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ON THE APPROXIMATIVE PROPERTIES OF FOURIER
SERIES IN LAGUERRE-SOBOLEV POLYNOMIALS
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Abstract—Considering the approximation of a function f from a Sobolev space by the partial sums
of Fourier series in a system of Sobolev orthogonal polynomials generated by classical Laguerre poly-
nomials, we obtain an estimate for the convergence rate of the partial sums to f.
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1. Introduction

Assume that a > —1, 7 € N, and 1 < p < co. Let p(x) = e"*2“ be a weight function, and let Lf be
the space of measurable functions f on [0, c0) such that

|f||LP=</|f (e dx) < ool

Assume further that W7, is the space of all (r—1) times continuously differentiable functions f with f (r=1)
P
absolutely continuous at an arbitrary segment [a,b] C [0,00) and f") € L5, Let W” stand for f in Wi,
P
for which | f() (x)|67% < 1. Define the Sobolev-type inner product on W7, as follows:
P

r—1 0
Uog)s =3 (0 +/f )9 (@)p(x) da. (1)
v=0 0

In [1], there was introduced the system of polynomials

lO(

Frnl®) = f/

(x —t)"'LY(t)dt, n=0,1,...,

z;',jn(x)::i' n=0,1,.. .11,

orthonormal for o« > —1 with respect to (1) and generated by the Laguerre polynomlals {L%()}5°,.
It was shown in [2] that {I¥, ()}, is complete in W/,. The Fourier series of f € W7, in this system
) p p

has the form

r—1 k o
F@) ~ 3P0 75 + D Fendin(a), (2)
k=0 " k=r

where

Fu= e [1OOB0p0 @ k=t .
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Also in [2], the following was proved:

Theorem A. Assume that —1 < a <1, f € W[,, and 0 < A < oo. Then, for every = € [0,00), we
P

r—1 k 0o
T Ta ja
T) = Z ¥ (0)ﬁ + Z St (@)
k=0 ’ k=r

where the Fourier series of f in I, (x) converges uniformly in x € [0, AJ.

have

Theorem A was generalized with respect to p in [3].

Theorem B. Assume that —1 < o < 1. If f € W], then for p > 2 series (2) converges uniformly
P
to f on every segment [0,A]. If 1 < p < 2 then there exists f € W/p» whose Fourier series diverges
P
at x = 2.

In case a = 0. The polynomials I{, ,, (z) satisfy the equality [2, Corollary 3.1]

TL'I" (x)
lO — L Ly
s 'r+n(‘/L‘) (1’L + ’I“)[T] 9
where (n + 7)1 = (n+7)(n+7r—1)---(n+ 1). Then (2) takes the form
rzi v) 7" N AOH
)~ S PO a3 I ),
— k! — (k+ )l
Denote the partial sum of this series by Sy p4r(f, :1:):
n 70
r.k+r r
Srntr(f5 @) Zf k' + kz—:o m%(@- (4)

It follows from (4) that Sy, (f,x) satisfies
(ST,TLJFT(f?O))(V) = f(y)(0)7 0 é v é r—= 1
Moreover, if f(z) = pp+r(x) is an algebraic polynomial of degree n + r then

Sr,n—l—r (pn-i-m .’13) = Pn+r (:C) (5)

Using (5), the authors of [2] studied the approximation properties of the partial sums Sy 4, (f, ). In par-
ticular, it was proved (see [2, Theorem 5.2]) for f € W}, and w(z) = e~ that

e 2 TP (@) = Sy (£,2)] € (L4 Arn(@)) Bl (F),

where
In(n +1), v e 0,5/2);
An() < e(r)] In(n+1) + (/13 + o — )V, € [1/2,35/2]
n~T/2H5 4w/ x € [3K/2,00).

Here ¢(r) is a positive constant depending only on 7, k = 4n + 2r + 2. Note that E; , (f) is defined as

Eper(f) = nf supquir (@) = flw)le™"/ 220,

where the infimum is taken over all algebraic polynomials gy, of degree n+r for which f*)(0) = qgjzr (0),
with v =0,r — 1.

The above estimates for | f(x) — S, n4r(f, z)| contain the best approximation £, .(f), whose behavior
has not been studied yet. In the present article, for » = 1, we obtain the convergence rate of S p+1(f, x)
to f(x) not containing the best approximation EJ, .(f). More exactly, we have
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Theorem 1. Assume that f € W' and = € [0,00). Then

_x

4:-\»—'
w\
—
=}
—
S
= +
—
~—

ﬁ [f(@) = Sips1(f,2)] € =7

where c is a positive constant.

