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We use directed algebraic topology for establishing categorical relationships between two
geometrical models of concurrency, precubical sets and transitional Chu spaces. We
study the universal dicovering functor from the category of precubical sets to the category
of simply diconnected counterparts of precubical sets. We prove that the category of
transitional Chu spaces is equivalent to the category of simply diconnected precubical
sets and show that the openness of morphisms is preserved. Bibliography: 19 titles.
Hllustrations: 7 figures.

Introduction

Directed algebraic topology (ditopology) [1] deals with directed toplogical spaces, i.e., spaces
with a distinguished direction (order) and continuous mappings preserving the direction. Di-
rected paths (dipaths), unlike usual paths, cannot be reversible. Many concepts of algebraic
theory have been extended to directed algebraic theory (cf., for example, [1, 2]).

Precubical sets (counterparts of semisymplectic sets in algebraic topology) form a family of
sets of cubes of different dimension that are glued together along common faces. In concurrency
theory, precubical sets are usually referred to as higher dimensional automata (cf. [3, 4]). The
model of higher dimensional automata is the most expressive (cf. [5]) and, at the same time,
the least studied structural model of concurrency. This model seems to be promised since it is
represented via precubical sets and, consequently, tools of ditopology can be used for studying
concurrent computations (cf. [6]). For example, two processes are concurrent if and only if
the dipaths representing these processes are dihomotopic. A homological approach was used in
[7]-[10], where precubical sets were presented as algebraic complexes.

Chu spaces [11, 12] are topological spaces equipped with a set of points, a set of open
sets, and the membership relation. In concurrency theory, Chu spaces are formalized up to an
isomorphism [13] by the so-called configuration structures.

In this paper, we use methods of ditopology for establishing categorical relationships between
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two geometric models of concurrent processes: precubical sets and transitional Chu spaces.
We clarify relationships between the model of higher dimensional automata and configuration
structures and thereby develop concurrency semantics of higher dimensional automata in terms
of configuration structures. In particular, we construct categories of models under consideration
and subcategories of dipaths. We define and study the universal dicovering functor from the
category of precubical sets to the category of their simply diconnected counterparts. This functor
is the right conjugate of the inclusion functor. We also establish that the category of transitional
Chu spaces is equivalent to the category of simply diconnected precubical sets and show that
the openness property of morphisms is preserved.

1 Precubical Sets and Cubical Paths

In this section, we introduce the category PS of precubical sets and the subcategory cP of
cubical paths.

Definition 1. A (nondegenerate) precubical set M is a collection of sets of cubes (My,)nen
)
such that M, " M,y = @ (n # n’) and, together with boundary function M, =M, 1 (n € N,
dl
J
i,j = 1...n) such that [{d[*(z) | i = 1...n}| = n for any m = 0,1 and = € M,, satisfy the
commutativity of the following diagram:
(E;_I?.
M, ——— J'Tl":rirz—l

k k
d; d;

""Ur-”, | T’ A"‘“r-u, 2
|

for all ¢ < j and k,m =0, 1.

Definition 2. A (labeled) precubical set (with a labeled point) is a triple M = (M, io,l1)
where M is a precubical set, ig € My is a labeled point, and I, : M} — L is a labeling function
from the set of 1-cubes to the set L of actions such that i1, (d?(x)) = I1(d}(z)) (i = 1,2) for all
T € Mgl.

As was already mentioned, precubical sets are called higher dimensional automata [3, 4] and
present the most powerful structural model [5] of concurrency theory. Using higher dimensional
automata, it is possible to simulate concurrency in a natural way: the concurrent execution of n
actions is represented by an n-dimensional cube, whereas the sequential execution of the same
actions is represented by the edges of this cube. An example of higher dimensional automata is
represented in Figure 1. The concurrent execution of two actions a and b which is simulated by
the 2-cube x (the grey square) whose boundaries are the 1-cubes (the segments) x1, y2, y1, T2 is
shown at the right in Figure 1. The square boundaries are presented by functions of two types:
the source functions d), dJ and the target functions di, di (in a certain sense, o = di(x) and
Yo = di(x) are copies of 1 = df(z) and y; = dj(x) respectively). Then the boundary functions

! The extension of I;, to any = € M, is defined by I1(z) = @ for n = 0 and Iz (%) := (I£.(y1),-- -, (yn)) for
n>1, wherey; =dfo...d>_y0dl 0...0d(x) for all 1 <i < n.
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determine a direction. For example, the 1-cube z; starts at the O-cube (the point) di(x1) = io
and ends up with the 0-cube d}(z1) = s. The sequential execution of two actions a and b which
is simulated by the higher dimensional automaton constructed from the 1-cubes z1, yo and y1,
To is shown at the left in Figure 1. The processes at the left and right start at a fixed point ig.

Figure 1. An example of the sequential (at the left) and concurrent (at the right) executions of
actions a and b in a higher dimensional automaton.

We introduce the relation ~g€ (M7)? as the minimal equivalence such that the existence of
y € My with 1 = d¥(y) and 2 = dg_k(y) for some ¢ = 1,2 and k£ = 0, 1 implies the equivalence
of 1 and z3. Let < x > be the equivalence class ~pg. Informally speaking, all z; e = >
simulate the same event of a concurrent process.

We introduce the mappings D°, D! : M,, — My, n > 0, by D(z) = d o ... 0 d"(z) and
DY(x) = dj o...od}(z) respectively for all x € M,.

In what follows, we consider only precubical sets with z1,...z, € M; and y € M,, satisfying
the following axioms.

A0 If d(z1) = df(z2) and 21 ~o 2, then z1 = xo.

Al It di(2) = d(as), di (@) = dO(x3), - .., d (zn_1) = d(zy) and a; ~o d™ o odm)

d Do o dm”( ) for all 1 < ¢ < n, then there is a unique cube x € M, such that

o(i)+1 _
zi=d"o.. od (“;”11 o d, (107 o...0od™(z) for all 1 < i< n, where o : {1,...,n} —
{1,...,n} is a permutation of order n. Here, mj =1 1f] = o(k) and k < i; otherwise,

m;-:Oforalllgi,jgn.

Definition 3. Let M! = (M1, i{, lil) and M? = (M? 43, 1%2) be precubical sets. A mapping
f = (f a), where f = Ufn, fn: (M), — (M?),, and a : L' — L2, is called a morphism from
M! to M? if the following conditions are satisfied:

(1) folig) =dg, (2)1faof =aolpy, (3) faod =df*o fui1.

Precubical sets, together with morphisms between precubical sets, form the category PS.

