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Abstract—We prove the equivalence of the power-law convergence rate in the Lo-norm of ergodic
averages for Z¢ and R? actions and the same power-law estimate for the spectral measure of symmetric
d-dimensional parallelepipeds: for the degrees that are roots of some special symmetric polynomial in d
variables. Particularly, all possible range of power-law rates is covered for d = 1.
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1. Introduction

1.1. Ergodic averages. Let ¢ be the group Z% or R?, with d > 1, and let (€2, \) be some space with
probability measure A on which ¢ acts by the invertible measure preserving transformations 7, : 2 — €,
with g € ¢; ie., the sets 7,'(E) and 74(FE) are measurable for all g € ¢, measurable E C Q, and
)\(7'9_ Y(E)) = A(E). The group property (in the additive notation) means that 7, (7g,w) = T, 4g,w for all
91,92 €9 and w € Q. It is not hard to check that the group {75 : g € Z%} is finitely generated by the

commuting automorphisms T} := 7, ,, where {edk}g:l are the vectors of the standard basis for R?, and
the group {74 : g € R} is the product of one-dimensional commuting flows, i.e., Ty = Tfl 52 e Téd, where
d t
g = Zk:l tked,k and Tkk = Ttked,kv tr € R.
The subgroups generated by the transformations T}, ,T},,...,Tj or by the one-dimensional flows

Jfflﬂff,...,]ﬁ’“ respectively will be denoted by %;, where j = Z’;:l edj,- Denote the set of such
multi-indices, i.e., vectors in R? with entries 0 or 1 (which are the nonzero vertices of the standard unit
cube in R?) by ;. Clearly, % ~ 77 or 9, ~ R’ respectively, where j = [|j|1.

Let v4 be the Lebesgue measure on R? or the counting measure on Z%. Let .# be a directed set
of indices numbering some family of subsets G, C ¢4, with o € .# such that

U Go=%, 0<v(Gy) <v(Gg) <+oo fora<p.
acs
Clearly,

Oléler% va(Go) = +00.

Given f € L1(£2, \), define the ergodic means

Anf(w) /ng )dvg(g), weQ, ae ..

In particular, for each of the groups Z¢ or R?, the averages along parallelepipeds are written down as

ni—1 ng—1
Anf(@) = oo B0 DD (I Tiw), nEN, (1)
2B p =0 k=0
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and, respectively,
t1 tq

1
Atf(w):/~--/f(T1T1~--T;dw)d71...d7'd, t e RL. (2)
tity - -ty
0 0

1.2. Ergodic theorems. In 1951, Dunford [1] and Zygmund [2] proved the convergence a.e. of av-
erages (1) and (2) without the commutability condition of the generating automorphisms and respectively
flows for f € Llog?~! L(Q, \). Moreover, the limit function f* is defined as

ff(w) =56k Eaf(w),

where [; is the operator of conditional expectation with respect to the o-algebra of measurable 7}-in-
variant sets (respectively, T;?-invariant sets); see, for example, [3, §6.1] and [4, Chapter VIII, § 7]. Dunford
and later Dunford and Schwartz proved convergence in the mean in L,, with p > 1, for f € L,(£, A) and
such averages (in the more general situation than that of measure-preserving transformations, of the
so-called L1—L-contractions). We mention also the recent paper [5] in which convergence a.e. in the
Dunford-Zygmund Theorem is proved for f € Llog" ! L(Q, \), where n < d is the rank of the dynamical
system.

Additional information about ergodic theorems for other group actions can be found in Tempelman’s
monograph [6] and Nevo’s paper [7]. In the present article, we study the convergence rate of averages (1)
and (2) in Lo(2, \) by applying the well-developed spectral theory of the unitary representations of Z¢
and R?. The unitary operators under consideration are the Koopman operators

Ugf(w) = f(rgw), g€9.

1.3. Spectral measures. Given a unitary representation U, of a locally compact abelian group ¢
and f € La(€, \), there exists (see [8,9]) a nonnegative Borel spectral measure a? on the group ¥
of all characters of ¥ which is defined by the equalities

(Ugfs P Loy = /x(g) dof(x), g€9.
g/\
For R*, the character group is R*; and for Z*, the character group is the torus T* = R* / 27k = (—m,m
Consequently, for the groups 4. of Koopman operators, we have

(f(TT - THw), f(w)) = / ¢ do'f<(s), nez*

I

(_ﬂ-vﬂ-]k
(F(T5 T3 -+ Tiiw) flw) = / et dofe(s), teR",
Rk
where (x,y) = Zﬁzl Tpyn is the inner product in R*. Considering the measure ajfl and 1 =(1,...,1),

we will also use the notation oy. To differ numbers from vectors, we will denote the vectors by boldface
symbols. There will be an exclusion for z € RY.

1.4. Description of the results. Our goal in the present article is to find the conditions for the
ergodic means (1) and (2) to decrease in norm in the power-law form. Namely, for f € Ly(£2, \) we can
find a constant B > 0 and (o, ..., ®q) > 0 such that

1A/ < o, 650 IAWSB < o me N @
s nyt--ny
Also, for R, 74, and f € Ly(Q, \), we will assume a power-law estimate for the spectral measure of sym-
metric intervals, i.e., for some constants A > 0 and (aq,...,aq4) > 0 for all § = (d1,...,d4) >0
op(IL(d1,...,0q)) < AST*--- 057, (4)

where H((Sl, chey 6d) = (—(51, (51] X X (—5d, 5d]
The main result is the following criterion for the power-law convergence of ergodic averages, which
generalizes the well-known one-dimensional situation [10, 11].
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Theorem 1. Suppose that oy, € [0,2], 1 < k < d, and condition (3) is fulfilled. Then inequality (4)
holds with the constant

A= Bp(ay) - p(ag) (discrete time);

A= gelaa) . plaa)

241 2%
22— 8

(continuous time),

where p(8) = infgso 5.

