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THE RIESZ-ZYGMUND SUMS OF FOURIER-CHEBYSHEV
RATIONAL INTEGRAL OPERATORS AND
THEIR APPROXIMATION PROPERTIES
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Abstract—Studying the approximation properties of a certain Riesz—Zygmund sum of Fourier-Cheby-
shev rational integral operators with constraints on the number of geometrically distinct poles, we obtain
an integral expression of the operators. We find upper bounds for pointwise and uniform approximations
to the function |x|* with s € (0,2) on the segment [—1,1], an asymptotic expression for the majorant
of uniform approximations, and the optimal values of the parameter of the approximant providing the
greatest decrease rate of the majorant. We separately study the approximation properties of the Riesz—
Zygmund sums for Fourier—Chebyshev polynomial series, establish an asymptotic expression for the
Lebesgue constants, and estimate approximations to f € H() [—1,1] and v € (0,1] as well as pointwise
and uniform approximations to the function |z|® with s € (0, 2).
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Introduction

Consider the Fourler series 2 a,(f)pn(z) of some function f with respect to some orthogonal
system {¢n(z)}729. The expressions

Ré’é(f,x)—zn:<1—< - )A)éakwm(m), 5A>0, neN, &

prrd n+1

are Riesz sums of orthogonal Fourier series [1, 2].

Riesz’s summation method has wide application in the theory of Dirichlet series and analytic number
theory [3], as well as in the theory of Fourier series [4]. The relations of Riesz’s method with Cesaro’s
summation methods and the methods of discrete Riesz means of various orders are studied in [5, 6].

In (1) put 6 =1 and A = 2. In this case the sums of the form

R =3 (1- () e, n=o1.., ©)

k=0

coincide with the normal Zygmund means Z3,(f,z) (see [7-9] for instance) and consequently they are
called Riesz—Zygmund means. They enjoy a series of interesting properties. Chikina used Riesz—Zygmund
means to estimate approximations to functions of bounded p-variation in the L, space in [10]. The approx-
imation properties of Riesz—Zygmund means for Fourier series with respect to Vilenkin’s multiplicative
system in L, are studied in [11].

It is not difficult to see from (2) that

R (f,x) 222k+1skf, z),
k=0

where si(f,z) = > p_oar(f)pr(z) for n € N are partial sums of orthogonal Fourier series.
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Among the methods of rational approximation, some series of operators are distinguished that are
analogous to the well-known periodic polynomial operators of Fourier, Fejér, Jackson, and de la Vallée
Poussin [12-14]. The Riesz-Zygmund means of rational Fourier series with respect to a certain orthogonal
system of Chebyshev—Markov rational fractions with two geometrically distinct poles were constructed
and studied in [15]; in particular, there were found some estimates for uniform rational approximations
to the function |x|® with s € (0,2) and the parameter values ensuring the best estimates by this method.

In 1979 Rovba introduced [16] the Fourier-Chebyshev rational integral operator. Given a set {ax}}_;
of numbers, where ay are either real with |ag| < 1 or pairwise complex conjugate, on the set of func-
tions f(z) summable with the weight 1/v/1 — 22 on the segment consider the rational integral operator
associated to the system of Chebyshev—Markov rational functions [16]:

1T in \,
sn(f,x):%/f(cosv)de, X = Ccos u, (3)

S 3

where
v

)‘n(%u) :/)‘n(y) dy,

u

n

M) = 243 Ll o <t
2 kzl1+2|zk.|cos(y—argzk)+\zk] 144/1— a2

The operator s, : f — R, (A), where R,,(A) is the set of rational functions of the form

T 2z
#7 pn(x)eﬂDm (lk:?kz7k:1,2,...,n,
I1 (1 + az) “k
k=1
while A is the set of parameters {z1, 22,...,2,} and s,(1,2) = 1. In particular, if we put ax = 0 and
k=1,...,n then s,(f,z) amounts to the partial sums of Fourier—-Chebyshev polynomial series.

Operators (3) have found wide application in rational approximation [17-19]. Some classes of func-
tions on [—1, 1] discovered with their use reflect the specific features of rational approximation. Approx-
imations to the Markov function on the segment [—1, 1] by the Abel-Poisson sums for operators (3) were
studied in [20]. A similar problem for Fejér sums was solved in [21].

It is of interest to introduce Riesz—Zygmund sums for operators (3) with a fixed number of geomet-
rically distinct poles in the extended complex plane. This article establishes an integral expression for
the introduced operator and some approximation properties of the corresponding polynomial analog.

The problem of approximating |x| on [—1, 1] has a rich history stemming from the twentieth century,
when the polynomial approximation of this nonsmooth function drew the interests of Lebesgue, Jackson,
and Bernstein [22]. Newman’s article [23] on the rational approximation of || on [—1, 1] provided a new
impetus in this direction. The subject has developed in many articles [24,25]. The most complete result
is due to Stahl [26].

The studies of approximation to |z|* with s > 0 also go back to Bernstein [27]. Many available
articles deal with both the best approximations to this function [28-31] and particular approximation
methods [32-34].

