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TOPOLOGICAL PROPERTIES OF MAPPINGS
WITH FINITE DISTORTION ON CARNOT GROUPS
D. V. Isangulova UDC 517.54

Abstract—We prove that every mapping with finite distortion on a Carnot group is open and discrete
provided that it is quasilight and the distortion coefficient is integrable. Also, we estimate the Hausdorff
dimension of the preimages of points for mappings on a Carnot group with a bounded multiplicity
function and summable distortion coefficient. Furthermore, we give some example showing that the
obtained estimates cannot be improved.
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1. Introduction

Given a domain €2 in R” with n > 2, consider a mapping f : €2 — R" in the Sobolev space W, (2, R™)
which has the locally integrable Jacobian J(z, f) = det Df(z). Refer to f as a mapping with finite
distortion whenever J(z, f) > 0 almost everywhere and D f(z) = 0 almost everywhere on the zero set of

the Jacobian. The function IDf (@)™
Ko(z) = { “Tapo @) #0,

0 otherwise

is the outer distortion coefficient. Here ||D f(x)|| is the operator norm of the linear mapping D f(x).

If Ko is a bounded function and f € Wé 1oc (€2, R™) then f is a mapping with bounded distortion.
Reshetnyak established the fundamental topoldgical properties of mappings with bounded distortion on
the Euclidean space; i.e., continuity, openness, and discreteness (see [1]). Vodopyanov and Goldshtein
proved the continuity of mappings with finite distortion in [2]. Many articles seek the conditions for
mappings with finite distortion to be open and discrete. In the planar case Iwaniec and Sverdk proved
the openness and discreteness of mappings with finite distortion for Kp € L; and f € W21,loc (2, R?) in [3].
Villamor and Manfredi showed the openness and discreteness of mappings with finite distortion on R"
for n > 3 under the condition Ko € Lyjoc With p>n —1 and f € W}, (2,R") in [4]. In the boundary
case Ko € L, the openness and discreteness are justified only under additional assumptions; i.e., the
topological condition of quasilightness [5] and the integrability of the inner distortion coefficient (see [6]).
In the case Ko € L, with p < n — 1 Ball constructed an example of a continuous quasilight mapping of
Sobolev class W, with finite distortion that is neither open nor discrete in [7].

The goal of this article is to study the topological properties of mappings with finite distortion on
Carnot groups with sub-Riemannian metric. Recently Vodopyanov established the continuity of mappings
with finite distortion on Carnot groups in [8]. By now openness and discreteness in the sub-Riemannian
case are established only on the two-step Carnot groups of H-type for mappings with finite distortion [9]
and on the two-step Carnot groups for mappings with bounded distortion (see [10,11]).

A stratified homogeneous group, or alternatively a Carnot group, is a connected simply-connected
nilpotent Lie group G whose Lie algebra V' is the direct sum V1 @ --- @V, of vector spaces with

dimV; >2, [V, V] =Vim for 1 <k<m-—1, [V,V,]={0}.

The Euclidean space is an example of an abelian Carnot group. Fix an inner product on V.
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The distance d (intrinsic Carnot-Carathéodory metric) between two points x,y € G is defined as the
greatest lower bound of the lengths of horizontal curves connecting x and y. The Hausdorff dimension
of G with respect to the Carnot—Carathéodory metric is denoted by v and equals >, i dim V;.

DEFINITION. Given a domain €2 of a Carnot group G, consider a mapping f : 2 — G of the Sobolev
class Wll,IOC(Q,G) with locally integrable Jacobian J(x, f). Say that f has finite distortion whenever
J(x, f) > 0 almost everywhere and Dy, f(x) = 0 almost everywhere on the zero set of the Jacobian.

Define the distortion coefficient K, as
Ky(z) = inf{k > 0: | Dpf(z)|| < kJ(z, f)/7}.

It is obvious that (K,)” = Ko, where

| Dp f()]” -
0 otherwise

is the outer distortion coefficient. The Sobolev class, Jacobian, and horizontal differential Dy, f are defined
in Section 2.

Recall that a mapping f :  — G with 2 C G is open whenever the image of each open set is open, f
is discrete whenever the preimage f~1(y) of each y € f(Q) consists of isolated points, and f is light
whenever the preimage of every point of G is totally disconnected. Call f : Q — G quasilight whenever
all components of f~!(y) are compact for each y € G.