The proof of Theorem 1 is given in Section 4.

Analogous problems about approximating the functions of a Sobolev space by algebraic polynomials
were addressed by various authors (see [4-7] and the bibliography therein). We will recall some results
of [4-7]. The space

T = Wi [-1,1] = {f € C"-1,1]: fO) € 12},

with w(z) = wa s(z) = (1 — 2)*(1 +z)” and 1 < p < oo, was considered in [4] with the norm

T 1/p
1wy, = (Z%)Hf(k)’ig) :
The following theorems were proved for W/ :

Theorem C. Assume that o, 8 > —1. Assume further that f € W}, for1 <p <ooor f € C"[-1,1]
for p = co. Then there exists a polynomial p,, such that

Hf—anwzgj < cEn(f")

where En(f(r))L{j, = inf e, || ) — pllry is the best approximation in the metric of L.
Theorem D. Assume that o, 3 > —1. Assume further that f € W7, for1 <p < ocor f € C"[~1,1]
for p = co. Then there exists a polynomial p, such that
1P =Py, < en™ B (F ),
provided that either « =0 or 8 = 0.
Furthermore, in [6] there was considered the space
H!, = H'(a,b) = {f € L2(a,b) : f™ € L2(a,b), 1 <m <7}

with the norm

. 1/2
1l = (Z Hf”’”l!%g) :
m=0

Here (a,b) = R for w(z) = e~*", while (a,b) = (0,00) for w(z) = e *2® and a > —1, and (a,b) = (—1,1)
for w(z) = (1 — 2)*(1 + z)?, with a, 8 > —1. The article [6] studied the approximation of functions
in H” in the metric of L2 by means of the partial sums .%" f(z) of the Fourier series in a system of
polynomials {g;(z)} orthogonal with respect to the Sobolev inner product. Namely, the following was
proved:

Theorem E. Let r > N +1 and let f € H], be such that f € LET_N_I. Then
—An_ (m=N)/2
(m) _ N (—A(nfr,rjf\’r(i)ﬂ(T—N—l)/? E”—T(f(T))L%rfol’ N<=ms< "
Hf y f HL2 = ¢ (7)‘7L—N O)N/2 (7')
(_Anfr,rfol’)(T_N_l)/g ETL—’I’(f )L%’r‘fol’ O S m S N B 1’

for a Hermite weight function; if « > —1 then the estimates hold for a Laguerre weight function; and if
«, 8 > 0 then the estimates hold for a Jacobi weight function.
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2. Some Information about Laguerre Polynomials

Let v be an arbitrary real. Then the Laguerre polynomials LY (z) satisfy the relations [8]:
e Rodrigues’ formula

e the orthogonality relation
/Lg(x)L%(w)p(a:) de = hyopm, o> —1,
0

where 0y, ,, is the Kronecker symbol, and hj, = %;
e the Christoffel-Darboux formula

n

Ko@) =Y Li(x)Lg(t) _ n+1L3(x) L3, () — Ly (2) L(t)

6
h¢ hg r—t ’ (6)

k=0

e the recurrent formula

L§(e) =1, L{(2)=-a+a+l,

nly(z) =(—z+2n+a—-1)Ly 1(z) - (n+a—-1)L7 5(x), n=>2; (7)

e the equalities
nLy(x) = (n+a)Ly_y () — xLy* (@), (8)
Ly~ (z) = Liy(2) — L_y(x); (9)

e the weighted estimate [9, 10]

e 2|L%(2)] < e(a)A%(x), a > —1. (10)

Here and below, ¢ and c¢(«) are constants depending on the above parameters,

0, 0<z<y;
05— ig= 571, i<zl
Ag(x) = 1 1 0 30
e_i, 32—9 <,
where
0 =0,(0) =4n+2a + 2.
The orthonormal Laguerre polynomials [%(z) = 1ha L& (x) satisfy the estimates
021, 0<z <
o) @l el pasy (1)
e z|ly o (x) — Iy (z)] < c(a R
" " rT5073(05 + o — )i, §<a< i
e_%, 379 <z
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3. Auxiliary Assertions

