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Amnnoranusi. PaccmarpuBaercs cucrema AByX ypaBHeHHI peaknuu-nauddy3un B OTpAaHUYUEHHON 007a-
CTH M-MEPHOIr0 IIPOCTPAHCTBA C KpaeBbiMu ycioBusiMu HeliMana Ha rpanwuile, Jijisi KOTOPOI ciiaraeMble
peakmuu f(u,v) n g(u,v) 3aBucaT or AByX mapameTpoB a u b. Ilpemnosnaraercs, 9TO cuCTEMa WMEET
IPOCTPAHCTBEHHO-OJJHOPOJHOE perierue (ug, Vo), upudeM fy(uo,vo) > 0, a —gy(uo,vo) = F(Det(J)), rme
J — marpuna fkobu coorBeTcTBYIOMIEN JTNHEAPU30BAHHON cuCcTeMBI B 0e3/1udOy3NOHHOM IPUOINKEHNIH,
F — rnankas MoHoTOHHO Bo3pacraromast GyHkIws. IIpenioxken crrocod aHATINTIYECKOIO ONUCAHUS 0bJIa-
T HEOOXOIUMBIX U JIOCTATOYHBIX YCJIOBHUI HEyCTOWIMBOCTA ThIOPUHra Ha IJIOCKOCTH IIAPAMETPOB CUCTE-
MBI ipu pukcupoBaHHoM Kodddurmente nuddysun d. I[lokazano, 9To 06/1aCTh HEOOXOMUMBIX YCJIOBUMA
neycroanBoctn Thropunra ma miockoctu (Det(J), f,) orpanntdena KpuBoil HyJIEBOTO CJ€a, JUCKPUMHE-
HAHTHOM KpuBOH m reomerpuieckum MectoMm Todek Det(J) = 0. Haiinensl siBHBbIE BbIDarKEHUs KPUBBIX
JIOCTATOYHBIX YCJIOBUI U JIOKA3aHO, UTO JUCKPUMUHAHTHAsS KPUBasl SIBJISIETCS OTMOAIOIIell ceMefcTBa ITUX
kpuBbIX. [lokazano, 9T0 OmHA W3 TpaHUIl OOJACTH HEYCTOWYMBOCTH THIOPHHTa COCTOUT U3 (PpParMeHTOB
KPUBBIX JIOCTATOYHBIX YCJOBHi, BbIpakaercs 4epe3 (YHKIMIO F U cOOCTBEHHBIE 3HAYEHUSI OIEPATOPA
Jlanmaca B paccmarpuBaemoit obsactu. HaiieHbl TOYKHM mepecedeHusi KPUBBIX JOCTATOYHBIX YCJIOBHMA U
MMOKA3aHO, UYTO WX aOCIUCCHI HE 3aBUCIT OT BUAA GyHKIUU F U BbIpaxkarTcs depe3 KodpdunuenT aud-
dysun u coberBennble 3HadeHust oneparopa Jlamnaca. Paccmorpen wacrustii coryudait F'(Det(J)) = Det(J).
st aToro ciydasi yKa3aH JAMala30H BOJIHOBBIX YHCEJN, IPU KOTOPBIX BO3HHMKAET HEYCTONYMBOCTH 1bIO-
pusrra. [losyaeno pazbuenme mosyocu d > 1 Ha TOJYyHHTEPBAJBI, KaXKJIOMYy U3 KOTOPBIX COOTBETCTBYET
CBOE MMHHMMAJIbHOE KPUTHYECKOE BOJIHOBOE YHUCjIO. TOYKHM mepecedeHnsi KPUBBIX JIOCTATOYHBIX YCJIOBUIL
JIeXKaT Ha MPSIMBIX, HE 3aBUCSINUX OT Kodddunmenta nquddysun d. B kadecTBe NpuMepoB TPUIOXKEHUH
JOKa3aHHBIX yTBEPKAeHNN paccMmarpuBatorcs cucteMma lllnakenbepra u ypaBHeHUsT 6PIOCCETATOPA.

KuroueBbie ciioBa: cucrembl peakiuu-auddysun, cucrema l[IlHakenbepra, o6yiacTb HEYCTONYUBOCTH
TriopuHTra, KPUTHIECKOE BOJTHOBOE UHCJIO.
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BBenenue

PaccmarpuBaercs cucrema IBYX MOJTYJIUHEHHBIX TapabOJIMIeCKUX YPaBHEHUN B 1M-MEPHOIA
orpannderHoi obsactu ) C R™ npu t > 0 ¢ kpaeBbiMu ycaopusimu Heiimana Ha rpaHuie:

Ut :Au—l—f(u,v), Ut:dAU—i-g(U,’U), (1)
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3nech d > 0 — ko3 dunment quddysun, A = % +...4 88? — omeparop Jlamnaca, f(u,v),
1 m

g(u,v) — cinaraeMble peakIuu.

