîâàíèé âîçíèêàåò âîïðîñ îá èõ îáðàùåíèè. Â
îáùåì ñëó÷àå ôîðìóëû (14) òðóäíû äëÿ âû÷èñëåíèÿ â ÿâíîì âèäå. Ïðè èñïîëüçîâà-
íèè îïåðàòîðîâ A è B õîòåëîñü áû èìåòü ÿâíûå âûðàæåíèÿ êîìïîíåíò ôàêòîðèçàöèè
r(z, λ) è R(z, λ) ÷åðåç õàðàêòåðèñòèêè èñõîäíûõ ðàñïðåäåëåíèé F1 è F2, îäíàêî ýòî
äîñòóïíî äàëåêî íå âñåãäà. Êëàññû ðàñïðåäåëåíèé, äëÿ êîòîðûõ ýòî óäàåòñÿ ñäåëàòü,
îáñóæäàþòñÿ â [6]. Íèæå ïðîäåìîíñòðèðóåì âû÷èñëåíèå âåëè÷èí (14) ïðè âûïîëíå-
íèè óñëîâèé

P(ξ−1 ≥ t) = q exp{−αt}, t > 0, α > 0. (15)

P(ξ+
1 < t) = r exp{βt}, t < 0, β > 0. (16)

Ýòà ñèòóàöèÿ ïîäðîáíî ðàññìîòðåíà â [3]. Ôóíêöèÿ ϕ+(λ) êîíå÷íà ïðè −β < λ ≤ 0,
ϕ−(λ) îïðåäåëåíà ïðè 0 ≤ λ < α. Îáå ôóíêöèè âûïóêëû âíèç, ïîýòîìó ñ ó÷åòîì
òðåáîâàíèé E ξ−1 < 0 è E ξ+

1 > 0 íåòðóäíî âèäåòü, ÷òî ïðè 0 < z ≤ 1 óðàâíåíèå
1 − zϕ+(λ) = 0 èìååò åäèíñòâåííûé îòðèöàòåëüíûé êîðåíü. Îáîçíà÷èì åãî λ(z), è
îáîçíà÷èì ÷åðåç Λ(z) ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ 1 − zϕ−(λ) = 0. ßñíî, ÷òî
óñëîâèå (15) âëå÷åò ââåäåííîå ðàíåå óñëîâèå (8), óñëîâèå (16) âëå÷åò (9). Âî ââåäåí-
íûõ ðàíåå îáîçíà÷åíèÿõ λ(1) = −µ, Λ(1) = ν. Â [3] ïîêàçàíî, ÷òî ïðè âûïîëíåíèè
óñëîâèé (15) è (16) ôóíêöèè r(z, λ) è R(z, λ) èìåþò âåñüìà ïðîñòóþ ôîðìó.

r(z, λ) =
λ− λ(z)

λ + β
, R(z, λ) =

λ− Λ(z)

λ− α
.

Áîëåå òîãî, òàì æå ïîêàçàíî, ÷òî åñëè ôóíêöèÿ g èìååò âèä

g(λ) =

∞∫

0

eλydG(y), Reλ = 0,

ãäå ïîëíàÿ âàðèàöèÿ G êîíå÷íà, òî

(Ag)(z, λ) =
λ(z) + β

λ + β
g
(
λ(z)

)
e(λ(z)−λ)a.

Äåéñòâèòåëüíî,

r(z, λ)
[
r−1(z, λ)g(λ)

](−∞,−a)
= r(z, λ)

[(
1 +

(
λ(z) + β

) 0∫

−∞

e(λ−λ(z))y dy

)
g(λ)

](−∞,−a)

=
λ− λ(z)

λ + β
(λ(z) + β)

−a∫

−∞

eλy

∞∫

0

e−λ(z)(y−t) dG(t)dy =
λ(z) + β

λ + β
g(λ(z))e(λ(z)−λ)a.

Åñëè æå ôóíêöèÿ g èìååò âèä

g(λ) =

0∫

−∞

eλydG(y), Reλ = 0,

ãäå òàêæå ïîëíàÿ âàðèàöèÿ G êîíå÷íà, òî

(Bg)(z, λ) = R(z, λ)
[
R−1(z, λ)g(λ)

][b,∞)
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=
λ− Λ(z)

λ− α

[(
1 +

(
α− Λ(z)

) ∞∫

0

e(λ−Λ(z))y dy

)
g(λ)

][b,∞)

=
λ− Λ(z)

λ− α
(α− Λ(z))

∞∫

b

eλy

0∫

−∞

e−Λ(z)(y−t) dG(t)dy =
Λ(z)− α

λ− α
g(Λ(z))e(λ−Λ(z))b.