Put "
Al t) = 37 Li(x) L),
k=0

Lemma 1. We have

n

(& = ) (,t) = (n + 1) (Ly(2) Lota (t) = Ly (2)La()) + Y Li(@) Li(t). (12)
k=0

PRrOOF. From (7), for o = 0, we infer that
kLy(t) + (k= 1) Ly—2(t) = (2k — 1) Lyp—1(¢) — tLp—1(2);
and, for o = 1,
kLjy(2) + kLj_o(x) = 2kLj_y(2) — xLj_ (2).
Hence,
kLk(t) + (k= 1)Lyx—o(t) = 2kLi1(t) — tLg—1(t) — Lr—1(2), (13)

kLi(x) + (k= 1)Lj,_p(x) = 2kLj_(2) — oL (z) = Li_(x). (14)
Next, multiply (13) by Li_,(z) and (14) by Lg_1(t). Then subtract from the first so-obtained equality
the second and use (9):
k (L1 (@) Li(t) = Li(@) Li-1(8)) = (k = 1) (Li_o(2) L—1(t) — Li_1 (2) Li—2(t))
= (@ = L} (@) L1 () — L1 (2) L (8),

Hence,

(@ = t)Lj_y (@) L1 (t) = Lg—1(x) L1 (t)
+k (L1 (@) Li(t) = Li(2)L-1(8)) = (k = 1) (Li_o(2) Li—1(t) — Ly (z) Li—2(1)).
Summing this equality over k from 1 to n + 1 and putting L' (x) = L_1(t) = 0, we obtain (12). O

Lemma 2. We have

n

(& — 1) A (@, t) = 2Ly (@) L (1) = tLy (@) Ly (t) = Ly (@) L (t) + Y Li(x) Li(1).
k=0

PrROOF. From (8), for a = 0,

t
L1 (t) = Ln(t) T n T 1L7lz(t)§
and, for a =1,
n+2 x
Lha(@) = S L) = L3 ()

Then
L}L(x)Ln-i-l (t) - LiL—l—l (x)Ln(t)
~ L) (Lnu) L <t>) L) (" Ry YL 5. <x>)

n+1 " n+1 " n+1 "

= L@ La(t) — — < LA @LA(0) — — L) La(0),

This and Lemma 1 give Lemma 2. [
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Lemma 3. K2(x,t) =Y }_o Lix(z)Li(t) admits the representation

Kp(a,t) = 27:;;11 L ()L (t)
wt _1 x[Ln(t>(Ln+1($) — Ly 1(2)) = Lp(2)(Lng1(t) — Lu_1(1))].

PROOF. Indeed, from (6), for « = 0, we have

K1) = 7 (Lt @) Ealt) = L) nsa (),

(Ln(@)Ln-1(t) — Ln—1(2)Ln (1)) + %Ln(x)Ln(t)-

1 1
~K%x,t) =
CKn(et) = —

Hence,

1
t—x

+ [Ln () (Ln41(2) = Ln-1(2)) = Ln (@) (Lng1 () — Ln-1(2))].

Multiplying both sides of the last equality by HQ(ZE), we get (15). O

Lemma 4. We have
o

> (ZHR) -2 epw

k=0

PROOF. Indeed, using the equality [11, p. 623, formula 6]

o~ KLE(@)LE(y) o« .
(a+1Dp(k+1) (xy)

T+y

(e, 2)(a,y), 0<z<y,
k=0

where v(a, ) and I'(a, y) are the incomplete gamma-functions defined as

x o0
y(a, x) = /talet dt, TI'(a,z)= /talet dt,
0 T

we infer

00 3 2

AL\ _ a1,

SER ) = g2 ey (1, )T (1
k§_0:< D) =t ()T, 0)

e —1

= ezgj/xe_t dt 7€_t dt = ﬁ(l —e et = O
R Ve R
0 T

We will also need the following lemma that is proved in [12, Lemma 1]:

Lemma 5. Suppose that « > —1, n € N, and x € [0,00). Then

n-e, x € [0,/2,30,/2],

e Ky (x,z) < C(a){ nl_o‘(A%(x))Q, z €10,0,/2]U[36,/2,00).

35



4. Proof of Theorem 1
Consider
T4

I =
ve+1

[ H it la
0

and estimate the behavior of I for z € [0, 00).

