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ORIENTED ROTATABILITY EXPONENTS OF SOLUTIONS TO
HOMOGENEOUS AUTONOMOUS LINEAR DIFFERENTIAL SYSTEMS
A. Kh. Stash UDC 517.926

Abstract—We fully study the oriented rotatability exponents of solutions to homogeneous autonomous
linear differential systems and establish that the strong and weak oriented rotatability exponents co-
incide for each solution to an autonomous system of differential equations. We also show that the
spectrum of this exponent (i.e., the set of values of nonzero solutions) is naturally determined by the
number-theoretic properties of the set of imaginary parts of the eigenvalues of the matrix of a system.
This set (in contrast to the oscillation and wandering exponents) can contain other than zero values
and the imaginary parts of the eigenvalues of the system matrix; moreover, the power of this spectrum
can be exponentially large in comparison with the dimension of the space. In demonstration we use
the basics of ergodic theory, in particular, Weyl’s Theorem. We prove that the spectra of all oriented
rotatability exponents of autonomous systems with a symmetrical matrix consist of a single zero value.
We also establish relationships between the main values of the exponents on a set of autonomous sys-
tems. The obtained results allow us to conclude that the exponents of oriented rotatability, despite
their simple and natural definitions, are not analogs of the Lyapunov exponent in oscillation theory.

DOI: 10.1134/S003744662401018X

Keywords: differential equation, autonomous system, oriented rotatability exponent, oscillation

1. Introduction

The Lyapunov characteristics of oscillation of solutions to differential equations and systems were
first introduced by Sergeev in [1-4]. The motivation to their consideration is as follows. As is known,
the Lyapunov and Perron exponents of a linear differential system coincide in the autonomous case with
the real parts of the eigenvalues of the coefficient matrix; and so they can be considered as analogs of
the real parts of the eigenvalues (the Perron exponents after regularization in the Millionshchikov sense)
for systems with variable coefficients. But the analogs of the imaginary parts of eigenvalues for linear
differential equations with variable coefficients are Sergeev’s frequencies (which were called earlier the
characteristic frequencies) after regularization in the Millionshchikov sense [2-5] and, for linear differential
systems, the oscillation exponents (they were earlier called full and vector frequencies) [6-10]. Hence,
the definition (in addition to the Lyapunov and Perron exponents) of these characteristics allow us to
achieve some natural necessary completeness of considerations of linear differential equations and systems
from the viewpoint of asymptotic behavior at infinity of their solutions to the extent that this behavior
is defined by the roots of their characteristic polynomials.

The collection of adopted characteristics increases constantly. Oriented rotatability exponents were
defined in the report by Sergeev [11] in 2013. Their spectra for autonomous systems contain the collection
of the moduli of the imaginary parts of eigenvalues of the system matrix but they do not agree with this
set in the general case [12]. The question of typical values of an oriented rotatability exponent and its
spectrum was pointed out in this report. Burlakov managed to prove that a wide class of systems with
constant coefficients (which have real eigenvalues or two complex ones with incommensurate imaginary
parts) has zero as a typical value of this exponent and to define its spectrum for the systems with
simple purely imaginary eigenvalues [13]. Thereby, the problem of determining the spectra of oriented
rotatability exponents is partially solved. In the present article, we solve this problem on using the
Burlakov ideas.
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Given n € N, denote by .Z" the set of the linear systems
t=A({t)x, zeR", teRy=]0,+00),

with bounded continuous operator-functions A : Ry End R™ (each of which is identified with the cor-
responding system). A subset of .#™ comprising autonomous systems is denoted by €. Denote the
solution space of the system A € .#™ by .#(A); and the subset of the nonzero solutions of A, by .7 (A).
Below, the star subindex designates a vector space without zero. Let

sr= ] (A
Ae.an

2. Oriented Rotatability Exponents

DEFINITION 1 [11]. Given z € C*(Ry,R?) and a finite time ¢ > 0, define the functional ©(z,t) as
a continuous branch of the oriented angle between the vectors z(¢t) and x(0) such that ©(x,0) = 0. If
there exists a time 7 € [0,¢] for which z(7) = 0, then by definition (despite the loss of continuity) we
take O(z,t) = +o0.