Ýòè óòâåðæäåíèÿ ïîçâîëÿþò âû÷èñëèòü

(Ae)(z, λ) =
λ(z) + β

λ + β
e(λ(z)−λ)a,

(BAe)(z, λ) =
Λ(z)− α

λ− α
· λ(z) + β

Λ(z) + β
e(λ(z)−Λ(z))a e(λ−Λ(z))b,

(ABAe)(z, λ) =
λ(z) + β

λ + β
· Λ(z)− α

λ(z)− α
· λ(z) + β

Λ(z) + β
e(λ(z)−Λ(z))(a+b) e(λ(z)−λ)a,

((BA)2e)(z, λ) =
Λ(z)− α

λ− α
· λ(z) + β

Λ(z) + β
· Λ(z)− α

λ(z)− α
· λ(z) + β

Λ(z) + β
e(λ(z)−Λ(z))(2a+b) e(λ−Λ(z))b,

è òàê äàëåå, ò. å.

(BA)ke(z, λ) =
Λ(z)− α

λ− α
δk
1(z) δk−1

2 (z)µka+(k−1)b(z) e(λ−Λ(z))b (17)

äëÿ âñåõ k ≥ 1, ãäå µ(z) = eλ(z)−Λ(z) è

δ1(z) =
λ(z) + β

Λ(z) + β
, δ2(z) =

Λ(z)− α

λ(z)− α
.

Äëÿ 0 < z < 1 âûïîëíÿåòñÿ −β < λ(z) < 0 è 0 < Λ(z) < α; ïîýòîìó |δi(z)| < 1,
i = 1, 2.

Äàëåå,
(A(BA)2e)(z, λ) =

λ(z) + β

λ + β
δ2
1(z) δ2

2(z)µ2(a+b)(z) e(λ(z)−λ)a.

Ïðîäîëæàÿ ýòè âû÷èñëåíèÿ, óáåæäàåìñÿ, ÷òî

(A(BA)ke)(z, λ) =
λ(z) + β

λ + β
δk
1(z) δk

2(z)µk(a+b)(z) e(λ(z)−λ)a.

Òàêèì îáðàçîì, ïîëó÷åíà

Òåîðåìà 4 Ïóñòü âûïîëíåíû óñëîâèÿ (15) è (16). Òîãäà ïðè 0 < z < 1, Reλ = 0,
äëÿ âñåõ a > 0, b > 0 è k ≥ 1 èìåþò ìåñòî ñîîòíîøåíèÿ

U2k−1(z, λ) =
λ(z) + β

λ + β
δk−1
1 (z) δk−1

2 (z) µ(k−1)(a+b)(z) e(λ(z)−λ)a,

V2k(z, λ) =
Λ(z)− α

λ− α
δk
1(z) δk−1

2 (z) µka+(k−1)b(z) e(λ−Λ(z))b.
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Ñëåäñòâèå 3 Â óñëîâèÿõ òåîðåìû 4

E
(
exp{λXη−2k−1

}; η−2k−1 < ∞)
= lim

z→1
U2k−1(z, λ) =

β − µ

λ + β
δk−1
1 δk−1

2 d(k−1)(a+b) e−(µ+λ)a,

E
(
exp{λXη+

2k
}; η+

2k < ∞)
= lim

z→1
V2k(z, λ) =

ν − α

λ− α
δk
1 δk−1

2 dka+(k−1)b e(λ−ν)b,

P(η−2k−1 < ∞) =
β − µ

β
δk−1
1 δk−1

2 d(k−1)(a+b) e−µa,

P(η+
2k < ∞) =

α− ν

α
δk
1 δk−1

2 dka+(k−1)b e−νb,

ãäå îáîçíà÷åíî

δ1 = δ1(1) =
β − µ

ν + β
, δ2 = δ2(1) =

α− ν

µ + α
, d = e−(µ+ν).

Çàìå÷àíèå 1. Îòìåòèì, ÷òî ðåçóëüòàòû ñëåäñòâèÿ 3 ìîæíî ïîëó÷èòü è áåç òåî-
ðåìû 4. Äåéñòâèòåëüíî, ïðè îäíîâðåìåííîì âûïîëíåíèè óñëîâèé (15) è (16) àáñîëþò-
íûå çíà÷åíèÿ âñåõ ïåðåñêîêîâ áëóæäàíèÿ {Xn, n ≥ 1} â ìîìåíòû η±k èìåþò óñëîâíûå
ýêñïîíåíöèàëüíûå ðàñïðåäåëåíèÿ è íå çàâèñÿò îò ìîìåíòîâ äîñòèæåíèÿ óðîâíÿ, à
èìåííî: ïðè k ≥ 1

P(Xη−2k−1
+ a ∈ dy | η−2k−1 < ∞) = βeβydy, y < 0,

P(Xη+
2k
− b ∈ dy | η+

2k < ∞) = αe−αydy, y > 0.