The main result is as follows:

Theorem 1. Given an open subset ) of a Carnot group G, consider a quasilight mapping f €
Wul,loc(Q’(B) with finite distortion not constant on each connected component and K, € L, (,_1)10c(f2)
(or equivalently Ko € L,_110c(f?)). Then we can redefine f on a measure zero set so that

(1) f becomes continuous, open, and discrete;

(2) f becomes &-differentiable almost everywhere;

(3) f has Luzin’s A and .4 ~!-properties;

(4) J(x, f) > 0 almost everywhere.

Recently Vodopyanov showed in [8, Proposition 19] that we can redefine each mapping of Sobolev
class WVI,IOC(Q7 G) with finite distortion on a measure zero set so that it becomes continuous, Z-differen-
tiable almost everywhere, and has Luzin’s .4 -property. From the classical proof of Reshetnyak’s The-
orem [12] we know that if f is differentiable almost everywhere and has Luzin’s .4 -property then the
lightness of f implies the discreteness and openness of f. To prove Theorem 1, we also have to show
that f is light; i.e., 21 (f~1(y)) = 0 for all y.

The measure of the preimages of points is estimated in the following theorem which is of interest in
its own right.

Theorem 2. Suppose that 1 < ¢ < p < v. Given a connected open set 2 C G, consider a contin-

uous mapping f € WpllOC(Q,(B) with finite distortion, locally summable Jacobian, and K; € L, 10c(€),
_Pq_
p—q’
a neighborhood of 0 then either f = 0 almost everywhere or f~1(0) is of s#¥~9-measure zero.

where » = and f satisfies Luzin’s A4 -property. If the multiplicity of f is essentially bounded in

Theorem 2 addresses the larger class W;},loc of Sobolev mappings with 1 < p < v. Therefore, to its
statement we add the conditions of continuity, summability of the Jacobian, and Luzin’s .4 -property.
The proof of Theorem 2 rests on the ideas of [5] which established a similar result in the Euclidean
case. The main technical part is Theorem 3 of [5] on estimating the oscillations of Sobolev functions. Al-
though this theorem is stated and proved in R”, it remains valid on Carnot groups. Moreover, Theorem 3
of [5] is valid on an arbitrary homogeneous metric space where the analogs of Sobolev functions are defined

and Poincaré’s inequality holds. We will present the version without proof; see Theorem 5. However,
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the Euclidean theory is not directly applicable: We have to separately establish Luzin’s .4 ~!-property
and the nonvanishing of the Jacobian almost everywhere (see Theorem 4 in Section 4) and to study the
properties of Sobolev functions on Carnot groups (see Proposition 2 in Section 3).

Note that the mapping of Theorem 2 induces the bounded embedding operator for Sobolev classes by
composition; see Theorem 4 in Section 4. Vodopyanov with coauthors (see [2, 13]) introduced and studied
this class of mappings on the Euclidean space; this is the so-called functional approach to quasiconformal
analysis. Homeomorphisms on Carnot groups which induce bounded embedding operators of Sobolev
spaces are studied in [14]. To prove Theorem 4, we rely on [13] where the similar result is established in
the FEuclidean case.

Moreover, in this article we exhibit some example of a mapping with finite distortion on a Carnot
group which demonstrates that the exponent in Theorem 2 is optimal. It is inspired by Ball’s example [7].

For mappings with finite distortion, the “bad set” W is studied without the additional assumption
of quasilightness. Given a mapping f : {2 — G with finite distortion, denote by W the set of points in (2
belonging to a nontrivial component f~!(y) for some y € G; i.e., W = f~Y(W’), where W’ consists of
the points of f(2) C G at which discreteness is violated: y € W’ whenever f~!(y) is not comprised of
isolated points.

Theorem 3. Given an open subset €} of a Carnot group G, consider a nonconstant continuous
mapping f € Wl}’loc(Q,G) with finite distortion and Ko € L, _110c(2). Then W, defined above, is
a closed set in ), while f is open and discrete outside W'.

In order to prove Theorem 3, it suffices to show that f is quasilight outside W. In the Euclidean
case Rajala obtained a similar result; see [6, Lemma 2.4].

This article has the following structure. Section 2 presents the needed definitions, notation, and
auxiliary results. Section 3 addresses the fractional maximal function. In Section 4 we prove Luzin’s
A ~1-property. The proofs of Theorems 1-3 occupy Section 5. The example is given in Section 6.

2. Definitions and Auxiliary Results

Carnot groups. Consider a Carnot group G with Lie algebra V. Fix on V' some inner product (-, -)

and the norm || - || with ||€|| = \/(§,&) for £ € V.