DEFINITION 2 [11]. The lower (upper) strong and weak oriented rotatability exponents of a vector
function x € . are given by the formulas

- 1 P — 1
0°(x) = inf lim —|O(Lz,t)| <0°(x) = inf lim \@(Lx,t)\) ,
LeEndy R™ ¢ 570 LeEnd; R t—+o0 ¢

. 1 N — 1
0°(x) = lim inf  —|©(Lx,t)| (90(1‘) = lim inf |®(La:,t)|) ,
t5too LEENd2 R™ ¢ t—+00 LeEnda R* ¢

where Ends R™ is a subset of the collection End R™ of linear operators of rank 2.

If the upper and lower values of one of the above exponents 3(x) = 5(z) coincide then we say that
the exponent s(zx) is ezact and if so do the weak and strong exponents »°(z) = »*(z) then we say
that s(x) ia absolute.

REMARK. Note that rotatability exponents for n = 1 are no senseless. Hence, we will assume
that n > 2.

DEFINITION 3 [11]. For all
w= 0%, 0%, 00,0 (1)

the 7th upper and lower principal (or regularized in the Millionshchikov sense) values w;(A) and w;(A) of
the corresponding oriented rotatability exponents of a system A € .#"™ are defined as

-(A) = inf i(A) = inf )
A=l S A R i

where i = 1,2,...,n. Let G*(A) stand for the set of i-dimensional subspaces of .7 (A).

The proof of Theorem VI [3] can be applied to (1). Thereby, for every system A € .#Z", we have

0<wi(4) < <Swp(d), 0<wi(A) < <wn(A), (2)
wi(A) <w;(A), i=1,...,n, (3)
wi(A) =wg(A) = inf(A)w(ac), wp(A) =wr(A) = sup w(z).
TES €S (A)

Denote the last quantities by wi(A) and w,(A), respectively.
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3. The Basic Results

DEFINITION 4 [13]. Let ged® be the function on the set of nonnegative numbers @ = {qi, ..., ¢, } such
that ged® ({¢;}) = ¢ foralli =1,2,...,r. If ¢;, with¢ = 1,...,r, are pairwise rationally incommensurable
then ged® (Q) = 0. Otherwise, we consider the largest « such that S = {%, cee %} consists of integers.
If S contains at least one even integer then ged* (Q) = 0; otherwise ged® (Q) = a.

Theorem 1. For an arbitrary A € €™, the exponent 0 is exact and absolute, while the spectrum
of A is of the form

Specg(A) = {gcd*(S) |S# @, SC{|ImA(A4),...,|Im )\n(A)]}}, (4)

where \;(A), with i = 1,2,...,n, are the roots of the characteristic polynomial of the system ordered by
moduli of their imaginary parts.

Corollary 1. For an arbitrary system A € €™, the spectrum of the exponent 6 is discrete and its
power is at most 22 — 1.

As is known from algebra, all eigenvalues of a symmetric matrix are real. Hence, the following holds:

Corollary 2. Spectra of all oriented rotatability exponents of autonomous systems with a symmetric
matrix consist only of zero.

Theorem 2. For all A € €" and w = 6°,6°,60°,6°, we have
wi(A) = wz(A) = w5(A) = -+ = wn-1(A) = w=7(4) < wnp(A4) = [Im A, (4)]. (5)

n—1

4. Auxiliary Definitions and Facts

DEFINITION 5 [8,9]. The upper (lower) strong and weak oscillation exponents of hyperroots of a func-
tion z € ./ are defined by the formulas

~ . -— T - . . ™
¥ (x) = mlg[lgn tlgrnoo ?y* (z,m, t) (l/;‘< (x) = mlgngn t_l%oo —v*(x,m, t)) )

N T T
J(x)= Tm  inf ~v*(z,m,t ( = lim inf ~u* t)
Po(z) = lim inf —v™(z,m,t) (25(2) m nf v (z,m,t) ),

where v*(xz,m,t) is the number of hyperroots of the inner product (x,m) on (0,t]: every not multiple
roots is taken once while a multiple root infinitely many times.

