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Abstract—We prove the equivalence of the power-law convergence rate in the L2-norm of ergodic
averages for Zd and Rd actions and the same power-law estimate for the spectral measure of symmetric
d-dimensional parallelepipeds: for the degrees that are roots of some special symmetric polynomial in d
variables. Particularly, all possible range of power-law rates is covered for d = 1.
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1. Introduction

1.1. Ergodic averages. Let G be the group Zd or Rd, with d ≥ 1, and let (Ω, λ) be some space with
probability measure λ on which G acts by the invertible measure preserving transformations τg : Ω → Ω,
with g ∈ G ; i.e., the sets τ−1

g (E) and τg(E) are measurable for all g ∈ G , measurable E ⊆ Ω, and

λ
(
τ−1
g (E)

)
= λ(E). The group property (in the additive notation) means that τg1(τg2ω) = τg1+g2ω for all

g1, g2 ∈ G and ω ∈ Ω. It is not hard to check that the group {τg : g ∈ Zd} is finitely generated by the

commuting automorphisms Tk := τed,k , where {ed,k}dk=1 are the vectors of the standard basis for Rd, and

the group {τg : g ∈ Rd} is the product of one-dimensional commuting flows, i.e., τg = T t1
1 T t2

2 · · ·T td
d , where

g =
∑d

k=1 tked,k and T tk
k := τtked,k , tk ∈ R.

The subgroups generated by the transformations Tj1 , Tj2 , . . . , Tjk or by the one-dimensional flows

T
tj1
j1

, T
tj2
j2

, . . . , T
tjk
jk

respectively will be denoted by Gj, where j =
∑k

n=1 ed,jn . Denote the set of such

multi-indices, i.e., vectors in Rd with entries 0 or 1 (which are the nonzero vertices of the standard unit
cube in Rd) by Vd. Clearly, Gj � Zj or Gj � Rj respectively, where j = ‖j‖1.

Let νd be the Lebesgue measure on Rd or the counting measure on Zd. Let I be a directed set
of indices numbering some family of subsets Gα ⊂ G , with α ∈ I such that

⋃

α∈I

Gα = G , 0 < ν(Gα) ≤ ν(Gβ) < +∞ for α ≤ β.

Clearly,
lim
α∈I

νd(Gα) = +∞.

Given f ∈ L1(Ω, λ), define the ergodic means

Aαf(ω) =
1

νd(Gα)

∫

Gα

f(τgω)dνd(g), ω ∈ Ω, α ∈ I .

In particular, for each of the groups Zd or Rd, the averages along parallelepipeds are written down as

Anf(ω) =
1

n1n2 · · ·nd

n1−1∑

k1=0

· · ·
nd−1∑

kd=0

f(T k1
1 · · ·T kd

d ω), n ∈ Nd, (1)
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and, respectively,

Atf(ω) =
1

t1t2 · · · td

t1∫

0

· · ·
td∫

0

f(T τ1
1 · · ·T τd

d ω) dτ1 . . . dτd, t ∈ Rd
+. (2)

1.2. Ergodic theorems. In 1951, Dunford [1] and Zygmund [2] proved the convergence a.e. of av-
erages (1) and (2) without the commutability condition of the generating automorphisms and respectively

flows for f ∈ L logd−1 L(Ω, λ). Moreover, the limit function f∗ is defined as

f∗(ω) = E1E2 · · ·Edf(ω),

where Ej is the operator of conditional expectation with respect to the σ-algebra of measurable Tj-in-
variant sets (respectively, T t

j -invariant sets); see, for example, [3, § 6.1] and [4, Chapter VIII, § 7]. Dunford

and later Dunford and Schwartz proved convergence in the mean in Lp, with p > 1, for f ∈ Lp(Ω, λ) and
such averages (in the more general situation than that of measure-preserving transformations, of the
so-called L1–L∞-contractions). We mention also the recent paper [5] in which convergence a.e. in the
Dunford–Zygmund Theorem is proved for f ∈ L logn−1 L(Ω, λ), where n ≤ d is the rank of the dynamical
system.

Additional information about ergodic theorems for other group actions can be found in Tempelman’s
monograph [6] and Nevo’s paper [7]. In the present article, we study the convergence rate of averages (1)
and (2) in L2(Ω, λ) by applying the well-developed spectral theory of the unitary representations of Zd

and Rd. The unitary operators under consideration are the Koopman operators

Ugf(ω) = f(τgω), g ∈ G .

1.3. Spectral measures. Given a unitary representation Ug of a locally compact abelian group G
and f ∈ L2(Ω, λ), there exists (see [8, 9]) a nonnegative Borel spectral measure σG

f on the group G ∧

of all characters of G which is defined by the equalities

(Ugf, f)L2(Ω,λ) =

∫

G∧

χ(g) dσG
f (χ), g ∈ G .

For Rk, the character group is Rk; and for Zk, the character group is the torus Tk = Rk/2πZk = (−π, π]k.
Consequently, for the groups Gk of Koopman operators, we have

(
f
(
Tn1
j1

Tn2
j2

· · ·Tnk
jk

ω
)
, f(ω)

)
=

∫

(−π,π]k

ei(n,s) dσGk
f (s), n ∈ Zk,

(
f
(
T t1
j1
T t2
j2

· · ·T tk
jk
ω
)
, f(ω)

)
=

∫

Rk

ei(t,s) dσGk
f (s), t ∈ Rk,

where (x,y) =
∑k

n=1 xnyn is the inner product in Rk. Considering the measure σG1
f and 1 = (1, . . . , 1),

we will also use the notation σf . To differ numbers from vectors, we will denote the vectors by boldface

symbols. There will be an exclusion for x ∈ Rd.

1.4. Description of the results. Our goal in the present article is to find the conditions for the
ergodic means (1) and (2) to decrease in norm in the power-law form. Namely, for f ∈ L2(Ω, λ) we can
find a constant B > 0 and (α1, . . . , αd) ≥ 0 such that

‖Atf‖22 ≤
B

tα1
1 · · · tαd

d

, t > 0; ‖Anf‖22 ≤
B

nα1
1 · · ·nαd

d

, n ∈ Nd. (3)

Also, for Rd, Zd, and f ∈ L2(Ω, λ), we will assume a power-law estimate for the spectral measure of sym-
metric intervals, i.e., for some constants A > 0 and (α1, . . . , αd) ≥ 0 for all δ = (δ1, . . . , δd) > 0

σf (Π(δ1, . . . , δd)) ≤ Aδα1
1 · · · δαd

d , (4)

where Π(δ1, . . . , δd) := (−δ1, δ1]× · · · × (−δd, δd].
The main result is the following criterion for the power-law convergence of ergodic averages, which

generalizes the well-known one-dimensional situation [10, 11].
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Theorem 1. Suppose that αk ∈ [0, 2], 1 ≤ k ≤ d, and condition (3) is fulfilled. Then inequality (4)
holds with the constant

A = Bρ(α1) · · · ρ(αd) (discrete time);

A = B ρ(α1)
2α1 · · · ρ(αd)

2αd (continuous time),

where ρ(β) = infx>0
x2−β

sin2 x
.

Conversely, some family of special symmetric polynomials P κ
d of d variables with parameter κ ∈ [0, 2)

can be explicitly distinguished such that if α = (α1, . . . , αd) ≥ 0 is a root of one of them then condition (4)
on the spectral measure implies (3) with the constant

B = 2d!π
α1+···+αdA

2−κ (discrete time);

B = 2d!2
α1+···+αdA

2−κ (continuous time).

