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Abstract—We study equivalences of concurrent processes represented by objects of algebraic
topology. We use methods of category theory and consider precubical sets (analogs of semisimplicial
sets)and precubical spaces (analogs of cell complexes). In particular, we consider categories of these
objects and construct subcategories of path-objects. We define open morphisms with respect to
these subcategories and formulate criteria for a morphism to be open. We prove that the equivalence
of precubical sets (spaces) based on open morphisms coincides with a behavioral equivalence of
concurrent processes.
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1. INTRODUCTION

Notions and methods of algebraic topology and category theory have appeared recently in the con-
currency theory. In [16], Pratt suggested to use precubical sets as a model of concurrent processes.
Such sets are similar to semisimplicial sets of algebraic topology. They represent the cubical structure of
elements of the set in terms of boundary mappings. On the other hand, the structure of such sets allows
us to construct adequate models of concurrent processes. For example, Fajstrup [2, 3] proved that two
processes are concurrent if and only if the paths representing these processes in precubical sets are
homotopic. In the articles by Goubault and Jensen [8], Grandis [9], Fahrenberg [4], and Khusainov[12],
the homological approach is used. The authors represent (pre)cubical sets as algebraic complexes, and
study concurrent processes from the point of view of homologies of (pre)cubical sets. In his thesis [7],
Goubault suggested another geometrical model of concurrency; namely, precubical spaces (topological
spaces endowed with a differential structure that allows us to determine the duration of concurrent
processes).

Various equivalences arise in identification of “similar” concurrent processes. In an attempt to
compare and unify these equivalences, a number of authors developed category theoretical approaches.
In[11], Joyal, Nielsen, and Winskel introduced the abstract notion of equivalence in terms of a special
construction (a span of open morphisms). This approach helped to unify a series of definitions of
behavioral equivalences for various models of concurrency, see [5, 11, 13, 14, 17]. In [10, 18], open
morphisms are introduced and studied for timed extensions of several models of concurrent processes.

In the present article, we represent concurrent processes by objects of algebraic topology and apply
methods of category theory for studying and comparing equivalences of these objects. We consider
precubical sets (analogs of semisimplicial sets) and precubical spaces (analogs of cell complexes).
Using a criterion for a morphism to be open, we prove that the equivalence of precubical sets based
on open morphisms coincides with a behavioral equivalence of concurrent processes. We also construct
and investigate adjoint functors between categories of precubical sets and spaces. These functors allow
us to transfer the criterion for behavioral equivalence (formulated in category theoretical terms of open
morphisms) to precubical spaces.

"E-mail: oshevskaya@gmail.com

47



48 OSHEVSKAYA
2. PRECUBICAL SETS

2.1. Category pSet. Precubical sets allow us to construct natural models of concurrent processes.
Namely, the concurrent execution of n actions is represented by an n-dimensional cube, while their
mutually exclusive execution is represented by the edges of this cube. For example, consider the pre-
cubical set in Fig. 1. The right-hand 2-cube (filled square) = represents the concurrent execution of a
and b. The boundary of this cube consists of 1-cubes (segments) x1, yo2, and y;, x2. Functions of two
types represent this boundary; namely, the (source) boundary mappings d{ and dJ and the (target)
boundary mappings di and di. In some sense, zo = di(z) and y2 = di(x) are copies of x1 = d{(z)
and y; = dJ(z) respectively. This distinction between the boundary mappings determines the direction.
For example, the 1-cube x; starts at the 0-cube (point) d(z1) = i and terminates at the 0-cube
di(z1) = s. The left-hand square represents the mutually exclusive execution of @ and b. This situation
is modeled by the precubical set constructed from 1-cubes x1, y2 and y1, z2. Both processes start at
the initial point 4.