Êðîìå òîãî, èçâåñòíî, ÷òî åñëè âûïîëíåíî (15), òî ñ âåðîÿòíîñòüþ 1 êîíå÷åí ñóïðåìóì
S òðàåêòîðèè áëóæäàíèÿ {S−n } è

P(S = 0) =
ν

α
,

P(S ∈ dx) =

(
1− ν

α

)
νe−νxdx, x > 0,

ñì. [9, ãë. 12, ïðèìåð 5.1]. Çäåñü, íàïîìíèì, ν � åäèíñòâåííûé ïîëîæèòåëüíûé êîðåíü
óðàâíåíèÿ ϕ−(λ) = 1, 0 < ν < α. Àíàëîãè÷íî, åñëè âûïîëíåíî (16), òî

P(S = 0) =
µ

β
,

P(S ∈ dx) =

(
1− µ

β

)
µeµxdx, åñëè x < 0,

çäåñü ϕ+(−µ) = 1.
Âû÷èñëÿÿ â òî÷íîì âèäå ïðàâóþ ÷àñòü (2), ïîëó÷àåì äëÿ k ≥ 1

P(η+
2k < ∞) =

−a∫

−∞

P(S ≥ b− x)P(Xη−2k−1
+ a ∈ dx + a| η−2k−1 < ∞)P(η−2k−1 < ∞)

=

(
1− ν

α

) ∫

(−∞,0)

e−ν(b−y+a)βeβydyP(η−2k−1 < ∞) =

(
1− ν

α

)
βe−ν(a+b)

β + ν
P (η−2k−1 < ∞).
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Òàêèì îáðàçîì, èìååì

P(η−1 < ∞) = P(S < −a) =

(
1− µ

β

)
e−µa.

P(η+
2 < ∞) =

(
1− µ

β

)(
1− ν

α

)
βe−µa−ν(a+b)

β + ν
.

Äëÿ ïðàâîé ÷àñòè (4) íàõîäèì

P(η−2k+1 < ∞) =

∞∫

b

P(S < −a− x)P(Xη+
2k
− b ∈ dx− b | η+

2k < ∞)P(η+
2k < ∞)

=

(
1− µ

β

) ∞∫

0

e−µ(a+b+y)αe−αydyP(η+
2k < ∞) =

(
1− µ

β

)
αe−µ(a+b)

α + µ
P(η+

2k < ∞)

=

(
1− µ

β

)(
1− ν

α

)
αβ

(α + µ)(β + ν)
e−(µ+ν)(a+b)P (η−2k−1 < ∞).

Ïðèâåäåííûå ñîîòíîøåíèÿ ïîëíîñòüþ îïðåäåëÿþò çíà÷åíèÿ âåðîÿòíîñòåé P(A±
k ) ïðè

âñåõ k ≥ 1.
Êðîìå òîãî, ïðè âûïîëíåíèè óñëîâèé (15) è (16) ëåãêî âû÷èñëÿþòñÿ âñå ñëàãàåìûå

â ôîðìóëå (6) äëÿ ïîäñ÷åòà P(X = +∞), ïîñêîëüêó äåéñòâóÿ, êàê è â (4), ïîëó÷àåì
ïðè âñåõ k ≥ 1

P(η+
2k < ∞, η−2k+1 = ∞)

=

∞∫

b

(1−P(S < −x− a)) P(Xη+
2k
− b ∈ dx− b | η+

2k < ∞)P(η+
2k < ∞)

=

∞∫

0

(
1−

(
1− µ

β

)
e−µ(a+b+y)

)
αe−αydyP(η+

2k < ∞)

=

(
1−

(
1− µ

β

)
α

α + µ
e−µ(a+b)

)
P(η+

2k < ∞).

Çàìå÷àíèå 2. Âìåñòî óñëîâèé (15) è (16) ìîæíî ðàññìîòðåòü áîëåå îáùóþ ñè-
òóàöèþ, â êîòîðîé ïëîòíîñòü ðàñïðåäåëåíèÿ F1 íà îòðèöàòåëüíîé ïîëóîñè ðàâíà
ëèíåéíîé êîìáèíàöèè ýêñïîíåíò ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, è îäíîâðåìåííî
ïëîòíîñòü ðàñïðåäåëåíèÿ F2 íà ïîëîæèòåëüíîé ïîëóîñè òàêæå ðàâíà ëèíåéíîé êîì-
áèíàöèè ýêñïîíåíò. Â ýòèõ óñëîâèÿõ ó÷àñòâóþùèå â îïðåäåëåíèè îïåðàòîðîâ A è B
ôóíêöèè