The proof of this criterion consists of the two steps: The forward implication is the contents of
Theorem 2; while the backward implication is presented in Theorem 4(1). The symmetric polynomials in
the statement of the criterion are discussed in Section 4 where we also prove Theorem 4. In Theorem 3
of Section 3 we carry out a detailed discussion of the case d = 2 by using a new approach to estimating
the norms of ergodic averages. In Section 2, we give the necessary constructions and prove Theorem 2.

2. Auxiliary Assertions

2.1. The projective property of spectral measures. The spectral measures
{
σ

Gj

f

}
j∈Vd

consti-

tute a projective system of measures. This means the following (see, for example, [12, 9.12(i)]). Denote
the consecutive numbering of nonzero coordinates of a multi-index j ∈ Vd by �(j)n. Given multi-indices
k, j ∈ Vd such that j ≤ k (i.e., jn ≤ kn for all 1 ≤ n ≤ d), consider the projection operators

πj,k : Rk → Rj and πk := πk,1 : Rd → Rk,

where k = ‖k‖1, j = ‖j‖1, and 1 = (1, 1, . . . , 1) defined by the chain of transformations:

πj,k :
k∑

n=1

xnek,n �→
k∑

n=1

xned,	(k)n

�→
k∑

n=1

j	(k)nxned,	(k)n =

j∑

n=1

yned,	(j)n �→
j∑

n=1

ynej,n.

The projection πj,k associates with each k-vector x the j-dimensional vector y that is obtained as follows:
First, the k-dimensional vector x is taken to a d-dimensional vector in which the coordinates xn fill up
the unit coordinates of the multi-index k. Then, only those coordinates in this d-dimensional vector
remain nonzero that correspond to unities in j. The so-obtained vector y is taken to Rj . It is not hard
to see that if h ≤ j ≤ k then

πh,jπj,k = πh,k, πj,kπk = πj.

Proposition 1. Given multi-indices j,k ∈ Vd such that j ≤ k, we have

σ
Gj

f = (πj,k)∗σ
Gk
f := σGk

f ◦ π−1
j,k .

Proof. Consider the case of Zd since the arguments are analogous for Rd. Given nonnegative
integers n1, n2, . . . , nj we obtain

∫

(−π,π]j

ei(n,s) dσ
Gj

f (s) =
(
f
(
Tn1

	(j)1
Tn2

	(j)2
· · ·Tnj

	(j)j
ω), f(ω)

)

=
(
f
(
T ñ1

	(k)1
T ñ2

	(k)2
· · ·T ñk

	(k)k
ω
)
, f(ω)

)
=

∫

(−π,π]k

ei(ñ,t) dσGk
f (t),
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where ñ ∈ Zk
+ is defined as follows: Since {�(j)p}jp=1 ⊂ {�(k)q}kq=1, if �(k)q = �(j)p then we put ñq = np.

All remaining values of ñq are 0. It follows that

(ñ, t)Rk = (n, πj,k(t))Rj .

Therefore,

∫

(−π,π]j

ei(n,s) dσ
Gj

f (s) =

∫

(−π,π]k

ei(ñ,t) dσGk
f (t)

=

∫

(−π,π]k

ei(n,πj,k(t)) dσGk
f (t) =

∫

(−π,π]j

ei(n,s) d(πj,k)∗σ
Gk
f (s).

Thus, all Fourier coefficients of the measures σ
Gj

f and (πj,k)∗σ
Gk
f coincide, and so the measures themselves

coincide [13, 3.8.6]. �
Corollary 1. If 1 ≤ j ≤ d then

σG1
f ({xj = 0}) = ‖Ejf‖22.

Proof. We have

σG1
f ({xj = 0}) = σG1

f

(
π−1
ej {0}

)
= σ

Gej

f ({0}) = ‖Ejf‖22. �

Observe that condition (4) on the spectral measure implies ‖Ejf‖2 = 0 for αj > 0. Indeed,

‖Ejf‖22 = σf ({xj = 0}) = lim
δk→δ∞

( lim
δj→0

σf (Π(δ1, . . . , δd)))

≤ A lim
δk→δ∞

( lim
δj→0

δα1
1 · · · δαd

d ) = 0.

Here δ∞ = π for Zd and δ∞ = ∞ for Rd.

2.2. The spectral representation of norms. Consider the two families of functions Fn :
(−π, π] → R+ and Ft : R → R+ defined as

Fn(x) =
1

n2

sin2 nx
2

sin2 x
2

, 0 < |x| ≤ π, Fn(0) = 1, n ∈ N;

Ft(x) =

(
sin tx

2
tx
2

)2

, x 
= 0, Ft(0) = 1, t ∈ R.

The functions Fn differ from the classical Fejer kernels only by a constant.

Proposition 2. The norms of (1) and (2) admit the integral representations

‖Anf‖22 =
∫

(−π,π]d

Fn1(x1) . . .Fnd
(xd) dσf (x), n ∈ Nd; (5)

‖Atf‖22 =
∫

Rd

Ft1(x1) · · ·Ftd(xd) dσf (x), t ∈ Rd
+. (6)

Proof. The discrete variant (formula (5)) for Zd was in essence examined in [14], where averages over
cubes were considered (see also the discussion in [15, Lemma 4.1]). For the completeness of exposition,
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we prove (6) for Rd. Consider the general case and then pass to the particular case, averages over
parallelepipeds. We infer

‖Aαf‖22 = (Aαf,Aαf)

=

(
1

νd(Gα)

∫

Gα

f(τgω)dνd(g),
1

νd(Gα)

∫

Gα

f(τgω) dνd(g)

)

=
1

ν2d(Gα)

∫

Gα

∫

Gα

(f(τgω), f(τg′ω)) dνd(g)dνd(g
′)

=
1

ν2d(Gα)

∫

Gα

∫

Gα

(f(τg−g′ω), f(ω)) dνd(g)dνd(g
′)

=
1

ν2d(Gα)

∫

Gα

∫

Gα

∫

G∧

ei(g−g′,s) dσf (s) dνd(g)dνd(g
′)

=
1

ν2d(Gα)

∫

G∧

∫

Gα

ei(g,s) dνd(g)

∫

Gα

e−i(g′,s) dνd(g
′) dσf (s)

=
1

ν2d(Gα)

∫

G∧

∣
∣
∣
∣

∫

Gα

ei(g,s) dνd(g)

∣
∣
∣
∣

2

dσf (s).

Thus,

‖Aαf‖22 =
∫

G∧

|F [νd|Gα](s)|2 dσf (s), (7)

where

F [νd|Gα](s) =

∫

G

ei(g,s) dνd|Gα(g)

is the Fourier transform of the probability measure νd|Gα, where

νd|Gα(E) =
νd(E ∩Gα)

νd(Gα)
.

For Rd, this is the unnormalized Fourier transform in Rd of the indicator IGα of Gα ⊂ Rd. For the averages
over parallelepipeds, we have the product of the cardinal sines

t1∫

0

· · ·
td∫

0

e−i(g,s) dg =
d∏

k=1

tk∫

0

e−igksk dgk =
2 sin

(
t1s1
2

)

s1
· · ·

2 sin
(
tdsd
2

)

sd
e−i(t,s)/2.