Conversely, some family of special symmetric polynomials P§ of d variables with parameter € [0, 2)
can be explicitly distinguished such that if o« = (o, ..., aq) > 0 is a root of one of them then condition (4)
on the spectral measure implies (3) with the constant

B = 2d!% (discrete time);

fota : .
B = 2d1¥2 "4 (continuous time).

The proof of this criterion consists of the two steps: The forward implication is the contents of
Theorem 2; while the backward implication is presented in Theorem 4(1). The symmetric polynomials in
the statement of the criterion are discussed in Section 4 where we also prove Theorem 4. In Theorem 3
of Section 3 we carry out a detailed discussion of the case d = 2 by using a new approach to estimating
the norms of ergodic averages. In Section 2, we give the necessary constructions and prove Theorem 2.

2. Auxiliary Assertions

2.1. The projective property of spectral measures. The spectral measures {a } - consti-

tute a projective system of measures. This means the following (see, for example, [12, 9.12(i )]) Denote
the consecutive numbering of nonzero coordinates of a multi-index j € ¥; by £(j)n.- Given multi-indices
k,j € ¥4 such that j <k (i.e., j, <k, for all 1 <n < d), consider the projection operators

Tk ! R — R7 and Tk 1= k1 : RY — [Rk,

where k = ||k||1, 7 = [|jll1, and 1 = (1,1,...,1) defined by the chain of transformations:

Tk : Z TnCkn Z Tn€d k),
k
= ZJz(k)nl‘nedz k) = Zynedé = Zynejn

n=1

The projection 7j i associates with each k-vector x the j-dlmensmnal vector y that is obtained as follows:
First, the k-dimensional vector x is taken to a d-dimensional vector in which the coordinates x, fill up
the unit coordinates of the multi-index k. Then, only those coordinates in this d-dimensional vector
remain nonzero that correspond to unities in j. The so-obtained vector y is taken to R7. It is not hard
to see that if h < j <k then

Th,jTjk = Thk, TjkTk = Tj.
Proposition 1. Given multi-indices j, k € ¥y such that j < k, we have

G (. G . Yk -1
op = (Tjx)s0 < =0 omyy .

PRrOOF. Consider the case of Z¢ since the arguments are analogous for R?. Given nonnegative
integers ny,ns,...,n; we obtain

i(n % "
/ "% o (s) = (£ (Tygh, Tigh, -+ Ty, ) )
(—m,m)d

— (T, Ti, Ty ) F@) = [ B0 dofe(e,

(—m,m]*
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where 11 € Z% is defined as follows: Since {£(j), ;];:1 C {Z(k)q}’;:l, if /(k)q = £(j), then we put n, = n,.
All remaining values of ny are 0. It follows that

(ﬁ7 t)[Rk = (n> 7Tj7k(t))[RJ'-

Therefore,

/ei(n’s) da?j(s): /ei(ﬁ’t) da?“(t)

(77“7‘-}]. (—7-(771—]1@
= / !k (t) da?“ (t) = / e'ms) d(Wj,k)*Ujfk(s).
(_va]k (771-777]].

C

Thus, all Fourier coeflicients of the measures ij and (ijk)*ajfk coincide, and so the measures themselves
coincide [13, 3.8.6]. O

Corollary 1. If1 < j < d then
ot ({z; = 0}) = |IE;f113-
PrROOF. We have
o ({r; = 0}) = o (7 1{0}) = 077 ({0}) = [E;£]3. O

Observe that condition (4) on the spectral measure implies ||E; f||2 = 0 for o;; > 0. Indeed,

IE; £I5 = oy ({z; = 0}) =  m (lim oy (131, ..., da)))

keéoo (5j~)0

<A lim (lim 67" ---654) =0.

5k—>600 (Sj-)O
Here 6o = 7 for Z% and 6, = oo for R.

2.2. The spectral representation of norms. Consider the two families of functions %, :
(—m, 7] = Ry and F} : R — R4 defined as

1 sin2 2z

Fp(2) = 5—52,0< |z|<7m, Fp(0)=1, neN;
n(2) n? sin? e | <m n(0) n
sin & 2
Ft(z:):< m2> , 2#0, F0)=1,teR.
2

The functions .%,, differ from the classical Fejer kernels only by a constant.

Proposition 2. The norms of (1) and (2) admit the integral representations

1 AnfI2 = / T (@1) .. Ty (wa) dos(z), ne N (5)
(77r77r]d

MJ@:/%@ﬂ~%@WWuLtGM- (6)
[Rd

PrOOF. The discrete variant (formula (5)) for Z¢ was in essence examined in [14], where averages over
cubes were considered (see also the discussion in [15, Lemma 4.1]). For the completeness of exposition,
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we prove (6) for RY. Consider the general case and then pass to the particular case, averages over
parallelepipeds. We infer

[Aafl3 = (A af Aof)

( /ng \dvalg /ng ) dvalg )
// (rgw), f(ryw)) dva(g)dva(g)
_ W G/ G[ (f (), £ (@) dvalg)dvalg)
_Vg(lGa) / / / ¢'9=9) doy(s) dva(g)dva(g')

/ / 09 duy(g / e duyg(g') doy(s)

i | e

Ao fI3 = / |\ FvalGal()[? dory(s), (7)

de( )-

Thus,

where
FlalGal(s) = [ ) duifGals)
%
is the Fourier transform of the probability measure v4|G,, where
Vd(E N Ga)

Vd|GOé(E) = Vd(Ga)