r(z, λ), r−1(z, λ), R(z, λ), R−1(z, λ) (18)
áóäóò ðàöèîíàëüíûìè, îíè âûðàæàþòñÿ ÷åðåç ïîêàçàòåëè ýêñïîíåíò â ïëîòíîñòÿõ è
÷åðåç êîðíè óðàâíåíèé 1− zϕ±(λ) = 0 (êîòîðûå åùå íàäî íàéòè). Ñîîòâåòñòâóþùèå
îáúÿñíåíèÿ ïðèâåäåíû â [6]. Ðàçëîæåíèå ðàöèîíàëüíûõ ôóíêöèé (18) íà ïðîñòûå
äðîáè äåëàåò äîñòóïíûì â ýòîé ñèòóàöèè íàõîæäåíèå òî÷íûõ ôîðìóë äëÿ âûðàæå-
íèé âèäà (Ag)(z, λ) è (Bg)(z, λ), îäíàêî äàëüíåéøåå âû÷èñëåíèå ñóïåðïîçèöèé âèäà
((BA)kg)(z, λ) ïðè áîëüøèõ k îêàæåòñÿ ÷ðåçâû÷àéíî ãðîìîçäêèì ïðîöåññîì.
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3 Àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ôóíêöèé
Uk(z, λ) è Vk(z, λ) ïðè a →∞, b →∞

Êàê óæå îòìå÷àëîñü, íàõîæäåíèå òî÷íûõ ôîðìóë äëÿ ðàñïðåäåëåíèé ðàçëè÷íûõ
ôóíêöèîíàëîâ, ñâÿçàííûõ ñ ìîìåíòîì äîñòèæåíèÿ òðàåêòîðèåé ñëó÷àéíîãî áëóæäà-
íèÿ îïðåäåëåííûõ ãðàíèö, äîñòóïíî òîëüêî äëÿ íåêîòîðûõ ÷àñòíûõ ñèòóàöèé. Äåìîí-
ñòðàöèåé ýòîãî ôàêòà ÿâëÿåòñÿ òåîðåìà 4 è åå ñëåäñòâèå. Â ãðàíè÷íûõ çàäà÷àõ äëÿ
áëóæäàíèé îáùåãî âèäà ïðèõîäèòñÿ äîâîëüñòâîâàòüñÿ ðàçëè÷íûìè àïïðîêñèìàöèÿ-
ìè èñêîìûõ ðàñïðåäåëåíèé è èõ õàðàêòåðèñòèê. Îäíèì èç ñïîñîáîâ ïîñòðîåíèÿ òàêèõ
àïïðîêñèìàöèé ÿâëÿåòñÿ èñïîëüçîâàíèå ïåðâûõ ÷ëåíîâ àñèìïòîòè÷åñêèõ ðàçëîæå-
íèé íóæíûõ ðàñïðåäåëåíèé (èëè õîòÿ áû èõ ïðåîáðàçîâàíèé Ëàïëàñà-Ñòèëòüåñà)
â ðàìêàõ ïîäõîäÿùåãî ìåòîäà àñèìïòîòè÷åñêîãî àíàëèçà. Ìîæíî, íàïðèìåð, ðàñ-
ñìàòðèâàòü ñõåìó ñåðèé ñ óìåíüøàþùèìèñÿ ðàçìåðàìè ñêà÷êîâ áëóæäàíèÿ, è òàêèå
ðàáîòû èìåþòñÿ. Äðóãîé ïîäõîä ïðåäïîëàãàåò, ÷òî ðàñïðåäåëåíèå ñêà÷êîâ áëóæäà-
íèÿ îñòàåòñÿ íåèçìåííûì, íî àñèìïòîòè÷åñêèå ðåçóëüòàòû ïîëó÷àþòñÿ ïðè óñëîâèè
íåîãðàíè÷åííîãî óäàëåíèÿ ãðàíèö. Ýòîìó ïîäõîäó ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò.
Äëÿ ñëó÷àéíûõ áëóæäàíèé ñ ïðÿìîëèíåéíûìè íåîãðàíè÷åííî óäàëÿþùèìèñÿ ãîðè-
çîíòàëüíûìè ãðàíèöàìè âåñüìà ýôôåêòèâíûì îêàçàëñÿ ôàêòîðèçàöèîííûé ìåòîä
ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé, ðàçðàáîòàííûé À.À. Áîðîâêîâûì [12] è ïî-
ëó÷èâøèé äàëüíåéøåå ðàçâèòèå â ðàáîòàõ åãî ïîñëåäîâàòåëåé.

Ýòîìó íàïðàâëåíèþ áóäåì ñëåäîâàòü â äàííîé ñåêöèè, ïîëüçóÿñü ðàçðàáîòàííûìè
â [13] àñèìïòîòè÷åñêèìè ïðåäñòàâëåíèÿìè äëÿ ââåäåííûõ âûøå îïåðàòîðîâ A è B.