Hence, inserting the result in the general formula, we get (6). �
2.3. The spectral measures of neighborhoods of zero. Let us show how the norms of the

averages are estimated from below through the spectral measures of neighborhoods of zero in the form
of parallelepipeds. We will need the following relations for the kernels Fn, Ft:

1

[t]2
sin2 [t]x

2

sin2 x
2

≥
(
sin tx

2
tx
2

)2

, x ∈ R, t ≥ 1, |tx| < 2π. (8)

The following assertion is an analog of familiar estimates [16, Lemma 2; 17, Lemma 2] of the norms of (1)
and (2). Given s = (s1, . . . , sd) ≥ 1, we put [s] := ([s1], . . . , [sd]).
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Proposition 3. The norms of (1) and (2) satisfy the lower estimates: For all a ∈ (0, π]d, s ∈ Rd,
with s ≥ 1, and t ∈ Rd

+,

F1(a1) · · ·F1(ad)σf

(
Π

(
a1
s1

, . . . ,
ad
sd

))
≤ ‖A[s]f‖22; (9)

F1(a1) · · ·F1(ad)σf

(
Π

(
a1
t1
, . . . ,

ad
td

))
≤ ‖Atf‖22. (10)

Proof. For proving (9), we use (5) and (8):

‖A[s]f‖22 =
∫

(−π,π]d

F[s1](x1) . . .F[sd](xd) dσf (x) ≥
∫

Π

(
a1
s1

,...,
ad
sd

)
F[s1](x1) . . .F[sd](xd) dσf (x)

≥
∫

Π

(
a1
s1

,...,
ad
sd

)
Fs1(x1) . . . Fsd(xd) dσf (x) ≥

d∏

k=1

min
|xk|≤

ak
sk

(
sin skxk

2
skxk
2

)2

σf

(
Π

(
a1
s1

, . . . ,
ad
sd

))

=
d∏

k=1

min
|y|≤ak

2

(
sin y

y

)2

σf

(
Π

(
a1
n1

, . . . ,
ad
nd

))
= F1(a1) · · ·F1(ad)σf

(
Π

(
a1
s1

, . . . ,
ad
sd

))
.

Inequality (10) is proved likewise. �
Given β ∈ [0, 2], put

ρ(β) = inf
x>0

x2−β

sin2 x
.

It is not hard to verify that ρ(0) = ρ(2) = 1. For β ∈ (0, 2), the infimum is attained at the first positive
root of the equation tanx = 2x

2−β . It is also clear that 1 ≤ ρ(β) ≤ sin−2(1).

Proposition 3 implies

Theorem 2. Suppose that the norms of (1) and (2) decrease by power law; i..e., (3) holds with con-
stants B > 0 and αj ∈ [0, 2], 1 ≤ j ≤ d. Then the spectral measure σf satisfies

σf (Π(δ1, . . . , δd)) ≤ Bρ(α1) · · · ρ(αd)δ
α1
1 · · · δαd

d , δ ∈ (0, π]d (discrete time);

σf (Π(δ1, . . . , δd)) ≤ B
ρ(α1)

2α1
· · · ρ(αd)

2αd
δα1
1 · · · δαd

d , δ > 0 (continuous time).

Proof. Consider the discrete case. Fix δ ∈ (0, π]d. Each coordinate δk is representable as δk = ak
sk
,

where ak ∈ (0, π] and sk ≥ 1 are variable real parameters. Then (9) and the relation 1
[x] ≤

2
x for x ≥ 1

yield

σf (Π(δ1, . . . , δd)) = σf

(
Π

(
a1
s1

, . . . ,
ad
sd

))
≤ 1

F1(a1) · · ·F1(ad)
‖A[s]f‖22

≤
(

a1/2

sin(a1/2)

)2

· · ·
(

ad/2

sin(ad/2)

)2 B

[s1]α1 · · · [sd]αd

≤ B

(
a1/2

sin(a1/2)

)2

· · ·
(

ad/2

sin(ad/2)

)2( 2

s1

)α1

· · ·
(

2

sd

)αd

= B
(a1/2)

2−α1

sin2(a1/2)
· · · (ad/2)

2−αd

sin2(ad/2)
δα1
1 · · · δαd

d .

Choosing the parameters ak so that the functions containing them attain their minima, we obtain the
desired estimate for discrete time. For continuous time, the estimate for the spectral measure is proved
likewise. In this case, we do not need to use the inequality between a number and its integer part. �
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3. Upper Estimates for the Norms of the Averages: d = 1 and d = 2

Rewrite (7) through the integral of the distribution function [13, 2.9.3]:

‖Aαf‖22 =
∫

G∧

|F [νd|Gα](s)|2 dσf (s) = 2

∞∫

0

uσf ({s ∈ G ∧ : |F [νd|Gα](s)| > u}) du

= 2

1∫

0

uσf ({s ∈ G ∧ : |F [νd|Gα](s)| > u}) du.

The last equality holds since |F [νd|Gα](s)| ≤ 1. The analysis of the above relation makes it possible
to speak of the equivalence of the power-law convergence of ergodic averages along parallelepipeds and
the power-law singularity of special neighborhoods of zero. In the well-studied one-dimensional situation,
symmetric intervals turned out to be suitable.

3.1. Neighborhoods of zero as intervals: d = 1. Consider the one-dimensional case. For Z
and R and f ∈ L2(Ω, λ), we assume the power-law estimate (4) for the spectral measure of symmetric
intervals, i.e., σf ((−δ, δ]) ≤ Aδα for some constants A > 0 and α > 0 for all possible δ > 0. Then,
for continuous and discrete time, we have (see, for instance, [16, 17]):

α ∈ [0, 2) α = 2 α > 2

‖Atf‖22 O(t−α) O(t−2ln t) O(t−2)

‖Anf‖22 O(n−α) O(n−2lnn) O(n−2)

We prove these relations in a new way by using the formula above. Let us first examine the case
of R. Let α ∈ [0, 2). Then, for all t > 0,

‖Atf‖22 = 2

1∫

0

uσf

({
x ∈ R :

∣
∣
∣
∣
sin(tx/2)

tx/2

∣
∣
∣
∣ > u

})
du

≤ 2

1∫

0

uσf

({
x ∈ R : |x| < 2

tu

})
du

≤ 2

1∫

0

uσf

((
− 2

tu
,
2

tu

])
du ≤ 2A

1∫

0

u
2α

(tu)α
du =

2α+1A

(2− α)tα
.

If α = 2 then for an arbitrary ε ∈ (0, 1) we obtain

‖Atf‖22 = 2

1∫

0

uσf

({
x ∈ R :

∣
∣
∣
∣
sin(tx/2)

tx/2

∣
∣
∣
∣ > u

})
du

≤ 2

ε∫

0

u‖f‖22 du+ 2

1∫

ε

uσf

((
− 2

tu
,
2

tu

])
du

≤ ε2‖f‖22 + 2A

1∫

ε

u
22

(tu)2
du = ε2‖f‖22 −

8A

t2
ln ε.
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The minimum of the last expression is obtained for ε2 = 4A
‖f‖22t2

. Using it, for all sufficiently large t > 0,

we obtain

‖Atf‖22 ≤
4A

t2
ln

(
e‖f‖22t2

4A

)
.

If α > 2 then, for every ε ∈ (0, 1), we have

‖Atf‖22 = 2

1∫

0

uσf

({
x ∈ R :

∣
∣
∣
∣
sin(tx/2)

tx/2

∣
∣
∣
∣ > u

})
du

≤ 2

ε∫

0

u‖f‖22 du+ 2

1∫

ε

uσf

((
− 2

tu
,
2

tu

])
du

≤ ε2‖f‖22 + 2A

1∫

ε

u
2α

(tu)α
du ≤ ε2‖f‖22 +

21+αA

(α− 2)tα
ε2−α.