For R?, this is the unnormalized Fourier transform in R? of the indicator I, of G, C R%. For the averages
over parallelepipeds, we have the product of the cardinal sines

t1 tdq . S
/ / i(g,s) dg = H/ —ig sk dgi = 2sms(1 ) 2s1ns(;d d) e~ i(t:8)/2.
0 0

Hence, inserting the result in the general formula, we get (6). O

2.3. The spectral measures of neighborhoods of zero. Let us show how the norms of the
averages are estimated from below through the spectral measures of neighborhoods of zero in the form
of parallelepipeds. We will need the following relations for the kernels .%,,, Fy:

1 sin? = (sm t;
— >

2
2 a2z = £
[t]? sin® % 5

), r€eR, t>1, |tz| < 2m. (8)

The following assertion is an analog of familiar estimates [16, Lemma 2; 17, Lemma 2] of the norms of (1)
and (2). Given s = (s1,...,8q4) > 1, we put [s] := ([s1],. .., [s4])-
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Proposition 3. The norms of (1) and (2) satisfy the lower estimates: For all a € (0,7]¢, s € RY,

withs > 1, and t € I]QﬁiH
Fi(ar)--- Fi(eq) o/ ( ( )) < 1A I3 (9)

(P ) < 1B (10)
PROOF. For proving (9), we use (5) and (8):

1A flI3 = / Fs(@1) .. Pl (xa) dop(x) > / Fs(@1) .. Frs ) (xa) dog(x)
(_7r77r}d H(ﬂ 77777 ﬁ)

d sip SEZE \ 2 a1 ag
> / F31($1) Fsd(l'd)da'f Z | | mu}lk (Sk$k2> gf <H (81,,>>
k=1 e 2

d . 2
:H mia <Slny> O'f (H(al,...,ad)>:Fl(a1)~--F1(ad)O'f <H <al,,ad>>
el |y\§7’“ Y ni ng $1 54

Inequality (1
Given

Fi(ay)---Fi(aq) oy

Q/\
m
=N
g

put
2-p
x
= inf
p(B) = inf — 5
It is not hard to verify that p(0) = p(2) = 1. For § € (0,2), the infimum is attained at the first positive
root of the equation tanx = 22_—:”6 It is also clear that 1 < p(8) < sin™2(1).

Proposition 3 implies

Theorem 2. Suppose that the norms of (1) and (2) decrease by power law; i..e., (3) holds with con-
stants B > 0 and o € [0,2], 1 < j < d. Then the spectral measure oy satisfies

o ((61,...,0a)) < Bp(ai) - plag)df--- 654, &€ (0,m? (discrete time);

or(IL(01,...,6q)) < Bpém) ;ad)éal -+09%, 6 >0 (continuous time).

PrOOF. Consider the discrete case. Fix & € (0, 77] Each coordinate dy, is representable as d = —:,
where ay € (0,7] and s > 1 are variable real parameters. Then (9) and the relation ﬁ < 325 for x > 1
yield

al Qq

o) = 05 (T (2 ) ) < g 1B
a 2 a 2
= (Sm(la/12/2)> m(Sin(Céf/?)) [s1]™ B [sa]

a/2 \? ag/2 \? [ 2\ 2\
<B[|—MZ ) ... =% = 2
sin(a1/2) sin(aq/2) s1 Sd
(@027 (@2 0y,
sin?(ay/2) sin®(agq/2) !
Choosing the parameters ai so that the functions containing them attain their minima, we obtain the

desired estimate for discrete time. For continuous time, the estimate for the spectral measure is proved
likewise. In this case, we do not need to use the inequality between a number and its integer part. [J
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3. Upper Estimates for the Norms of the Averages: d =1 and d = 2
Rewrite (7) through the integral of the distribution function [13, 2.9.3]:

o

|AafI3 = / | F vl Gal ()2 doy(5) = 2 / wos({s € 9" : | F (gl Gol(s)| > u}) du

@GN 0
1
_ 2/ugf({s €GN 1 | F el Gal(s)] > u}) du
0

The last equality holds since |.#[v4|Gqa](s)] < 1. The analysis of the above relation makes it possible
to speak of the equivalence of the power-law convergence of ergodic averages along parallelepipeds and
the power-law singularity of special neighborhoods of zero. In the well-studied one-dimensional situation,

symmetric intervals turned out to be suitable.

3.1. Neighborhoods of zero as intervals: d = 1. Consider the one-dimensional case. For Z
and R and f € La(2,\), we assume the power-law estimate (4) for the spectral measure of symmetric
intervals, ie., o¢((—6,0]) < Ad* for some constants A > 0 and « > 0 for all possible 6 > 0. Then,
for continuous and discrete time, we have (see, for instance, [16,17]):

a€|0,2) a=2 a>2
[Afl3 | o) | 6@ Int) | O
IAnflI3 | €(n™*) | 6(n*Inn) | O(n~?)

We prove these relations in a new way by using the formula above. Let us first examine the case
of R. Let o € [0,2). Then, for all ¢t > 0,
uoy <{x eR

uo ({x eER:|z| < 2}) du
tu
i 2 i 2 20+l A
2/uaf du§2A/u du = .
" tu (tu)e (2 — a)t>
0 0

If & = 2 then for an arbitrary € € (0, 1) we obtain

1
||Atf|]§:2/uaf <{x€[R:
0
5 1 5 9
< 2
_2/quH2du+2/uaf << ot tu}) du
0

£

: Sm(mﬂ)‘ >u}> du

tx/2

1Acf1I3 = 2

2

IN

/
!

LG TR

tx/2

2 8A
)2 du = &*||f||3 — —plne.