Fig. 1. Concurrent and mutually exclusive
executions of @ and b in a precubical set

We present the formal definition of a precubical set.
Definition 1. A (labeled over a set L of actions) precubical set (with a distinguished point) is
a triple M = (M, ig, 1), where
e M isaprecubical set,i.e., a collection of pairwise distinct sets (M, ),>0 and boundary mappings
dy,dly s M1 — M, (Ap=1...n+1)
satisfying the following cubical axioms: Forall1 < A <y <n+2and a, 8 € {0, 1}, the diagram

dj
Mo —— My

a5 | |

Myt —— M
d°
pn—1
commutes;
e iy € My is adistinguished point, called the initial point;
e [: My — L is a labeling function from the set of 1-cubes to the set L of actions such that
[(d}(z)) = 1(d}(z)), where A = 1,2, forall z € Mo.

Remark 1. We introduce the value I(z) for every x € M,,, n > 0, as follows. Put i(z) = @ forn =0
and l(z) = (l1(2),...,ln(2)) forn > 1, where

lA(a:):l(d(l]o---odg_lodgﬂo-'-odg(:r)) forall 1 <X <n.
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PRECUBICAL SETS AND SPACES 49
Letn >0andlet0 < j <n.Weput

A(],n) = {(’}/1,...,")/]',91,...,9]') |"}/1,...,")/j S {0,1}, 1<0,<--- < 9]' < Tl}
For (I, ©) € A(j,n), we define the (n — j)-component of a cube z € M,, as follows:

. it j=0
DL (2) = _ ’
o(z) {dgl 0.0 dgj, (z) otherwise.
1 J

Fig. 2. Precubical set M

Example 1. We illustrate Definition 1. Consider the precubical set M = (M, iy, 1) with L =
{a,b,c,d} in Fig. 2. The set M contains the 3-cube x and the 2-cube y rolled up into a cylinder.
The boundaries of 2 and y are defined as follows:

vy = di(x), 9 =d3(x), w3 =d3(x), y1=dP(y), y2=d3(y).
The initial point is ig € Mj. The labeling function [ is defined as follows: {1 (z) = a, la(z) = b, I3(x) = ¢,
and l2 (y) =d.

By a morphism we will mean a pair of functions taking cubes and actions of a precubical set into
cubes and actions of another precubical set respectively and satisfying some additional requirements.

Definition 2. Let M = (M, ig,1);, and M’ = (M’,4(, '), be precubical sets. Let f = (f, o), where
f=U/fnand f,: M, — M) and o : L — L' are set mappings. We say that f is a morphism from M
to M if the following conditions hold:

(1) fo(io) = 1o,
(2) 'of,=00l,
(3) fnod§=dSo fnt1.

By the first condition, morphisms preserve the initial points. By the second condition, the actions are
consistent. By the third condition, the boundaries of the cubes are consistent too.

Precubical sets with morphisms form the category pSet, where the composition of morphisms

f=(f,o) : M—M and g=(g,0): M — M
is the morphism
gof={(gof,000):M—M"
and the identity morphism consists of two identity mappings.
In the sequel, we will need a foliated structure on pSet. Let pSet;, denote the subcategory of pSet,
whose objects are precubical sets labeled over a set L of actions and the second components of

morphisms are identity mappings. Similar notation will be used for other categories considered in
the article.
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50 OSHEVSKAYA

2.2. SubcategoryP. A cubical path in a precubical set M is a sequence
dy? dyk
P=py—>Dp1.. D1 —> Dk
of cubes and boundary mappings such that pg = ig and
either p,_1 = di‘j (ps) (if as =0)
or ps = d*(ps_1) (i ax=1)
forall1 <s <k.

Remark 2. Usually we omit boundary mappings in the notation and write P = pop1 ... pr—10k
instead of

(07 ak
a5t ds

Al k
P=pyo—p1...pk—1 — Pk

if there is no ambiguity.

In the sequel, we denote by CP(M) (CP,, (M)) the set of all cubical paths (ending with a cube py) in
a precubical set M.

The following assertion is obvious.

Assertion 1. Let P = pop; ... pg—1pk be a cubical path in a precubical set M = (M,ig,l)r. Then
M’ = (M',ig,l') 1, where

M, = | D(ps) "M, (n>0) and ' =1],,,
0<s<k !

is a precubical set over L and a precubical subset of M. (We will say that M’ has the form of
the cubical path P in M.)