Take some vector fields Xi,..., X, constituting a basis for the horizontal space V;. Since they
generate the whole V, we can include them in an orthonormal basis for V together with the fields
Xn+1, ..., Xy formed by commutators of the fields in V;. Moreover, assume that

l=01==0opn<opp1 < <oy =m,

where 0; = {k : X; € Vi } is the degree of the field Xj.
Identify g € G with z € RY via the exponential mapping exp(z a:iXi) = ¢g. Furthermore, it is obvious
that 0 = (0,...,0) is the identity element of G, while =} = (—~x1,...,—xy) for z = (21,...,2y) € G.
A dilation is defined as dyx = (721,129, ..., t°Vay) for t > 0. The Carnot—Carathéodory distance
is homogeneous: d(d;z,dry) = td(x,y).

Measures on a Carnot group. This article considers the s-dimensional Hausdorff measure on G
with respect to the Carnot—Carathéodory distance:

7

H5(A) = %i_rg%inf{Z(diam E) |AC|JE, diamE; < 5},

where diam E; = sup{d(z,y) : z,y € E;} and A C C.

We identified the points of G with the points of RV via the exponential mapping. The Lebesgue
measure on RN is a bi-invariant Haar measure on G [15, Proposition 1.2]. Therefore, the classical
Lebesgue integral is defined on G, which we denote by [, f(x) dz, where  is a measurable subset of G
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and f is a measurable function on Q. Moreover, denote by L,(£2) the space of g-integrable functions
on ; and by | - ||4,0, the Lg-norm of a function on €.

Denote the Lebesgue measure of a measurable set A C G by |A|. Up to a factor, |A| coincides with
the v-dimensional Hausdorff measure % (A).

Sobolev-class functions.

DEFINITION. For 1 < ¢ < oo the Sobolev space W (2), or L} (), consists of the locally summable
functions f : Q — R, with generalized derivatives X;f along the vector fields X; for ¢ = 1,...,n and the
finite norm (seminorm)

1£ 1 Wa @ = Il + Ve fllee (I 1 Lg@] = 1 Va fllog)
where V, f = (X1f,..., X, f) is the subgradient of f.

Recall that a locally summable function g; : 2 — R is the generalized derivative of a function f
along the vector field X;, for ¢ = 1,...,n, whenever fQ givdr = — fQ X dx for every test function
Y eCr(). If f e qu(U) for each bounded open set U with U C (2 then we say that f belongs to the
class Wq loc (£2).

DEFINITION. A domain (a connected open set) Q C G is a John domain with inner radius a and
outer radius 3, where 0 < a < 8 < oo [16], whenever there exists a distinguished point z¢ € U such

that every other point z € Q can be connected in 2 to g by a rectifiable curve v(s), for 0 < s <1 < g,
where s is the arc length, such that ~(0) = zp and v(l) =z, while

dist(y(s), 002) > 73 for all s € ]0,1].

The ball B(a,r) in the Carnot—Carathéodory metric is a John domain with inner radius r and outer
radius r. Each domain with smooth boundary is a John domain.

Lemma 1 (Poincaré’s inequality). Suppose that 1 < p < oco. If Q C G is a John domain then
every u € W}(Q) satisfies

[ = ugllg.o < C(diam )"~ #F4 || Yy ull 0, W

where 1 < q < V”pp for p < v, while 1 < ¢ < oo for p = v and 1 < ¢ < oo for p > v. Here
uQ = \ﬁllfﬂ u(z) dz is the average value of u on Q.

If u =0 on a measurable set T' C §2 of positive measure then

1
Qla

mma<c’}«MmQ> ) Va o 2

q
PROOF. Poincaré’s inequality (1) on balls in Carnot groups is established by Lu in [17]; while on

John domains, by Vodopyanov and Isangulova in [18, Theorem 4].

The proof of (2) follows the strategy of the proof of Lemma 3 of [19], in the case of balls and ¢ = p.
Put M = WHUH(]Q > (0. The case M = 0 is trivial. Assume that ug > 0. If ug < 0 then take —u, and

if ug = 0 then (2) holds. We have

IM = ugllge = [QUYIM — ug]

1 1
— |Q|l/a - < ||u—
214 iz o — iz uallus < Ju—ual
and
T)F < |1 M a0 = —|lu— M0
—_ q: M q:
1
M(HU_UQ ‘q,ﬂ + ||M _UQHqQ) < *HU_UQHq, .

51



Consequently,

1
2|0«
lullae = [90Y001 < 2200 gl

|4
and (1) yields the required inequality. O

Sobolev-class mappings.

DEFINITION. Given a domain Q C G, a mapping f : Q@ — G belongs to the Sobolev class quJOC
whenever the following are met:

(A) [f]z iz € Q— d(f(x),z) belongs to quJoc(Q) for all z € G.
(B) The family of {Vj[f].}.cc has a majorant in Lgc(£2); i.e., there is a function g € Lg10c(£2)

independent of z such that | Vj,[f].(z)| < g(z) for almost all z € .