Lemma 6. Suppose that

3 3 3 3
V=, =4n+2, Xlz[(), ] XQZ[, ”], ng[” ”}, X4:[V,oo>.
14

v 2 27 2 2
Then 5
1 3
\/%VE, x € X;
3
v .
I<c et 1), @ e Xy (16)
7
vizln(n+1), x€ Xs;
3 3 T
2xde 4
\ %, x € Xy.
Proor. Take x € X;. Then
4/v 00 3
I= /+/ L e () dt =1+ I
l‘—i— 1 n I .
0 4/v
From (10) we obtain
: : 4 ot
x x riv
—=c (17)

I<07 th<c vV Ep——
b= \/m/g_:o’“ =Vitl v Vitl
-

For estimating I, rewrite it as

v/2 3v/2 00

3
I — /+ / n / xile*““ |z, t)| dt = I} + I3 + I3. (18)
e
4/v  v/2  3v/2

) ‘

Using Lemma 2 for I3, write down the inequality
L <D+ 1+ 17+ L%

Estimate 13!, 132, and I3® with the use of (10):

xz V/ZV 1t 1 $£ 7 " 5 y2x£
1211<c\/m1/2/ = dt_c\/mlﬂ/t_éidtgc\/m,
4/v 4/v
3 v/2 3 v/2 s s
2<e ;6111// t';‘f; dt < c filﬁ /ti dt < c V;fl,
4/v 4/v

36



i —i¢d 1 —it-i 4k
4 v 4 4 vV 4 4 1%
et dt+n/ dt + / d
2TVt t— v ) (t—ux)? (t—x)?
4/v 4/v 4/v
3 v/2 v/2 v/2 3
<2 u—i/t 4dt+u—i/t—3dt+ni/t—1dt <2
x+1 r+1
4/v 4/v 4/v
Then
vizs
Il <e .
2T Va1

I%Scyx , II<c TR ¥
z+1 z+1
From (18)—(20) we infer
I <c viot
z+1
This and (17) yield
3 3
va2xia
<ec——, X
vr+1 !

Now, let x € X5. Put

[h,:[oﬁf—'vgyzL

Then I can be represented as

Dy = (x —x/v,x+\/z/v), D3z=[x++/x/v,00).

NS

+t

€T T
I— ()| dE = Ty + o+ Js.
</+/+/>\/a:+1e 7 o) ERERRE

D1y Do

D3

Estimate J5. To this end, we use Lemma 5 and obtain

8
+
—

3
x4

r+1
Do

t

e | A (x,t)| dt

Ja =

((n+ 1)6xK}L(x,x))I/z/(etKg(t,t))lm dt
Do

3
__C$4Vﬁl%_1<V§x_g)hat/kny_ét_é)Uth
Vo +1

Do

(19)

(20)

(21)
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n _
X

T
<c .
Vo +1 N S |

N
\

<c (22)

Turn to estimating J;. Assume that

Then

3
x4 xtt
J1 = —|—/ e~ 2 |z, t)| dt = J+ + J2.
1 < / > \/m | n( )| 1 1
Dy DY
For estimating JZ, use Lemma 2 and write

JE <+ IR I+ I

Estimate J2!. From (10) we infer

- z+1 T —t z+1 11—y
D? 1/vx
f L 1/3 1—+/1/vz \f 1
vri 1 1 vxi
=c T1dy + / —dy | <ec Invvz.
x+1</y Y 1—-y y) vr+1

The quantities J#? and J#3 can be estimated likewise:

1 _1
J22<c\ﬁx4 Invvz, JB<c - In+\/vez.
Y/ Vol

Estimate J?*. Lemma 3 and estimates (10) and (11) give

3 1 1 1
4 A t7 1 ta

3 1

x1 1 1 1 NZZ
<c ve) 2 Invve + —Vrvx + Vx| <c .
T ovo+1 [( ) T T } T o Vr+1

The estimates for JZ yield

fi
VT
J2< 1 .
1 =S¢ %m_i_ln\/yx
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Arguing by analogy, we can show that

v

=
vr+1 )

=
ol

Ji<ec

Thus,

J < i In+/
C n vx.
b= ve+1

Turn to estimating J3. We put

D) =[x+ \z/v,v/2+\Vz/v], D3=v/2+\z/v,3v/2], D3=(3v/2, ).

Using these relations, we can write

3

T4 z+t

J3 = ( /+/+/) e~ 2 |z, t) | dt = J3 + T3+ T3

v +1
Dy Di D3

Repeating the arguments that led us to the estimate for JZ, we can show that

1
vz 1 1
Ji<ec (7 In /v + v1),
vz +1
i sy
v T2V 3v
Ji<ec In(n+1), Ji<c e 16
Vo +1 r+1
Hence,
3
J3<c v In(n+1)
vr+1
From (22)-(24) we infer
3
ISC\/%IH(TL-}-l), x € Xo

3
€T4 T+t
I = T2 | Hp(x,t)|dt = Hy + Hy + Hs.
</+/+/> T—l—le | A (z,1)] 1+ g + 113
D3

Dy D,
The quantity H satisfies the same estimate as Js:

\/ﬁxi

X

HQSC

:

For estimating Hs, we partition D3 into the intervals
DY = o+ /v,3v/2 4+ x/v], D= (3v/2+ /v, 00).
Then Hy = H. 3} + H§ Lemma 2 implies that
HY < HY' + H3? + H? + H.