A cubical path in a precubical set M is a sequence P = pyp; ... p of cubes such that p;_1 =
d?(ps) or ps = djl-(ps_l) for all s = 1...k and, in addition, pg = i9. We denote by € X (M)
(€2, (M)) the set of all cubical paths (ending with a cube u € M) in a precubical set M. Let
¢ P1(M) be the set of one-dimensional cubical paths, ie cubical paths P = pgp1...pr in M

such that p; is either a 0-cube or a 1-cube for any 0 < k: A cubical path Q@ = qp...¢, is an
extension of a cubical path P =pg...pr (denoted by P —-Q)ifn>kandpy...pr=qo---qk-

In partlcular we write P H Qifn=k+1and q = d (qk+1) for m =0 or g1 = d (qk) for
= 1. A cubical path P is acyclic if it does not contain the same cubes and precubes.
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On the analogy of the notion of a path homotopy in algebraic topology, the notion of a
dihotomy of cubical paths is introduced with taking into account that cubical sets are always
directed (i.e., there is an order). A dihomotopy (denoted by ~) is the least equivalence on
cubical paths in a precubical set M such that if cubical paths P and P’ are s-adjacent (denoted
by P & P'), i.e., P’ can be obtained from P by replacing (for some i < j and m = 0,1) either

do dm an d! m

I dy . P dj dity .
— ps — with == p/, — (or vice versa) or — ps —» with — p/, == (or vice versa), then

P and P’ are equivalent. Furthermore, cubical paths P and P’ are said to be (s,u,v)-adjacent
(S7u7v)

(denoted by P <= P’) if P’ can be obtained from P = py ...y by an s-adjacency replacement

of its segment di Ds d—lv>. For every cubical path P we denote by [P] its dihomotopy class.
We consider a precubical set M in Figure 2. The set M consists of the 3-cube, the 2-cube con-

voluted to a cylinder, and all subcubes obtained under the action of the boundary functions. For

an example of a cubical path we can consider the sequence P = igp1pap3papspeprpsp7- The cubi-

. . . 4 . 5
cal paths P and @ = iop1p2¢192p5peprpspr are dihomotopic since P <> (iop1p2q1papspeprpspr) <
Q. The cubical path igp1popspsps is an example of an acyclic cubical path.

P1
P2 a

Figure 2. An example of a cubical path in a precubical set M.

A cubical path object is a precubical set having shape of an acyclic cubical path. Let cP
denote the full subcategory of the category PS consisting of cubical path objects.

We endow the category PS with a fibred structure. We denote by PSy the subcategory
whose objects are precubical sets with the same set L of actions and morphisms have the
identity second component.

2 Open Morphisms
The notion of an open morphism is important in category theory [14] and, as shown in [15],

can be used for defining bisimulation of models in different categories.

Definition 4. A morphism f : M — N of a category M is P-open if for any morphism
m: P — Q of a subcategory P and a commutative square

Q—N

there is a morphism r : Q — M dividing the diagram into two commutative triangles.
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We note that the objects of M and P-open morphisms form a subcategory of M since the
identity morphism and compositions of P-open morphisms are P-open morphisms.

Theorem 1. Let M be a precubical set. A morphism f = (f,11) : M — M’ of the cate-
gory PSy is cPr-open if and only if for any cubical path P in M the following conditions are
satisfied:

(1) if f(P) — Q" in M, then P — P’ and f(P') = Q' for some cubical path P’ in M,
(2) if f(P)~@Q in M, then P~ P" and f(P') = Q' for some cubical path P’ in M.

Proof. Necessity. Let f = (f,11) : M — M’ be a cP-open morphism. We prove only
assertion (1) since (2) is proved in a similar way. Let P be a cubical path in M. Without

1
loss of generality we can assume that f(P) Ei—) Q' in M’. We consider a precubical subset P
(Q') of the shape of a cubical path P (Q') in M (M'). It is clear that there is a cubical path
object P (Q) and the corresponding maximal? cubical path P (@) such that the mapping p (q)
acting by the rule p(P) = P (¢(Q) = Q') can be extended to a morphism p = (p, 1) : P — M
(a= (¢, 1) : Q — M’) in PSy. We note that the morphism has the form p : PP M
(q:@—>Q"—>M’).

Assume that P = Do - ..p, and @ =4qo---qxqk+1- Then we set m(p;) = ¢; and m(djl1 0---0
d>*(pi)) = djjo---0d3*(g;) foralle, = 0,1, 7 =1...5, 1< j1 <... < js < dimp;, 1 < s < dimp;,
and 0 < i < k. It is clear that m = (m, 1) : P Q is a morphism in ¢Py. By the definition of
m, we find fop =qom.

Since f is a cPr-open morphism, there is a morphism r : Q — M such that p = rom

~

and q = f or. Consequently, there exists a cubical path r(Q) in M. It is easy to see that

~ d ~ d
m(P) = (qo...qx) — (q0-.-qx+1) = Q in view of the definition of —. Hence we can write
1

~

~ d

r(m(P)) — r(Q) because r is a morphism in PS;. Since p = rom and q = f or, we have
~ di_ ~ ~ ~

p(P)=P —r(Q) and f(r(Q)) =q(Q) = Q"

Sufficiency. Let f = (f, 1) : M — M’ be a morphism in PSy, and let the assumptions of the
theorem be satisfied. We show that f is cP-open.

We introduce additional notions. Let O; and Og be cubical path objects. A morphism
Uew) = (U(w)> 1) : O1 — Og is called the I-step (the w-step) if there are maximal cubical paths

dam dm
01 and Oy in Oy and Oy respectively such that (01) 2525 Oy (1(01) €45 0s).

It is easy to see that any morphism (m, 1) of the category cPy, is a finite (say, of length n)
composition of an isomorphism, I-steps, and w-steps. By induction on n, it suffices to prove that
f is a cPy-open morphism relative to the isomorphism, [-steps or w-steps. Let, for example,
m =ty : P — Q be a w-step (the remaining cases are treated in a similar and even simpler
way). Then there are maximal cubical paths P and @ of the cubical path objects P and Q such
that ¢, (P) (M)) Q. We consider arbitrary morphisms p : P —+ M and q : Q — M’ in PS,,

() ¢(Q) in M'. Since
f(»(P)) = q(tw(P)), from the assumptions of the theorem it follows that there is a cubical path

such that f op = q o ty. Since q is a morphism, we have (i, (P))

2 By the mazimal cubical path of a cubical path object we mean any acyclic cubical path such that this cubical
path object has the same shape.
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P’ in M such that p(P) @) prand f(P") = q(Q). We introduce a mapping r by r(Q) = P’

and extend r in such a way that the pair of mappings (r, 11) satisfies the morphism conditions
in PSy. It is obvious that p = roy and q = for. Consequently, f is a cPz-open morphism. [

In [15], the notion of a “span” of P-open morphisms was introduced for defining a P-
bisimulation on objects of a category M.