1
S€2]f\|§—|—2A/u
IS5
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The minimum of the last expression is obtained for €2 Using it, for all sufficiently large ¢ > 0,

||fH2t2

3
I40f15 < Sin <el|41|411 )

If @ > 2 then, for every ¢ € (0, 1), we have

1
||Atf|]§:2/uaf ({xG[R:
0
€ 1
<2/u\|f||2du—|—2/ua 2 2 du
- 2 ! tu tu
0 €

1

SsQHfH%—s—2A/u

£

we obtain

) )

2¢ 21te 4
d 2 2
(tu)a U > € Hf”2+ (Oé-2)ta€

Putting ¢ = 1/t, for all sufficiently large ¢t > 0, we get

2—a

21+aA> t_2‘

41 < (118+ 2=

Similar calculations are also applicable for discrete time. We will consider only the case of o € [0,2)
to emphasize a slight difference and then examine in detail only the continuous time. Reckoning with the

inequality |sin(z/2)| > % for all |z| < m, we obtain

insli= [ (B0 oy < [ (TR gy

(—m,m] (—m,m]

_: / ({ve ol W]M}) / ([ < =)
1

2> A
< - < — ]
_2/uaf (( nu’ nu du 2A/ - (2—a)ne

0

The calculations for discrete time differ (after the first inequality) from continuous time only by the
constant 7 instead of 2.

Note that all estimates were obtained because the sets {s € 9" : | Z [v4|vGo](s)| > u} lie in symmetric
intervals of appropriate length. The multidimensional situation has its own partition of the domain
of parameters. We carry out a detailed examination of the construction for continuous time first in the
dimension d = 2.

3.2. Neighborhoods of zero in the form of rectangles: d = 2. For the group R? and
f € La(92, X), we again assume the power-law estimate (4) of the spectral measure of symmetric rectangles,
i.e., for some constants A > 0 and «, 8 > 0, for all § = (d1,02) > 0,

o(II(81,02)) < ASYS,. (11)
For the averages of R? over rectangles Gy, 1, = [0,1] x [0, t2], we have

2 sm(t””1 ) 2 sm(t2§2)
tll'l tgl’g

[ F Vil Gy 1] ()] =
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It is not hard to check that the following inclusion holds for every u € (0, 1):

{a:GIRQ. >u}

2 2 2
C eR?: o] < —pcO|—,—].
ﬂ {x el < 2, } (ut1 utz)
Some more exact inclusion is given by

k=1
{JZGIR2. >u}

2 2 4
ClI|{—,— )n{zeR?: < .
(ut1 ut2> {:E ‘1‘1.%'2‘ tltgu}

Denote the set on the right-hand side by cbtfb E,, where ¢, 1,(x) = ('512931 , 2f2ﬂ) and E, = H(u, %) ﬂ{:r: €
R2 : ‘1'11‘2‘ < %}, u e (0,1).
Consider the one-parameter family of symmetric polynomials of two variables

2 sm(tlgl) 2sm(t?§2)

t171 toxo

QSm(tl;l) 251n(t22“)

tl.’El tQ.’EQ

P;(x,y)::vz—i-:vy%—yQ—/ﬁ(x—i-y), Kk > 0. (12)

It is not hard to verify (see the proof of Proposition 4 for a detailed discussion) that if some nonnegative «
and [ are nonzero roots of Py then there exist reals 0 < p,q <1, with p 4+ ¢ = 1, such that

a+Bp=k, [+aq=Ek. (13)

Theorem 3. If estimate (11) holds for the spectral measure of rectangular neighborhoods of zero
then

(1) if P¥(a, B) = 0, K € [0,2), then || A¢f||3 = ﬁ(tl_o‘tgﬁ) as t1,tg — 00;

(2) if P3(a, B) = 0 then ||Acf||3 = 0(t7%;, "In (1915)) as t1, s — oo;

_2a _ 28
(3) if P§(a, ) =0, k > 2, then ||A¢f||3 = O(t; "ty ) ast1,ta — o0.
PRrROOF. Given arbitrary numbers 0 < p,q < 1, with p 4+ ¢ = 1, embed E, in a union of the two

rectangles:
11 11
EucH<,>uH<,>.
u’ uP ul” u

Granted all inclusions and the power-law estimate for the spectral measures of rectangles, for every

e €[0,1), we infer
> u}) du
0

€ 1
1 1 1 1
2 -1
0 £
; 2 2 2 2
2 2
= 2 Im{—,— Jull{ —, — d
Alg+2 fuoy (1 (2 2 v (5 2))
€

1

14 f13 =2 / uoy ({ cR:

281n(t1’”1) 2s1n(t2§2)

t121 toxo
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1
21 £112 2\*( 2\’ 2 \* (2’
szm+z/w(<ﬂ) <wg>+<ﬁm> Qw)>d“

1
olt+a+B 4
_ 52HfH§ + — /(ul—a—pﬁ + ul—ﬁ—qa) du.
t$'t
1l2
Inserting (13) yields
1
22+a+ﬂA _
AcfI3 < 2B + = [l (14)
1l2

Depending on the sign of 2 — k, we will choose suitable € as ¢ = m tb for some a,b,c > 0.

Let k € [0,2). Then we put e = 0 and obtain from (14):

92+a+6 g
IAefI3 < —5——, ti,t2>0.
1715 (2 — k)

Thus, || A¢f]]3 = ﬁ(tl_atgﬁ) as t1,ty — 00.