As a separate problem, this article addresses approximations to |z|* with s € (0, 2) by Riesz—Zygmund
sums for operators (3). We obtain the appropriate estimates for uniform rational approximations and
establish that the Riesz—Zygmund sums under study for a certain choice of parameters also yield uniform
approximations better in the sense of order than the corresponding polynomial analogs.
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1. The Riesz—Zygmund Sums for Rational Integral Operators

Given a positive integer ¢ € (0,n), denote by A, the subset of parameters in A such that among
the numbers z1, 23, ..., zn, exactly ¢ are distinct and the multiplicity of each parameter equals m with
n = mgq. Consider the sums

Rn,q(f,.%') = (

where siq(f,) for k =1,2,...,m is operator (3) of order kq. It is natural to call (4) the Riesz—Zygmund
sums for (3).
It follows from (4) that R, 4 : f — R,(Ay) where R,,(A,) is the set of rational functions of the form

222/€+ )Ske(f,z), xe[—-1,1], m e NU{0}, (4)
k=0

()

(ﬁ (1+akx)>m’

k=1

ag

1+4/1—-a2
furthermore, R, 4(1,2) = 1.

Thus, we will discuss approximation by rational functions with ¢ geometrically distinct poles in the
extended complex plane, each of multiplicity m. For the first time approximation with constraints on
the number of geometrically distinct poles was studied by Lungu [35, 36].

n(x) € Ppy 2 = , k=1,2,...,q9, n = mgq;

Theorem 1. Riesz—Zygmund rational functions (4) admit the integral expression

Ry q(f,x) = /f(cosv)Kmq(u,v) dv, x¢€[-1,1], x = cosu, (5)

8n(m + 1)?

where

1 v—u
Kn7q(u’ 'U) = ﬁ <Sln (}\q —_ 2 ) - Slnt
Sin 2 Sin 5

+(2m + 3) sin (U;u + m)\q) — (2m + 1) sin <U_2u + (m+ 1))\q>),

1 — |z]?
A d
@ = Aglt,) /21+2|zk|cos —arg ) + a2

PRrROOF. It is known [16] that (3) can be expressed as

sulf.o) = g [ fleosu) (2] e 2E) g et (= e, o= conu
where
1 (o B ag
wn(C)—kl_[llJerC, Zk_71+ 1_(1%, |2k] < 1.

In the case of ¢ distinct poles the last integral expression, whose image is a rational function of order kq,
for k=0,1,2,..., is of the form

it froma(c(39) () ek w-ann
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Insert this expression into (4) and switch the order of summation and integration. This yields

1 ™
Rn’q(f, ﬂf) = m / f(COSU)KnH(u?U) d’U, x € [—1, 1]7 I = Ccosu,

—T

where

K"’Q(”’”):< gé(%“)@ﬁg)k— fé%“)(iﬁg)k%isﬁiw

2
Observe that

wQ(C) _ ei)\q(u,v)

Wq(f) ’

where A\;(u,v) is defined in the statement of this theorem.
In order to arrive at (5), it suffices to observe that in K, 4(u,v) the expression in parentheses is the
difference of two complex conjugate expressions and to apply the available equality

m

_ m m—+1 m m—+2
(2 4+ 1)gt = L= Bmt 3()1q e Cmt DI, (6)
k=0

The proof of Theorem 1 complete. [

When 2, = 0 for £k = 1,2,...,q, denote R, 4(f,x) by R,(f,x). The last quantities amount to the
Riesz—Zygmund sums for Fourier series with respect to the Chebyshev polynomial system of the first
kind. This yields the following corollary.

Corollary 1. We have the integral expression
1 s
R, (f,x)= Stn T 12 / f(cosv)Ky(u,v)dv, x=cosu, x € [—1,1], (7)

where

(2n + 3)sin(2n + 1)%5% — (2n + 1) sin(2n + 3) 454

a3 V—Uu
Sin N

Ky (u,v) =

The integral expression (7) appears in [15], where it was obtained as a particular case of Riesz—
Zygmund sums for Fourier series with respect to the orthogonal system of Chebyshev—Markov rational
functions with two geometrically distinct poles.

2. Studying Riesz—Zygmund Sums in the Polynomial Case

Let us elucidate the asymptotic behavior of the Lebesgue constant of the operator (7) as n — oo,
i.e., the expression

s
I - 1 / (2n + 3) sin(2n + 1)(75/?)3— (2n + 1) sin(2n + 3)(t/2) dt. ne N,
8m(n+1)2 sin®(t/2)
Theorem 2. We have the asymptotic equality
x1 4 +oo

2 i inu — 1
Ln:/smudu+/ |sinu 3ucosu|du+0( ) as n — oo, (8)

U U s U n+1

1

where x1 = 4.493 ... is the first root of the equation ¢(u) = sinu — ucosu = 0 on the interval (0, +00).
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PROOF. Since the integrand is an even function, write down

|(2n 4 3) sin(2n + 1)(¢/2) — (2n + 1) sin(2n + 3)(t/2)|

In=ia (n+ 1)2 / sin’(/2) .

Straightforward transformations reduce the integral on the right-hand side to

]Sln n+ 1)tcost/2 — 2( + 1) cos(n + 1)t51nt/2]

L, =
" n—l—l sind¢/2

Using the easy asymptotic equality

we conclude that

L, - /|sm n+ 1)tcost/2 —2(n+ 1)cos(n+ 1)tsint/2| Q0 1 '
(n—l—l t3 +1

In the integral on the right-hand side change the variable (n 4 1)t — u. Then

(nt1)m .
4 sin u cos —2(n+ 1) cosusin 52— 1
-2 / | D) i 2(n+1)‘ Qi+ O ( ) '
s U n+1
0
Since uniformly in uw € (0, (n + 1)7) as n € N we have
u u 2
——=1-0( | =0—— ,
o+ <<2<n+1>>>
3
) u u 0 u
sin = - — ,
2(n+1) 2(n+1) <<2(n+1)> >
appreciating that |u & v| = |u| + 0|v|, with 6 € [-1,1], we obtain
| U 2n Deosusing | < s 4 A
sinucos —— — 2(n cosusin —— | = |sinu — ucosu| + ————,
2(n+1) 2(n+1) (n+1)2
where 67 is some constant independent of n and wu.
The last equality implies that
(n+1)m
4 sinu — wcosu 1
0

The function v (u) = sinu — u cosu has exactly n zeros on (0, (n 4+ 1)7). Denote them by x1, zo, ...