Definition 5. Two objects M’ and M” of a category M are P-bisimular if there exists a
construction of P-open morphisms M’ LAY JRENS (]

The notion of a bisimulation plays an important role in concurrency theory. A categorical (in
terms of “spans” of open morphisms) characterization of bisimulation can be found in [15]-[17].

3 Universal Dicover of Precubical Sets

Definition 6. A precubical set M is simply diconnected if for any v € M (1) there is a
cubical path P € € %,(M) and (2) P ~ @ for any cubical paths P,Q € € Z,(M).

Let oPS denote the full subcategory of PS with simply diconnected precubical sets for
objects. It is clear that cP is a subcategory of oPS.

For a cubical path P € €2, (M) with dimp, > 0 the i-start d)(P) is a cubical path in
C P g0 (M) such that (i) P = df(P)py, or (i) P ¥5 P ¥53  E2 b, £ d0(P)py
for some 0 < m < (k — 2) and the i-end d}(P) is a cubical path from %Qd%(pk)(M) such that
dj (P) = Pdj(pg)-

The following assertion is obtained from [5, p. 280-281].

Lemma 1. For any cubical path P € € &y, (M) with dim py, > 0 there exists a unique cubical
path di(P) € C P g (o) M) for any 1 =0,1.

Definition 7. Let M = (M, ig/l,llz/[) be a precubical set. A wuniversal dicover of M is a

mapping pv = (par, 1) : Z (M) — M such that par([po . .. pr]) = px for all [pg . ..px] € A, where
the dicovering % (M) = (A, 1ip,!r,) of M is defined by

An={[P=po...ps) | PECPM), pr € My}, n>0, and d*([P)) = [d"(P)],

10 = [’LM], and lL([pO .. Pk]) = lll\l/[(pk) for [po .. .pk] € A;.
An example of a universal dicover py : Z (M) — M is shown in Figure 3.

M < UM)

?‘-UJ:'[:‘; . P
o] o 7],
@ <
iy
lioy17] . Q]

Figure 3. An example of a universal dicover.
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The cubical paths P = igx1sxat1z1tozotozots and QQ = igy1ryatiz1tazatazats are not dihomo-
topic in M. Hence the 0-cubes [P] and [Q] do not coincide in % (M), although py/([P]) = t2 =
pu([Q))-

Theorem 2. Let M be a precubical set labeled by a set L, and let % (M) be the universal
dicovering of M. Then the following assertions hold.

1. % (M) is an object of the category PS, and pyi = {par,11) : Z (M) — M is a cPp-open
morphism of the category PSy, i.e., M and % (M) are cPr-bisimular.

2. % (M) is a simply diconnected precubical set.

3. % is the right conjugate of the inclusion functor v : oPS — PS, and, consequently, oPS
s a coreflective subcategory of PS.

Proof. 1. We show the commutativity of thediagram in the definition of a precubical set.
The condition concerning an n-cube starting and ending with n different faces is obvious for
#(M). We have d(d([P)) = [d7(d5(P))] = [d_ (@™ (P)] = db_ (@™ ([P])) for i < j.
We verify Axiom A0 (the case of Axiom Al is similar). Assume that [po...pk],[q0---gm] €
As, B([po - --px]) = E[go - - o))y an [po - Pk] ~6 [q0 - - Gon)- Then d(pr) = d2(gm) since the
boundary functions are equal and p; ~g g, by the definition of ~g. Since Axiom AOQ is true for
M, we have py = gm. Thus, [po . ..px] = [ (po - - pr)pk] = [ (q0 - - - @m)Pk] = [dY(q0 - - - Gm)@m] =
[CJO s Qm]'

We show that pyr is a ¢Pp-open morphism. Since it is a morphism, we can use Theorem 1.
It suffices to verify only the condition (2), since the condition (1) is verified in a similar way. We
consider an arbitrary cubical path O = og... 0 in OZ/(M) Let par(O) = po . .. pg- By induction

on k, it is easy to show that o; = [pg...p;] for all 0 < i < k. Let pp(O) @8 Pr for some
cubical path P’ = pg...p,...pr in M. Then we set o}, = [po ... ps—1ps]. By the construction of
(s,u,v)

U (M), we see that O' = 0p...0, ... 0 is a cubical path in (M) and O <= O’. It is clear
that pp(O') = P

2. The first condition in the definition of simple diconectedness is obviously satisfied, whereas
the second condition follows from Theorem 1 applied to pu.

3. Suppose that M, N are precubical sets and % (M), % (N) are their universal dicoverings
respectively. For a morphism f = (f,a) : M — N we define % (f) = (% (f),a) : % (M) — % (N)
by % (f)([P]) = [f(P)], where P € € (M). It is clear that % (f) is a morphism of the category
oPS. Hence % is a functor.

We assume that M is an object of the category PS and O is an object of the category oPS.
We need to find a bijection between morphisms f : O — M of the category PS and morphisms
g: 0 — Z (M) of the category oPS and show that this bijection is natural with respect to
O and M as well. For a morphism f = (f,a) : O — M we define the morphism ¢o m(f) =
(om(f), ) : O = % (M) by pom(f)(v) =[f(Py)] for all v € O, where P, € €%,(0). For a
morphism g = (g, ®) : O — % (M) we define the morphism ¥o m(g) = (Yo m(g), ) : O — M by
Yom(g) = pmog. It is easy to show that pom and ¥o v are well defined.

Let us prove that ¢o v is a bijection. We assume that f, " : O — M are morphisms such that
pom(f) = pom(f). Then [f(F)] = vom(f)(v) = vom(f)(v) = [f(P)] for any v € O and
P, € €2,(0). Hence f(v) = f'(v) for any v. Further, we consider a morphism g = (g, ) : O —
% (M) of the category oPS. We need to show that there exists a morphism f = (f, o) : O — M of

838



the category PS such that o m(f) = g. Weset f = (f, «) = Yo m(g). Indeed, if P, =po ... (pk =

v), then o m(f)(v) = [f(Po)] = [par(9(Po))] = [par(g(po)) - - - par(9(pr))] = 9(po([Po])) = g(v).
Consequently, o m is a bijection such that (p(_)}M = YoM-

We show that ¢ v is the natural bijection with respect to O (the case of M is similar). For
this purpose we consider the diagram

PS(O, M) A oPS(0,U(M))
(T‘)"l l?“
PS(0’, M) : oPS(0',U(M))

Por M

for arbitrary objects O, O’ and an arbitrary morphism r : O’ — O of the category oPS.