Let k = 2. Then from (14), for ¢ = W, we have

92+a+8 g 1 9ltat+B g
1Aefl3 < 2lf113 - 5 —Ine = [IfI5—5 + =5 (t743), t1,t2>0.
Tty t{ty t{'ty
Thus,
|Aefl12 = €/(t7%, "In (1545))  as t1,t2 — oo.
Now, let k > 2. Then from (14) for ¢ = t“lt" we infer
172
92+a+8 A 1 92+at+B A 1
Acfls <Efl3+ —5——" = ||fll3 + :
H ”2 ” HQ t(ftg(li . 2) H HQt%at%b K — 9 t?+a(2_ﬁ)t§+b(2_ﬁ)

B

Taking a = ¢ and b = -, we get the final estimate

22+a+ﬁA> 20 =28

14 < (103 + 557 ) 60 %67 nnso. o

4. The General Case d > 2

4.1. Symmetric polynomials. Recall the definitions of some standard symmetric polynomials
in R%:

d
04,1 (z ZIE], 0ga-1(z) =D 1Ty -xq, 0qa(®) = 1129 T4,
j=1

Here the expression Z; means that there is no variable z; whereas the remaining ones are present. Consider
two families of symmetric polynomials defined recurrently. The first sequence of polynomials Qg4(x),
with z € R?, is defined as follows:

Qi(z1) =1, Qa(z1,22) =21 + 22, Qa(x) = 0ga—1( HQd 1(Z5).
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Given k > 0, consider one more sequence of polynomials. We put
Pi(z1) =z — K, P¥(x1,20) = 25 4+ z129 + 25 — k(21 + 29)
and

ZAd x)Py_1(Z;) + Ba(z),

where
Af@)=a1 T wq | [ Qi-1(@k),  Balx) = 0galw HQd 1(Z5).
k#j
In the following lemmas, we consider some properties of these polynomials. Our main attention will
be paid to the zeros of Pj.
Lemma 1. The summand in P} containing  has the form —kQq(x), i.e., Py (x) = Rq(x) — kQa(x).
Moreover, Rq(x),Q4(x) > 0 for x > 0.

ProOOF. For d =1 and d = 2, the lemma is obvious from the definition of polynomials. Suppose that
it holds for all numbers up to d — 1 and prove it for d. Starting from the assumption and the definition
of P7, we have

ZA“’ JRa_1(Z;) _”ZA )Qa—1(7;) + Ba(w)

j=1

= —anl CCdHQd 1(Tk, ) Qa—1(T;5)
k#j

d
56)—KHQd_1(§k)Z$1'~§jmfvd
k=1 j=1

d
= Rq(x) — koga—1(z) [ [ Qa-1(@r) = Ralx) — Qa(x).

The definition of the polynomials implies that Qg(z) and A;-l(x) are nonnegative for x > 0. Therefore,

d
Rq(x) =Y A%x)Rq-1(Z;) + Ba(z) > 0 (15)

=1

for £ > 0 due to the inductive assumption about the nonnegativity of Ry_1(x). O

We will be interested in the nonnegative zeros of PJ. Search for such zeros first on the coordi-
nate hyperplanes. Since the polynomials are symmetric, take, for example, 1 = 0. Then the equation
Pr(0,29,...,14) = 0 takes the form A¢(z)P5 |(z2,...,24) = 0 since it is not hard to see that the re-
maining summands vanish. Since the only nonnegative zero for Qq(z) is 0, it follows that A¢(z) = 0 if
and only if 9 ---z4 = 0.

Hence, starting from the dimension d = 3, the polynomial P} is zero on (d — 2)-dimensional coor-
dinate subspaces. Call such zeros trivial, excluding the nontrivial zeros of the polynomials P of a less
dimension k£ < d. For P and Pj, we regard as nontrivial all zeros but 0. Denote the set of nonnegative
nontrivial zeros of P} by ker Pf. We also put ker P? ={0}. Thus, the nonnegative nontrivial zeros
of P¥ with k > 0, either have all coordinates positive or have 0 < m < d — 1 zero coordinates, and their
remaining coordinates are roots of P} .
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Lemma 2. The sets ker Py, k > 0, split [0, +00)%; ie.,
= I_I ker PJ.
k>0

PROOF. We show first that the sets of nontrivial zeros are disjoint. To the contrary, suppose that
there exist k1, ko, and a point xy > 0 contained in both sets. Let 0 < m < d — 1 be the number of zero
coordinates in xg. Then P;im and P;Em vanish at the remaining nonzero coordinates. Therefore,
Ry—in — k1Qd—m = Rg—m — k2Qgq—m. Since Q4_y, is nonzero, k1 = Ko.

For an arbitrary nonzero point xg > 0, the desired value of & is found from the equality Ry, =kQd—m,
where m is the number of zero coordinates in zg. O

Lemma 3. Let x € ker P}. Then
T +ae+-tag >k, <k j=1,....d
ProOF. For Py, the inequalities follow from the representations
Py (x1,29) = (1 + x2) (21 + 2 — K) — 2129 = 0,
Py(x1,22) = 1(21 + 12 — K) — x2(Kk — T2) = wo(T1 + X2 — K) — x1(Kk — 1) = 0.

In the general d-dimensional case, we will show inductively that there is an analog of the first inequality;

namely,
Pi(x) = Qa(z)(04,1(x) — K) — Sa(),
where Sy(x) > 0 for x > 0. With account taken of the equalities

d
Qa(z) = ZA?(x)Qd—l(/fj)a AY(2)Qa-1(Z;)z; = By(x),
j=1

which were checked in the proof of Lemma 1, we infer

ZAd x)Pi_1(@;) + Ba(x)

I
M&

A;% NQa—1(Z;)(0a—11(T;) — k) — Sa_1(F;)) + Ba(z)
1

<.
Il

2)(Qa—1(Zj)(0a,1(z) — k — ) — Sa—1(Z;)) + Ba(x)

z)Qa—1(Z;) ZAd )Qa—1(Z;)z ZAd )Sa-1(Z;) + Ba(x)

i

= Qa(z) (041 (x ZAd )S4-1(Z;) — (d — 1) Ba(x)
= Qu( )(Jd,l( z) — k) — Sa(x).