Putting ε = 1/t, for all sufficiently large t > 0, we get

‖Atf‖22 ≤
(
‖f‖22 +

21+αA

α− 2

)
t−2.

Similar calculations are also applicable for discrete time. We will consider only the case of α ∈ [0, 2)
to emphasize a slight difference and then examine in detail only the continuous time. Reckoning with the

inequality | sin(x/2)| ≥ |x|
π for all |x| ≤ π, we obtain

‖Anf‖22 =
∫

(−π,π]

(
sin(nx/2)

n sin(x/2)

)2

dσf (x) ≤
∫

(−π,π]

(
π sin(nx/2)

nx

)2

dσf (x)

= 2

1∫

0

uσf

({
x ∈ (−π, π] :

∣
∣
∣
∣
π sin(nx/2)

nx

∣
∣
∣
∣ > u

})
du ≤ 2

1∫

0

uσf

({
|x| < π

nu

})
du

≤ 2

1∫

0

uσf

((
− π

nu
,
π

nu

])
du ≤ 2A

1∫

0

u
πα

(nu)α
du =

2παA

(2− α)nα
.

The calculations for discrete time differ (after the first inequality) from continuous time only by the
constant π instead of 2.

Note that all estimates were obtained because the sets {s ∈ G ∧ : |F [νd|νGα](s)| > u} lie in symmetric
intervals of appropriate length. The multidimensional situation has its own partition of the domain
of parameters. We carry out a detailed examination of the construction for continuous time first in the
dimension d = 2.

3.2. Neighborhoods of zero in the form of rectangles: d = 2. For the group R2 and
f ∈ L2(Ω, λ), we again assume the power-law estimate (4) of the spectral measure of symmetric rectangles,
i.e., for some constants A > 0 and α, β ≥ 0, for all δ = (δ1, δ2) > 0,

σf (Π(δ1, δ2)) ≤ Aδα1 δ
β
2 . (11)

For the averages of R2 over rectangles Gt1,t2 = [0, t1]× [0, t2], we have

|F [νd|Gt1,t2 ](x)| =
∣
∣
∣
∣
∣
2 sin

(
t1x1
2

)

t1x1

2 sin
(
t2x2
2

)

t2x2

∣
∣
∣
∣
∣
.

83



It is not hard to check that the following inclusion holds for every u ∈ (0, 1):

{

x ∈ R2 :

∣
∣
∣
∣
∣
2 sin

(
t1x1
2

)

t1x1

2 sin
(
t2x2
2

)

t2x2

∣
∣
∣
∣
∣
> u

}

⊂
2⋂

k=1

{
x ∈ R2 : |xk| <

2

utk

}
⊂ Π

(
2

ut1
,
2

ut2

)
.

Some more exact inclusion is given by

{

x ∈ R2 :

∣
∣
∣
∣
∣
2 sin

(
t1x1
2

)

t1x1

2 sin
(
t2x2
2

)

t2x2

∣
∣
∣
∣
∣
> u

}

⊂ Π

(
2

ut1
,
2

ut2

)
∩
{
x ∈ R2 : |x1x2| <

4

t1t2u

}
.

Denote the set on the right-hand side by φ−1
t1,t2

Eu, where φt1,t2(x) =
(
t1x1
2 , t2x2

2

)
and Eu = Π

(
1
u ,

1
u

)⋂{
x ∈

R2 : |x1x2| < 1
u

}
, u ∈ (0, 1).

Consider the one-parameter family of symmetric polynomials of two variables

P κ
2 (x, y) = x2 + xy + y2 − κ(x+ y), κ ≥ 0. (12)

It is not hard to verify (see the proof of Proposition 4 for a detailed discussion) that if some nonnegative α
and β are nonzero roots of P κ

2 then there exist reals 0 ≤ p, q ≤ 1, with p+ q = 1, such that

α+ βp = κ, β + αq = κ. (13)

Theorem 3. If estimate (11) holds for the spectral measure of rectangular neighborhoods of zero
then

(1) if P κ
2 (α, β) = 0, κ ∈ [0, 2), then ‖Atf‖22 = O

(
t−α
1 t−β

2

)
as t1, t2 → ∞;

(2) if P 2
2 (α, β) = 0 then ‖Atf‖22 = O

(
t−α
1 t−β

2 ln
(
tα1 t

β
2

))
as t1, t2 → ∞;

(3) if P κ
2 (α, β) = 0, κ > 2, then ‖Atf‖22 = O

(
t
− 2α

κ
1 t

− 2β
κ

2

)
as t1, t2 → ∞.

Proof. Given arbitrary numbers 0 ≤ p, q ≤ 1, with p + q = 1, embed Eu in a union of the two
rectangles:

Eu ⊂ Π

(
1

u
,
1

up

)
∪Π

(
1

uq
,
1

u

)
.

Granted all inclusions and the power-law estimate for the spectral measures of rectangles, for every
ε ∈ [0, 1), we infer

‖Atf‖22 = 2

1∫

0

uσf

({

x ∈ R2 :

∣
∣
∣
∣
∣
2 sin

(
t1x1
2

)

t1x1

2 sin
(
t2x2
2

)

t2x2

∣
∣
∣
∣
∣
> u

})

du

≤ 2

ε∫

0

u‖f‖22 du+ 2

1∫

ε

uσf

(
φ−1
t1,t2

(
Π

(
1

u
,
1

up

)
∪Π

(
1

uq
,
1

u

)))
du

= ε2‖f‖22 + 2

1∫

ε

uσf

(
Π

(
2

t1u
,

2

t2up

)
∪Π

(
2

t1uq
,
2

t2u

))
du
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≤ ε2‖f‖22 + 2

1∫

ε

uA

((
2

t1u

)α( 2

t2up

)β

+

(
2

t1uq

)α( 2

t2u

)β)
du

= ε2‖f‖22 +
21+α+βA

tα1 t
β
2

1∫

ε

(u1−α−pβ + u1−β−qα) du.

Inserting (13) yields

‖Atf‖22 ≤ ε2‖f‖22 +
22+α+βA

tα1 t
β
2

1∫

ε

u1−κ du. (14)

Depending on the sign of 2− κ, we will choose suitable ε as ε = c
ta1t

b
2

for some a, b, c ≥ 0.

Let κ ∈ [0, 2). Then we put ε = 0 and obtain from (14):

‖Atf‖22 ≤
22+α+βA

tα1 t
β
2 (2− κ)

, t1, t2 > 0.

Thus, ‖Atf‖22 = O
(
t−α
1 t−β

2

)
as t1, t2 → ∞.

Let κ = 2. Then from (14), for ε = 1

t
α/2
1 t

β/2
2

, we have

‖Atf‖22 ≤ ε2‖f‖22 −
22+α+βA

tα1 t
β
2

ln ε = ‖f‖22
1

tα1 t
β
2

+
21+α+βA

tα1 t
β
2

ln
(
tα1 t

β
2

)
, t1, t2 > 0.

Thus,

‖Atf‖22 = O
(
t−α
1 t−β

2 ln
(
tα1 t

β
2

))
as t1, t2 → ∞.

Now, let κ > 2. Then from (14) for ε = 1
ta1t

b
2

we infer

‖Atf‖22 ≤ ε2‖f‖22 +
22+α+βA

tα1 t
β
2 (κ− 2)

ε2−κ = ‖f‖22
1

t2a1 t2b2
+

22+α+βA

κ− 2

1

t
α+a(2−κ)
1 t

β+b(2−κ)
2

.