VYpasuenus (1), Ha3bIBaeMble TaKKe ypaBHEHUsIME peakimu-hdysun, onucbiBaoriue dbu-
3UYEeCKUe, XUMUIECKHe, OUOIOTNIECKIE U JIPYTHE MPOIECCH, TPUBIEKAIOT BHUMAHUE MHOTHX
ucciegosareseii (M. [1-4] u nurupyemyio B 9Tux paborax JUTEPaTypy).

[Tpeamnosnoxkum, uro cucrema (1)—(2) uMeer IPOCTPAHCTBEHHO-OJHOPOHOE CTAIIMOHAPHOE
pertenue (ug,vg). B 6e3nuddysnonnoM npubumzkeHnn TPUXOIUM K CHCTEME OOBIKHOBEHHBIX
muddepeHaibHbIX ypaBHeHHi ¢ Hen3BecTHbIME DyHKIMsiMU u(t) 1 v(t):

du dv

%:f(u’v)v %:g(uﬂ])' (3>

CoorsercrByioree (3) JmHeapU30BaHHOE B OKPECTHOCTH (Ug, Vp) YPABHEHHE MMeeT BUJ

—= = Jy, y€R2, (4)

Gu Gov
[Tycts H — ruabbepToBO MPOCTPAHCTBO BEKTOP-PYHKIMA w = (U, V) ¢ KOMIOHEHTAMU
u,v € La(Q). Ilycrs oneparop Ag : H — H, neiicrByromuii o npasuiny Ag = DA, onpee-

JIEH Ha MHOXKecTBe BeKTOp-byHKIW w = (u,v) ¢ KoMnoHeHTamu u3 npocrpancrsa Cobolie-
Ba W2 (), yI0BIeTBODSIONME KPaeBbiM yciousM (2), Te D — 3To Marpua;

D ((1) g). (6)

Tora nuneapuzoBannas cucrema (1)—(2) cBomures K ypaBuennio B H:

roe J — Mmarpuna Axobm:

()

(u0,v0)

w;=Aw, A=A¢+J, weH. (7)

CuekTp oneparopa A JMCKpeTeH B CHIYy KOMIAKTHOCTH €r0 Pe30JIbTBEHTH B H.
Byiem mHTEpecoBaThCsl yCIOBUSIME, TIPH KOTOPBIX MMeeT MecTo juddy3noHHasT HEYCTOM-
quBOCTb (HeycToifunsocTs Thiopunra) paBaosecust (ug, Vo).

OnpEAENEHUE 1. Tlonoxkenue pasroBecust (ug,vg) cucrembl (1)—(2) HasbiBaercs
neycmotinuevm no Toropurezy, €civ BBIIOJHSAIOTCS J1BA yCJIOBUs: 1) COOCTBEHHbIE 3HAYEHMUSI
JINHEAPU30BAHHOI cucreMbl B orcyTcTBue nuddysun (4) jexkar cTporo B JIeBOii MOJIYILIOC-
KOCTH; 2) CyIlecTByeT cOOCTBEHHOe 3HAUYeHMe JIMHeapu30BaHHOl cucreMbl ¢ quddysueii (7),
KOTOPOE JIE?KUT B IPABOil TOJIYILIOCKOCTH.

[Tpeaosioxkum, urto ciaaraemble f(u,v), g(u,v) 3aBUCAT OT JBYX BENIECTBEHHBIX IIAPAMET-
poB a u b.

ONPEAENEHUE 2. O6sacTh Ha mwiockocTu (a, b) mapaMmeTpos cucreMbl ¢ auddysueii, co-
JleprKalasi TakKue MapaMeTpbl, JJIsi KOTOPBIX UMEeET MecTO Jud@y3uOHHAsI HEYCTOWINBOCTh
(meycroitunBoctb Thiopunra), a koaddurment auddysun d GuUKCHpoBaH, HA3BIBACTCS 0040~
cemwvio dugdysuonnot neycmotmusocmu (Heyemotuusocmu Toropunea).
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[Tycre reneps mapamerpsl (a,b) cucrembl bukcupoBanbl, a kKodddurment auddysun Me-
usiercst. [1pu aroM MeHsieTcst moJioxkenne cobcTBeHHbIX 3Hadenuii cucremsl (7). Ilorepst ycroii-
IUBOCTH TIOJIOZKEHUST PABHOBECHSI IPOMCXO/IUT, KOT/Ia COOCTBEHHBIE 3HAMCHNS TIEPECEKAIOT MHU-
MYIO OCh KOMILJIEKCHO# TIJIOCKOCTH. B cityuae obOIIero mosioyKeHust BOSMOXKHBI JIBE CUTYAIIUN:
b0 Tapa KOMILIEKCHO-COTIPSI)KEHHBIX COOCTBEHHDBIX 3HAYEHUIN BBIXOIUT HA MHUMYIO OCb, JIH-
60 cOOCTBEHHOE 3HAYMEHHUE MIPOXOJIUT Yepe3 HOJIb. B 1epBoM ciiydae rOBOPST, YTO UMEET MECTO
KoJiebaTesIbHAsI [IOTEPs] YCTONYNBOCTH, BO BTOPOM CJlydae — MOHOTOHHas. V3BectHo [1], uTO
muddy3nonHoit HeycToiturBoCcTH B crcTeMax Buaa (1)—(2) cooTBeTcTByeT MOHOTOHHASI TOTEPST
YCTOMYUBOCTH.