The inductive assumption implies that if > 0 then
ZAd )Sq_1(Fj) + (d — 1)By(z) > 0.
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We now show that an analog of the second relation also holds. Namely, for all 1 < k < d and z € R¢,

Pj(z) = Ra(z) — £Qa(z) = Ra(x) — 2Qa(x) — (K — 1) Qu,
where Ry(z) > 2;Qq(z) for x > 0. Indeed, involving (15), we have by induction

Z A (2)Ra-1(5) + Ajl(x)Ra—1 () + Ba(x)
J= LJ#k

Z A% (2)Qa—1(Z;) + Ba(r) = zQalx).
J=1,j#k
Lemma 4. Foreachl1l <k <d,
Pj(x) = Mj(z)Pj (%) + Nj(z), =€R?,

where MF(z), N¥(z) > 0 for z > 0.
PROOF. Prove by induction that

Mj(z) = oqa-1( H Qa-1(Z;)
J=137#k
and N (fl“ (z) is defined by a recurrent relation. It is not hard to see that the claim holds for d = 2:
Py(x) = (z1 + x) (01 — &) + 23 = (21 + 2) (22 — K) + 27;

ie., M}(z) = M3(z) = 21 + 22 = 021(x), N} (x) = 2%, and N3(x) = 3.
Suppose that the claim holds for all numbers up to d — 1 and prove it for d. Starting from the
assumption, we obtain

Z AY(x) Py 1 (%) + Af(z)Pf(Zk) + Ba(x)
Jj=L1,j#k

d
Y AN(@) (M (@) Pio (@5, %) + N1 (2))) + Af(2) Py (@) + Ba(x)
=Lk

:Ad( )Pi_1(Tk) ( Z Ad Md 1(Z5) Py o(Z5, %) + Ba(x > Z Ad T)NG_1(Z5)-
Jj=1,j#k j=1,j%#k

Denote the last summand by N¥(z) and show that the sum of the first two summands is M¥(z)P5 | ().
Transform Ag(x)M % () using the equality

M} (2)Q4-1(Fk) = Qa(z).

We infer
A@)ME (@) = w17y ewa( ]] Qaoa(@)Quoa (@) MY (3))
15,1k
:xl"'/x\j""fd( 11 qu(@)) (Ud 1a-2@) J[ Qa- 2($k,$q)>Qd o (Tn, Tj) MYy (T5)
#4514k q#k,q#j
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=:E1'--?5j--'wd< H Qd—l(ffz))(ffd—l,d—z(ffk) H Qd—Q(fE\k»%q))Qd—l(:’fj)

I#£5,1#k qF#k.q#]
= 2304-1,a-2(Tr) | [ Qa-1(@1) (iEl By Bpeeaa ] Qd—z@k@q))
I#k q#k,q#]
= 2304-1,d—2(Tk) H Qa-1(T) AT (@)
1%k

Insert the so-obtained expression in the initial sum and obtain

d
Z A?(ﬂﬁ)Mthl@j)Pffz@j@k) + Ba(z)
j=1i#k
d
_ -~ ~ d—1,/~ K ~ o~
= > (iﬁkad—l,d—Q(!Ek)HQd—l(W)Aj ($k))Pd—2(:Ej>$k) + Ba(z)
J=Lj#k I#k

d
= (wr001a2@) [JQaa@)) Y- AL @) PE (35, 50) + Bala)
I#k j=1,j#k

= (wr0u-1a-2(@0) [] Qa1 @) (PE1 @) = Ba-a(@) + Ba(a)
Ik

= (xkgdfl,d72</$\k:> H Qa-1 @l)) P 1 (Zk)-
14k

In the last equality, we used the easily verifiable relation

Ba(x) = zx0a-14-2(@k) [ [ Qa-1(@)Ba-1(Zk).
Ik

Indeed,

Trog—1,d—2(Tk) H Qd—1(z1)Ba—1(Tk)

14k
= 210a-14-2(k) [ [ Qa-1E)0d-1.4-1Er) [ [ Qu-2(F;, %)
I£k itk
= 04a(®)0a-1a—2@) [ [ Qa1@) [ [ Qa-—2(), 2k)
Ik itk
= 0a,4(x) [ [ Qe-1(@)Qa-1(r) = Ba(x).

14k

It remains to verify that the expression before Pf | (%) is the polynomial M¥%(x). Indeed,

Af(x) + 2poa-1a-2(@) [ [ Qu-1(@)

Ik
=21 B 2q | [ Qao1(@) + zh0a1a—2(@k) [ [ Qa-1()
I£k Ik
=044-1(x) HQdfl(/x\ﬁ = Mj(z). O

14k
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4.2. An iterative system of linear equations. Our goal in this subsection is to demonstrate
that every point in the set ker P} of nontrivial zeros of PJ is a solution to a system of linear equations.
Moreover, the system is obtained from the equation x1 — x = 0 by an iterative procedure. Let us first
describe the linear system and the iterative procedure.

Suppose that we already have a system £5, (z1,...,2q) of d! linear equations for the unknowns
x1,...,rq with parameters &;. We put &1 = &. The set of parameters &2, with d > 2, consists of the
collections of probability vectors

p*(m|d) = (pi(m|d), p5(mld),. .., py,(m|d)),

where m = 2,...,d is the dimension of the probability vector and k£ = 1,. !, is responsible for num-

bering the m—dlmensmnal vectors. The probability of a vector p*(m|d) means that all its coordinates are
nonnegative and their sum is 1.