Then
1 (7‘L+1)7T
Ln:4[/sinu—:cosudu+ / \sinu—gucosu] du] —i—O( 1 ) S T o
7r U u n+1
0 1
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Since

sinu — ucosu 1 sinu sinu — ucosu
—3du:f du — 3 + C,
u 2 u 2u

from the last asymptotic equality we infer that

1 (n+1)m
2 i 4 inu — 1
Ln:/smuahH— / |sinu 3ucosu\ du—l—0< > as n — o0o.
us U m U n+1
0 T

The first integral on the right-hand side exists. Considering that

(n+1)m (n+1)m (n+1)m
/ ]sinu—ucosu|d - / du+ / du 1 N 1 L0 1
U — — = —+ —
u3 - u3 u? 22 m n+1)’
x1 1 z1

we conclude that the second integral exists as well as n — oo. Consequently, we arrive at (8). The proof

of Theorem 2 is complete. [

REMARK 1. Theorem 2 implies that the Lebesgue constants of Riesz—Zygmund sums for Fourier—
Chebyshev polynomial series are bounded. The latter in turn means that the Riesz—Zygmund sums under
study converge uniformly for every f € C[—1, 1]. Theorem 2 is an algebraic analog of a result of Stepanets

37, p. 261]. O

Consider the classes H([—1,1], with 4 € (0,1], of f(z) satisfying the Lipschitz condition with

exponent v and constant 1, meaning the condition
‘f(xl)_f(x2)| < ‘xl—l'Q”Y, T1,T2 € [_171]
Theorem 3. If f belongs to HO)[—1,1] with v € (0, 1] then

™

ifv € (0,1) and

)~ Ralf) < 52 (VIS g

n—+1 n—+1
11("}/ = 1, where 22—702(7)‘33” O |w‘w 0.1/2
0 T (TH)? v €(0,1/2),
5
2277 || ||
71'2(1*“’)(2’)/—1)(71-&-1) =+ O((n—i—l)m)’ v € (1/27 1]7
1 —+o00
1 inu — 3
ay) = Gy /u71 sinu du + / |sin uu3liCObu’ du,
0 x1
1 s |
. sinu — ucosu
ca(y) = 2o, /u27 Lsinu du + ppE du,
0 r1

(10)

while x1 = 4.493 ... is the first root of the equation ¥ (u) = sinu — ucosu = 0 on the interval (0, +00).

123



PROOF. Since R, (-,-) is exact on the constants, from (7) we find that

™

1
] /[f(cosu) — f(cos(u+1t))]

f(x) = Ry(f,2) = Srn+ 12

(2n + 3)sin(2n + 1)(¢/2) — (_27rn + 1) sin(2n + 3)(t/2)
sin®(t/2) &

where = cosu and z € [—1,1].
Splitting the integral on the right-hand side into two integrals over [—m, 0] and [0, 7] and changing
the variable ¢t — —t in the first one, we obtain

f(@) = Ru(f, ) = In(+u) + In(—u), (11)

where

I (+u) = P g 2/ cosu) — f(cos(u % t))]

o

" sin(n + 1)tcos(t/2) — 2(n + 1) cos(n + 1)t sm(t/Z)
sin3(t/2)

Accounting for

t t
cosu) — f(cos(u Xt sin u|” sin + cos u|” sin ,
+ <27 Y sinY = Y sin2? 5

we see that

272
L,(+u)| < ———— | sinu|” v
|, (+u)| < o 1)2[|s1nu\ J1+|cosul" ], neN, (12)
where
7= / |sin(n + 1)t cos(t/2) — 2(n + 1) cos(n + 1)t sin(t/2)] gt
e sin377(t/2) ’
|s1n n+1) tcos(t/2) —2(n+ 1) cos(n+ 1)tsin(t/2)|
Jo = 32 dt.
7(t/2)

Inspect each integral separately. Using in J; the easy asymptotic equality

1 1
sind=7(t/2)  (t/2)377

1
=0 <t1—7> ast— 0, v € (0,1],

we obtain

dt

PR /’T [sin(n + 1)t cos(t/2) — Qt(gn 1) cos(n + Dtsin(t/2)

dt as n — 0o.