The mappings r* and (r)* are defined by 7*(g) = g or for any morphism g : O — Z (M)
and (r)*(f) = f or for any morphism f : O — M. The diagram is commutative. Indeed,
(r)*(pon(@) = (r)*(pm o g) = pmogor. On the other hand, ¢g, \(r*(g)) = w5 (g o) =
pmogor. Thus, we conclude that % : PS — oPS is the right conjugate of the inclusion functor
oPS < PS (cf. [18]). O

4 Transitional Chu Spaces and Paths

In this section, we define the category SCS of transitional Chu spaces and the subcategory
P of paths in Chu spaces. Denote by £ (4, (E)) the set of all linear orders on finite subsets
of a set E.

Definition 8. A (labeled) transitional Chu space is a triple E = (E, ¢,1,), where

e I is a set of events,

e o= Jo"= U oL C Ppin(E) x Prin(E) is the transition relation, i.e., if
n>0 n>0,<€L(P i (E))

Fo G, then F' C G, alinear order < acts on the n-element set G\ F, and F'o'”, ~ Ho" ™™ G

< <Imr " <lem
forall F C H C G, and

e [ : E — L is a labeling mapping from the set of events to the set of actions.

In concurrency theory, such spaces are referred to as structures of events of higher dimension
[19] and form a subclass of configuration structures [13].

We consider Chu spaces satisfying the following axioms.
B0 If Fo? FLU*{e} and G o G U {e}, then

ok B {e},

k1 ’
FmGo(FﬁG)U{€}<><1{ ok G U {e}

Bl If FoFuU{ei}oFU{e,e}o---oFU{er,...,en} and Go G U {eq,... ey}, then
Fol Fu{er,... en}.

3 We omit the super(sub)script in the transitional relation o if no confusion arises.
4 Hereinafter, U denotes the union of disjoint sets.

839



A path in a transitional Chu space E is a sequence F' = (@o@l F 101222- : -0’2”" F,)in E. Let II(E)
(Ilg, (E)) denote the set of all paths (ending with a common subset F;,) in a transitional Chu
space E, and let IT; (E) be the set of one-element paths in E, i.e., paths with k1 = --- =k, = 1.
A dihomotopy on paths in E is a minimal equivalence such that if a path F' is obtained from a
path G by eliminating a single set that is neither starting nor ending for the path, then F' and
G are equivalent. For every path F' we denote by [F] its dihomotopy class.

In the general case, not all events and not all paris of points connected by the transition
relation can be reached from the set {&} by the relation ¢. To avoid such a situation, we
introduce a special subclass of transitional Chu spaces. We say that a transitional Chu space
E = (E,9,l1) is reachable if for every event e € E there is a pair (F, F') € ¢ such that e € F, for
each pair (F, F') € ¢ there is a path ending at a subset of F', and all paths ending at the same
subset are dihomotopic. In what follows, we consider only reachable transitional Chu spaces
and call them transitional Chu spaces.

An example of a transitional Chu space E is presented in Figure 4. It consists of the set
E = {e1,...,e6}, the transition relation

¢ = (03 = {( @}’ {61762763})}) U (02 = {({62763}7 {6i | t=1... 4})3 ({61}3 {617 €2, 66})7
(fer} {er,es,e6}), ({er}, {er, e2,e3}), ({er, ect,{es [i = 1...4}),
({e1,ea}, {ei|i=1...4}), ({er,es}, {e; |i=1...4})} U A)
U'={({ei|i=1...4},{e;|i=1...5})}UB),
where the sets A and B consist of transition subrelations of o> and o2 U o® respectively, and the
labeling mapping /7, acting by the rule Iy (e;) = a; for all 1 < i < 6. For an example of a path we
can consider the sequence F' = (@02 {eg,e3} 0? {e; | i =1...4} o' {e; | i = 1...5}) in Figure 4.
The paths F and G = (@ o3 {e1,ea,e3} ol {e; | i =1...4} o' {e; | i =1...5}) are dihomotopic
via the path @ o? {eg,es} ol {e; |i=1...3}ol {e;|i=1...4} ot {e; |i=1...5}.

{es,€3,64} as {e1,ea,€3,€4}

o] ]
E:  a, _}:ll €i E: };Jl €i

{ea,e3} {e2,e3}
{es} as {e3)

azl  [{es} {e2}
{0 —a {e1} as {e1,eq} {0} {e1} {e1,e6}

Figure 4. An example of a path in a transitional Chu space E.

Let B! = (B, o1, lil) and E2 = (E?, 02, Z%Q) be transitional Chu spaces. A morphism from E!
to E? is a pair of functions f : E' — E? and « : L' — L? such that aol}, = 13,0 f, F(o!)2G =
FE)(A)Lf(G), e; < ej = flei) < f(e;) for all 1 <i,j <n and F(o)2(F U {e1,...,en}).

Let SCS denote the category of transitional Chu spaces with the above morphisms.

Since it is not essential what path leads to a prescribed subset of events, it is convenient to
write the equivalence class [F = (@ 0% Fy %2 ... % F)] as [F,]. Furthermore, for [F},] in a
transitional Chu space E one can construct a computation Fy, i.e., a transitional Chu subspace
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E equipped with the set of events F;,, C F, the transition relation, and a labeling mapping of E
bounded on events in F,.

Let P be the full subcategory of the category SCS with computations for objects. We can
consider Pr-open morphisms of the category SCS; and P-bisimulation on objects of SCSy.

5 Equivalence of the Categories oPS and SCS
with Preserving the Openness of Morphisms

We begin by constructing mappings .% : SCS — oPS and ¢4 : oPS — SCS and then prove
that these mappings are functors. Using the functor ¢, we show that % is a faithful, full, and
dense functor, i.e., the categories oPS and SCS are equivalent (cf., for example, [18]).

Proposition 1. Suppose that a mapping % : SCS — oPS sends an object E = (E,¢,l1,) of
the category SCS to an object F (E) = (M, i)', 1) of the category oPS, where

o M, ={(F,G)< | F,G € Pin(E),<€ L(Pin(E)),F " G}, d(F,G)< = (F,G\ pri(G \
F))<, and (Zl(F,G)< = (FI_Ipn-(G\F),G)<|H, where pri(e; < -+ < ey) = €; and
H=G\ (FUpr;(G\F)),

e io, = (9,9), and M(F,FUe) =I1(e) for all (F,F Ue) € ol;

moreover,/\ﬁ associates a morphism f = (f,a) : Et — E? of thi category SCS with a morphism
F(f) = {f,a) : F(E) — F(E?) of the category oPS, where f(F,G)« = (f(F), f(G))< for all
(F,G)< € (MY),,. Then F is a functor.