(€2,6)

Reshetnyak introduced this definition for mappings from a Euclidean space to a metric space in [20].
Vodopyanov used this approach for mappings of Carnot groups in [21]. Represent a mapping in the coordi-
nates of the first kind f = (f1,..., fn) : @ — G. It is known (see [19] for instance) that X f(x) € Vi(f(z))
for every Sobolev-class mapping and j = 1,...,n; hence, the matrix Dy, f(x) with entries (X;f;(x)) for
i,7 = 1,...,n determines a linear mapping from the horizontal space Vj(x) into Vi(f(x)) for almost
all x € 2. The mapping is called the formal horizontal differential. Denote by || Dy, f(z)] its norm

IDrf(@)l[ = sup  |[(Dpf(x))(E)]-

£evn, [l€l=1
We can take || Dy f|| as g € Lg10c(€2) in the definition of Sobolev mappings; see [19, 22].
In turn, the horizontal differential Dy f : Vi — Vj induces the graded homomorphism of Lie algebras

Df :V — V called the formal differential [19]. The determinant of D f(z) is the (formal) Jacobian of f
which is denoted by J(z, f).

The change-of-variables formula. Take f: Q — G and E C Q. The function A (y, f,E) : G —
N U {0, 00} defined as

0 if the preimage f~!(y) N E is empty,
Ny, f,E)=q > if the preimage f~!'(y) N E is infinite,
#(f~Y(y)NE) otherwise

is the Banach indicatriz or multiplicity function of f. Here #(f (y) N E) stands for the size of the
preimage f~!(y) N E of y.

Recall that a mapping has Luzin’s A -property whenever the image of each measure zero set has
measure zero.

DEFINITION. Given a domain ) in G, a mapping f : Q — G is absolutely continuous on lines, in
symbols f € ACL(Q), whenever for each domain U with U C Q and the foliation I'; determined by
the left-invariant vector field X; the mapping f is absolutely continuous on v N U with respect to the
1 -Hausdorff measure for dvy;-almost all curves v € I'; for j = 1,...,n. For such f, the derivatives X; f
along the horizontal vector fields X; for j = 1,...,n such that X, f(z) € Vi(x) exist s#"-almost every-
where in € [23, Proposition 4.1].

Proposition 1 [14, Proposition 3|. Given an open set D C G, if f : D — G is a mapping in
Wibc(D,G) or ACL(D) then

(1) there exists a Borel set ¥ C D of measure zero such that f : D\ ¥ — G has Luzin’s .4 -property;

(2) for every measurable set A C D\ ¥ we have the area formula

/ (e, f)| di = / N (y, £, A) dy: 3)
A G
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(3) for every nonnegative measurable function u we have the following change-of-variables formula
in Lebesgue integrals:

[u@ @ nia=[ 3wy (1)

D\% G zef~L(y)\Z

3. The Fractional Maximal Function

Take o € [0,v) and g € L1(6) with g > 0. Introduce the fractional maximal function
Mag(z) := supr® ][ gdz.
r>0
B(zr)

Lemma 2. Suppose that 1 < ¢ <p <wv. Ifg € L,(G) is a nonnegative function on a Carnot group G
then Mag(z) < oo for %~ 1-almost all z € G.
p

PROOF. Demonstration uses Lemma 3.2 of [24] on the maximal functions of finite measures. Put
S={2€6G:Mag(z) >0}, o>0.
P
For every z € S there is a real r, > 0 such that
ra/p ][ gdz > o.
B(z,rz)
Hence, Holder’s inequality yields
r3/P 1/p -1 pla=v)/p 1/p
< = P d B P — Pd ,
e [ o) e = g ( [ e)
B(z,rz) B(z,r2)

and consequently

rd=v
oP < — / gP dx.
|B(0,1)]
B(z,rz)

We obtain the uniform boundedness of r,; i.e.,

1 1

L [ —— Pdr < ——— [ gPdx.

" (B0, 1)) / g x—ap|B<o,1>|/g v
B(z,rz) G

By the Vitali Covering Lemma, we can choose a countable subfamily of {B(z,r),z € S} which consists
of disjoint balls B; = B(z;, r;) satisfying S C |J; 5B;.
Therefore,

10771
sy < 3 )Y IO A
N4 (S) < i (107‘1) < 0‘p|B 0 1 |Z/g dr < 1”|B(0 1)/ d

This implies immediately that "~ 9{z € G: Mag(z) =00} =0. O
p
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Lemma 3. Take § € (0,1]. If g is a nonnegative summable function on G then

9(2) B

—— —dz < Cr°M;_
B(y,r)

for all y € G and r > 0. The constant C' is independent of y, r, and g.