ONPEAEJEHUE 3. Kpumuueckum 3navenuem napamempa d Ha3bIBaeTCs TaKoe de, IIPH KO-
TOPOM CIIEKTD JIMHEHHOM 3a1a4u (7) JIEXKUT CTPOro B JIEBOH MOJIYILIOCKOCTH, 33 UCK/IIOUEHUEM
OJIHOTO COOCTBEHHOTO 3HAYEHUsI, KOTOpoe paBHO HyJO: A(d.) = 0, npudeM mepecevdeHne MHU-
MOl OCH IPOUCXOJIUT TPaHCBepcabHO: N ‘ d—d, = 0, mTpux o3HavaeT muddepeHnupoBaHue
1o d.

Heobxonumbie ycmoBusi uddy3noHHON HEYCTONIMBOCTH JIJIsi CUCTEMBI JIBYX ypPaBHEHMI
peaknuu-auddysun xopomo uzsecthbl [1]. TocraTounble ycioBus, Kak IPaBUIIO, HAXOIATCS
qncjieHHo. ebio HAacTOsIIel paboThl SBJISIETCS AHAJUTUYECKOE OIUCAHUE 0DJIacTH HEOOXO-
JUMBIX U JIOCTATOYHBIX YCIOBHI HeycToitunBocTn ThIOpUHTa B KOHEYHOMEPHOM ITPOCTPAHCTBE
napamerpos cucrembl (1)—(2). B paborax |2, 3| dopmyaupoBasuchk I0CTATOYHBIE YCJIOBUST
meycroiiuuBoctu Thiopunra s cuctembl [[THakenbepra.

B nmacrosimeit pabore npeyIozKeH MOJIXOJ, COCTOANINN B IIePeXojie K HOBBIM IIePEMEHHBIM
Ha [IJIOCKOCTH [IAPAMETPOB CUCTEMBI, KOTOPBIi II03BOJIsIET METO/[AMHI, AaHAJIOTUIHBIMHE [4], 1aTh
AHAJIMTUYECKOE OINUCAHUE 00JIACTU HEyCTONYMBOCTH ThIOpUHIA, a TakK»Ke yKa3aTh JMala30H
BOJIHOBBIX UHCEJI, IIPU KOTOPOM HMeeT MecTo HeycroiuupocTh Thiopunra. Kak u B [4], onu-
canne objiacTu HeycroiiunBocTu ThiopuHra JaHO B TEpMHHAX COOCTBEHHBIX 3HAYEHWIT OIle-
paropa Jlamraca jyist 3amaan Helimana B paccmarpuBaemoit objactu. B kadecTBe mpumepa
YKa3aHHBIN TOJIX0J1 IPUMEHETCH K KJIaCCUIECKUM CUCTeMaM peakiuu-1uddysun — cucreme
[ITrakenbepra u k 6proccesisiTopy. JJaHHbBI TOIX0 MOXKET OBITH TIPUMEHEH TAKXKe K JIPYTUM
cucTeMaM.

1. Heobxoaumble ycJIOBUSI HEYCTOWYNBOCTH THIOPUHTa B HOBBIX IME€PEMEHHBIX

Boimmmem HeoOXouMble 1 JOCTATOYHBIE YCJIOBHA ITPHHAIJICKHOCTH COOCTBEHHBIX 3HAME-
HUil cucTeMbl (4) JIeBOii MOJIYIUIOCKOCTH € HOMOIIBIO CJIe/ia U onpejesnTesis Marpunst J (5):

Tr(J) = fu+g, <0,
Det(J) = fugo — fogu > 0.