Passage from the system .Z5, (z1,...,z4) to the system Lo (x1,...,24+1) consists of the two steps:
At the first step, to each of the d! equations, we add the expression p}l +1(d+1|d + 1)z441 and replace
the probability parameters of the system £5 (z1,...,z4) by the analogous parameters from &4, 1. The
second step consists in symmetrizing the system obtained at the first step. Namely, d such systems
of equations are added but with cyclically permuted variables and new probability parameters. Ilustrate
the procedure at systems of small dimension:

p3(22)xy + 21 — K =0,
(2’2)1’1 + 20—k =0,
py(22)xa + 21 — K =0, 1s step pi(3|3)xs + pd(2]3) e + 11 — K = 0,
p3(2[2)z1 + 22 — k=0 { pi(3I3)xs + pi(213)z1 + 12 — K =0
pi(3]3)zs + p3(2[3)w2 + 21 — Kk =0,
{ pi(3]3)zs + pi(2[3)x1 + 22 — Kk =0,
2nd gtep { p5(3[3)x2 + p3(2|3)x3 + 21 — K =0,
p3(3|3) 12 +p1(2]3)x1 +x3— k=0,
{ pi(3[3 (2[3)
(

35(361) pp— 1st step 1(2‘2)3;2 Yo —k=0 2nd step {

fg,Q (xl,.%‘g): {

— — —— ~—

r1 +p3(2[3)2e + 23 — K =0,
pi(3|13)x1 + p3(2]3)x3 + w2 — K = 0.
Note that the set of parameters &1 is representable as the union of the (d + 1)th set of parame-
ters 29, j=1,...,d+ 1, and one (d + 1)-dimensional probability vector p*(d+ 1|d + 1). The system

L, (T1,. .., xay1) is represented as the collection of (d + 1) systems of linear equations
k—p}(d+1|d+1)z; e
XQZJ (21, Ty Ta)-

Proposition 4. Suppose that k > 0 and o = (a1, ..., q) > 0. Then a belongs to ker Py if and only
if there exists a collection of parameters &, such that « is a solution to the system of linear equations
f;d(xl, ce ,$d).

ProOOF. The proposition is obvious for k = 0. For k > 0, we apply induction. For d = 1, everything
is obvious. For d = 2, solving the system of two equations

p3(212)as + a1 — k=0, pi(22)a; +as— k=0,

after multiplying the first equation by «y; the second, by as; and summing them up, we obtain the
equality Py (aq, ) = 0. It is clear here that the coordinates a; and as do not vanish simultaneously.
Conversely, having the equality Py (a1, a2) = 0 in which a3 and @ do not vanish simultaneously, from
Lemma 3 we conclude that the reals

1 k—o 1
pa(2[2) = , n(22) =

a9 aq

R — Q9

constitute a probability vector. Moreover, a is a solution to the system .Z5, (z1, z2).
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Suppose that the claim holds for all up to d — 1 and prove it for d. Assume first that « > 0 is

a solution to the system £ (v1,...,24). If aj = & for some j then all remaining coordinates of a are

zero, and so « is a nontrivial zero of PJ. Let now 0 < a; < & for all j, and then 0 < pjl-(d|d)aj < K.
We obtain the d systems

K—pj(dld)a;

J
]dl

(:vl,...,@,...,:nd)

whose solution is a. Since these systems already have dimension d — 1, by the inductive assumption we

conclude that L(dld)a
~ K—pj
(Oél,...,()éj,... )Ek Pdl ;
i.e., we have a nontrivial solution to the equations

1
R—P; (dld)aj
Pd—l

By Lemma 1, these equations are rewritten as
Rg_1(85) — (k — pj(d|d)a;)Qa—1(d;) = P§ 1 (a;) + pj(d|d)a;Qa—1(a;) = 0.

Multiplying the above equalities by A?(a) and then summing them up, we infer

@) =0, j=1,....4d.

ZAd &) P (3 +2Ad )p(d|d)a; Qa1 (a;)

J=1
_ZAd )P (@) + Ba(a Zp]d\d Pf(a) = 0.

Moreover, a is a nontrivial Solutlon since otherwise there would be two zero coordinates, and the remain-
ing coordinates would take arbitrary values, contradicting the nontriviality of (a1, ...,a;,...,aq) for the
polynomials of less dimension.

Suppose now that o € ker P§. Consider the projections a to the coordinate hyperplanes [a]; =
(oa,...,aj-1,0j,...,aq). By Lemma 2, there exist reals x; > 0 such that

[a]j €ker Py, j=1,...,d
Lemma 4 yields
0= Pf(a) = M)(a)Pf (@) + Nj(a) = M} (a)(Pf_, (@) — Py (([a];)) + Ni(a)
= M)(a)(kj — k)Qa-1(d;) + Nj ().

From this we conclude that x; < k. Therefore, there are reals 0 < pjl- (dld) <1 with kj =K — pjl- (d|d)a;
(we know that 0 < oj < k). Thus,
~ d|d)o
(al,...,aj,. )Ek P;lp(l)

By the inductive assumption, there are d sets of parameters ,@571 such that « is a solution to the
collection of systems

r—pj (dld)a; ~
fﬁ”il (@1 Ty ey Ta).
This is equivalent to a being a solution to a single system £, (z1,...,74) with parameters
d .
Py = U:@371U{p}(d|d), ]Zlavd} (16)
j=1

Here p'(d|d) is necessary a probability vector. [
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4.3. The main result. For the group R? and f € Ly(f, \), we assume the fulfillment of (4) for the
spectral measure of symmetric intervals. Consider the “cross-like” sets E;f, u € (0,1), defined as

Eff:{xe[Rd:\:cilxiQ---xik|<1/u, 1<k <d, 1§i1<i2<~--<ik§d}.

Given an iterative system .Z% (v1,...,74) of linear equations, denote the linear functions occurring
therein without the summand —x by %Z,d(a;), j=1,...,d!, numbered arbitrarily. We put

QL

() Z T Tk

Clearly, the coefficients qik belong to the set of parameters Z;.