Â ýòîì ðàçäåëå âñþäó áóäåì ïðåäïîëàãàòü, ÷òî ïðè íåêîòîðûõ ci > 0, i = 1, . . . , 4,
âûïîëíåíî óñëîâèå (A) êðàìåðîâñêîãî òèïà, ñîñòîÿùåå èç ñëåäóþùèõ òðåõ ïóíêòîâ:

1) |ϕ−(λ)| < ∞ äëÿ −c1 ≤ Re λ ≤ c2, ϕ−(c2) > 1;
(A) 2) |ϕ+(λ)| < ∞ äëÿ −c3 ≤ Re λ ≤ c4, ϕ+(−c3) > 1;

3) ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ξ±1 ñîäåðæàò àáñîëþòíî íåïðåðûâíûå
êîìïîíåíòû.

Íàïîìíèì, ÷òî E ξ−1 < 0 è E ξ+
1 > 0. Êàê è â òåîðåìå 4, â ýòèõ óñëîâèÿõ, íî óæå

äëÿ âåùåñòâåííûõ çíà÷åíèé z, äîñòàòî÷íî áëèçêèõ ê åäèíèöå, ò. å. äëÿ 1− δ ≤ z ≤ 1
ïðè íåêîòîðîì δ > 0, óðàâíåíèå 1 − zϕ+(λ) = 0 èìååò åäèíñòâåííûé îòðèöàòåëü-
íûé êîðåíü, îáîçíà÷èì åãî λ(z). Òàêæå îáîçíà÷èì ÷åðåç Λ(z) ïîëîæèòåëüíûé êîðåíü
óðàâíåíèÿ 1−zϕ−(λ) = 0, è ïî-ïðåæíåìó ñîõðàíèì îáîçíà÷åíèÿ λ(1) = −µ, Λ(1) = ν.

Â [13] äîêàçàíû äâå ëåììû, êîòîðûå â îáîçíà÷åíèÿõ íàøåé ðàáîòû èìåþò ñëåäó-
þùèé âèä.
Ëåììà 1 Ïóñòü âûïîëíåíî óñëîâèå (A). Òîãäà äëÿ âñÿêîé ôóíêöèè g, èìåþùåé âèä

g(λ) =

∞∫

0

eλydG(y),

∞∫

0

|dG(y)| < ∞,

ïðè 1− δ ≤ z < 1, Re λ ≥ −µ è íåêîòîðîì ε > 0 èìååò ìåñòî ïðåäñòàâëåíèå

(Ag)(z, λ) = uz(λ)e(λ(z)−λ)ag
(
λ(z)

)
+ r(z, λ)

−a∫

−∞

eλydθz(y),

â êîòîðîì uz(λ) = r(z, λ)
(
(λ− λ(z))r′(z, λ(z))

)−1 è ðàâíîìåðíî ïî z

−a∫

−∞

∣∣dθz(y)| = O
(
e−(µ+ε)a

) ∞∫

0

∣∣dG(y)
∣∣, a →∞.
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Åñëè äîïîëíèòåëüíî èçâåñòíî, ÷òî íîñèòåëü îáîáùåííîé ìåðû dG(y) ñîñðåäîòî÷åí
íà ìíîæåñòâå [b,∞), òî

−a∫

−∞

∣∣dθz(y)| = O
(
e−(µ+ε)(a+b)

) ∞∫

b

∣∣dG(y)
∣∣, a →∞.

Ëåììà 2 Ïóñòü âûïîëíåíî óñëîâèå (A). Òîãäà äëÿ âñÿêîé ôóíêöèè g, èìåþùåé âèä

g(λ) =

0∫

−∞

eλydG(y),

0∫

−∞

|dG(y)| < ∞,

ïðè 1− δ ≤ z < 1, Re λ ≤ ν è íåêîòîðîì ε > 0 èìååò ìåñòî ïðåäñòàâëåíèå

(Bg)(z, λ) = vz(λ) e(λ−Λ(z))bg
(
Λ(z)

)
+ R(z, λ)

∞∫

b

eλydϕz(y),

â êîòîðîì vz(λ) = R(z, λ)
(
(λ− Λ(z)

)
R′(z, Λ(z))

)−1 è ðàâíîìåðíî ïî z

∞∫

b

∣∣dϕz(y)| = O
(
e−(ν+ε)b

) 0∫

−∞

∣∣dG(y)
∣∣, b →∞.

Åñëè äîïîëíèòåëüíî èçâåñòíî, ÷òî íîñèòåëü îáîáùåííîé ìåðû dG(y) ñîñðåäîòî÷åí
íà ìíîæåñòâå (−∞,−a), òî

∞∫

b

∣∣dϕz(y)| = O
(
e−(ν+ε)(a+b)

) −a∫

−∞

∣∣dG(y)
∣∣, b →∞.