Hastee paceMoTpuM JIMHEHHYO CIIEKTPATBHYIO 3aja4y st oneparopa A (7) B H:

Ap=Xp, @#0. 9)

[Tosryanm HEOOXOMUMBIE YCJIOBUS CYIIECTBOBAHUSI COOCTBEHHOIO 3HAUEHUsI orlepaTopa A B ripa-
BOM IIOJIYILJIOCKOCTH.

[IycTb pg m 9P — cobcTBeHHBIE 3HAYEHUsT U COOCTBEHHBbIE (DYHKIMU orepaTopa —A ¢ Kpa-
eBbiMu ycsioBusimu Heiimana, £ =0,1,2,...,

(8)

0Py,

A+, =0, z€Q, ——
on |yq

= 0. (10)

B nacrosiiieit pabore Takke, Kak u B [4], npejnosaraercst IpocToTa fif;.
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Bocnonbsyemest MaTpuaHBIM TIpeJCTaBIeHeM oreparopa A B Gasnce {elwk,ezwk}/}::of),
riae e; = (1,0), e2 = (0,1), ¥ u3 (10). Marpuna oneparopa A umeer 6JI0IHO-UATOHATIHHY O
crpykrypy ¢ Marpuiiamu Jy = J — ppD Ha auaronasnu, rie D onpezesnena B (6):

f u — Hk f v >
Jk = . 11

K < Ju Gv — dpig ( )
Pasbickusast coberBennyio dbyHkuio ¢ (9) B Buje psjia

+oo

p = Z Ck:wk:a Cr = (Cllca C%)v (12)
k=0

nocsie nojgcTaHoBKu psanos (12) B (9) w mpupaBruBanus Ko3MOHOUIMEHTOB IPU OMHAKOBBIX
cOOCTBEHHBIX (PYHKIUSAX, JJ1s JII000r0 (PMKCUPOBAHHOIO k IIOJIyYUM JIMHEHHYIO CUCTEMY C MaT-
pureit Ji (11), Koropoii coorBercTBYeT cobCcTBEHHOE 3HAUEHUE A, U cOOCTBeHHbI BeKTOp Cl:

JkCr = MCg, Cg #0. (13)
Uurepecysich HEYCTORIUBOCTBIO (U, V), HAIJIEM CJIe]] U OIpeIeuTe b MATPUIBL Jy:
Tr(Jx) = Tr(J) — (1 + d) p,

Det(Jy) = dui — (d - fu + go) . + Det(J).

Tax xak Det(J) > 0 (8), To moTeps ycroifunBocTn MOKeT npou3oiitn jmms upu k > 0. B arom
ciyuae pi > 0. CrenoBarensho, BeinosHsiercst HepaseHcTso Tr(Jy) < Tr(J) < 0, u mosoxkeHue
paBHOBecHusT (g, V) MOKET HOTEPATH yCTONINBOCTD, TOJIBKO ecan Det(Ji) = 0.

Bgenem obo3nagenue

B(w) = di — (- fu+ go)pa + Det(J). (14)

Torma h(ux) = Det(Jy).

HeobX0uMbIMU yCIOBUSIME CYIIIECTBOBAHNUS TIOJIOKUTEIHHOIO KOPHSI KBAJIPATHOTO TPEX-
wieHa h(f) SBJIsIETCS HEOTPHUIATENBHOCT JUCKPUMUHAHTA, & TAKKe OTPHIATELHOCTD BTO-
poro koadduienTa, 4To COOTBETCTBYET HEPABEHCTBY

d- fu+gy,>0. (15)

B coBOKyIHOCTH U3 yCIOBHs OTpHIIATeIbHOCTH ciaefa (8) u ycioBus (15) cuemyor orpa-
HUYEeHHsI HA HapaMeTPbl CUCTEMBbI, IPH KOTOPBIX BO3MOXKHA& HeyCToiunBoCcTh ThropuHra:

d#1;  fu-g0<0.
Huist onpegiesieHHOCTH B JlaibHelieM Oy1eM mpenosaraTsb BblinoiHenue runoresst (Hy):
fu>0. (Hp)

Toria aBTOMaTHYIECKH BBIIOJHSIOTCS HepaBeHCTBa ¢, < 0 m d > 1. IlpemmonokumM Takxe,
9TO BBINOJIHsIeTCsl runoreda (Ha): —g, BbIpaxKaercsi KaKk MOHOTOHHO BO3DACTAIOIIAs T71a/IKast
dyukimsa or Det(J)

—gu = F(Det(). (115)
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Kax uszBectHO [1]|, HEOOXOAMMBIME YCJIOBUSIME HEYCTOHIMBOCTH ThIOPHHTA HA3BIBAIOTCS
YCJIOBHSI OTPUIATEJLHOCTH CJIeJIA, MOJIOXKUTEJbHOCTH ONPEeJINTeNsi MATPUIILL J, & TakkKe
HEOTPHIATEJLHOCTH JUCKPUMUHAHTA TpexuseHa h(u) ¢ yaeroM BbinoHeHus ycaosus (15):