ProOF. Put 7, = 27%r and By = B(y, ). Then

9(2) - _y
/ a1 E S kzo(mﬂ)l / g(z)dz

Y,z —
B(y,?") - Bk\Bk+1
<3 (r/2) / g(=)dz = 271 B(0, )| S 1y ][ g() dz
k=0 By k=0 B

o
< 27 B(0,1)|Mi_g(y) Y} = CrPMi_gg(y). O
k=0
Proposition 2. Suppose that 1 < ¢ < p < v. Given an open set ) C G, ifu € Wpl(Q) is a continuous
function then for 5%~ 9-almost all z € ) we have
lim sup r—? / lu(z) —u(z)|dxr < oo, where f=1-— 4
r—0 p

B(z,r)

Proor. Without loss of generality we may assume that 2 = G. Almost all points are Lebesgue
points for u and M;_g|| Vi ul|(2) < oo for s#¥~9-almost all z € G by Lemma 2. Choose z € G such that
My_g|| Vhul|(2) < oo and z is a Lebesgue point for u.

Put B = B(z,r). Then
V
u(z) —uBy<c/” huly
for almost all x € B; see [25, Lemma 3.1] for 1nstance.
This yields
][]u(x) — ulz)|dz < ][(]u(m) |+ Julz) — up) da
B

<C ][ /th“)”d +02][ /||th y =1+ I.

B
Since x € B = B(z,r) and y € 2B = B(z,2r), we have d(x y) <d(x,z)+d(z,y) <3r and

[t [ atiase [ rt-cn
dxyul dmyul tlll

B B(y,3r)
By Fubini’s Theorem,
n= 0[St dy /
|B] / d(z, )
C r
<75 /nvhu D)l dy < CIPO My ol (2).
To estimate I, use Lemma 2:
V V
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4. Finiteness of Distortion and Boundedness of the Multiplicity Function

In this section we consider mappings with finite distortion and essentially bounded multiplicity
function (i.e., bounded on a set of full measure). We verify that every mapping of this kind has Luzin’s
A& ~1-property and their Jacobians are positive almost everywhere. Recall that f : Q — G has Luzin’s
A ~1-property whenever the preimage of every measure zero set by f is a measure zero set.

We follow the idea of the proof of Theorem 5 of [13], where Luzin’s .4 ~!-property and the nonvanish-
ing of the Jacobian almost everywhere are established for the mappings inducing the bounded embedding
operators of Sobolev functions on the Euclidean spaces. The .4 ~!-property for mappings with finite dis-
tortion and bounded multiplicity function in the Euclidean case is also obtained in Theorem 1.2 of [26].

DEFINITION. Given two open sets D and D’ in a group G, say that f : D — D’ induces the bounded
embedding operator f* : L}D(D’) N Lipiec(D') — Lé(D), where 1 < g < p < o0, as the composition
ffu =wuo f whenever there exists a constant K < oo such that

(| f*u | Lé(D)H < K||u| L;)(D’)H for every function u € L;,(D’) N Lipjoc (D).
Here Lipjoc(D’) is the set of all locally Lipschitz functions on D’

Put Z={x € D | J(z, f) = 0} and take a Borel set ¥ C D of measure zero such that f: D\ ¥ — G
has Luzin’s .4 -property. Put

IIth( )Ilq)l/q

H,(y) = ver-1(uz) 70!

0, {/TiW\(EU2)}=2.
Theorem 4. Suppose that 1 < q < p. Consider two open sets D and D' in G and a mapping
f: D — D' not constant on any connected component and satisfying the following:
(a) f belongs to the class ACL(D);
(b) f has finite distortion;
(c
(

) Ay, [, D) € Loo(D');

d) Kp € L;(D), where s = P4 and s = oo if p = q.

1
(1) Hy belongs to L(D') and || Hyll.e.or < |4 (-, f, D)0/ Kyl
(2) f induces the bounded embedding operator
f*+ Ly(D') N Lipioe(D') = Ly(D)
and
| | YD) < 1Hy | Lu(D)] - ] LXD)| for all w € LX(D') 1 Lipoc(D');
(3) f has Luzin’s A4 ~'-property and the Jacobian J(x, f) is nonzero almost everywhere.