Çàìå÷àíèå 3. Â äàëüíåéøåì ïîòðåáóåòñÿ ðàññìàòðèâàòü çíà÷åíèÿ âåëè÷èí
(Ag)(z, Λ(z)) è (Bg)(z, λ(z)). Äëÿ íèõ îñòàòî÷íûå ÷ëåíû â ëåììàõ 1 è 2 áóäóò èìåòü
ñëåäóþùèé âèä (çäåñü áóêâîé C îáîçíà÷åíû íåêîòîðûå êîíñòàíòû):
∣∣∣∣r(z, Λ(z))

−a∫

−∞

eΛ(z)ydθz(y)

∣∣∣∣ ≤ C e−Λ(z)a

−a∫

−∞

∣∣dθz(y)| = O
(
e−(Λ(z)+µ+ε)a

) ∞∫

0

∣∣dG(y)
∣∣, a →∞,

∣∣∣∣R(z, λ(z))

∞∫

b

eλ(z)ydϕz(y)

∣∣∣∣ ≤ Ceλ(z)b

∞∫

b

|dϕz(y)| = O
(
e(λ(z)−ν−ε)b

) 0∫

−∞

∣∣dG(y)
∣∣, b →∞,

ñ çàìåíîé O
(
e−(Λ(z)+µ+ε)a

)
è O

(
e(λ(z)−ν−ε)b

)
ñîîòâåòñòâåííî íà O

(
e−(Λ(z)+µ+ε)(a+b)

)
è

O
(
e(λ(z)−ν−ε)(a+b)

)
â óïîìÿíóòûõ âûøå ñëó÷àÿõ, êàñàþùèõñÿ íîñèòåëåé ôóíêöèè G.

Çàìå÷àíèå 4. Âåðíåìñÿ ê ñîîòíîøåíèÿì (14). Â ýòèõ ôîðìóëàõ êàæäîå ïðèìå-
íåíèå îïåðàòîðîâ A è B èìååò âèä (Ag)(z, λ) èëè (Bg)(z, λ), ãäå, â ñèëó òåîðåìû 1
èç [11], ôóíêöèÿ g = g(z, λ) â êàæäîì ñëó÷àå åñòü äâîéíîå ïðåîáðàçîâàíèå Ëàïëàñà�
Ñòèëòüåñà íàä äâóìåðíûì ðàñïðåäåëåíèåì ìîìåíòà ïåðâîãî äîñòèæåíèÿ íåêîòîðîãî
óðîâíÿ è ïîëîæåíèÿ â ýòîò ìîìåíò. Ïî ýòîé ïðè÷èíå êàæäûé ðàç âûïîëíÿåòñÿ

g(z, λ) =

∫
eλydGz(y),

∫
|dGz(y)| ≤ 1.
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Áîëåå òîãî, äëÿ âñÿêîãî k ≥ 1 â ñèëó (14) èìååì

(A(BA)k−1e)(z, λ) = U2k−1(z, λ) = E
(
zη−2k−1 exp{λXη−2k−1

}; η−2k−1 < ∞)

=

−a∫

−∞

eλy

∞∑
n=1

zn P(η−2k−1 = n, Xη−2k−1
∈ dy),

è â ïðåäñòàâëåíèè

(A(BA)k−1e)(z, λ) =

−a∫

−∞

eλydGz(y)

áóäåì èìåòü ðàâíîìåðíî ïî z

‖Gz‖ :=

−a∫

−∞

|dGz(y)| =
∥∥∥∥

−a∫

−∞

eλy

∞∑
n=1

zn P(η−2k−1 = n, Xη−2k−1
∈ dy)

∥∥∥∥ ≤ P (A−
2k−1).

Íàïîìíèì, ÷òî ðàíåå îáîçíà÷åíî P (A±
k ) = P(η±k < ∞). Äàëåå, ïî òåì æå ñîîáðàæå-

íèÿì ïðè âñåõ k ≥ 1

((BA)ke)(z, λ) =

∞∫

b

eλy

∞∑
n=1

zn P(η+
2k = n, Xη+

2k
∈ dy),

è â ïðåäñòàâëåíèè

((BA)ke)(z, λ) =

∞∫

b

eλydGz(y)

âûïîëíÿåòñÿ ðàâíîìåðíî ïî z

‖Gz‖ =

∞∫

b

|dGz(y)| =
∥∥∥∥

∞∫

b

eλy

∞∑
n=1

zn P(η+
2k = n, Xη+

2k
∈ dy)

∥∥∥∥ ≤ P(A+
2k).

Îòìåòèì, ÷òî äâóñòîðîííåå óñëîâèå Êðàì�åðà (A) âëå÷åò îäíîâðåìåííîå âûïîëíåíèå
ðàíåå ââåäåííûõ îäíîñòîðîííèõ óñëîâèé (8) è (9), ïîýòîìó íèæå áóäåì ïîëüçîâàòüñÿ
ýêñïîíåíöèàëüíûìè îöåíêàìè òåîðåìû 2 äëÿ âåðîÿòíîñòåé P (A±

k ) â ïðèâåäåííûõ
îöåíêàõ äëÿ ‖Gz‖.