Lemma 1 [10]. For all z € .#]* we have
6°(x) < 03(x), B°(2) < 7(2), 6°(2) < Di(x), 6°(x) < P(x).

DEFINITION 6 [14]. The following objects are called similar:
(a) matrices A, B € €™ if B = CAC~! for some nondegenerate matrix C € €™
(b) vector-functions z,y € ./* if y = Cz for some nondegenerate matrix C' € €.

Lemma 2. Similar vectors x,y € . satisfy the equality
x(z) = =(y), (6)
where s is one of the oriented rotatability exponents 0°, 6°, 6°, and 6°.

PROOF. Let x,y € & be similar. There exists a nondegenerate matric C' € €" such that y = Cx.
The lower oriented rotatability exponent enjoys the relation

1 1
0°(y) = Ui inf  ~|O(Ly,t)| = L inf  ~|O(LCx, )| = 0°(x).
(y) Jm i S1O(Ly. 1)] i S O(LCz, 1) = 6°(x)

Equality (6) for the remaining oriented rotatability exponents is proven by analogy. [
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The candidate thesis by Burlakov contains the proofs of the three lemmas:

Lemma 3. Let the vector-function

_ [ 51(7)
x(7) = <92(7)> € CY(Ry,R?)

meets the conditions |x(t)| # 0, g1(0) = 0, and all zeros of g are simple. Denote by t; the zeros of g
beginning with tg = 0. Then

’ thk

Ek: (Sgn 92(ti) — sgn gQ(ti—1)> ’, k> 0.

=1

1\3\21

Lemma 4. In the notations of Lemma 3,

k

T (—1)'sgnga(t;)

]\ewn -
=1

’SQW

for every t € R4, where k is the minimal index such that t;, <t.
Lemma 5. For an arbitrary x € C'(R,,R?), a real a > 0, and the function y with y(t) = z(at), we
have
#(y) = ax(x),
where s is one of the oriented rotatability exponents 0°, 9', 0°, and 6°.

DEFINITION 7 [15]. By a real analog of a Jordan matriz, we mean a block-diagonal matrix with
blocks of the form

A1 0 0
0 x 1 0
J)\,s: 0 ecgs’
0 0 . A1
0 0 . 0 A
a g 1 0o ... ... 0
-6 a 0 1 0o ... 0
0 a f 1 0 0
0 -8 « 0 1 ... ... 0
Jagp=| 1 ¢ 1 o ew,
0 O 0 a p 1 0
o 0 ... ... 0 -8 «a 0 1
0 0 0 0 0 a B
0 0 O 0 0 -8 «

where o, 5 € R, 5,7 € N, and p = 25; in this case the former blocks are called single and the latter paired.
Denote by ¢? the collection of all two-dimensional subspaces G of R endowed with the finite Lebesgue
measure and standard topology and by Pg the orthogonal projection onto a subspace G C R™.

Lemma 6 [11]. If L = Pg in (6) of Definition 2 and we take the greatest lower bound over G € 4?
rather than the greatest lower bound over L € Endy R™ then the quantities defined by these equalities
coincide.
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5. Proofs of the Main Results

PROOF OF THEOREM 1. 1. Asis known [15], a matrix A € €™ is similar to a real analog of a Jordan
matrix, passing to which replaces every solution to the system A with a similar vector-function while
the values of the oriented rotatability exponents in question do not change (Lemma 2). Hence, A can be
assumed to be a real analog of a Jordan matrix.