/ |'sin(n + 1)t cos(t/2) — 2(n + 1) cos(n + 1)t sin(t/2)|
=7
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In the integral on the right-hand side change the variable as (n + 1)t — w. Then

(nt D . u :
sinu cos 5= — 2(n + 1) cosusin 5=
Ji = 257 (n 4+ 1)2 / | 2(n+1) - 2(n+1)‘ du+ O(n +1).
u
0

The last estimate implies obviously that

(n+1)m ]
Jy =257 (n+1)>7 / |sinu ;fiCOSM du+O(n+1) asn— oo. (13)
u
0

Assume that v € (0,1). Acting as in the proof of Theorem 2, we find that
J1 =227+ 1)27¢1(7) + O(n+1) asn — oo, (14)

where ¢ () is defined in the statement of the theorem.
Assume now that v = 1. Then (13) yields

Th+41

n—1 .
sinu — ucosu
J = - _qyk [ BRU T ucosH
1 4(n+1)[1 cosx1+Z( 1) / = du
k=1 e
(n+1)m )
| W;C@S“du}w(nﬂ) as n = oo.
u
Tn

Calculating the integral on the right-hand side, we arrive at the asymptotic equality

1+22(—1)kCOS$k +0(n+1) asn— . (15)

k=1

J1 = 4(n—|— 1)

It is known [38, p. 30] that the roots xy, for k = 1,2,...,n, of the equation 1(u) = sinu —ucosu = 0 or
tg u = u, which is the same, have the asymptotic expansion

_mken 2 1 -
Th= Ty rek+1)  \k) * oo

Furthermore, in (15) we obtain

+0(n+1) asn— oo,

- 2
=4 1) (142 n—————
Ji=4(n+1) |1+ 251nﬂ(2k+1)+c

where ¢ is some positive constant.
Using the inequality sinf < 6 for 8 > 0, we find that

16(n+1) = 1
Ji < - ;2k+1+0(n+1) as n — 0o.

This implies that

L <S4 Dn+1)+0n+1) asn— . (16)
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Combining (14) and (16), as n — oo we obtain

2377 (n+1)27¢1(7) + O(n+ 1), ~€(0,1),
pe {0 YO0, 70D n
S(n+1)In(n+1)+0Mn+1), =1
Inspect the integral Js; see (12). Arguing as for the integral J;, we arrive at
(n+1)7r| ) ‘
_ _ sinu — ucosu
Jy = 25" (n 4 1)2 / e du+ O(n+1).
0
If v € (0,1/2) then
Jo =252 (n+ 1) ey(y) + O(n + 1), (18)
where the constant ca(7y) is defined in the statement of the theorem.
If v =1/2 then
8
Jy<=(n+1)In(n+1)+0(n+1) asn— oo. (19)
T
Assume that v € (1/2,1]. Then
1 (n+1)7r| ) |
o324 92— 9y sinu — ucosu sinu — ucosu
Jy=2""""(n+1) [/ g du + 32y du
0 r1
+0(n+1) asn — oc.
Taking the equality
x1 xr1
inu — 1
Jme gy
0 0
into account, as well as the easy inequality
(n+1)m
| sinu — wcos u|
- du
1
PR L !
20 2y -1 (2-29)2>"  (2-2y)(x(n+1)>2"
we arrive at the estimate
23—2')/ 2y—1 1
Jy < T ntl) +0((n+1)22) asn — oo. (20)

- 2v —1
Combining (18), (19), and (20), as n — oo we obtain
27 (n+ 1) Hey(7) + O(n + 1), 7€ (0,1/2),
Jp<{ Bn+1)n+1)+0mn+1), v=1/2, (21)
2372’\/7.‘.2771(

L O((n+ 1)), v e (1/2,1].

Inserting (17) and (21) into (12) and considering (11), we obtain (9) and (10). The proof of Theorem 3
is complete. [

REMARK 2. Theorem 3 implies that approximations to f € H([-1,1] with v € (0,1] by the
Riesz—Zygmund sums for Fourier—-Chebyshev series depend substantially on the location of x on [—1, 1];
furthermore, approximations at the endpoints decrease faster than on the segment in general.
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2. Rational Approximations to |z|*

Let us study approximations to |z|*, where s € (0,2), on [—1,1] by sums (4) with a fixed number of
geometrically distinct poles in the extended complex plane. Since the function in question has a power
singularity at x = 0 and is even, we have to make a special choice of parameters of the rational approxi-
mant. As above, take an arbitrary positive integer ¢ € (0,n). Consider the set Ay, of 2n parameters of
the form

2 =00, Zg4q = —t0g, k=1,2,...,q, n=mg.

In other words, we will discuss approximation by the rational functions of the form

o (2?) 2z
ron(t) = —4— mr T
(foay "

where 7, (22) is an even polynomial of degree at most 2n.
Put
62”7211('1‘7‘42(]) = ‘$|S - RQTL,QQ(‘ ’ |87$)7 T e [_17 1]7

€an,2¢(A2q) = [[|2[” = Ranyaq(| - I°,2)lc(-1,0), nEN.

Theorem 4. For approximations to |z|® with s € (0,2) on [—1,1] by the Riesz—Zygmund sums (4)
we have
(1) the estimate for pointwise approximations

2 tl s
€ x, A < 51 —
[£2n.24(; Azq)| (m+1)2x / V14 2t2 cos 2u + t4
1 Al — (2 3 m—+1 9 1 m+2
L Doy (1)] = (2m o+ 3)xag (1) 2+< m+ DO 4 (22)
(1= [x24(t)])
T =Ccosu, r € [—1, 1], where
4 42 2
t - Otk,
x2q(t) =] 1= a2’
k=1
(2) the estimate for uniform approximations
€2n,2¢(A2q) < €5,,94(A2q), M EN, (23)
where
. 92—s . TS
Shraalan) = G
1
« [0yl bl = G Dol s G+ Dhed O, (24)
/ (1= |x24(t)])

PrOOF. Using the accuracy of Riesz—Zygmund sums on the constants, we find from (4) that