Proof. We prove that % (E) is a precubical set. We show that the diagram in the definition
of a precubical set is commutative for £ = m = 0 (the remaining cases are considered in a similar
way). Assume that (F,G) € M,, and G\ F =e; < --- < ey. For i < j we have

Q(d)(F,G)) = (F,(G\ pry(G\ F) \pri((G\ pr(G\ F)) \ F))
= (F,G\ (prjler < - <ep)Uprile1 < - <ej_1 <ejp1 < -+ < ey)))
= (F,G\(ejUe)) = (F,G\ (pri(er < -+~ <en)
Uprj_i(er < - <eji—1 <eip1 < - <ep)))

= (F,(G\ pri(G\ F)) \ prj—1((G\ pri(G \ F)) \ F)) = d)_, (d)(F, G)).

We verify Axiom A0 for % (E) (Axiom Al is verified in a similar way). Assume that (F, F'U
1), (G,GUey) € My, dd(F,F Uey) = d)(G,G Uey), and (F,F Ue1) ~a (G,G Uey). Since
the boundary functions are equal, we have F' = G. The relation ~g between 1-cubes implies
e1 = ey. Thus, (F,FlUe;) = (G,GUey).

We show that the second condition of Definition 6 is satisfied by .#(E) (the condition (1) is
verified in a similar way). Suppose that ﬁ, @ €6 (F(E)), where (F,G)< € My, n > 0.
Without loss of generality we can assume that

P=Pdyo--od)(F,G)<...dY(F,G)<(F,G)<,

Qdyo---od(F,G)<...d%F,G)<(F,G)<,

n

O
I
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where P,Q € €% (pr)(F(E)). Suppose that

P = (Q, @) c.. (E, Fl)(E, Fi-l—l)(Fi—l—l?E—&-l) ... (F, F),
Q=1(2,9)...(G};Gj)(G},Gj+1)(Gj41,Gjt) - .. (F F).

By the definition of %, there exist the preimages of P and Q:

P=(@o---0oF0---0F),
Qi=(@o---0Gjo---0oF)

in II; p(E). Since the transitional Chu space E is reachable, P; and @) are dihomotopic. It is
easy to verify that, under the action of .#, dihomotopic paths in II;(E) become dihomotopic
cubical paths in €21 (Z(E)). Hence P and Q are also dihomotopic. Consequently, P and Q.
are dihomotopic.

The mapping 7 (f) = (f, «) is a morphism of the category oPS since f is a morphism of the
category SCS. Now, It is easy to see that .% is a functor. O

Lemma 2. Suppose that M is a simply diconnected precubical set and E = {< x >| z €
My}. Let a mapping 7 : My — Prin(E) be defined as follows: for any point v € My we set
m(u) ={<K xg>,..., < x>} C E for some cubical path P = (poxop1 ... praru) € € P1(M).
Then the mapping  is injective.

Proof. Since M is simply diconnected, it is obvious that 7 is a mapping.

Let w(u) = 7(v) = {< xo >, ..., < x >}. We show that u = v by induction on k. The
case k = —1, i.e., m(u) = w(v) = &, is obvious. The case w(u) = 7(v) =< x > follows from
Axiom AO for M. Suppose that 7 is an injection for k. We show that the same is true for k + 1.
We consider the cubical paths P = (pozops - - . praru), @ = (qoyoqi - - - qyrv) € €21 (M) and
assume that m(u) = m(v). It is clear that < xp, >=< y, ) >, where 0 : {0,...,k} = {0,...,k}
is a permutation of order k + 1. Without loss of generality we can assume that there exists a

chain of 2-cubes wy,...,w; such that z; = dgl_a(wl), d;, (w1) = d2-12_8(w2), o dy  (we 1) =
ds,| (wsy ), .- ,d}lj(wl_l) = d; (wl),d}fe(wl) = Yo(k) for e = 0,1. We assume that ¢ = 0, i.e.,
there exists a unique s; € {1,...,1} such that df(ws,—1) = d¥(ws,). Since M is a simply

diconnected precubical set, there is a cubical path T = (tp2ot1 ... tm2Zmtm+1) € €ZX1(M) and
tmi1 = df (d3(ws,))-

Since [ng*isl—l (wsl_l) PN dgfil (wl)pk] = [poxgpl .. -pk] [ngfisl (wsl) PN dgfil (wl)qg(k)] =
[90Y0q1 - - - Go(k)] and w(u) = 7(v), we conclude that for any j (o(k) +1 < j < k) there is a
number 7; (1 < 7; < (s1 — 1)) such that < y; >=< dg_“j (wy;) >. Using this argument and
Axiom Al for M, it is easy to prove by induction on n = k — o(k) that there is a cubical path
Q" = (9oy0q1 --- qa(k)yg(k)qg(k)ﬂ -+ qypv) such that Q@ ~ Q" and y, ) ~o y,- The cubical
paths P = (pozop1 ... px) and Q = (qoyoq1 - - - qg(k)y’a(k)q;(k)Jrl ... qp,) satisfy the induction
assumption. Thus, pr = ¢j. Furthermore, v, ~o y,x) ~o ¥j,.- By Axiom A0 for M, we find
Tk =Y, i.e., v = v. Thus, 7 is injective. O

Proposition 2. Suppose that a mapping 4 : oPS — SCS sends an object M = (M, ig/[, li/l)
of the category oPS to an object (M) = (E, o, l1,) of the category SCS, where
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o E={<x>|xe€ M} isa set of events,
© 0 C Pfin(E)x Ppin(E) is defined as follows: Fo" G Y there is a cube r(pa,<) € My such
that F = F(DO(:L’(F’G,<))), G = ’/T(DI(HT(F,G7<))), and <=<g . ., where (e,€) €E<a(pa.<)

Z'nG\Fdg6:<<d[l)o--~od?_1od?+1o-~-od (z (FG<)) >, €_<d0 od 1Odj+1°
-'Odg(l'(p’G7<)) > and i < j,
o Ip(< x>>)=1M(2) for all x € My;

moreover, 9 associates a morphism g = (g, a) : M! — M2 of the category oPS with a morphism
G(g) = (g,a) : 9(MY) — 4 (M?2) of the category SCS, where §(< z>>) = < g(x) > for all
<L x> € EY. Then 9 is a functor.