Let
e
di‘i dAk
P=py—p1...pk—1 — Dk,
B
duy dn

Pl =py =5y Py 5,

be cubical paths in a precubical set M. We say that P’ is an extension of P and P is a restriction of P’
(in symbols: P — P’)if n > k and the equalities ps = pl, as = (B, and Ay = ps hold for all 1 < s < k.

dDé
In particular, we write P =2 P'ifn =k + 1, Bx11 = o, and pipoq = .

Following [6], we introduce the notion of the combinatorial homotopy for cubical paths in a precubical
set M. The homotopy is the least equivalence on the set of cubical paths in M such that P and P’
are equivalent if P and P’ are s-adjacent (in symbols: P <2 P’), i.e., P' can be obtained from P by
replacing, for A < pand o =0, 1,

9 s s, df
either the segment —* py — by the segment = p/, — or vice versa;
e 1 1 el

i d>\ d>\ / du—l .
or the segment — py; — by the segment — p, — or vice versa.

For every P € CP(M), let [P] denote the homotopy class of P.
Example 2. Recall the precubical set M from Example 1. The sequences
. df di dy dy di g di di dy
d P=ig—p—p2—p3s—x1 — Y2 —y —pr—ps— D1
o Ay d Ay g A
Q=t—p1—p2—q@ —q@Q—Ys—Y —pr—DPs — D1
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in Fig. 2 are cubical paths in M. It is clear that P and @) are homotopic because
4 (. d P dy d ) d! dj dy 5
Pe—slipg—p —p—q —21—y—y —pr—ps—pr| < Q.

For a natural number IV, we put

av {0} it N=0,
B {(tl,...,tN) ‘ t; € {0, 5,1}} otherwise.

We partition BY into subsets of the form

By = {(tl,...,tN) emy

‘{tj:;‘lngN}‘:n}, where 0 < n < N.

Assumethat (tq,...,ty) € BN 1 <j; < < j, <N, andt;, = %foralll < ¢ < n. We define bound-
ary mappings d : By — @Y . We put
di(tl, ves ,tN) = (tl, ‘o ,th_l,a,thﬂ, ‘o ,tN),
where e € {0,1},1 < A <n,and 0 < n < N. Itis clear that B" is a precubical set.
We construct a precubical set labeled over L whose initial point is BY. We put

mN (8°,0,2), if N =0,
(8", (0,...,0), ZEEN)L otherwise.

Here, I®" is a labeling function from BY to L such that 1% (d9(p)) = I®" (d}(p)) for all A = 1,2 and
pemy.
A cubical path P € CP,(8BY) is consistent with BY if either N = 0 or we have
oy B _ .
Dg(p) = (l,...,i), where T' = (l,...,l), ©=(1,...,dimp).

~ ~
N dimp

A path-object Ois a precubical set having the form of a cubical path P € CP(BN), N > 0, that is
consistent with Y. Let P denote the full subcategory of path-objects of the category pSet.

A cubical path P in a path-object [ is said to be maximal if I has the form of P. Let CPmax(0)

denote the set of all maximal cubical paths in 0.

a5

A morphismm = (m, 1) : 0 — 0O’ of the subcategory Py is called an le-step (wi-step) it m(P) —

Q (m(P) <%~ Q) in O’ for suitable P € CPyax(0) and Q € CPax(0’). Notice that every morphism
of the category Py, is the composition of le-steps and wi-steps.

In the sequel, we will need the following definitions and facts about cubical paths. For the proof of
the following lemma, see [15, Lemma 4.1].

Lemma 1. Let M be an object of the category pSety,. For every cubical path P in M, there exist
an object ﬁp of the category Py, and a morphism m = (mw, 1) : ﬁp — M of the category pSetr,
satisfying the equality m(P) = P for a suitable P € CPyayx (ap).