1 m
on.2q(2, Agg) = D D 2k + D)ook 2q(w, Agg), € [-1,1], (25)
k=0
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where 09, 94(, Agg) for k = 0,...,m amount to the approximations to |z|* on [—1,1] by (3). It is
known [17] that we have the integral expression

n 1-s ()
don(z, A) = s sm/ Zysgl= Sﬁ 12:2(3 + (;221(2 Xon(t) dt,

where ) 0o )
&+ ozk t* — o, 0
w || , t:”i, =e", x = cosd.
2n(& 1+ a2¢? xzn(t) Pl azt? §

With our constraints on the parameters of the approximant, the last expression becomes

(G 1)’”21 ’ s [EeBy(©)  wR(©)T
O2m,2(; Azq) = Sm/ )°t 1+§2€2 + 52:152 Xou(t)dt, m € N.

Inserting the last integral expression into (25) and switching the order of summation and integration, we
obtain

2'=
E2n,2¢(2; Ag) = (m+1)2r " ?
X -
sy gy (6) | w5y (©)
x /(1 — 2t 3 (DR 2k + l)xé“q(t)[lff%z 5221 tz} dt.

k=0
0
The terms in square brackets are complex conjugates of each other, and so their sum is real. Straight-
forward rearrangements yield

§2uh (&) Wb (€) _ 2costog(z,t) k=019 .
1+1262 2442 /11 22cos2u + ¢4 oy
where ) k( )
_ S Wae\S) 3 _
w2qk(aj7t>_a‘rg 1+t2€27 k_071727"'7m
In result,

€2n,2¢(T, A2q) =

t2 syl—s m
2k: +1) cos Yogr(x,t) dt. 26
/\/l+2t200s2u+t4kzo DX (1) €08 age(2: ) (26)
From the last expression, we arrive at
1
22—s s (1 t2)stl—s m
€ x, A < sin — (2k +1) dt.
eoanlo o) < Gy | e g 2+ Dl

Applying (6) to the sum in the integrand, we Justlfy the first claim of Theorem 4, i.e., the estimate
in (22).
From (22) we obtain (23) by observing that
V1+22cos2u+ti>1-12, te [0,1], u € R.
The proof of Theorem 4 is complete. [

Put a =0 for k =1,2,...,q in Theorem 4. Then e, 2(z,0) = 55?1) (x) and €25,2(0) = 5&23 amount
respectively to the pointwise and uniform approximations of |z|* with s € (0,2) on [—1, 1] by the Riesz—
Zygmund sums for Fourier—Chebyshev polynomial series. In this case Theorem 4 implies
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Corollary 2. For approximations to |z|* with s € (0,2) on [—1,1] by the Riesz—Zygmund sums for
Fourier—Chebyshev polynomial series we have
(1) the pointwise estimate

2—s
(0) 2 . TS
€5, (z)] < mml?

PSS 1442 — (2n 4 3)12 T2 + (2n + 1)
\/1—1—2t20052u+t4 (1—¢2)2

dt, x€[-1,1]; (27)

(2) the 1ntegra] expression

1
2275 1 t2 —(2 3 t2n+2 2 1 t2n+4
(0) = (T sin T‘—S/ 1-— tQ)S_ltl_s + ( nt ) + ( nt ) dt, n e IN. (28)

2n T (1 _ t2)2

The inequality in (27) is sharp, as the equality is attained for x = 0.

PRrROOF. We obtain (27) directly from (22) by putting ax = 0 for £ = 1,2,...,q. Let us show
that (27) is accurate. To this end, put z = 0 in (27). Then

ot L+12 — (2n + 3)t2"+2 + (2n + 1)¢?n+d
lean(0)| < (n e 5 sin / 1= 1) dt. (29)

On the other hand, putting ap =0 for k=1,2,...,q in (26) yields

1
92—s . TS (1-— t2)5t1_5
———sin —
m(n+1)2 2 ) V1 +2t2 cos 2u + t4

Egn(x) =

X Y (—1)F(2k + 1) coshog(x, )t dt, x € [-1,1], s € (0,2),
k=0

where )

Yor(x,t) = arg 1—|—£§2t2 +2ku, & =e™, x = cosu.

Inserting x = 0 in the last relation, we verify that the inequality in (29) becomes an equality.
From (23) with a = 0, appreciating that the estimate in the polynomial case is attainable for z = 0,
we obtain (28). The proof of Corollary 2 is complete. [

3. Asymptotics for the Majorant of Uniform Approximation

Let us find an asymptotic expression for (24) as m — oo. To this end, in the integral on the right
change the variable of integration as t?> = (1 — u)/(1 + ), and so dt = —du/((1 + u) (1-— u) ). Then

* 2 . TS
E€3n,2q(A2g) = msmj ps(w) G (|mg(u)|) du, (30)
0
where ( ) " ( ) .
1+y—0Cm+3)y"™ ™ + (2m+ 1)y™
Gn<y) - 2 s
(1-vy)
s—1 q 2
u Br —u 1—ag
slu) = =, Tg(u) = , = , k=1,2,...,q.
) = i 0 =I5 A y
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Observe that in the case under consideration for each n € N we can choose the corresponding tuple of
parameters (01, B2, ..., Bq), i.e., B = Br(n) for k =1,2,...,q. Impose the conditions

lim mfBy =00, k=1,2,...,q, n =mg; (31)
m—0o0
without loss of generality we may also assume that the parameters i, k =1,2,...,q, are ordered as