2. Order the eigenvalues A1, Ag, ..., Ay of A by nondecreasing moduli of their imaginary parts and
construct the real fundamental system of solutions

T11 x12 T1in
21 22 Ton
1 _ 2 n __
T = . , x°= ) , ., Tt = ) (7)
Tnl Tn2 Tnn

to A € €™ from the subsystems of solutions corresponding to the blocks of A:

(a) To every single block Jy, s of order s relating to A\;, € R, there corresponds a subsystem of s
solutions

ts—l
2 (t) = eMhy, .. ") = We/\kthk o e o+ M hyg o,

where jth component of every vector h; in this subsystem is equal to 1 and the remaining components
vanish.

(b) To every paired block J, g, of order p = 2s relating to A, = a+if3, there corresponds a subsystem

k k41 xk+2s—1

A I of the solutions

T1k 0 T1k+1 0
Tk—1k 0 Tl—1k+1 0
Trk | e*cospt Tl 1 | e*tsinpt
Tpye | | —e*singt |7 Trpyike1 | | €*cospt |7
T2k 0 L4 2k+1 0
Tnk 0 Tnk+1 0
T1k+2 0 T1k+3 0
Thkt2 te™ tcos Bt Thkt3 tea: sin 5t
« 3 (6%
Thith2 | _ —tet sin 5t Thiints | _ | te t cos Bt
Tt 2k+2 e cos Bt | zriorss €O‘t sinfgt |7
Tk+3k+2 —e sin [t Th+3k+3 €™ cos ft
Tnk+2 0 Tnk+3 0
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L1k+2s—2 0 L1k+2s—1 0
1 ot ts at ¢
Thk+25—2 (szsl)ie cos [t Tl 251 (5571)16 sin Gt
Tl 1k+25—2 - meat sin 3t Th1k+2s—1 =] e cos [t
Tht2s—4k+2s—2 | — te™ cos [t ’ Lht2s—Ak+2s—1 te® sin Bt
Tht 25— 3k+425—2 —te“ sin 5t Lh+25—3k+2s—1 te™ cos [t
Lot 25— 24252 e cos At Th+25—2k+25-1 e sin Gt
Tht2s—1k+25—2 —e sin Bt Lht2s—1k+25—1 e cos [t
Tnk+2s—2 0 Tnk+2s—1 0
(c) All above solutions form the ordered fundamental system of solutions (7).
Hence, the general solution to the system A takes the form
x = 1zt (t) + coa®(t) 4+ - + caz™(t), ()
where c1, c9,...,c, are arbitrary constants.
It is proven in [10] that
0°(27) = 6°(27) = 6°(27) = 0°(a7) = | Tm \;(4)|, j=1,2,...,n. (9)

Take an arbitrary solution

x = cgxl(t) + cuz? )+ Fea™(t), ¢ #0, 1<q<r<n, (10)
to Ae "
3. Let A\; € R. The results of [16] allow us to justify the chain of the equalities
V(@) = 7i(@) = 0(@) = 7(x) = 0
and Lemma 1 yields
(11)
4. Let f =ImN\;(A) =--- =Im \.(A) # 0. In view of Lemma 6, the vector-function Lz is of the

form
PR st + (0]

ent
b= (ewf P3(t) + P1(2) cos(Bt + (1))

where ¢(t) and ¢(t) are auxiliary arguments for ¢ > 0 and P (t), Pa(t), Ps(t), are Py(t) polynomials of
degree at most n/2. Therefore, we have

|@(L‘T7t) - ®(Z7t)| < 27{-’ t > 07
where
_ [ sinpt
*= \ cos Bt )’
and so
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5. Assume that \; ¢ R and the imaginary parts Im \;(A),...,Im X\.(A) of the eigenvalues of A those
in (10) include a rationally incommensurable pair. Denote it by 1, S2. There exists a transformation L;
such that the vector-function Lix is representable as

e“tsin Bt
Lyw = (eaQt cos fBat )’
The sequence tp = g—]f of moments enjoys the inequality

|O(Lyz,t) — O(Lyz, t)| < .