Proof. Let M be a simply diconnected precubical set. We show that ¢ (M) is a transitional
Chu space. By definition, there exists (g <) € M, such that F = 7(D°(z(pc, <)) and
G = n(DY(x(rg<))), ie, F CG. Let F C H C G, and let G\F = (e1 < ... < ey), where

e; =< dJo---od) | od?_H o-- -odgl(x(RGK)) >foralll<i<n,and H\F = (e;; <...<e¢;,).
Then the m-cube d? o...0 dQ (7(ra,<)) corresponds to F o Zln . H and the (n — m)-cube
dj o...od} (x(pq <)) corresponds to H<>( <l ) G, where the ordered sequences (i1, ...,%n,) and
(J1s---yJn—m) form the ordered sequence (1, ...,n). We note that z(pq ) is a unique cube

corresponding to the transition relation F' o G in view of Axioms A0 and A1l for M.
Let us show that Axiom BO is satisfied by ¢ (M). Suppose that F'o F' LI {e} and GoG U {e}.

Without loss of generality we can assume that there exist different z%, e z]il , z%, .. Zk2 € M, such
1— 1 1 2 1 52
that T(FFUe) = d; m(zkl) dm (zkl) = d, 1m1(zk1 1) ...,d;’f( ) = dm(z ), ...,d] le( o 1) —

dm (zk,Q),alJ1 2m(zk2) = 2(¢,Gue) for some m = 0,1. Arguing in the same way as in the proof of
Lemma 2, we verify Axiom B0 by induction on the number of elements of the set (FFNG)\ S if
m = 0 or the set S\ (FNG) if m =1, where S = n(d}(d]"(21))).

Axiom B1 for ¥(M) follows from Lemma 2 and Axiom Al for M.

The proof of the reachability property of the transitional Chu space ¢ (M) is reduced to
the proof of the dihomotopy of two paths ending at the same subset of events. We consider
arbitrary paths P = (@0, Fy o2 ... ofr (F, = F)) and Q1 = (@07} G1 672 -+ - (G, = F))
in [Ip(4(M)), where F' € Py, (E ) Without loss of generality, we can assume that these paths
consist of a single element. By the definition of ¢, for P; and ) there exist their preimages
P = T(z,2) L(o,F1)L(F,Fy) -+ T(FF) and Q = X(2,0) L(2,G1)T(G1,G1) -+ L(F,F) in (g‘@l’x(F,F) (M)
Since M is a simply diconnected precubical set, P and @ are dihomotopic. It is easy to verify
that, under the action of ¢, dihomotopic cubical paths in %21 (M) go to dihomotopic paths in
I1;(¢(M)). Hence the paths P; and @ in ¥ (M) are also dihomotopic.

Let g = (g, a) : M! — M? be a morphism of the category oPS. We show that ¥(g) = (7, )
is a morphism of the category SCS. Since M! and M? are simply diconnected precubical sets
and g is a morphism of oPS, it is easy to show that if an n-cube x(r g <) corresponds to the
transition relation F o G in ¢(M!), then the n-cube 9(z(F,G,<)) corresponds to the transition
relation g(F) o™ §(G) in ¥4(M?). Now, it is obvious how to verify that ¢(g) is a morphism of
SCS. Thus, it is obvious that ¢ is a functor. O

Theorem 3. The categories SCS and oPS are equivalent.

This assertion follows from Lemmas 3-5 below.
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Lemma 3. % is a faithful functor.

Proof. Let E!, E2 be objects and fi, f, : E! — E? morphisms of the category SCS. We need
to show that .7 (f;) = % (f2) implies f; = f5. By the definition of .#, the equality .7 (f1) = .7 (f2)
implies the equality of the second components of f; and fy. Let f; and ]/”\Z be the first components
of f; and Z(f,) respectively (i = 1,2). Then (fi(F), f1(G))<, = fi(F,G)c = fo(F,G)< =
(f2(F), f2(G))<, for all cubes (F,G)< in Z(E!). This means that fi(e) = fa(e) for all e € E
such that there is a set F' such that F o (F Ue). Since E! is reachable, we have f; = fo. O

Lemma 4. .% is a full functor.

Proof. Let g = (g,a) : #(E!) — #(E?) be a morphism of the category oPS. We need to
show that there exists a morphism f = (f, o) : E! — E? of the category SCS such that .7 (f) = g.

For all e € E' we set f(e) = p2(g(F, F Ue))\ p1(g(F, F Ue)), where p; is the projection onto
the ith element of the pair g(F, F Ue) (i = 1,2). We first show that f is a mapping. Suppose

that f(e) = pa(g(F, FUe)) \p1(g(F, FUe)) = e and f(e) = p2(9(G,GUe)) \p1(9(G,Gle)) =e.
We need to show that € = £. Since E! is a transitional Chu space, there exist paths

P=({o}o Pk ..ok (B, = F)o FU{e}),
Q= ({2} ol - (F N G) o (FNG) L {e}) o0 oo (F L {e})).
Without loss of generality we can assume that G C F. Then
Q= (B - o™ Go (G {e}) i o (F L {e})).

Since the paths P and @ contain {e}, they are dihomotopic. Since E! is a transitional Chu
space, there are 2-cubes z1, ..., 2, in .#(E') such that

(F,FUe) =d(21),d} " (21) = d(22),....d}. " (2a) = (G, G Ue).

» iy 12

By induction on n and the obvious equalities

p2(9(d3(2:))) \ p1(9(d3(2))) = p2(9(ds(2:))) \ pr(g(ds(z))), 1<i<n,

we find
e=p2(g(F, FUe)) \pi(9(F,FUe)) =---=pa(g9(G,GUe)) \ p1(9(G,GUe)) =e.

We prove that f = (f,a) is a morphism of the category SCS. We prove condition (2) of
Definition 3. Let F(o!)2G in E!. Since E! is a transitional Chu space, there exists a path
{o=c}ot {aa}ol ol ({e1,...,ex} = F)(o!)2G. We have

k
f(F) = U f(e) = Upg(g(el U...Ue€j—1,€1 |_|...|_|€j)) \pl(g(el U...Ue—1,e1 ... |_|€j))
eckF j=1

=pa(gler V... Uer—1,F)) =p1(9(F,G)<).