0<Bq§6q71§"‘§51§1-

Theorem 5. For €5, ,,(A2) as m — oo we have the asymptotic equalities

L 10 (Ag,), s€(0,1),
(1—s)(2—s) (kz_:l ﬁ) (m+1)s
2In(m+1) (1) _
. 1 | 7ws | =+ D,/ (Agy), s=1,
€2n,2q(A2q) ~ ;SIHE (m+1) ; % ! (32)
Jj=1
27rGs) + o) (Ay,), se(1,2)
(H)@ﬁ (m+1)*
with
= 1t |y ()] i 1+ |y (u)]
®L)(Agy) = / s a du+/,us a du|, 33
= e | & ) e ™) Tl 39)
j+1 1

where I'(s) is Euler’s gamma function and n = mgq.
Proor. Express (30) as

sin = [I()(Agy) + I® (Agg) + 1P (Az,)], meN, (34)

E;n,Qq(AQ(I) - m 2

where 5 o
10(ay) = [ 1 0)Cilm) s 1P(A2g) = 3 [ pela) G0} s
0 =181

1

1) (Asg) = / 1151 Gon (| ()]
B1

Let us separately study the asymptotic behavior as m — oo of each of the three quantities. For I,(Zl)(qu)
apply the method for studying the asymptotic behavior of integrals which was proposed in [39, p. 375].
Differentiate the integral on the right-hand side with respect to m twice. Then

(1) Pa y
W - / ﬂfjr%))z(—%g”l(u) — (2m + 3)m" T (u) In7g (u)
+27TZI"+2(U) + (2m+ l)wg‘+2(u) In Wq(u)) du, (35)

Bq
1
I (Aa) [ ot 2T st g,

om? 1 —7q(u)
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_m+3) 7Ms(u) (%) " m S g,
0

1 —mg(u)

Bq
+2m+1) / 116() <W>Qe<m+2>s<u> du,  S(u) _Z B — v (36)
0

Assume that s € (0, 1]. Inspect the asymptotic behavior of the integrals on the right-hand side as m — oo
using Laplace’s method [40,41]. The function S(u) decreases on [0, 3,], and so reaches its maximum at
u = 0. Expanding S(u) into its Taylor series in a neighborhood of u = 0 and appreciating that

s—1 In Tq ('LL)

ps(w) ~u’ p— -1 asu—0,

for some small ¢ > 0 as m — oo in (48) we see that

02180 (A r
8?7522(1)'\1(2771-1—1)/ s~Lexp
0

y q
—(2m—-1) /us_l exp [—Q(m + 1)uz 51k]

.1
—2(m + 2)u ;B]

Changing the variables in the integrals on the right-hand side respectively as 2(m+2)(>%_, 1/8,)u >t
and 2(m + 1)(3F_, 1/Bk)u +— ¢ yields

021) (Agy) NG
oOm?2 ~ q s
(20 £ )

as m — o0.

In order to arrive at asymptotics for L(Ll)(qu), integrate the right- and left-hand sides of the last asymp-
totic equality with respect to m twice. We have

2F(s)(m+1)q2_s . se (O, 1)
(1—s5)(2—s) (2 > i)
1) N k=1
I (Azq) (m+1) In(m+1) _ (37)
—t s=1.
>4
j=1

Assume that s € (1,2). Then it suffices to differentiate the integral in question with respect to m once.
Furthermore, (35) yield

Bq
617(11)(14211) m+1( ) du hl g (u) w;”+1(u) du
om ——2/us(u) 1 —mg(u) —(2m+3) / 1—7rq (u) 1—mg(u)
0

0

g ng(u) 752 (u) du
+(2m+1)/ﬂs(u) 11_;5(3) f—frq()u) .
0
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Using Laplace’s method again to study the asymptotic behavior of integrals on the right-hand side, we
obtain

8I£1)(A2q) ~ (2m + I(s) s€(1,2), asm — oo.

om (2(m+ l)kil Blk)s,

Integrating the last asymptotic equality with respect to m, we arrive at

2T (s)(m + 1)%~¢

IV (Ag,) ~ 7 s, s€(1,2), asm — oo. (38)
2-9(23 4)
= Br
Equalities (37) and (38) show that, as m — oo,
4 2F(s)(m+1)2_s s e (0 1)
(1-s)(2—s) (2 Zq: é)
k=1
. (m—‘,—ll)lln(m—i-l), s=1,
LD(A) ~ > % (39)
=
s)(m 2—s
22F((2—11_1)1>57 s € (]-7 2)
(2—s) g::lﬁ

-1 i
(2) _ oLt M@l
W =3 / i) G i (),
where
_ N Ol
Om(Azq) 2(m+1) us(u)l_ T du
jZIﬁj+1 !
S )l
-X [ 0 G

The first term in [7(12)(142(1) is independent of m. Since

2 L1 B /Be Ty 1-Bu/b .
7 (u I;Iﬁk-i-u H L Br A+ _1};[11+5j+1/5k H 1+ B/B;’ € By, Byl

k=j+1
we conclude that for constant Bk, where k =1,2,...,q, we have |my(u)| < d < 1 for u € [Bj41, 5], where
j=1,2,...,q— 1. Consequently, 6,,(Aa,) decreases as a geometric progression as m — oco. However, if
Bi+1

Br = Br(m) for k =1,2,..., ¢ then it is not difficult to establish that |my(u)| < e (31) is fulfilled
then obviously |my(u)[™ ! — 0 as m — co. Hence, we conclude that