We consider the notions of a A-beginning and a A-ending of a cubical path P in a precubical set M.
For the proof of the following fact (see [6, Proposition 2]).
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d? dy

Lemma 2. Let P € CP(M) contain either a segment BN Ds Aé—ﬂ, With A\s # As41, Or a segment
ag. A3 a, 4,
25 ps ﬁf, or a segment 25 py 251 Then there exist a unique cubical path P' in M with
PP

Let P € CPp,, (M) and let 1 < X <n,n=dimp, > 0. By a A\-beginning of the cubical path P we
mean a cubical path d{(P) € CP(M) such that the diagram

d3(P)

dgl

s+1 k—2 k-1
. Py Py

s

P Ps+1

a9
commutes for a suitable 1 < s < k. (For s = k, we mean the diagram d{(P) -~ P.) By a A-ending of

1
the cubical path P we mean a cubical path d} (P) € CP(M) with P A, di(P).

Lemma 3. Let M be a precubical set, let P € CP,, (M) be a cubical path, and let 1 <X <n,
where dim py, = n > 0. Then there exists a unique cubical path d$(P) € CP(M), a = 0, 1.

Proof. The case in which o« = 1 is trivial. Assume that a = 0. Let

A A .
P=py—>pi...pg—1 —> pg (dimpg =n > 0).

Distinct copies of the same action may occur in P (for example, if this action is concurrent to itself). For
simplicity, we distinguish such actions by adding subscripts. Therefore, without loss of generality, we
may assume that, in P, there is at most one copy of each actions.

[t is clear that every segment ps_1 BN ps in P is either the start of the action [, (ps) (if as = 0) or
the termination of the action [y, (ps—1) (if s = 1). Consider the cube py, in P. It represents simultaneous
execution of n distinct actions I1(pg),...,ln(pr). By the definition of a cubical path, there exists

0

d
a unique s such that 1 < s <k and the segment ps_1 25 ps of P represents the start of the action
0 das+l

Ix.(ps) = Ix(px). We consider the segment h Ds 24 of P as+1 = 0 then, by Lemma 2, there
exists a unique cubical path P,y ; in M such that P <2 P, ;. Then P,y; contains the segment
a2 44 do,

Eﬁ pstl E:, It is easy to see that Iy, (ps) = lys+1(pst1) in M. IT agp1 =1 and Ag # Agqq then
the arguments are similar. If as41 =1 and Ay = As4; then the action [y, (ps) starts and terminates
simultaneously. Since Iy, (ps) = Ix(pr) ends with pg, we conclude that there is no termination of
the action [y, (ps) = Ix(px) in P. We arrive at a contradiction. Repeating these arguments, we obtain
a unique sequence of adjacent cubical paths of the form

P L pin M, with Ly (ps) = Ly (o),
dfk
where Py ends with the segment p¥ | — py. Since I[(px) = Iy, (ps) = Lk (pr) and, in P, each action
occurs at most once, we have A = \¥. Therefore, there exists a unique cubical path dY(P) satisfying

dO
the condition d)(P) - Pj.
In conclusion, we present the following obvious fact.
Lemmad4. Let f=(f o) : M — M be a morphism of pSet. Then, for every cubical path P =

po—5 o h € CP(M), the following assertions are valid:
dii dsk

(1) f(P)= f(po) =% - =% f(py) € CP(M);
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PRECUBICAL SETS AND SPACES 53

2) if P25 P in M then f(P) 2 £(P') in W
(3) if P <>~ P"inM then f(P) <>~ f(P')in M.

2.3. Open morphisms of the category pSet. Let M be a category and let P be a subcategory of M.
LetI: P — M denote the embedding functor. We recall the definition of an open morphism.

Definition 3. A morphism f: M — M’ of M is said to be P-open if it possesses the right lifting
property, i.e., for every morphism m: P — Q of the category P and every commutative square of
the category M as shown below

p
P M
,l
m ,//r f
Q M’
q

there exists a morphism r : Q — M splitting this square into two commutative triangles.

Remark 3. Consider the definition of a P-open morphism of the category M in terms of the comma
category I | Idyg. A morphism f : M — M’ of M is P-open if and only if every morphism

(m, ) : (P,p,M) — (Q,q, M)
of I | Idym can be represented as the composition of the morphisms (1q, f)(m, 1m).

Asisnoticed in[11], using the notion of a P-open morphism, we can define the notion of P-equivalent
objects of M.