Lemma 5. Given a set of parameters £,, we have

Ech ( 1) a7

qd . uqd,d

PROOF. Apply induction on d. The case of d = 1 is obvious, and that of d = 2 was in fact considered
in proving Theorem 3. Suppose that the claim is proved for the dimension d — 1 and check it for d.
Represent the set of parameters in the form (16).

Consider the point (

) € R? and through it draw hyperplanes parallel to the coor-

1
WP 7T b <d|d>

dinate hyperplanes. Cutting E¢ by these hyperplanes gives

d
1 1
d d—1
Bic UB ) (‘led)’ up%(dw] ’ (18)
n=1

where E4~1(n) is the (d — 1)-dimensional “cross-like” set that does not contain z,,, and the variable z,,

belongs to (—m, L_]. By the inductive assumption, each of the sets E4~!(n) lies in the union

of (d — 1)! intervals:

upn (dl|d)

(d—1)! . )
E{m)c H( - e ) (19)
u

=1 qd—1,1(") uqd—l,d—l(n)

where the parameters qfkl p(n) € 2} | appear in the expression of the function

d
ej@gfl@n): Z q(jz_Lk(n)xk

k=1,k#n
Combining (18) and (19), we get
Lo e 1 1
B! CnLJl ]Ul H( FRPTIRE @ ""’uqig_l,d_l(m)'

nth coordinate
It remains to observe that @j@gil(ic\n) + pL(d|d)z, = E@,d (z) for some 1 < j <d!. O
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Given t € lRle put ¢t($) = (tlgm:-'wtd%)'

Lemma 6. Suppose the fulfillment of the power-law estimate (4) of the spectral measure oy. Then,
for every set of parameters &2, we have

B g0a1le) 4 L
of (d)t 1(E3)) < tflll .. tgd Z Y

j=1u Zd

(@)

Proor. By Lemma 5, we have

d! 1 d! 9
d -1
cUsi <n( )) Jn ( 2 )
j=1 Uy d1 u j=1 t1u tqu d.d

Then
d! 9 9
7p( D) < Loy (2 )
=1 tluqd,l tduqd d
d! « o
2 ! 2 d
S AZ( ' ) o ( ‘ )
q q
j=1 \tju'dl tqu'd.d
og1(e) d! ) . og1(e) d!
tll...tdd ¢ tll...tdd ¢ o, ()
7j=1 j=1u 74

Let us formulate the main result of this section whose particular case is Theorem 3.

Theorem 4. If the power-law estimate (4) of the spectral measure oy holds then

(1) if o € ker P¥, k € [0,2), then ||[A¢ f||3 = O(t7% - t;%) as ty, ..., tqg — 00;

(2) if o € ker P? then ||A¢f||3 = O (7 -+ - ¢;%In (¢ -+ - £57)) as t1, ..., ta — 00;
2aq ag

(3) if a € ker P, k> 2, then ||[A¢f|3=0(t; * ---t, = ) asti,...,tq — oo.
PROOF. Reckoning with inequality (20) in Lemma 6, for any € € [0,1), we infer

}) i

1

0

281n(t1§1) 281n(td2“)

ti1x1 taTq

£ 1

§2/u|f||gdu—|-2/uaf (qﬁ;l(Eg)) du

0 €

1
90a,1(a) A 1
2 2
=B +2 [ >

- d j=1u Zd

Since a € ker P}, by Proposition 4, for all j =1,...,d!, we have the equalities Ejoj,d(a) = k. Hence,

a1(e) g
| 4¢f13 <82|!f!!2+2d'7 / W du.

aq
td
€

Then we apply the same arguments as in Theorem 3 for d = 2. 0O
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4.4. Neighborhoods of zero in the form of cubes. For studying the power-law convergence
of the ergodic averages A¢f and A,f constructed along d-dimensional cubes (i.e., t; =--- =1ty and
ny = --- =ng), we can consider the power-law singularity of the spectral measure only for neighborhoods
of zero that are d-dimensional cubes. Suppose that

op((—e,el) < A
for some A > 0 and « > 0 for all € > 0. In this case, a power-law estimate for the ergodic means with the

same exponent a can be obtained only for a € [0,2). We demonstrate this again on the example of RY.
Here we use the best embedding of ¢, 11E1‘f into the d-dimensional cube:

o iEd 2 2] t>0, ue(0,1)
t-1u tu’ tu 9 ) 3 .

Then
1 2sin(t‘”—1) ZSin(m—d)
A fli=2 R? : 2/... 2 d
A1 1|5 /uaf ({a: € P =~ > u u
0
1 1 1
<2/u (qﬁ_l(Ed)>du<2/u 2 2] du<2A/u 2 adu
o o S — —
- PP\ - Y tu’ tu - tu
0 0 0
21+(XA
(2 — a)
If we apply Theorem 4(1) for t; = --- =t4 and a3 + ag + - - - + ag = « then we get

A1 fll3= 0@ ast— oco.
However, here a can take values in the half-interval [0, ap), where

Qo 1= sup a = sup a > 2.
Pr(ai,...,aq)=0,x€[0,2) P2(a/d,...,a/d)=0

Thus, the range of the exponents of the singularity of the spectral measure for which we proved the
same power-law rate of convergence shows that to obtain estimates of the convergence rate for aver-
ages along cubes, it is also more natural to study the spectral measures of neighborhoods of zero in
the form of parallelepipeds (and not cubes). On the other hand, even for parallelepipeds, we have not
obtained estimates for the entire possible range of the exponents of the convergence rate of the corre-
sponding ergodic averages. For example, of interest are the exponents close to the maximum possible rate
(see [18,19]). Therefore, maybe, when averaging along parallelepipeds, we have to consider the spectral
measures of more “tricky” neighborhoods of zero. This is a topic for further research.
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