I{9(Asg) ~ ‘ / M(@% du as m — oo. (40)
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Arguing similarly for .TT(Lg)(A)7 we find that

1
I (Agg) ~ /,u,s(u)(11j_|’7r7:1((5))|’)2 du as m — oo. (41)

B1

Basing on the asymptotic relations (39)—-(41), from (34) we obtain the asymptotic equality (32), which
completes the proof of Theorem 5. [J

In Theorem 5 put §; = 1 for j = 1,2,...,q. The quantity €3, ,(0) = 55?3 amounts to a uniform

approximation to |z|® with s € (0,2) by the Riesz—Zygmund sums for Fourier—Chebyshev polynomial
series. Furthermore, Theorem 5 implies the following:

Corollary 3. The uniform approximations to |z|* with s € (0,2) by series (28) as n — oo satisfy

22751—1 s
TS e s € 0.1,

©o 1 . 7)) ammet)
€on ™ ;Sln7 nt1)
22791 (s)

(2—s)(n+1)s>

where I'(s) is Euler’s gamma function.

4. The Best Estimate for Approximations by Rational Riesz—Zygmund Sums

It is of interest to minimize the right-hand side of (32) by choosing the tuple {57, 53, ..., 3;} optimal
for this problem, which means seeking the best estimate for the uniform approximation to |z|* with
s € (0,2) by the rational Riesz—Zygmund sums. Put

. . e s
E2n,2q = }4112f €2n,2¢(A2q);  E3pog = igf E9n,2q(A2q)-
q q

Note the obvious inequality resulting from (23): e2n2¢ < €3,,94, 7 € N. In view of the last estimate,
below we discuss asymptotics for the majorant of uniform approximations.

Theorem 6. Asn — oo we have the asymptotics

u(s,q)
7= s e (0,1),
(n+1)2(1 2+S - ( )
1 —s — ( )Q*l
€an,2q ~ S0 7;8 SR ( )W]—f)ql, s=1, (42)
( +1)2(lfés%ig)255 - s€(1,2),
n s
where 22 52725+2 2s)q-2 2 (275y0-1
(s)ley(s)) 727 7 SR VE e se 1)
S ors (Pt (2-5) s (3~ (2520 Y- I e
p(s,q) = { 3(4—m)3230-)"7), s=1,
(249)[ei (s )]z+s %2 - (2pnyed) R (2 se(12)
R RARNCHRE T Bl e ’ Y
/1 u du 1F(l ) 2p(2ys r(i+2) € (0,2)
5 — - = ——— - b — , S ,
1+u)(1—u2)2 s 2/ |y \2 2 2
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PROOF. Let us cheek (32). It is obvious that for constant Sy, where k = 1,2,...,q, the order in
these relations does not differ from the polynomial one. Suppose that 8y = Bx(m) — 0 and Sx+1 = o(Bk)
as m — oo, with the fulfillment of (31). In this case it is not difficult to see that as m — oo we have the

asymptotics
o
=1 Bk Bq
J
Br—u u— P 2u
1_H H ) 71727 '7q_1aue[ﬁj+17/8j]7
k1ﬁk+uk:+1u+ﬁk B
u—P 2B
1— Loy 1
’g vt 6 u [81,1]
Furthermore, from (33) we find that
1 1 =g
B (42y) ~ YL+ A e,

(m+1)? 2—sj:1 ?;f B?

where ¢ (s) is defined in the statement of this theorem.
The asymptotic equalities in (32) as m — oo become
* 1 . TS
E€3n,2¢(A2q) ~ w(m+1)2 sin 7‘1’(8)(1420» (43)
where

qg—1 p2
W) (Agg) = cq(s,m) 85 + ! > b, ab)

— 2— 2
2—s j=1 j+f 1
22751"( )( +1 2—s
Toes s,
cg(s,m)=4¢ 2(m+1)In(m+1), s=1,
ELGmETE s e (1,2).

For each s € (0,2) the right-hand side of (43) is a function of (31, f2,..., ;) continuous at each point
of the g-dimensional cube [d, 1], where § = d(n) > 0 is some quantity depending on n and bounding
the parameter set (51,82, ..., 04) on the left for every n. According to Weierstrass’s Theorem the right-
hand side of (43) has a strict minimum at some 8* = (61,53, ..., ;). Furthermore, since 8 = 1 for
k =1,...,q correspond to the polynomial case, while when Si(n) — 0 as n — oo the right-hand side
of (43) grows boundedly and rather fast, we may assume that 8* is an interior point of the cube [4, 1]7.
In order to find the optimal tuple 8*, solve the extremal problem

) (Agg) = cqls m)65+£+---+ 53 i Cl(s)—>inf. (44)
T Q- s 2-8)8;70 2-9)8,7° B A

The function \IJ(S)(AQQ) of (B1, P2, - .., Bq) is continuously differentiable on (0,1)?. It is natural to seek the
minimum point of the function where the necessary condition for extremum holds: W) (Ag,)/dB = 0

for k =1,2,...,q. Straightforward calculations lead to the system of equations
( B2
SCQ(Svm)Bg 1— Béfi =0,
2
75 Bgii Bgii =0,

s BTy
........................ (45)
2 B B
2—s /63%_5 Bg_s 9
2 B 2a(s)

\ 2-s 55—5 B3 ’
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from which we successively determine

2 2 9 2, 9 \2
g_s = scq(s,m) ;, g_s = 7scq(s,m)ﬁg, %_S = — scq(s,m)ﬁg,
b i 2—s 5 2—5
q— q—
3% 2 \7? 2¢1(s) 2 \7!
ol 22—5 =5 scq(s,m)By, 7 =5 scq(s,m) ;.