Similarly, f(G) = p2(g(F,G)<). Since g is a morphism of the category PS, the dimension of the
cube g(F,G)< in Z(E?) is equal to n. Thus, g(F,G)< € (0*)%. Consequently, f(F)(¢*)™f(G)
in E2. Conditions (1) and (3) of Definition 3 are obviously satisfied.
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Finally we show that .7 (f) = g. By the definition of .# and f, the second components of .7 (f)
and g coincide. Let us prove that tlieir first components f and g are also equal. For an arbitrary
cube (F,G)< in F(E!) we have f(F,G)< = (f(F),f(G))< = (p(9(F.G)),p2(9(F,G)))< =
g(F7 G)< 0

Lemma 5. .% is a dense functor.

Proof. Let M be an object of the category oPS. We construct an object E of the category
SCS such that M is isomorphic to .7 (E).

We set E = ¢(M) and consider a simply diconnected precubical set .% (¢4 (M)). By the con-
struction of .# and ¥, the cube (F, G)< belongs to . (¢4 (M)) if and only if there exists a unique
cube (g <) in M such that F = 7(D°(z(pc,<))), G = 7(DY(x(rq,«))), and <=<z(pg.<)
We set &y(z) = (m(D%(x)), m(D(z)))<, for all cubes z in M and nu((F,G)<) = z(pc <)
for all cubes (F,G)< in Z(¥4(M)). It is clear that & = (Ea,id) : M — F(4(M)) and
v = (nar,id) © F(9(M)) — M are morphisms of the category PS. We show that these mor-
phisms are mutually invertible. Indeed,

En(mu(F,G)<)) = & (@(pe <) = (m(D°(2(r6,<)), 7Dz (re,))) <o ., = FG)<s
UM(éM(x)) = UM((W(DO(ZU)), 71-(‘Dl(:p)))<,~0) = x(ﬂ'(DO(m)),ﬁ(Dl(m)),<$) = .
The lemma, is proved. ]

Further, we show that Pr-open morphisms are mapped by the functor .# : SCS — oPS
into cPr-open morphisms and vice versa. In the sequel, we need the following facts. The
isomorphisms & = (Ear,id) M — Z#(9(M)), where M is an object of the category oPS
given in the proof of Lemma 5, and the isomorphisms ¢z = (sg,id) : E — ¢ (% (E)), given by
se(e) =< (F,F Ue) > for all e € E, can be extended to the natural isomorphisms & : 1,pg —
Fo% and ¢ : 1gag — ¥ o Z. Indeed, we have

Guzo f=F(9(f) o&n (1)
for an arbitrary morphism f: M! — M? of the category oPS and

g2 09 =9(F(g)) o (2)
for an arbitrary morphism g : E! — E? of the category SCS.

Proposition 3. Suppose that E' is an object of the category Pr, E? is an object of the
category SCSy, f = (f,id) : E' — E? is a morphism of the category SCSy, and g = (g, id) :
Z(EY) — Z(E?) is a morphism of the category oPSy. Then f and g are injections.

Proof. We prove that f is an injection by contradiction, opposing a path ending at a set of
events E' to its image under the action f. Since the functor .% is full, we conclude that g is an

injection. O

A cubical computation in a simply diconnected precubical set M is a simply diconnected
precubical set V such that ¢ (V) is a computation in the transitional Chu space ¢ (M).
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Corollary 1. Suppose that E' and E? are objects of the category SCSy, .7 (f) = (f d) :
Z(EY) — Z(E?) is a morphism of the category oPSy, and V is a cubical computation in F (E!).
Then the first component of the restriction F (f) |v: V — Z(E?) is an injection.

Proof. Since 4(V) is an object of Py, and .# is a full functor, from Proposition 3 it follows
that the first component of .7 (f)y oy : F(4(V)) — V — Z(E?) is an injection. Since ny is
the inverse of &y, the first component of .% (f)y is also an injection. O

Theorem 4. A morphism f = (f,id) : E} — E? of the category SCSy, is Pr-open if and
only if F(f) is cPr-open.

p —2 . FEY o) I®) girmyy) 2B
ml l?—"(f) G(m) Q(F(f))| |f
Q _q"F(E?') g(Q) 08 G(F(E?) = U E?

Figure 5. Diagrams for the morphisms % (f) and f of the categories oPS, and SCS/, respectively.

Proof. Necessity. Assume that m : P — Q is a morphism of the category cPy and p: P —
Z(EY), q: Q — .Z(E?) are morphisms of the category oPSy, such that the diagram at the left
in Figure 5 is commutative. Applying the functor ¢ and using formula (2), we see that the
diagram at the right in Figure 5 is also commutative, where vy : 4(.% (E')) — E is the inverse
of ¢gi given by vgi (< (F, F LUe) >) = e for all events < (F, F Ue) > in 9(F(EY)) (i = 1,2).
Since 4(P), 4(Q) are objects of Py, and f is P-open, there is a morphism 1 : 4(Q) — E! of
SCS, such that vgi 0 9 (p) =ro¥(m) and vg2 0 9(q) = f or. Applying the functor .# to the
diagram at the right in Figure 5 and using formula (1), we obtain the following commutative
diagram:

p &p F(G(P)) U} 10G(p))
1'11‘ G(m)) / ‘
Q g
&Q Fupz 0G(q))

We consider the equality % (vgi) o F(9(p)) = F(r) o #(4(m)). By formula (1), we have
F (V1) 0z opone = F(r) 0.7 (¥ (m)), (3)

where np : .7 (4(P)) — P is the inverse isomorphism of {p. Since .Z is a faithful full functor, we
have § 7(g1) = F (g1). Thus, multiplying (3) by §p from the left and using the commutativity
of the left square of the diagram, we find p = .% (r) 0 £ o m. Similarly, q = .#(f) o Z (r) 0 £q.
Consequently, .7 (r) o &g : Q — 7 (E!) satisfies the required equalities, i.e., Z (f) is cPr-open.

Sufficiency. Suppose that m = (m,id) : P - Q is a morphism of the category P and
p = (p,id) : P El, q = (g,id) : Q — E? are morphisms of the category SCSy, such that the
diagram at the left in Figure 6 is commutative. Hence the diagram at the right in Figure 6 is
also commutative.
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P — p! @) TP r
ml ] f F(m) \F(f}
Qg ¥ FQ 77 E)

Figure 6. Diagrams for the morphisms f and .%(f) of the categories SCS, and oPSy, respectively.

~ F(p)
F(P) ~F(E")
. Mﬁ“m ot
k <
F(m) F(m)|y Tkl F(£)
e
A / A\l
F(Q) ~F(E?)
Fl(a)

Figure 7. The extended diagram for the morphism .7 (f) of the category oPSy.