Taking a = α
κ and b = β

κ , we get the final estimate

‖Atf‖22 ≤
(
‖f‖22 +

22+α+βA

κ− 2

)
t
− 2α

κ
1 t

−2β
κ

2 , t1, t2 > 0. �

4. The General Case d > 2

4.1. Symmetric polynomials. Recall the definitions of some standard symmetric polynomials
in Rd:

σd,1(x) =
d∑

j=1

xj , σd,d−1(x) =
d∑

j=1

x1 · · · x̂j · · ·xd, σd,d(x) = x1x2 · · ·xd.

Here the expression x̂j means that there is no variable xj whereas the remaining ones are present. Consider
two families of symmetric polynomials defined recurrently. The first sequence of polynomials Qd(x),
with x ∈ Rd, is defined as follows:

Q1(x1) = 1, Q2(x1, x2) = x1 + x2, Qd(x) = σd,d−1(x)
d∏

j=1

Qd−1(x̂j).
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Given κ ≥ 0, consider one more sequence of polynomials. We put

P κ
1 (x1) = x1 − κ, P κ

2 (x1, x2) = x21 + x1x2 + x22 − κ(x1 + x2)

and

P κ
d (x) =

d∑

j=1

Ad
j (x)P

κ
d−1(x̂j) +Bd(x),

where

Ad
j (x) = x1 · · · x̂j · · ·xd

∏

k 
=j

Qd−1(x̂k), Bd(x) = σd,d(x)
d∏

j=1

Qd−1(x̂j).

In the following lemmas, we consider some properties of these polynomials. Our main attention will
be paid to the zeros of P κ

d .

Lemma 1. The summand in P κ
d containing κ has the form −κQd(x), i.e., P

κ
d (x) = Rd(x)− κQd(x).

Moreover, Rd(x), Qd(x) ≥ 0 for x ≥ 0.

Proof. For d = 1 and d = 2, the lemma is obvious from the definition of polynomials. Suppose that
it holds for all numbers up to d− 1 and prove it for d. Starting from the assumption and the definition
of P κ

d , we have

P κ
d (x) =

d∑

j=1

Ad
j (x)Rd−1(x̂j)− κ

d∑

j=1

Ad
j (x)Qd−1(x̂j) +Bd(x)

= Rd(x)− κ

d∑

j=1

x1 · · · x̂j · · ·xd
∏

k 
=j

Qd−1(x̂k, )Qd−1(x̂j)

= Rd(x)− κ
d∏

k=1

Qd−1(x̂k)
d∑

j=1

x1 · · · x̂j · · ·xd

= Rd(x)− κσd,d−1(x)
d∏

k=1

Qd−1(x̂k) = Rd(x)− κQd(x).

The definition of the polynomials implies that Qd(x) and Ad
j (x) are nonnegative for x ≥ 0. Therefore,

Rd(x) =

d∑

j=1

Ad
j (x)Rd−1(x̂j) +Bd(x) ≥ 0 (15)

for x ≥ 0 due to the inductive assumption about the nonnegativity of Rd−1(x). �
We will be interested in the nonnegative zeros of P κ

d . Search for such zeros first on the coordi-
nate hyperplanes. Since the polynomials are symmetric, take, for example, x1 = 0. Then the equation
P κ
d (0, x2, . . . , xd) = 0 takes the form Ad

1(x)P
κ
d−1(x2, . . . , xd) = 0 since it is not hard to see that the re-

maining summands vanish. Since the only nonnegative zero for Qd(x) is 0, it follows that Ad
1(x) = 0 if

and only if x2 · · ·xd = 0.
Hence, starting from the dimension d = 3, the polynomial P κ

d is zero on (d − 2)-dimensional coor-
dinate subspaces. Call such zeros trivial, excluding the nontrivial zeros of the polynomials P κ

k of a less
dimension k < d. For P κ

1 and P κ
2 , we regard as nontrivial all zeros but 0. Denote the set of nonnegative

nontrivial zeros of P κ
d by kerP κ

d . We also put kerP 0
d = {0}. Thus, the nonnegative nontrivial zeros

of P κ
d , with κ > 0, either have all coordinates positive or have 0 < m ≤ d− 1 zero coordinates, and their

remaining coordinates are roots of P κ
d−m.
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Lemma 2. The sets kerP κ
d , κ ≥ 0, split [0,+∞)d; i.e.,

[0,+∞)d =
⊔

κ≥0

kerP κ
d .

Proof. We show first that the sets of nontrivial zeros are disjoint. To the contrary, suppose that
there exist κ1, κ2, and a point x0 ≥ 0 contained in both sets. Let 0 ≤ m ≤ d− 1 be the number of zero
coordinates in x0. Then P κ1

d−m and P κ2
d−m vanish at the remaining nonzero coordinates. Therefore,

Rd−m − κ1Qd−m = Rd−m − κ2Qd−m. Since Qd−m is nonzero, κ1 = κ2.
For an arbitrary nonzero point x0≥0, the desired value of κ is found from the equality Rd−m=κQd−m,

where m is the number of zero coordinates in x0. �
Lemma 3. Let x ∈ kerP κ

d . Then

x1 + x2 + · · ·+ xd ≥ κ, xj ≤ κ, j = 1, . . . , d.

Proof. For P κ
2 , the inequalities follow from the representations

P κ
2 (x1, x2) = (x1 + x2)(x1 + x2 − κ)− x1x2 = 0,

P κ
2 (x1, x2) = x1(x1 + x2 − κ)− x2(κ− x2) = x2(x1 + x2 − κ)− x1(κ− x1) = 0.

In the general d-dimensional case, we will show inductively that there is an analog of the first inequality;
namely,

P κ
d (x) = Qd(x)(σd,1(x)− κ)− Sd(x),

where Sd(x) ≥ 0 for x ≥ 0. With account taken of the equalities

Qd(x) =

d∑

j=1

Ad
j (x)Qd−1(x̂j), Ad

j (x)Qd−1(x̂j)xj = Bd(x),

which were checked in the proof of Lemma 1, we infer

P κ
d (x) =

d∑

j=1

Ad
j (x)P

κ
d−1(x̂j) +Bd(x)

=
d∑

j=1

Ad
j (x)(Qd−1(x̂j)(σd−1,1(x̂j)− κ)− Sd−1(x̂j)) +Bd(x)

=
d∑

j=1

Ad
j (x)(Qd−1(x̂j)(σd,1(x)− κ− xj)− Sd−1(x̂j)) +Bd(x)

= (σd,1(x)− κ)
d∑

j=1

Ad
j (x)Qd−1(x̂j)−

d∑

j=1

Ad
j (x)Qd−1(x̂j)xj −

d∑

j=1

Ad
j (x)Sd−1(x̂j) +Bd(x)

= Qd(x)(σd,1(x)− κ)−
d∑

j=1

Ad
j (x)Sd−1(x̂j)− (d− 1)Bd(x)

= Qd(x)(σd,1(x)− κ)− Sd(x).