Inserting the last relations into (44), we find that for the optimal tuple of parameters of ¥(*)(Ay,) becomes

S * S 1 S 1 2 S
ol )(A2q) = cq(s,m)B; + 27_38%(8, m)B, + 27—327—380‘1(8’ m) B+

1 2 \¢? 1/ 2 \*!
2—3(2—3) scq(s,m)ﬁg—l—2<2_s> scq(s,m)B;

q—1
— 2?(21) Cq(s,m)gg:@z)fgl((ﬂ. -

It remains to find B7. To this end, inspect (45) once again. We successively determine that

2
(52;1> = s¢q(s,m),

2

- 2 2—s
<gzi) =5, (5c(s,m)) =,

— 2 2 2 - 253
<§Z_z> :2_3<2_ (scql(s,m)) 2> ’
........ 25(17(25)11_2)

<g;> : > (SCq(S,m))(Qgs)q_Q,

o (el ()

For the found 7 in (46) we have

2—3)q71 22—s (17(2—3)q72)

(2 + 8)[c1 ()] 75 [eg(s,m)] 25 U3 )" 9 3 (1-(5

1 2 (2*3 2—S)qfl) ’

U (A5 ) =
( QQ) S T 2%s 2 )qil(Q—S)ﬁ(l_( 2

s € (0,2).

Returning to the original values of ¢;(s) and ¢,4(s,m) and recalling that n = mg, from the last equality
and (43) we obtain (42). The proof of Theorem 6 is complete. [

In Theorem 6 put ¢ = 1, so that the approximant has two geometrically distinct poles in the extended
complex plane. In this case we obtain the following
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Corollary 4. Asn — oo we have the asymptotics

(24 ) (200

s\ =2
s e B S (UR)

S (n+1)2+
« 1 . 7s 1 1
E3n2 ~ —SiN o 334W%, s=1,
215 (s) ey ()ﬁ)m 1
2+ RICRRE s 02

Some results with a similar order were obtained in [15] by studying approximations to |z|® with
€ (0,2) by the Riesz—Zygmund sums for Fourier series with respect to the orthogonal system of
Chebyshev—Markov rational fractions with two geometrically distinct poles.

REMARK 3. Comparing the results of Theorem 6 and Corollary 3, we conclude that for an arbitrary
value of s € (0,2) by making a special choice of parameters of the approximant we can attain the rate of
uniform rational approximation by Riesz—Zygmund sums greater than for the corresponding polynomial
analogs. This result is valid, in particular, in the case of two geometrically distinct poles of the rational
approximant.

Put

Eng(2?) = igf =" — Rn,q(iUW?x)HC[O,l]a neN,
q

where R, 4(z7,z) are the rational Riesz—Zygmund sums of order n with ¢ geometrically distinct poles
constructed for the function 7 with v € (0, 1) on the segment [0, 1].
It is known [31] that the best uniform rational approximation satisfies

Ron(|z]?Y, [-1,1]) = R (2%, [0,1]), n€N.

Arguing appropriately in our case, we obtain the following

Corollary 5. Asn — oo we have e, 4(27) < &}, ,(z7), where

( GH)) 1
PN v € (0, 3),
(n+1) T+
siIn7y 91— (=w? In(nt1)]3 (2" 1
€;7q($7) ~ 47_( q ( T+v ) (1/2 %’ Y =5,
w(v,q) 1
BT LY 7€ (3,1),
\ (n+1) T+y

(L)fea ()] T [Ty 7 0

(17,Y)q—1 ) ’7 G (07 %))

2_ 1
TR A O 1(1_7)ﬁ(%*“”)q_”u—m)ﬁ
w(v,q) =< 3(4—m)32s1-E)), y=1,
L -1
NP PYGH) Rl ') Rk ye(31)
Y+ (272 —4y+1)(1—-7)9 1A=y~ 1 11 )qfl)’ 20 =)
2 (1) ~ T+ (1—y) T+ v
1
u? T du MN1—~) [ 2 3
= —I'| = - I'(1 , € (0,1).
/ 1+ u)(1 —u2)7 s [\/% <2+7) ( J”)} e (01)
0
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Conclusion

This article studies the approximation properties of the Riesz—Zygmund sums for Fourier—Chebyshev
rational integral operators with a fixed number of geometrically distinct poles. We have found an integral
expression for the rational approximation method in question.

Studying approximations to |z|® with s € (0,2) on [—1,1] by Riesz—Zygmund sums, we established
estimates for pointwise and uniform rational approximations and found an asymptotic estimate for the
majorant of uniform approximations depending on the parameter of the approximant. For each s € (0, 2)
we found the optimal values of parameters which ensure the smallest majorant of uniform approximations.

Also studying the approximation properties of the Riesz—Zygmund sums for Fourier—Chebyshev poly-
nomial series, we found asymptotics for the Lebesgue constant and established estimates for approxima-
tions to f € HM[—1,1] with v € (0,1]. We obtained sharp asymptotics for uniform approximation to |z|®
with s € (0,2).

The results of this article imply that for a special choice of parameters of the approximant the
decrease rate of uniform rational approximations turns out significantly above its polynomial analogs.
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