TI‘(J) = fu + 9o < O? Det(‘]) = fu.gv - fvgu > 0,

Kax npasuio [1, 3], obsacts Heobxoaumbix yesosuii (16) paccMaTpuBaeTcss Ha MJIOCKOCTH
napamerpos (a, b). Ciemys [4], HasoBeM KpUBOIi HYJIEBOT'O CJIE/[a FEOMETPUIECKOE MECTO TOUeK,
11t Koropbix Tr(J) = 0, a AuCKPUMUHAHTHON KPUBOH — KPUBYIO, HA KOTOPOii JIMCKPUMUHAHT
obparraercs B HOJIb. Torma 06/1acTh HEOOXOIUMBIX YCJIOBUI HEycTounBocTH ThiOpUHTa Orpa-
HUYEHA KPHUBOIl HYJIEBOTO CJIeJa, JUCKPUMHHAHTHONW KPUBOM M, BO3MOYXKHO, T€OMETPUICCKIM
MECTOM TOYEK, COOTBETCTBYIONIUM PaBeHCTBY HyJio onpegeurens Det(J). Eciau napamerpst
CHCTEMBI BXOIAT B 3aJaHue O0JIACTH CJIOKHBIM 00pa30M, TO aHAJINTHYECKOE MCCIICIOBAHUE
ee IpaHuIl 3aTPyIHUTELHO. B [3, 4] BBeseHne HOBBIX IEPEMEHHDBIX MPUBEJIO K YIPOIIEHUIO
cucremsr  (16).

[Tpu Beinosmmenun runores (Hy) u (Hz) obnacts HeoOxomumbix yesaosuii quddysunonnoii
HEeyCTONYMBOCTHU 3aaeTCsl HepaBeHCTBAME

fu < F(Det(J)), Det(J) >0, d-f, > F(Det(J))+2Vd/Det(J).

(16)

B nacroseii pabore Jyisi onucaHusi o0acTH HEOOXOAUMBIX (& 3aTeM U JIOCTATOYHBIX)
yeaosuit quddysnonnoii HeycroitunBocTn npuMensiiorest nepemennbie (Det(J), fi,). B aTux
[IePEMEHHBIX KPHUBasl HYJIEBOTO CJIe/a 331aeTcst (pOpMyJIOit

fu = F(Det(J)), (17)

a JINCKPUMUHAHTHAS KpuBasi — pOpMyJIoit

1 2
(Ju)o = G FDet(D) + = V/Det(J). (18)

2. ocrarouyHbie ycjgoBusi HeycroiiunBoctu Triopunra B nepemensbix (Det(J), fy)

[Tpu BBIBOIE HEOOXOIUMBIX YCAOBUN HEYCTOMINBOCTH T BHIOPUHTA HE YINTHIBACTCS JTUCKPET-
HOCTBH CIIEKTpa orneparopa A.

[Tycts mapamerpsl cucTeMbl GUKCUPOBAHBI, KOddduineHT auddy3un IPUHIMACT KPUTU-
geckoe 3HadeHne. KpuruaecKnuM BOJTHOBBIM YHCJIOM Ha3biBaeTcs Takoe k € N, Ipu KOTOPOM

Det(Ji) = h(ur) =0, (19)

rje maorousieH h(u) 3aman B (14).

Beipasum u3 ypasnenusi (19) nepemennyio fy, depe3 Det(J):

(Fnet() =+ D L pper ), (20)
“pg o d

Hastee Gyjer moKa3aHo, YTO IPAHUIA 0OJIACTH JOCTATOYHBIX yCJI0BHil HeycroitunBocTH Thio-
puHra coCTOUT u3 (bparMeHToB KPUBHIX ( fy, )k, MO3TOMY HazoBeM Kpusble (20) KpUBBIME JI0CTa~
TOYHBIX yCJIOBUI. DJIEMEHTAPHBIME BBIKJIAIKAMHE JIOKA3bIBAIOTCS CJIC/LYIONIHE JIBE TEOPEMBI.

Teopema 1 (CpoiicTBa JUCKpUMUHAHTHON KpuBoii). Ilycrs BermosHsoTest rutioress (Hy)
u (Hs). Torpma guckpuvunanraast Kpusast (fy)o(Det(J)) (18):

1) J1exkuT He BbIIIe KPUBBIX JOCTATOYHBIX yeaoBuii (fy, )y Ha mrockocra (Det(J), fu);
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2) umeer ¢ Kazk 101 KpuBoii ( fy,) €IHHCTBEHHYIO TOUKY IIepecevdeHnsT, aOCIIcca 0 OpAHHATA
KOTOPOIH HAXOUSATCS IO (pOPMYJIaM

1
Det(J) = dyii,  fu= = F(duf) + 2

3) sBisiercst orubaromeii cemeiicra (fy )k, k € N.