PROOF. (1): For p = g the estimates are obvious because » = oo:

HP(y) = Z M

’ zef~Hy)\(ZU%) 7@, 5)]
/ ”th()Hp / p
N (y, f, D) || = N (y, f,D"|K,
(y, f, D) T | p W, [, D) Eplloe b

for y with f~1(y) \ (ZUX) # @.
Consider the case ¢ < p. Formula (4) yields

otz = [ (Sedie) ™ o= [ (UGEE) et
D D\(ZuUx)

TG

D zEfTLH(y)\(ZUX)
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On the other hand, since the multiplicity function is bounded, we have

I f (@) 75 : IS (@) 77
< 2 u<x,f>\> AW D) <|J<x,f>r>

zef~Hy)\(ZU) zef~Hy\(ZUx)

for almost all y € D’. Hence, we immediately obtain

1Holl%2pr < 145 fs D)l o, o 1B 12 -

(2): To verify that f induces a bounded embedding operator of Sobolev spaces, take u € L}D(D/ )N
Lipjpe(D’). Then uwo f € ACL(D). The rule for differentiating composition, the change-of-variables
formula, and Holder’s inequality imply that

|77 | LY(D)||" = / (119 (£ (@) - | Daf()])1 da

YUZ)

D\(
v 1D, s
@ D/ V)| ( > e >dy

zef~Hy)\(ZUx)

<([190uwiran)” ([ #xwan)" = ol 220 1712,
(/ ) ([Hwa)

D D
In the first equality here we use the finiteness of distortion and the property that |%| = 0.

(3): Let us establish Luzin’s .4 ~!-property. Without loss of generality we may assume that D is
a bounded set and ¢ < v. Construct an auxiliary function n € Cg’(G) such that n = 1 on B(0,1) and
n = 0 outside B(0,2).

Given yg € D', put u(y) = 77(6% (ya1 +y)). Then u € L;,(D’) if B(yo,2r) C D' and

Jul 7 = [ IS )P rdy= [ Gl r e = o
D’ B(0,2)

Consequently,

15w | Ly(D)]] < 1Hyll 550,20 [[1 | (D] = Cr5 ™ | Hy e, By 20)-

Yo,

Fix a measure zero set E in D’. We have to show that |f~1(E)| = 0. The finiteness of distortion
yields |D \ f~Y(E)| # 0. Indeed, otherwise J(x, f) = 0 for almost all z € D, and by the finiteness of
distortion Dy f = 0 almost everywhere. The latter means that f is a constant function on D, which
contradicts the hypotheses. Take a subdomain A of D with smooth boundary. Observe that the measure
of D\ A can be arbitrarily small. Then |A\ f~}(E)| > 0 and by Luzin’s Theorem there is a compact
set T C A\ f~Y(E) of positive measure on which f is continuous. The image f(T) C D’ is compact and
f(T)NE =w@.

Consider an open set U C D’ such that E C U and f(T) NU = @. Construct a countable cover
for U by some balls B; = B(y;,r;) such that {2B; = B(y;, 2r;) }ien is a cover for U of finite multiplicity.
Given i € N, put u;(y) = n(d1 (yi—1 +y)). Then f*u; = 1 on f~1(B;) and f*u; = 0 outside f~1(2B;).

In particular, f*u; =0 on T. ]§y the version of Poincaré’s inequality (2), Lemma 1 shows that

q/q
/ !f*ui(w)\q'dwéc</ ||vh<f*ui><x>||wx) =
Vv Vv
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Together with (4), this implies that

, , ’ a(v—p)
FHB) OV < ClH |, [ Bil MP7HT = ClLH o, | Bil =0

If ¢ < p < v; then, summing over all ¢ and applying Holder’s inequality, we obtain

v(p—q) a(v—p)

00 00 p(v—q) 00 p(v—q)
I B)nvi<C <Z HHqHz,QBZ-) (Z Bi|> ~

i=1 i=1 i=1

Since {B;}ien and {2B;};en are covers of finite multiplicity and 2B; C U for all € N, it follows that

a(v—p)

|f7HE) VAl < C||Hqll, U700

If g = p < v then 3 = co and

RO NAL S Y IFHB) NAI < C Y IHglL o5, |Bil < ClIHGIL 41U
i=1 i=1

If ¢ < p=v then = ¢ and

SO NALS Y IFHB)NAI < C Y IHglZ 28, < CllHlIZ -
=1

i=1

In all cases we have |f~!1(E) N A| = 0 because U is chosen arbitrarily. Recall that by construction
the measure of D\ A can be arbitrarily small; consequently, |f~1(E) N D| = 0.

It remains to show that J(z, f) # 0 almost everywhere. Assume on the contrary that |Z| > 0,
where Z = {x € D | J(z, f) = 0} as above. Since |X| = 0, it follows that |Z \ ¥| > 0. Then Luzin’s
N ~Lproperty yields |f(Z \ X)| > 0, which contradicts the area formula (3):

0= / T, ) de > |f(Z\ D).