Let {Px}pc,r and {Qi};c,@ be collections of objects of the category cPp such that ¢ :
P, — .Z(P) and v QL — Z(Q) are natural morphisms of inclusion and (Q, Q) = v (t;), where
t; is a finite point® in Q. For all & < n’ and | < n¥ we choose maximal cubical paths P,
and @ for Py and Q) respectively. Let S = {(k,1) | 3F (m)|x; : Px — Qi, k < nP, 1 < n?},
where .#(m)|y; : Px — Q is the restriction of the morphism .#(m) onto Py from the range
of Q). We consider arbitrary (k,l) € S. Then the left inner square of the diagram in Figure
7 is commutative. Since the outer square of the same diagram is also commtative, we have
F(f) o (F(p) o) = (F(q) o yy) o F(m)|g;. Since Z(f) is a cPr-open morphism, there is a
morphism 1y : Q1 — Z(E!) such that Z(p) o tx = 1) 0 F (m)|g; and F(q) o ¢f = F(f) o 1.
As a rule, such a morphism is not unique, which is asserted by the following lemma.

Lemma 6. For a fized (k,l) € S there exists a set of morphisms {er1 1 Q1 — F(EY}vea,
such that 1) ,(Q) € V, where

A ={V e A| Z(p)(u(Pr)) €V},

A ={V s a cubical computation in F(E') | f( v) =q(Q,Q), ty is a finite point in V}.
Furthermore, Z (p) o 1, = er o Z(m)|p; and F(q)oy = ZF(f)o rﬁ/’l.

Proof. Indeed, for fixed (k,[) € S the existence of at least one rkVYl € {rﬁl’l}VE A, follows from
the cP p-openness of the morphism 7 (f). If |Ax| > 1, then we consider an element U € Ay such

that U # W. It is clear that there is a cubical path P, in U that ends up with a finite point
ty of the cubical computation U. Since f(ty) = ¢(Q,Q) = f(rZVl(tl)) and % (E?) is a simply

diconnected precubical set, we have f(P,,) Gragy) Gyt g f(rkl(Ql)). Since Z(f) is a
cP-open morphism, we can apply Theorem 1 b times to conclude that there exists a cubical

path P/, such that P, Grig) | Go0) P/, i.e., P/; belongs to U and f(P’ )= f(r,‘?fl(Ql)).

5 A point  in a precubical set M is said to be finite if there are no v € M; such that u = dJ (v).
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It is clear that the mapping r[k{l defined by TZZ(QI) = P/, can be extended to a morphism

of the category oPSy, with the help of the equality f(r,gl(Ql)) = f(r,ZVl(Ql)) = q(4;(Qq)). This
equality also implies the commutativity of the lower inner square of the diagram in Figure 7 for
rgl. Hence 9(f)orgloﬁ(m)|k7l = 7 (q)oyo.# (m)|i,;. Consequently, by the commutativity of the
left inner square and the outer square, we have .Z (f)|y orgloy(m)!k,z =7 (f)|uo.Z(p) o since
r[k{l(ﬁ(mﬂk,l(Pk)), Z(p)(«k(Px)) € U. By Corollary 1, the upper inner square in the diagram in

Figure 7 for rEl is also commutative. ]

We consider the diagram

F(P)

I P
vy
F(m) f(m)la-.el / \ \ 7 0
s

F(E?)

F(p)

Fla)

where I is an object of the category oPS consisting of a single cube of zero dimension. It is
clear that there exist morphisms of inclusion ¢y : I < Py and ¢ : I < P;. Since I € {Pk}kgnp,
there exist morphisms {r}{l}VE 4, for all I < n¥. Such morphisms are denoted by Y = r}{l. We
note that A; = A.

Lemma 7. Let V € A. Ify' € Mg, and y/ € Mg, are such that Uyl = L;-(yj) =y € Mg,
then )/ (y') = rjv(yﬂ)

~

Proof. Since Z(Q) is a simply diconnected precubical set, from the definition of @; and
@; we conclude that ¢j(Q;) and ¢}(Q;) are dihomotopic. Hence it suffices to consider the case

4y (Qr) () 15(Qj). Let, for example, ¢;(Q1) C ¢(Q;). Then there exists a morphism of inclusion
L{J : Q1 — Qj. It is clear that ¢ = LJ{ ) Lid-. By the commutativity of the lower interior squares
of the diagram in Figure 7 for 1\ and rjv, we find .7 (f) o er ou;=F(f)o rV. Since 1Y (Q),

er(L{’j(Ql)) C V, the required assertion becomes obvious by Corollary 1. O

Since for every y € MQ(Q) there exists | < n? such that y = Lg(yl), where 3! € Mq,, we
conclude that, in view of Lemma 7, the equality r" o vy = rlv for all | < n® yields a mapping
rV = (V. idy) : Z(Q) — .Z(E') which is a morphism of the category oPS.

We consider arbitrary Py such that ¢ (7%) = (]3, ]3), where 7, is a finite point of Py. For k we
choose a number [ such that (k,1) € S. Since .Z(f) is a cPr-open morphism, there is a morphism
1{? (with some Vo € Ag) such that rxff o F(m)lg; = F(p)ow and F(q) oy = F(f)o rX?
Then Vo € A; for all i < QP . Indeed, we extend the cubical pAath ti(P;) to a cubical path
P that is contained in .#(P) and ends up with the point (P,P). Since P ~ u;(F) and,
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consequently, p(P) ~ p(tx(Py)), and the cubical path p(i(Py)) = TXOZ(WLMJ(P;C)) lies in the
cubical computation Vg, we conclude that the cubical path p(P), together with p(¢;(P;)), lies in
the cubical computation V. Consequently, .# (p)(¢i(Pi)) € V. Thus, there exists a morphism
ri\:io for all 4, j such that (i,7) € S.

It is clear that rl\f(l’ = rlvo. Indeed, by the commutativity of lower inner squares of the diagram

in Figure 7 for rl\;(f and rlvo, we have .Z (f) o rx(f =)o ero. Since rX?(Ql), rIVO(Ql) C Vy, we
obtain the required result in view of Corollary 1.

By the above, we have rV° o F(m) = F(p) and F(f) o Vo = .Z(q). By formula (2), the
required morphism vg1 0 4(rVo) o G Q— E! satisfies the equalities p = vg1 0 4(.F (p)) o ¢ =
Vgt 04 (rV0) 04 (.F (m)) o Sp = U1 © G (rVo)o g °m and, similarly, g = fouvp 0¥ (rVo)o S

To conclude the paper, we formulate an important consequence of Theorems 2, 3, 4 and
Assertion 3 in [15].

Theorem 5. Two precubical sets labeled by the same set L of actions are cP-bisimular if
and only if their universal dicoverings represented as transitional Chu spaces, are P-bisimular.
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