3AMEYAHUE 1. Ot Buma dyHknnn F 3aBUCHAT JIUINL OPAUHATA TOYKH IepecedeHus] TUC-
KPUMUHAHTHOR KPUBOH M KPHUBOI JIOCTATOYHBLIX YCJIOBHI, abCIycca BBIparXKaeTcsl depes coo-
CTBEHHBIE 3HAYEeHNA onepaTopa Jlamraca n koadgpdurment muddysun.

Teopema 2 (CpoiicTBa KPUBBIX JIOCTATOYHBIX yCyioBuii). IlyCTh BBIIOJIHSIOTCS IHIIOTE3bI
(Hy) n (H2), 1 < k < m. Torza kpussie (f,)r(Det(J)) u (fu)m(Det(J)) B momymiockoctn
Det(J) > 0:

1) mmeror emuncrsennyro Touky nepecederus ((Det(J)) i m, (fu)km),

1
*F m)s
o F'(dpipim)

2) ma npomesxytie Det(J) < (Det(J)) m Bommosrnstercss nepaserctso (fy)r < (fu)m, a Ha
npomesxyrke Det(J) > (Det(J))y, m Bburonusercs zepasenctso (fu)r > (fu)m

(Det(J))k,m = d#kﬂma (fu)k,m = Ui + tbm +

BAMEYAHUE 2. CornacHo TeopeMme 2, Ha MHOMKeCTBe KPUBBIX {(fy)k}70 | MOKHO BBECTH
OTHOIIIEHNE TOPsiIKa. DTO OTHOIIEHUE TIOPSIKA II03BOJIsieT HAITH «MUHUMAJIbLHYI0» KPHUBYIO,
KOTOpast cocrouT u3 (parmeHToB cocequnx (k-it m (k + 1)-i) KpUBBIX U SABJIAETCS NCKOMOI
rpaHuIeil 06JacTu JJOCTATOYHBIX YCJIOBUIA.

U3 Teopembl 2 clieIyeT yTBEPKICHUE.

Teopema 3 (CsoiicTBa cocenuux KpuBbiX (fy)x). Ilycrs Bermosnmsorest rumoressr (Hy)
u (Ha). Torya xpusbie (fy)i(Det(J)) u (fu)r+1(Det(J)) B momymrockocrn Det(J) > 0 :
1) umeror equncreentyio Touky mepecedennst ((Det(J))k k41, 1)

1
(Det(J)) k1 = dppier1, Tk = pig + prg1 + p F(dpppri41); (21)

2) na npomexxyrke Det(J) € [(Det(J))k—1x; (Det(J))k x+1], kK € N, Bemmosssiercs: HepaseH-
CTBO
L1 < (fu)r(Det(J)) < Ti; (22)
3) ma npomexyrke Det(J) € [(Det(J))p—1; (Det(I))k kt1], kK € N,

(fu)r(Det(J)) = min(fy)m (Det(J)).

BAMEYAHUE 3. Tak kak po = 0, To B Teopeme 3 (Det(J))o1 = 0.
Beipasum u3 ypasuenusi h(ug) = 0 (19) koabdunuent mudbdysun d:

Det(J) — gupix
,uk(fu - ,uk:) ‘

ITycrs Det(J) € [(Det(J))r—1,k; (Det(J))k k+1], Torma uncinrens apobu (23) moaoKuTeseH B
CUJIy paccMaTpUBBaeMbIX Turores, u us (22) cuemyer, 910 fy, > k.

di, = (23)

Jlemma 1. Ilycte k € N takoBo, uro A\, = 0 sB/sieTcss COOCTBEHHBIM 3HAYCHUEM 3a]a-
an (13); dj, onpexnesrero B (23). Torga npu Det(J) € [(Det(J))r—1.%; (Det(J)) g r+1] 1 d = di
cobcrBeHHOE 3HAUeHME \(d) 1IepecekaeT MHUMYIO OCh TPAHCBEPCAJBHO.