Z\%

The proof of Theorem 4 is complete. [

5. Proofs of Theorems 1-3

Theorem 5 [5, Theorem 3]. Suppose that 1 < ¢ < v, u> 0,5 € (0,1), and v > 0. Consider an open
set 2 C G and ¢ € qu(Q) such that ¢ > 0 almost everywhere and put

Z = {z € Q: limsupr? ][ pdr < ’y}.
r—0
B(zr)

If #¥~9(Z) > p then there exists a compact set F' C Q \ Z such that |F| > 0 and

sup p(a)? < C / | Vi ()| da,
TE
F

where C = C(v, q, 1, B).

We omit the proof because it repeats verbatim the proof of Theorem 3 of [5] in the Euclidean case.

Proor oF THEOREM 2. Without loss of generality, assume that ) is bounded. Consider f €

W}(Q,G) with finite distortion and K, € L,(Q), where s = L, as well as J(z, f) € L1(©2) and
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N (y, f, D) € Loo(D"). Suppose that f is nonzero on a set of positive measure. Theorem 4 shows that f
is nonzero almost everywhere and that J(z, f) > 0 almost everywhere.
Assume on the contrary that s#~9(f~1(0)) > 0 and find a contradiction.

Put p(x) = d(f(x),0). Then ¢ € WI}IOC(Q) and || Vi, o(2z)|| < ||Dnf(x)| by the definition of Sobolev

mappings [22, Remark A.3|; furthermore, ¢(z) = 0 if and only if f(z) = 0. By Proposition 2, we have

lim sup r—° ][|<p z)| dx < oo, B—l—f
p

r—0

for s#V~9-almost all z € Q. By assumption, #~(f~1(0)) > 0, and so there exists a real v € (0, 00)
such that

A" UZ,) >0, where Z,= {z e f71(0) : limsup = ][ o(x)dr < 7}.
r—0
B(z,r)

Consequently, we can apply Theorem 5. Construct a recurrent sequence of open sets {2, which include Z,,
as well as a sequence F}, of compact sets. Put 1 = Q.
By Theorem 5, for ¢ there is a compact set F; C Q1 \ Zy such that |F;| > 0 and

supe? < C / | V(@) de < C / | Daf (@) de.
1

On step k with k& > 1 choose Qj, = Qi1 \ F,—1. By Theorem 5 again there is a compact set Fj, C Q. \ Z,,
such that |Fg| > 0 and

s;pgoq < C’/Hth(x)qux. (5)
k
Fy

The constant C' is independent of k.
Put

pr = sup ¢ = sup d(f(z),0).
F QJEFk

It is obvious that f(F}) C B(0, px) and |f(F}y)| < Cpy. Since Fj, are disjoint, (5) implies that p, — 0
as k — oo. Then there are kg € N and pg > 0 such that pi < pg for all k > kg. The multiplicity of f is
essentially bounded by some constant M on B(0, pg). The area formula (3) yields

[ I ydn < MifR) < €M (6)
Fy,

By (5) and (6), the definition of distortion coefficient and Holder’s inequality imply that

e / |Duf ()|t de < C / ()0 (2, )7 de

Fy, g
(r-a)/ y B o
gc(/(Kp)%dx> P=a p(/J(x,f)dx)qPSCMq/ppkp (/(Kp)%dx> ald

k Fy, Fy,
Since ¢ > 0 almost everywhere in Fj, and |Fj| > 0, we infer that p; > 0, and therefore

1—v
P " < CMYP|Ey e p-
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Since % > 1 and pr — 0, there exists a constant £ > 0 independent of k such that

/(Kp)”d:c > K.

Fy

This is the required contradiction because Fj are disjoint by construction. The proof of Theorem 2 is
complete. [

PROOF OF THEOREM 1. Consider a quasilight mapping f of class WI}JOC(Q, G) with finite distortion.
By Proposition 19 of [8], redefining f on some measure zero set, we can make f continuous and enjoying
Luzin’s .4 -property. The lightness of f and Luzin’s .4 ~!-property follow from Theorems 2 and 4 with
q =v — 1 and p = v under the condition that quasilightness implies the boundedness of the multiplicity
function.

Fix zp € Q and put yo = f(zg). We have to show that the multiplicity function is bounded in
some neighborhood of yy. Using quasilightness, find an open set ' C Q which includes the connected

component of f~!(yg) containing z¢ so that yo ¢ f(0€'). Take p > 0 for which B(yo,p) N f(0Q) = @

and define Q" as the connected component of Q' N f~1(B(yo, p)) containing zg. Then

:U’(yovf’ QH)) Yy e B(Z/O)ﬂ)v
, 7QN — e
w90 = { y ¢ Blun, o).