Òåîðåìà 5 Ïóñòü âûïîëíåíî óñëîâèå (A). Òîãäà ñóùåñòâóåò ÷èñëî ε > 0 òàêîå,
÷òî ïðè a →∞, b →∞ ðàâíîìåðíî ïî 1− δ < z < 1 âûïîëíÿåòñÿ

E
(
zη−1 exp{λXη−1

}; η−1 < ∞)
= (Ae)(z, λ) = uz(λ) e(λ(z)−λ)a

(
1 + O(e−εa)

)
, (19)

è äëÿ k ≥ 1
E

(
zη+

2k exp{λXη+
2k
}; η+

2k < ∞)
= ((BA)ke)(z, λ)

= vz(λ) e(λ−Λ(z))bhk
1(z)hk−1

2 (z) e(λ(z)−Λ(z))(ka+(k−1)b)
(
1 + O(e−ε(a+b))

)
, (20)

E
(
zη−2k+1 exp{λXη−2k+1

}; η−2k+1 < ∞)
= (A(BA)ke)(z, λ)

= uz(λ) e(λ(z)−λ)ahk
1(z)hk

2(z)e(λ(z)−Λ(z))k(a+b)
(
1 + O(e−ε(a+b))

)
, (21)

ãäå äëÿ êðàòêîñòè îáîçíà÷åíî h1(z) = uz(Λ(z)), h2(z) = vz(λ(z)).
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Äîêàçàòåëüñòâî. Ïðèâîäèìûå íèæå ðàññóæäåíèÿ îñíîâûâàþòñÿ íà ïðèìåíåíèè
ëåìì 1 è 2, à òàêæå îöåíîê, ñîäåðæàùèõñÿ â ïîñëåäóþùèõ çàìå÷àíèÿõ. Îòìåòèì
òàêæå, ÷òî â ñèëó èçâåñòíûõ ñâîéñòâ êîìïîíåíò ôàêòîðèçàöèè àáñîëþòíûå çíà÷åíèÿ
ôóíêöèé r(z, λ), R(z, λ), uz(λ) è vz(λ) îãðàíè÷åíû ðàâíîìåðíî ïî z êàæäàÿ â ñâîåé
îáëàñòè àíàëèòè÷íîñòè ïî ïåðåìåííîé λ.

Âîñïîëüçóåìñÿ ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè. Ñîîòíîøåíèå (19) ñðàçó ñëå-
äóåò èç ëåììû 1:

(Ae)(z, λ) = uz(λ) e(λ(z)−λ)a + O
(
e−(µ+ε)a

)
= uz(λ) e(λ(z)−λ)a(1 + O(e−εa)).

Äàëåå, ïðèìåíÿÿ ëåììó 2 è îöåíêè, ñôîðìóëèðîâàííûå â çàìå÷àíèÿõ 3 è 4, ïîëó÷àåì

(BAe)(z, λ) = vz(λ) e(λ−Λ(z))b

(
uz(Λ(z)) e(λ(z)−Λ(z))a + O

(
e−(ν+µ+ε)a

))

+P(A−
1 ) O

(
e−(ν+ε)(a+b)

)

= vz(λ) e(Λ(z))buz(Λ(z)) e(λ(z)−Λ(z))a + O
(
e−(ν+µ+ε)a−νb

)
+ O

(
e−µa−(ν+ε)(a+b)

)

= vz(λ) e(λ−Λ(z))buz(Λ(z)) e(λ(z)−Λ(z))a
(
1 + O(e−ε(a+b))

)
.

Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî k ≥ 1 âûïîëíåíî (20). Òîãäà

(A(BA)ke)(z, λ) = uz(λ) e(λ(z)−λ)a

×
(

vz(λ(z)) e(λ(z)−Λ(z))bhk
1(z)hk−1

2 (z) e(λ(z)−Λ(z))(ka+(k−1)b)
(
1 + O(e−ε(a+b))

))

+P(A+
2k) O

(
e−(µ+ε)(a+b)

)
= uz(λ) e(λ(z)−λ)ahk

1(z)hk
2(z)e(λ(z)−Λ(z))k(a+b)

+O
(
e−µa−(k(µ+ν)+ε)(a+b)

)
+ e−ν(a+b)−µae−(k−1)(µ+ν)(a+b) O

(
e−(µ+ν+ε)(a+b)

)

= uz(λ) e(λ(z)−λ)ahk
1(z)hk

2(z)e(λ(z)−Λ(z))k(a+b)
(
1 + O

(
e−ε(a+b)

))
.