Det Jk f
u

!/
< JloKazaTeIbCTBO CIeAyeT U3 PABEHCTBA A ‘ d=d, Te(r)

— g P
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3. Caywuait F(Det(J)) = Det(J)

Paccmorpum wacrustii coayuaait F'(Det(J)) = Det(J). B srom ciayvae kpusast myseBoro
cllefia ¥ IUCKpUMUHaHTHasl KpuBas (17)—(18) npunumalor Bu

fu = Det(J)v (fu) - Det(‘]) Det('])a

2
Vd

KPUBBIE JIOCTATOYHBIX ycsoBuil (20) SBJISIOTCS MPSAMBIMU:

(FDe(T)) = -+ B Der(),

a I'y (21) ue 3aBucsr or koadunuenra guddysun d: Iy = pk + pipr1 + ek
Yepes Z1(Det(J)) o6osnaunm obbepunenne kpubblx (fy)r(Det(J)) mus Det(J) €

[(Det(J))k—1.k; (Det(I))kk+1], & > 1,

Zy(Det(J)) = | J {(fu)x(Det(J)), Det(J) € [(Det(I))x—1,; (Det(I))xr41]} (24)
k>1

upu oM uepes (Det(J ))071, B OTJIMYHE OT TeopeMbl 3, OyaeM 0603Ha4YaTh abCIUCCY TOYKHU
HepeceveHnsi KpUBOii HYJIEBOTO ciiesia 1 KpuBoit (fy,)1. Abcrucca TOUKN mepecedeHus: KPUBOii
HYJIEBOT'O CJiefia U KPUBOH (fy, ) 38/1a€TCs PABEHCTBOM

2
(Det(D)o = —— 2. (25)

Teopema 4 (O6sacts Heycroituusocru Trhiopunra jyist Gosbiux d). IlycTs BBIIOTHSIOTCS
rumoressr (Hy) n (Ha) ¢ F(Det(J)) = Det(J), a rakxxe HepaBeHCTBO

1 1
d>1+—+—. (26)
M1 2
Ecjin orcyTcTByfOT HHBIE OrpaHUYCHHS Ha HapaMeTPbl CHCTEMbBI, TO 00/1aCTh HEOOXOAUMBIX H
JIoCTaTO49YHbIX yCJIOBHPuI HGYCTOﬁHHBOCTH TbIOpI/IHFa 3a/taeTcd HepaBeHCTBaMHu

Det(J) > 0; f, <Det(J); fu > Z1(Det(J)),

e Zy onpesesieHo B (24).

< JloKa3aTeIbCTBO NCIOIB3YeT B3ANMHOE PACIIOJIOYKEHNE KPUBBIX HYJIEBOTO CIea, (fy )k, I
JIICKPUMUHAHTHO KPUBOM U IIPOBOJMTCS 110 CXeMe, IpeJIoyKeHHoil B [4] mist cucrembr [THa~
kenOepra. HepasencrBo (26) reoMeTrputecKn COOTBETCTBYET TOMY, ITO TOUYKA IE€peCeteHHst
kpuBbIX (fy)1 u (fy)2 pacmosiozkeHa mpaBee TOUKHU HepeceveHrsl KPUBOI HYJEBOTO CJiejia U
kpusoit f, =11. >

AHAJIOrNYHO paccMaTpUBaeTCs CIIydail, KOIJla JUAIA30H KPUTHIECKUX BOJIHOBBIX HUHCEJI
HaunHaercsi He c k=1, ack=m

Yepes Z,,(Det(J)) obosnaunm obbeunenne dparmentos Kpusbix (fy)x(Det(J)), k& = m:

Zm(Det(D) = | {(fu)e(Det(J)), Det(J) € [(Det(I))x—1,4; (Det(I))xrs1]}
k>m+1

U {(fu)m(Det(J)), Det(J) € [(Det(I))o,m; (Det(J))mm1]},  (27)

rae (Det(J))o,m onpeneneno B (25).
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Teopema 5 (O6uacts Heycroitunsoctn Triopunra). Ilycrs Bbiiossitores runoresst (H)
u (Ha) ¢ F(Det(J)) = Det(J), a rak:xe nepabercrBa k > m u
1 1 1 1

1+ —+ .
Hm Hm—1 Hm Hm+1

Eciu orcyTerBytoT nHBIC OrpaHHYEHUST HA IIapaMeTPhl CHCTEMbBI, TO 00/1aCTb HEOOXOJHMBIX I
JOCTATOTHBIX YCJAOBUI HeycToHunBocTH 1bhlopuHra 3ajaeTcss HepaBeHCTBAME

Det(J) > 0;  fu <Det(J); fu > Zm(Det(J)),

e Zy, onpenesiero B (27).
V3 neMMbl 1 BBITEKAET yTBEpzKICHHE.