The inductive assumption implies that if x ≥ 0 then

Sd(x) =
d∑

j=1

Ad
j (x)Sd−1(x̂j) + (d− 1)Bd(x) ≥ 0.
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We now show that an analog of the second relation also holds. Namely, for all 1 ≤ k ≤ d and x ∈ Rd,

P κ
d (x) = Rd(x)− κQd(x) = Rd(x)− xkQd(x)− (κ− xk)Qd,

where Rd(x) ≥ xkQd(x) for x ≥ 0. Indeed, involving (15), we have by induction

Rd(x) =
d∑

j=1,j 
=k

Ad
j (x)Rd−1(x̂j) +Ad

k(x)Rd−1(x̂k) +Bd(x)

≥ xk

d∑

j=1,j 
=k

Ad
j (x)Qd−1(x̂j) +Bd(x) = xkQd(x).

Lemma 4. For each 1 ≤ k ≤ d,

P κ
d (x) = Mk

d (x)P
κ
d−1(x̂k) +Nk

d (x), x ∈ Rd,

where Mk
d (x), N

k
d (x) ≥ 0 for x ≥ 0.

Proof. Prove by induction that

Mk
d (x) = σd,d−1(x)

d∏

j=1,j 
=k

Qd−1(x̂j)

and Nk
d (x) is defined by a recurrent relation. It is not hard to see that the claim holds for d = 2:

P κ
2 (x) = (x1 + x2)(x1 − κ) + x22 = (x1 + x2)(x2 − κ) + x21;

i.e., M1
2 (x) = M2

2 (x) = x1 + x2 = σ2,1(x), N
1
2 (x) = x21, and N2

2 (x) = x22.
Suppose that the claim holds for all numbers up to d − 1 and prove it for d. Starting from the

assumption, we obtain

P κ
d (x) =

d∑

j=1,j 
=k

Ad
j (x)P

κ
d−1(x̂j) +Ad

k(x)P
κ
d−1(x̂k) +Bd(x)

=

d∑

j=1,j 
=k

Ad
j (x)

(
Mk

d−1(x̂j)P
κ
d−2(x̂j , x̂k) +Nκ

d−1(x̂j)
)
+Ad

k(x)P
κ
d−1(x̂k) +Bd(x)

= Ad
k(x)P

κ
d−1(x̂k) +

(
d∑

j=1,j 
=k

Ad
j (x)M

k
d−1(x̂j)P

κ
d−2(x̂j , x̂k) +Bd(x)

)

+
d∑

j=1,j 
=k

Ad
j (x)N

κ
d−1(x̂j).

Denote the last summand by Nk
d (x) and show that the sum of the first two summands is Mk

d (x)P
κ
d−1(x̂k).

Transform Ad
j (x)M

k
d−1(x̂j) using the equality

Mk
d (x)Qd−1(x̂k) = Qd(x).

We infer

Ad
j (x)M

k
d−1(x̂j) = x1 · · · x̂j · · ·xd

( ∏

l 
=j,l 
=k

Qd−1(x̂l)
)
Qd−1(x̂k)M

k
d−1(x̂j)

= x1 · · · x̂j · · ·xd
( ∏

l 
=j,l 
=k

Qd−1(x̂l)
)(

σd−1,d−2(x̂k)
∏

q 
=k,q 
=j

Qd−2(x̂k, x̂q)
)
Qd−2(x̂k, x̂j)M

k
d−1(x̂j)
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= x1 · · · x̂j · · ·xd
( ∏

l 
=j,l 
=k

Qd−1(x̂l)
)(

σd−1,d−2(x̂k)
∏

q 
=k,q 
=j

Qd−2(x̂k, x̂q)
)
Qd−1(x̂j)

= xkσd−1,d−2(x̂k)
∏

l 
=k

Qd−1(x̂l)
(
x1 · · · x̂j · · · x̂k · · ·xd

∏

q 
=k,q 
=j

Qd−2(x̂k, x̂q)
)

= xkσd−1,d−2(x̂k)
∏

l 
=k

Qd−1(x̂l)A
d−1
j (x̂k).

Insert the so-obtained expression in the initial sum and obtain

d∑

j=1,j 
=k

Ad
j (x)M

k
d−1(x̂j)P

κ
d−2(x̂j , x̂k) +Bd(x)

=
d∑

j=1,j 
=k

(
xkσd−1,d−2(x̂k)

∏

l 
=k

Qd−1(x̂l)A
d−1
j (x̂k)

)
P κ
d−2(x̂j , x̂k) +Bd(x)

=
(
xkσd−1,d−2(x̂k)

∏

l 
=k

Qd−1(x̂l)
) d∑

j=1,j 
=k

Ad−1
j (x̂k)P

κ
d−2(x̂j , x̂k) +Bd(x)

=
(
xkσd−1,d−2(x̂k)

∏

l 
=k

Qd−1(x̂l)
)
(P κ

d−1(x̂k)−Bd−1(x̂k)) +Bd(x)

=
(
xkσd−1,d−2(x̂k)

∏

l 
=k

Qd−1(x̂l)
)
P κ
d−1(x̂k).

In the last equality, we used the easily verifiable relation

Bd(x) = xkσd−1,d−2(x̂k)
∏

l 
=k

Qd−1(x̂l)Bd−1(x̂k).

Indeed,

xkσd−1,d−2(x̂k)
∏

l 
=k

Qd−1(x̂l)Bd−1(x̂k)

= xkσd−1,d−2(x̂k)
∏

l 
=k

Qd−1(x̂l)σd−1,d−1(x̂k)
∏

j 
=k

Qd−2(x̂j , x̂k)

= σd,d(x)σd−1,d−2(x̂k)
∏

l 
=k

Qd−1(x̂l)
∏

j 
=k

Qd−2(x̂j , x̂k)

= σd,d(x)
∏

l 
=k

Qd−1(x̂l)Qd−1(x̂k) = Bd(x).

It remains to verify that the expression before P κ
d−1(x̂k) is the polynomial Mk

d (x). Indeed,

Ak
d(x) + xkσd−1,d−2(x̂k)

∏

l 
=k

Qd−1(x̂l)

= x1 · · · x̂k · · ·xd
∏

l 
=k

Qd−1(x̂l) + xkσd−1,d−2(x̂k)
∏

l 
=k

Qd−1(x̂l)

= σd,d−1(x)
∏

l 
=k

Qd−1(x̂l) = Mk
d (x). �
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4.2. An iterative system of linear equations. Our goal in this subsection is to demonstrate
that every point in the set kerP κ

d of nontrivial zeros of P κ
d is a solution to a system of linear equations.

Moreover, the system is obtained from the equation x1 − κ = 0 by an iterative procedure. Let us first
describe the linear system and the iterative procedure.

Suppose that we already have a system L κ
Pd

(x1, . . . , xd) of d! linear equations for the unknowns
x1, . . . , xd with parameters Pd. We put P1 = ∅. The set of parameters Pd, with d ≥ 2, consists of the
collections of probability vectors

pk(m|d) =
(
pk1(m|d), pk2(m|d), . . . , pkm(m|d)

)
,

where m = 2, . . . , d is the dimension of the probability vector and k = 1, . . . , d!
m! is responsible for num-

bering the m-dimensional vectors. The probability of a vector pk(m|d) means that all its coordinates are
nonnegative and their sum is 1.