Â ÷àñòíîñòè, èç óñòàíîâëåííîãî âûøå ðàâåíñòâà (20) ïðè k = 1 ñëåäóåò ñïðàâåäëè-
âîñòü (21) ïðè k = 1. Ïóñòü òåïåðü âûïîëíåíî (21) äëÿ ïðîèçâîëüíîãî k ≥ 1. Òîãäà

((BA)k+1e)(z, λ) = (B(A(BA)ke)(z, λ) = vz(λ) e(λ−Λ(z))b

×
(

uz(Λ(z))e(λ(z)−Λ(z))ahk
1(z)hk

2(z) e(λ(z)−Λ(z))k(a+b)
(
1 + O(e−ε(a+b)

))

+P(A−
2k+1) O

(
e−(ν+ε)(a+b)

)
= vz(λ) e(λ−Λ(z))buz(Λ(z))e(λ(z)−Λ(z))ahk

1(z)hk
2(z)e(λ(z)−Λ(z))k(a+b)

+O(e−ε(a+b)−(k+1)(µ+ν)a−k(µ+ν)b) + e−k(µ+ν)(a+b)e−µaO
(
e−(ν+ε)(a+b)

)

= vz(λ) e(λ−Λ(z))bhk+1
1 (z)hk

2(z)e(λ(z)−Λ(z))(k+1)a+kb)
(
1 + O

(
e−ε(a+b)

))
.

Òàêèì îáðàçîì, ïðåäñòàâëåíèÿ (20) è (21) âûïîëíÿþòñÿ äëÿ âñåõ k ≥ 1. Òåîðåìà
äîêàçàíà. ¤

Îòìåòèì, ÷òî ïðè äîïîëíèòåëüíîì âûïîëíåíèè óñëîâèé (15) è (16) îñòàòî÷íûå
÷ëåíû â ôîðìóëàõ (19)�(21) èñ÷åçàþò.

Ïî-âèäèìîìó, óòâåðæäåíèÿ òåîðåìû 5 ñîõðàíÿòñÿ â ñèëå, åñëè âìåñòî äâóñòîðîí-
íèõ óñëîâèé Êðàì�åðà â (A) îãðàíè÷èòüñÿ îäíîñòîðîííèìè ïðè ñîáëþäåíèè òðåáîâà-
íèé E ξ−1 < 0 è E ξ+

1 > 0, êàê ýòî ïðîèñõîäèëî â òåîðåìå 4. Îäíàêî äîêàçàòåëüñòâî
òåîðåìû 5 èñïîëüçóåò ëåììû 1 è 2 èç [13], ãäå ïðåäïîëàãàëîñü èìåííî âûïîëíåíèå
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äâóñòîðîííèõ óñëîâèé. Ðàçóìååòñÿ, çíà÷åíèÿ âåëè÷èí λ(z) è Λ(z) îïðåäåëÿþòñÿ ðàñ-
ïðåäåëåíèÿìè ñëó÷àéíûõ âåëè÷èí íà îáåèõ ïîëóîñÿõ.

Îáðàùåíèå ïî ïåðåìåííîé z ïîëó÷åííûõ ãëàâíûõ ÷ëåíîâ àñèìïòîòèêè ôóíêöèé
((BA)ke)(z, λ) è (A(BA)ke)(z, λ) ÿâëÿåòñÿ âåñüìà ñëîæíîé çàäà÷åé è â äàííîé ðàáîòå
ïðîèçâîäèòüñÿ íå áóäåò. Áîëåå äîñòóïíîé âûãëÿäèò âîçìîæíîñòü îáðàùåíèÿ ïî ïðî-
ñòðàíñòâåííîé ïåðåìåííîé λ, õîòÿ äëÿ ýòîãî ïîòðåáóþòñÿ äîïîëíèòåëüíûå ñâåäåíèÿ
î ôàêòîðèçàöèîííûõ êîìïîíåíòàõ r(z, λ) è R(z, λ).

Ñëåäñòâèå 4 Ïóñòü âûïîëíåíî óñëîâèå (A), òîãäà ñóùåñòâóåò ÷èñëî ε > 0 òàêîå,
÷òî

E
(
exp{λXη−1

}; η−1 < ∞)
= lim

z→1
(Ae)(z, λ) = u1(λ) e−µa

(
1 + O(e−εa)

)
, a →∞,

è äëÿ k ≥ 1 ïðè a →∞, b →∞
E

(
exp{λXη+

2k
}; η+

2k < ∞)
= lim

z→1
((BA)ke)(z, λ)

= v1(λ) e(λ−ν)bhk
1(1)hk−1

2 (1) e−(µ+ν)(ka+(k−1)b)
(
1 + O(e−ε(a+b))

)
,

E
(
exp{λXη−2k+1

}; η−2k+1 < ∞)
= lim

z→1
(A(BA)ke)(z, λ)

= u1(λ) e−(µ+λ)ahk
1(1)hk

2(1)e−(µ+ν)k(a+b)
(
1 + O(e−ε(a+b))

)
.

Àâòîð áëàãîäàðåí ðåöåíçåíòó çà âíèìàòåëüíîå ïðî÷òåíèå òåêñòà è ïîëåçíûå çà-
ìå÷àíèÿ.
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