Here p(y, f, Q") is the degree of f at y.
Proposition 20 of [8] yields

uy, ,Q7) = A (y, £,9Q)

for almost all y € B(yo,p) C f(27)\ f(0Q"), which means that the multiplicity function is essentially
bounded in a neighborhood of .

Thus, ' (f~1(y)) = 0 for all y € f(2) by Theorem 2, which means that f is a light mapping.
It remains to justify the openness and discreteness of f. Since f is orientation-preserving and has
Luzin’s A -property, and so the change-of-variables formula holds, we can carry over the classical proof
of openness and discreteness due to Reshetnyak (see [1]) to the case of Carnot groups without any
changes. [

ProoF oF THEOREM 3. Consider a continuous mapping f : 2 — G of class Wul,loc with finite
distortion and Ko € Ly,_110c(2). Denote by W’ the set of points in f(2) C G where discreteness is
violated: y € W' whenever f~!(y) does not consist of isolated points. Then W = f~1(W’). In order to
prove Theorem 3, we have to show that for each point outside W there is a neighborhood on which f is
quasilight. Consequently, we can apply Theorem 1.

Consider some domain D compactly embedded into 2. We may assume that f € W}(D,G) and
Ko € L,_1(D).

Fix # € D\ W and put y = f(x). The set f~!(y) consists of isolated points, and the connected
component containing x amounts to x itself. Take the connected component U; of f~!(B(y,1/4)) con-
taining z. Since U; C G are compact and connected, their intersection E is also connected. On the other
hand, z € E\ 8D C f~'(y); hence, E = {z}. This implies that diam(U;) — 0 as j — co. Fix j such
that U; is compactly embedded into D.

Verify that f is quasilight on U; for j sufficiently large; i.e., the connected components of f “Ly)n U;
are compact for all y € G. Assume on the contrary that for some z € U; the connected component of
f71(f(2)) containing 2z meets OU; at some point b. Since f(b) = f(z) € B(y,1/3), there exists ¢ > 0 such
that f(B(b,t)) C B(y,1/j). This contradicts the definition of U;. Consequently, f is quasilight on Uj.
Theorem 1 shows that f is open and discrete on U;. [
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6. Example

Consider the Carnot group G which is the product R™ x Gy, where Gy is a Carnot group of homogeneous
dimension vy with Carnot—Carathéodory metric dy. The group G is of homogeneous dimension v = n+1y.
We denote the points of G by the pairs (x,y), where x € R” and y € Gy. Denote the Euclidean norm of
x € R™ by ||z||, while the homogeneous norm on Gy, by p(y) = do(y,0).

Consider the mapping F on A = {(z,y) | ||z| < 2,p(y) < 1} C G as

[ (p(y)z,y) if [lz]| <1,
Fla,y) = { (@lzll = 1) + @ = lzlpW))ga y) 1< lz] <2

Note that F' is continuous and fixes A and its boundary:
F(A)=A and Flga =1id.

Furthermore, F' is differentiable for y # 0 and ||x|| # 1, satisfies the contact condition, and, moreover,
| DpF(z,y)|| < C on A. Consequently, F € W, (A,G) for all p € [1,00).
It is not difficult to verify that at the points of differentiability

J((z,y), F) = p(y)" for [lz]] <1

and
J(x,y), F) = a" +2a" (1 — p(y))|lzf| 7" for 1 < [lz]| <2,

where
a= 2|zl = 1)+ 2 = l|lz[)p)) |zl "

—1

The distortion coefficient satisfies K, ~ p(y)~+ for ||z| < 1 and K, ~ |a|~"% for 1 < ||z|| < 2.
Since a ~ p(y) as p(y) — 0 and ||z|| — 1, it follows that K, € L for all s provided that

—ns
n—+ v

> -1,

vo(n+up)
n

or equivalently s < = . The latter condition coincides with » = V”—fq for ¢ = 1.

The multiplicity function of F' equals 1 identically except at (0,0); in particular, the mapping is
quasilight. At the points of differentiability the Jacobian does not vanish, and so F' has finite distortion.
Put

M= F71((0,0) = {(z,0) | =] <1}
Theorem 2 yields 7V~ 9(M) = 0 for all ¢ < vp. Since M is a set of dimension n = v — vy and
A" (M) = Z"(Brr(0,1)) > 0,
the example we constructed shows that the conditions of Theorem 2 cannot be improved.
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