Lemma 4 implies that

k
|©(Lyz,t)| — ﬂZ(—l)isgn e*2'i cos fot;
i=1
: B
= ||9(Lyz,t)| — Trngncos< 3 + > < 2m,
i=1 1

where k is the maximal index such that t; < ¢t. Two last inequalities and passing to the limit over ¢
validate the chain of equalities

1 —_— T
lim —|©O(Lyz,t)|= 1 — |O(Lyz,t)| = 1 —
tﬁlgloo | ( 1%, )| k—1>1:il-100 tk| ( L k)| k—1>1-i1-100 tk

| (12)

where w = 7'('(1 + %)

Since 1 and (2 are rationally incommensurable, so are w and w. Take the Riemann integrable
function f(s) = Bi1sgncoss and the map T'(«a) = a + wmod 27 presenting a rotation of a circle by an
irrational angle. The equality

k k k

1 ‘

% g f(1T'0) = % g sgn coswi = tl g sgncoswi, k>0,
i=1 i=1 ko

and the Weyl Theorem [17] applied to the sequence f(T%0) imply

2 2

k
kgrfm]i;f(T’O) = 217To/f(8) ds = ilro/sgncossds =0,
yielding the required relations
k k
0<6%ax) < tlgrn f\G(Llcc t)| = k@m% z‘Z;sgncosm ETOO k: Z

The above-constructed solution x satisfies (11).

6. Suppose that A\; ¢ R and among the imaginary parts Im A\;(A),...,Im A\, (A) of eigenvalues of A
in (10), there is a pair /33, 84 such that g“ = l , where % is an 1rredu01ble fraction and ¢ is odd. In this
case there exists a homomorphism Lo such that the vector-function Lox is representable as

et sin Bst
Loz = <ea4t cos Byt )
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Demonstrate that as before this case leads to (11).

Note that the functions sin 83t and cos (34t are periodic with period T' = 26—7;[ = %. Take the sequence

of times ¢, = g—f Lemma 3 yields

|O(Lox, kT)| = 'g Z (—1)i<sgn (e‘“ti cos 54751‘) — sgn (e‘“til cos 54752-_1)) ‘

20k

7T Z(—l)i sgn cos f4t;
i=1

2lk

2p+1
s Z sgn cos pl+ m

i=1

21k opri ‘
Wngncos ;i +m )| =

i=1

2lk

Ik
2 l 2
Wngncos pl+ T+ T Z sgn cos L

i=1 i=lk+1

+1

T

lk
2p+1 2p +1
s g sgn cos pl+ w4+ T E sgncos( p;— 7Ti—|—(2p+l)7r>
‘ i=1

f: 2p+1 | i 2p+1
™) Sgneos ——mi—7 Z 8g1 €08 —— 7
i=1 i=1

=0.

Thus we established the required inequality

P — 1
<0%°(zx) < lim —|O(L T) =0.

7. Suppose that A\, ¢ R and every pair from the modulus of the imaginary parts fg,..., 05, of
eigenvalues of A in (10) is rationally incommensurable. Next, choose the largest number « such that

the set %, ceey % consists of odd naturals whose greatest common divisor is equal to 1. Denote two

numbers from this set by w; and we. Lemma 5 ensures that the function

y(t) = 2 <i> — ¢yt <i> ottt <;> bt (;) , (13)

where ¢, - ¢, # 0, 1 < g <r < n, satisfies the equalities
(@) = axly), =€ {0°,0°,0%0°}.
(d) Find a linear transform Ls such that the vector-function Lsy takes the form

I et ginwyt <
= w w
3Y 6'7215 cos wot ) 1 2

and prove the equality ©(L3y, t., ) = 7k for the sequence ¢, = %’f
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Indeed, Lemma 3 and the periodicity of sinwit and coswot, where k is a natural, yield

il Z(—l)i (Sgn (e”ti cos wgti) — sgn (ew“*1 cos wgti,l))

O(Lay, tuni)| = |5

w1k |

=1

gwik(_l)i <sgn cos (ujjlm) — Sgucos (W))'

=1

Ry wari | _ | SN ( (w1 + 2q)mi
= WZ(— )" sgn cos o = ﬂ'Z(— )" sgn cos B
i=1 i=1
wik

. k .