Passage from the system L κ
Pd

(x1, . . . , xd) to the system L κ
Pd+1

(x1, . . . , xd+1) consists of the two steps:

At the first step, to each of the d! equations, we add the expression p1d+1(d + 1|d + 1)xd+1 and replace
the probability parameters of the system L κ

Pd
(x1, . . . , xd) by the analogous parameters from Pd+1. The

second step consists in symmetrizing the system obtained at the first step. Namely, d such systems
of equations are added but with cyclically permuted variables and new probability parameters. Illustrate
the procedure at systems of small dimension:

L κ
∅
(x1): x1 − κ = 0

1st step⇒ p12(2|2)x2 + x1 − κ = 0
2nd step⇒

{
p12(2|2)x2 + x1 − κ = 0,

p11(2|2)x1 + x2 − κ = 0,

L κ
P2

(x1, x2):

{
p12(2|2)x2 + x1 − κ = 0,

p12(2|2)x1 + x2 − κ = 0

1st step⇒
{

p13(3|3)x3 + p12(2|3)x2 + x1 − κ = 0,

p13(3|3)x3 + p11(2|3)x1 + x2 − κ = 0

2nd step⇒

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

{
p13(3|3)x3 + p12(2|3)x2 + x1 − κ = 0,

p13(3|3)x3 + p11(2|3)x1 + x2 − κ = 0,
{

p12(3|3)x2 + p22(2|3)x3 + x1 − κ = 0,

p12(3|3)x2 + p21(2|3)x1 + x3 − κ = 0,
{

p11(3|3)x1 + p32(2|3)x2 + x3 − κ = 0,

p11(3|3)x1 + p31(2|3)x3 + x2 − κ = 0.

Note that the set of parameters Pd+1 is representable as the union of the (d + 1)th set of parame-

ters Pj
d , j = 1, . . . , d+ 1, and one (d + 1)-dimensional probability vector p1(d+ 1|d+ 1). The system

L κ
Pd+1

(x1, . . . , xd+1) is represented as the collection of (d+ 1) systems of linear equations

L
κ−p1j (d+1|d+1)xj

P
j
d

(x1, . . . x̂j , . . . , xd).

Proposition 4. Suppose that κ ≥ 0 and α = (α1, . . . , αd) ≥ 0. Then α belongs to kerP κ
d if and only

if there exists a collection of parameters Pd such that α is a solution to the system of linear equations
L κ

Pd
(x1, . . . , xd).

Proof. The proposition is obvious for κ = 0. For κ > 0, we apply induction. For d = 1, everything
is obvious. For d = 2, solving the system of two equations

p12(2|2)α2 + α1 − κ = 0, p11(2|2)α1 + α2 − κ = 0,

after multiplying the first equation by α1; the second, by α2; and summing them up, we obtain the
equality P κ

2 (α1, α2) = 0. It is clear here that the coordinates α1 and α2 do not vanish simultaneously.
Conversely, having the equality P κ

2 (α1, α2) = 0 in which α1 and α2 do not vanish simultaneously, from
Lemma 3 we conclude that the reals

p12(2|2) =
κ− α1

α2
, p11(2|2) =

κ− α2

α1

constitute a probability vector. Moreover, α is a solution to the system L κ
P2

(x1, x2).
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Suppose that the claim holds for all up to d − 1 and prove it for d. Assume first that α ≥ 0 is
a solution to the system L κ

Pd
(x1, . . . , xd). If αj = κ for some j then all remaining coordinates of α are

zero, and so α is a nontrivial zero of P κ
d . Let now 0 ≤ αj < κ for all j, and then 0 ≤ p1j (d|d)αj < κ.

We obtain the d systems

L
κ−p1j (d|d)αj

P
j
d−1

(x1, . . . , x̂j , . . . , xd)

whose solution is α. Since these systems already have dimension d− 1, by the inductive assumption we
conclude that

(α1, . . . , α̂j , . . . , αd) ∈ kerP
κ−p1j (d|d)αj

d−1 ;

i.e., we have a nontrivial solution to the equations

P
κ−p1j (d|d)αj

d−1 (α̂j) = 0, j = 1, . . . , d.

By Lemma 1, these equations are rewritten as

Rd−1(α̂j)− (κ− p1j (d|d)αj)Qd−1(α̂j) = P κ
d−1(α̂j) + p1j (d|d)αjQd−1(α̂j) = 0.

Multiplying the above equalities by Ad
j (α) and then summing them up, we infer

d∑

j=1

Ad
j (α)P

κ
d−1(α̂j) +

d∑

j=1

Ad
j (α)p

1
j (d|d)αjQd−1(α̂j)

=
d∑

j=1

Ad
j (α)P

κ
d−1(α̂j) +Bd(α)

d∑

j=1

p1j (d|d) = P κ
d (α) = 0.

Moreover, α is a nontrivial solution since otherwise there would be two zero coordinates, and the remain-
ing coordinates would take arbitrary values, contradicting the nontriviality of (α1, . . . , α̂j , . . . , αd) for the
polynomials of less dimension.

Suppose now that α ∈ kerP κ
d . Consider the projections α to the coordinate hyperplanes [α]j =

(α1, . . . , αj−1, αj , . . . , αd). By Lemma 2, there exist reals κj ≥ 0 such that

[α]j ∈ kerP
κj

d−1, j = 1, . . . , d.

Lemma 4 yields

0 = P κ
d (α) = M j

d(α)P
κ
d−1(α̂j) +N j

d(α) = M j
d

(
α)(P κ

d−1(α̂j)− P
κj

d−1([α]j)
)
+N j

d(α)

= M j
d(α)(κj − κ)Qd−1(α̂j) +N j

d(α).

From this we conclude that κj ≤ κ. Therefore, there are reals 0 ≤ p1j (d|d) ≤ 1 with κj = κ− p1j (d|d)αj

(we know that 0 ≤ αj ≤ κ). Thus,

(α1, . . . , α̂j , . . . , αd) ∈ kerP
κ−p1j (d|d)αj

d−1 .

By the inductive assumption, there are d sets of parameters Pj
d−1 such that α is a solution to the

collection of systems

L
κ−p1j (d|d)αj

P
j
d−1

(x1, . . . , x̂j , . . . , xd).

This is equivalent to α being a solution to a single system L κ
Pd

(x1, . . . , xd) with parameters

Pd =
d⋃

j=1

Pj
d−1 ∪ {p1j (d|d), j = 1, . . . , d}. (16)

Here p1(d|d) is necessary a probability vector. �
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4.3. The main result. For the group Rd and f ∈ L2(Ω, λ), we assume the fulfillment of (4) for the
spectral measure of symmetric intervals. Consider the “cross-like” sets Ed

u, u ∈ (0, 1), defined as

Ed
u = {x ∈ Rd : |xi1xi2 · · ·xik | < 1/u, 1 ≤ k ≤ d, 1 ≤ i1 < i2 < · · · < ik ≤ d}.

Given an iterative system L κ
Pd

(x1, . . . , xd) of linear equations, denote the linear functions occurring

therein without the summand −κ by �jPd
(x), j = 1, . . . , d!, numbered arbitrarily. We put

�jPd
(x) =

d∑

k=1

qjd,kxk.

Clearly, the coefficients qjd,k belong to the set of parameters Pd.

Lemma 5. Given a set of parameters Pd, we have

Ed
u ⊂

d!⋃

j=1

Π

(
1

uq
j
d,1

, . . . ,
1

uq
j
d,d

)

. (17)

Proof. Apply induction on d. The case of d = 1 is obvious, and that of d = 2 was in fact considered
in proving Theorem 3. Suppose that the claim is proved for the dimension d− 1 and check it for d.
Represent the set of parameters in the form (16).