Caencreue 1. B yciosusx reopem 4 n 5 npu Det(J) € [(Det(J))r—1.%; (Det(J))k k+1]
KpHTHYECKOe 3HaYeHHe KoahguimerTa 1udy3un BIIUCISIETCs O (popMyIie

. Det(J)(1+ p)
e = di = i (fu — o)

4. IlpuMepbl TPUJIIO>KEHMUIA

I[TPUMEP 1. Paccmorpum cucremy Illnakenbepra, jisi KOTOPOi
flu,v) =v*v —u+a, g(u,v)=—u*v+b, (28)

a €IMHCTBEHHOE IIOJIO?KEHNE DaBHOBECHA MMEECT BUJL

(g, vo) = (a+ b, (be)Z> .

B [4] mosyueno ananuTuaeckoe onucanue obaactu auddy3noHHON HEYCTORINBOCTH CUCTEMBI
[[Taaxen6epra (28) Ha IJIOCKOCTH MapaMeTpoB CUCTEMbI. 1Ipu 9TOM HCIOJIB30BAIACH 3aMeHa
[epEeMEHHBIX, Ipe/yioxKentas B [3]: Y =b—a; X =a+D.

DuemenTsl Marputibl SAkobu J st (28) umeror Bu

2b

b—a' _
a+b’

fu=——77 fo=(a+b)?% gu=-—

_ 2
= go = ~(a+b)*

Tax xak Det(J) = (a + b)2, To F(Det(J)) = Det(J), u npn yciosusax b —a >0, a+b>0
Jutst cucreMmbl [1THaken6Gepra crpaBeiInBbl Pe3yIbTaThl TeopeM 1-5.

Bamerny, 9ITO JIONOJIHUTEIBHOE Npe/nosioxkenne a > 0, BbITEKaomee n3 (GU3NIECKOTrO
CMBICJIa PACCMATPHUBAEMON MOJIeJIN, IIPUBOJIUT K orpanndenuto f, < 1. [eomerpuuecku 310
COOTBETCTBYET TOMY, YTO 00JIaCTh HEyCTONUYNBOCTH THIOpUHIa CTAHOBUTCS KOHEYHOI 1, B 4acT-
HOCTH, MOXKeT ObITh IrycToil (cM. Teopembl 6, 7 paborsr [4]).

I[TPUMEP 2. PaccmoTpuM cucteMy ypaBHEHHI OpioccesisTopa ¢
flu,v) =v?v— (B+Du+ A, g(u,v) = —u’v+ Bu. (29)

B npemanonoxkenusix A > 0, B > 0 eMHCTBEHHOE TOJIO’KEHNE PABHOBECUS] UMEET BU/I

(g, Vo) = (A, i) .
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DuemenThbl MaTpuibl Adxobu J st (29) umeror Buj
fu:B_l; fv:AQ; gu:_B; gU:_AZ'

Tax kax Det(J) = A2, o F(Det(J)) = Det(J), u npu ycaosusax B > 1, A > 0 qyia ypasrenmuit
6proccensiTopa (29) Tak¥Ke CIpaBe MBI PE3YJIbTATHI TeopeM 1-5.
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Abstract. We consider a system of two reaction-diffusion equations in a bounded region of m-dimensional
space with Neumann boundary conditions on the boundary, for which the reaction terms f(u,v) and g(u,v)
depend on two parameters a and b. It is assumed that the system has a spatially homogeneous solution (uo, vo),
moreover, fu(uo,vo) > 0, and —g,(uo,v0) = F(Det(J)), where J is the Jacobi matrix of the corresponding
linearized system in the diffusionless approximation, F' is a smooth, monotonically increasing function. A
method is proposed for the analytical description of the region of necessary and sufficient conditions for
Turing instability on the plane of the parameters of the system at a fixed diffusion coefficient d. It is shown
that the region of necessary conditions for Turing instability on the plane (Det(J), f.) is bounded by the zero
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trace curve, the discriminant curve and the points Det(J) = 0. Explicit expressions for the curves of sufficient
conditions are found and it is proved that the discriminant curve is the envelope of the family of these curves.
It is shown that one of the boundaries of the Turing instability region, which consists of fragments of curves of
sufficient conditions, is expressed in terms of the function F' and the eigenvalues of the Laplace operator in the
considered region. The points of intersection of the curves of the sufficient conditions are found and it is shown
that their abscissas do not depend on the form of the function F' and are expressed in terms of the diffusion
coefficient and the eigenvalues of the Laplace operator. The particular case F'(Det(J)) = Det(J) is considered.
For this case, the range of wave numbers at which the Turing instability occurs is indicated. A partition of
the semiaxis d > 1 into half-intervals is obtained, each of which has its own minimum critical wave number.
The intersection points of the curves of the sufficient conditions lie on straight lines independent of the
diffusion coefficient d. The Schnackenberg system and the Brusselator equations are considered as examples
of applications of the proved statements.

Key words: reaction-diffusion systems, Schnackenberg system, Turing instability region, critical wave
number.
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