; 2qmi < 2qmi

7 . — —

=|r g (—1)"sgn cos <m + o >‘ = E sgncos( o = 7k.
i=1 i=1

2qmi

The validity of the last equality follows from the fact that the values L lying on the unit circle centered
at the origin for ¢ = 1,2,...,w; are vertices of the regular wi-gon with the fixed vertex (1,0), and, for
1 =wy+1,...,2wq, the previous values 23—71” are repeated sequentially. The situation is similar for the
remaining values of 7. As a result, the indices of the vertices of the polygon which lie on the different

sides of the oy-axis differ by one.

(e) In view of Lemma 6, for every admissible value of L, the vector-function Ly is of the form

Ly = <673t P2(t) + PE(t) sin(wst + ¥1(t)) ) ’

¥t/ P2(t) + PZ(t) cos(wat + 12 (t))

where 11 (t) and 12(t) are auxiliary angles, t > 0, and Ps(t), Ps(t), Pr(t), and Ps(t) are polynomials of
degree at most n/2. Hence, we infer

O(Ly,t) — O(u, t)] < 27, 30,

< sin wst )

u = .

cos wyt

Note that the values w3 and w4 can coincide for some L. In this case the infimum in the definition of the
weak exponents is not realized.

where

(f) The last two subsections imply that

1 1
6°(y) = lim_ _inf  —[O(Ly.t)| = lm _inf 10(Ly, tu,r)]

t—+o00 LeEndy R k—+oo LeEnds R™ T, k

. 1
= lim
k—+o00 twlk

1 1
|O(L3y, tw,k)| = klim —|O(Lgy, 7k)| = lim — -7k =1.

—+oo Tk k—+oco T

Considering the definitions of oriented rotatability exponents, we find that

1
1=0°(y) <6°(y) < lim

T k—4o0 wik

O(Lsy, twk)| = 1.

Thus, (10) satisfies the equalities
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ProOF OF THEOREM 2. Fix a matrix A € €.
1. The last equality in (5) results from (4) automatically.

2. Let the moduli of eigenvalues of A coincide. In this case items 3 and 4 of the proof of Theorem 1
demonstrate the equalities of the principal values of the oriented rotatability exponents.

3. If at least one of the eigenvalues of A is real then (11) hold for every z € span {z!, 22, ... 2" 1}
and thereby
wp=r(4) =0
Hence, (2) and (3) imply that
wi(A4) = wz(4) = wz(A) = -+ = wp_1(A) = w=(A) = 0. (14)

4. The conditions of items 5 and 6 of the proof of Theorem 1 for all eigenvalues of A also lead to (14).
Indeed, in every case there exists an n — 1-dimensional subspace of .”(A) whose solutions enjoy (11).

5. Suppose that, among the moduli of the imaginary parts (i,...,5, (enumerated in increasing
order) of eigenvalues of A, every pair is rationally incommensurable and {%, ey %} consists of odd

naturals whose greatest common divisor is equals to 1. The value « is largest in this case. The definition
of ged® implies that

ng* {ﬁla .. 7Bk—1aﬁk‘7ﬂk+la ce. )BT} =,

B1>a<ged {Br,. s Br—1,Bkt1,- -+, Br} -

Hence, on the one hand, wy(A) = o and, on the other hand,

Indeed, the last equality is realized on the subspace
V =span{z!, 2%, ... 2" 1},

since

a=wi(A) =wy(d) =wz(A) = = wn1(A)
= w;p(4) <wn(A) = 6. O
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