Consider the point
(

1

u
p1
1
(d|d) , . . . ,

1

u
p1
d
(d|d)

)
∈ Rd and through it draw hyperplanes parallel to the coor-

dinate hyperplanes. Cutting Ed
u by these hyperplanes gives

Ed
u ⊂

d⋃

n=1

Ed−1
u (n)×

(
− 1

up1n(d|d)
,

1

up1n(d|d)

]
, (18)

where Ed−1
u (n) is the (d− 1)-dimensional “cross-like” set that does not contain xn, and the variable xn

belongs to
(
− 1

up1n(d|d) ,
1

up1n(d|d)

]
. By the inductive assumption, each of the sets Ed−1

u (n) lies in the union

of (d− 1)! intervals:

Ed−1
u (n) ⊂

(d−1)!⋃

j=1

Π

(
1

uq
j
d−1,1

(n)
, . . . ,

1

uq
j
d−1,d−1

(n)

)

, (19)

where the parameters qjd−1,k(n) ∈ Pn
d−1 appear in the expression of the function

�jPn
d−1

(x̂n) =

d∑

k=1,k 
=n

qjd−1,k(n)xk.

Combining (18) and (19), we get

Ed
u ⊂

d⋃

n=1

(d−1)!⋃

j=1

Π

(
1

uq
j
d−1,1

(n)
, . . . ,

1

up1n(d|d)︸ ︷︷ ︸
nth coordinate

, . . . ,
1

uq
j
d−1,d−1

(n)

)
.

It remains to observe that �jPn
d−1

(x̂n) + p1n(d|d)xn = �j̃Pd
(x) for some 1 ≤ j̃ ≤ d!. �
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Given t ∈ Rd
+, put φt(x) =

(
t1x1
2 , . . . , tdxd

2

)
.

Lemma 6. Suppose the fulfillment of the power-law estimate (4) of the spectral measure σf . Then,
for every set of parameters Pd, we have

σf
(
φ−1
t

(
Ed

u

))
≤ 2σd,1(α)A

tα1
1 · · · tαd

d

d!∑

j=1

1

u
	jPd

(α)
. (20)

Proof. By Lemma 5, we have

φ−1
t (Ed

u) ⊂
d!⋃

j=1

φ−1
t

(

Π

(
1

uq
j
d,1

, . . . ,
1

uq
j
d,d

))

=
d!⋃

j=1

Π

(
2

t1u
qj
d,1

, . . . ,
2

tdu
qj
d,d

)
.

Then

σf
(
φ−1
t

(
Ed

u

))
≤

d!∑

j=1

σf

(
Π

(
2

t1u
qj
d,1

, . . . ,
2

tdu
qj
d,d

))

≤ A
d!∑

j=1

(
2

t1u
qj
d,1

)α1

· · ·
(

2

tdu
qj
d,d

)αd

=
2σd,1(α)A

tα1
1 · · · tαd

d

d!∑

j=1

u−(α1q
j
d,1

+···+αdq
j
d,d

) =
2σd,1(α)A

tα1
1 · · · tαd

d

d!∑

j=1

1

u
	jPd

(α)
. �

Let us formulate the main result of this section whose particular case is Theorem 3.

Theorem 4. If the power-law estimate (4) of the spectral measure σf holds then

(1) if α ∈ kerP κ
d , κ ∈ [0, 2), then ‖Atf‖22 = O

(
t−α1
1 · · · t−αd

d

)
as t1, . . . , td → ∞;

(2) if α ∈ kerP 2
d then ‖Atf‖22 = O

(
t−α1
1 · · · t−αd

d ln
(
tα1
1 · · · tαd

d

))
as t1, . . . , td → ∞;

(3) if α ∈ kerP κ
d , κ > 2, then ‖Atf‖22 = O

(
t
− 2α1

κ
1 · · · t−

2αd
κ

d

)
as t1, . . . , td → ∞.

Proof. Reckoning with inequality (20) in Lemma 6, for any ε ∈ [0, 1), we infer

‖Atf‖22 = 2

1∫

0

uσf

({

x ∈ Rd :

∣
∣
∣
∣
∣
2 sin

(
t1x1
2

)

t1x1
· · ·

2 sin
(
tdxd
2

)

tdxd

∣
∣
∣
∣
∣
> u

})

du

≤ 2

ε∫

0

u‖f‖22 du+ 2

1∫

ε

uσf

(
φ−1
t

(
Ed

u

))
du

= ε2‖f‖22 + 2

1∫

ε

u
2σd,1(α)A

tα1
1 · · · tαd

d

d!∑

j=1

1

u
	jPd

(α)
du.

Since α ∈ kerP κ
d , by Proposition 4, for all j = 1, . . . , d!, we have the equalities �jPd

(α) = κ. Hence,

‖Atf‖22 ≤ ε2‖f‖22 + 2d!
2σd,1(α)A

tα1
1 · · · tαd

d

1∫

ε

u1−κ du.

Then we apply the same arguments as in Theorem 3 for d = 2. �
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4.4. Neighborhoods of zero in the form of cubes. For studying the power-law convergence
of the ergodic averages Atf and Anf constructed along d-dimensional cubes (i.e., t1 = · · · = td and
n1 = · · · = nd), we can consider the power-law singularity of the spectral measure only for neighborhoods
of zero that are d-dimensional cubes. Suppose that

σf ((−ε, ε]d) ≤ Aεα

for some A > 0 and α ≥ 0 for all ε > 0. In this case, a power-law estimate for the ergodic means with the
same exponent α can be obtained only for α ∈ [0, 2). We demonstrate this again on the example of Rd.
Here we use the best embedding of φ−1

t·1E
d
u into the d-dimensional cube:

φ−1
t·1E

d
u ⊂

(
− 2

tu
,
2

tu

]d
, t > 0, u ∈ (0, 1).

Then

‖At·1f‖22 = 2

1∫

0

uσf

({

x ∈ Rd :

∣
∣
∣
∣
∣
2 sin

(
tx1
2

)

tx1
· · ·

2 sin
(
txd
2

)

txd

∣
∣
∣
∣
∣
> u

})

du

≤ 2

1∫

0

uσf

(
φ−1
t·1
(
Ed

u

))
du ≤ 2

1∫

0

uσf

((
− 2

tu
,
2

tu

]d)
du ≤ 2A

1∫

0

u

(
2

tu

)α

du

=
21+αA

tα(2− α)
=O(t−α).

If we apply Theorem 4(1) for t1 = · · · = td and α1 + α2 + · · ·+ αd = α then we get

‖At·1f‖22 = O(t−α) as t → ∞.

However, here α can take values in the half-interval [0, α0), where

α0 := sup
Pκ
d
(α1,...,αd)=0,κ∈[0,2)

α = sup
P 2
d
(α/d,...,α/d)=0

α > 2.

Thus, the range of the exponents of the singularity of the spectral measure for which we proved the
same power-law rate of convergence shows that to obtain estimates of the convergence rate for aver-
ages along cubes, it is also more natural to study the spectral measures of neighborhoods of zero in
the form of parallelepipeds (and not cubes). On the other hand, even for parallelepipeds, we have not
obtained estimates for the entire possible range of the exponents of the convergence rate of the corre-
sponding ergodic averages. For example, of interest are the exponents close to the maximum possible rate
(see [18, 19]). Therefore, maybe, when averaging along parallelepipeds, we have to consider the spectral
measures of more “tricky” neighborhoods of zero. This is a topic for further research.
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V. È. Todikov

Sobolev Institute of Mathematics, Novosibirsk, Russia

Novosibirsk State Technical University, Novosibirsk, Russia

E-mail address: v.todikov@g.nsu.ru

A. Zh. Khakimbaev

Novosibirsk State University, Novosibirsk, Russia

E-mail address: a.khakimbaev@g.nsu.ru

95