For estimating Hi!, with i = 1,2,3,4, turn to (10) and (11), which give

(23)

(25)
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dt

HY <. z 1 /
3 >
Vil (s +la—v|)i ) (t—2)(ws + |t —v|)T
@3

dt 7
<cnizl 1
/t_xcn n(n+ 1),

IR

7
xi

S c 1 1
v+ lvzvs )
@3

tdt

H2 < € 1 /
3 =
VEFTvs(ws + |z —v|)i ) (t—2)(ws + |t —v|)7
‘@3

dt
3 t_xgcnl%ln(n+1),

W

+n 8]

vi2

(u%+ra:—u\>i/ .
t— 2 13
o ( ) V1

Consequently, Hi < cnis In(n + 1). The quantity H2 satisfies the same estimate as .J3; therefore,
(26)

Hs < cniz In(n +1).

Estimate H;. Put
7t =0,1/v], Z? = fv,v)2 =2/, D} =(v)2—ajv,z —\/z/V]

and write
Hy = H{ + H} + H}.
Repeating the arguments of estimating J{ and J? almost verbatim, we can show that

1
Hl <c¢—5, H< iz In(n+1), H}< vz In(n+1).
1 VAV)

Then .
Hy < cwvizln(n+1).

This and estimates (25) and (26) give
I<ewm=ln(n+1), z€Xs.
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Finally, consider the case when 2 € X4. Lemma 5 and (10) yield

1
2

'CE% —x & 1 2 % r —t - 2
re <e kZ:O(Lk(x)) ) O/<e kz::O(Lk(t))> dt

3 0o
L TV (K} (z,2))? /(etKg(t,t))é dt
1/v  v/2 3v/2 00

<eiire i ([0 )+ [0 [ Jae

0 /v v/2 3v/2

< zin _z<1+ N T >< nirie=i -
c e 1| —+4vivit+yivi+c c——.
T Vx+1 v T WV +1
Return to the proof of Theorem 1. From (4), for r = 1, we have
Stn+1(f, ) (27)
k=
Reckoning with (3), we obtain
_1 =z
T de” 2
Rn(fax): (f(‘r) S].n+1(f7 ))
z+1
3 z 00 o0
xrie 2 Li(z) , .
= t Li(t)dt
o> [roee
k=n+1 0
3 _a %9 00 1
zie 2 [ Lyp(z)Li(t)
= t)e —L——~ dt. 28
) 10 X &

0

Placing the sum under the integral in (28) can be explained as follows: Let

m 1
3 _z L :L'th
Appm =x1e 2 E k(k—)kl()7 Arn_n}gn Ay pom.-

k=n+1

/ fl(t) A et dt — / () Ay me "t dt
0 0

and demonstrate that it vanishes as m — oco. We have

/ F() Arme " dt / PO Apme ™ dt < |22 [ Arm — Armomllzs.
0 0

Consider the difference

We prove that
[Arn — Arnmllzz — 0 as m — oo.
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To this end, show that A, , ., is a Cauchy sequence:

Tl o™ Lo\
| Aty = Armmllz = / plet 0 HID) gy

0 k=m-+1

m—+p 3

= w1Lj(z) -
k+1
k=m+1
since , ,

oo S

S (“L}c(ﬂﬁ))

Pt k+1

converges (see Lemma 4).
Next, from (28) we infer

z i _ait | = Li(z)Ly(t
[Ru(f.2)] < ”10/6 2 L0
3 0o
= [ | > HERO
0 k=n+1
Use the Abel transform:
|Ry(f, )] < zi 7 i Hm(2,t) +mzl pAc: »
n\J s = / m—)oo m+1 n—|—2 k:n+1 (k+1)( 2)

3 o 0o
x1 ot |Hom (2, 1) | (@, 1) | A (2, 1)
< RN
= / <mﬁoo il tarz T2 ENIEYI A
0
1
—fl—i-mfg—i—fg.

Fatou’s Lemma (see [13, p. 170] and estimates (16) imply that

m—ro0

For ., we have estimates (16). Now, estimate .#3. From Lemma 6 we have

0o 3 0o
E1ln(k+1) In(k+1) In(n+1)
I3 < c E —— s =c E R <c —.
k=n+1 k hent1 K4 ni

Theorem 1 is proved.
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