Definition 4. Objects X and Y of the category M are P-equivalent if there exists a span of P-open
morphisms

xJ 7z y.

For a fixed set L, consider the category pSety, and its subcategory Pr,. We prove the following criterion
for a morphism of pSety, to be Py, -open.

Theorem 1. A morphism f= (f,11) : M — M’ of the category pSety, is Pr-open if and only if,

for every cubical path P € CP(M), the following conditions hold:
s ds

(a) if f(P) 2 Q" in M then P 2> P'inMand f(P') = Q';

(b) if f(P) <> Q' in M then P <>~ P'inM and f(P') = Q.

Proof. (=) Assume that f=(f,17): M — M’ is a P1,-open morphism. We only prove that con-

d&

dition (a) holds. The proof of condition (b) is similar. Let P € CP(M) and let f(P) =2+ Q" in M’. By
Lemma 1, there exist objects [ip and [iQ, of the category P;, and morphisms = = (7, 1z) : ip - M
and 7' = (7', 1) : ﬁQ, — M’ of the category pSety, such that 7(P) = P and 7/(Q’) = @’ for suitable
maximal cubical paths P = pq...ps in ﬁp and Q' = ¢. o pyq N ﬁQ,. We define a mapping m =
(m, 1) : Op —ﬁQ,. We put m(D§ (ps)) = D§(g,) for all (T, ©) € A(dimps) and 0 < s < k. It is easy
to see that m is a morphism of the subcategory Py, and f o m = 7’ o m. Since f is a P, -open morphism,

there exists a morphismr : iQ, — M of the category pSet, such that # =r o mand 7’ = f o r. Hence,

there exists a cubical path 7(Q’) in M. From the definitions of the morphism m and the cubical paths P
. as . d¢ . —
and Q' together with the fact that f(P) — Q' in M’ it follows that m(P) — Q"in O, By Lemma 4, we
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find that r (m(P)) A, r(Q') in M. Since 7 = rom and 7’ = f o1, we obtain P = n(P) = r(m(P)) 4,

r(Q)inMand f(r(Q)) = 7'(Q) = Q"
(<) Let f=(f,11) : M — M’ be a morphism of the category pSet; such that the conditions of

the theorem hold. We prove that f is Py, -open. Assume that there exist morphisms 7 : 0 — M and

/

7 : 00’ — M’ of the category pSety, and a morphismm : [] — [1’ of the subcategory P, such thatf o r =

7’ o m. We show that there exists a morphismr = (r, 11 : 0’ — Mof the category pSety, such that 7 =
romand 7’ = f or. We only consider the case in which m is a wi-step (the case in which m is an le-step

is similar). Since m is a wi-step, there exist P € CPmax([i) and Q € CPmaX(a’) such that m(P) <%
Q=qo...q in O'. By Lemma 4, we have 7’ (m(P)) < «(Q) in M". Since f(m(P)) = ' (m(P)),
we find that 7(P) <2 P/ = pg...py in M and f(P’) = 7'(Q) (cf. the conditions of the theorem). We
define a mapping r = (r,12) : 0’ — M. We put r(Dg(gs)) = Dg(ps) for all (I',©) € A(dimg,) and
0 < s < k. It is easy to see that r is a morphism of the category pSety, suchthatm =romandn’ = for.
Since every morphism of Py, is representable as the composition of le-steps and wi-steps, we use

induction on the number of such steps and obtain the required assertion for an arbitrary morphism.
Thus, f is a Pz, -open morphism.

2.4. hhp-Bisimulation on precubical sets. We introduce a behavioral equivalence (hhp-bisimulation)
on precubical sets, which is an adaptation of the corresponding definition from [6]. We prove that this
equivalence coincides with the P-equivalence.

Definition 5. Let M’ and M” be precubical sets labeled over L.

Cubical paths

5,
d P=py—=p1...pk-1 —> pr in M
an o 2
Q=q0—>q1- - qr—1 —> q in M"
are said to be dl-connected if as = 5, A\s = s, and l'(ps) = 1"(gs) forall 1 < s < k.

A binary relation R between cubical paths in M" and M” is called an hhp-bisimulation between M’
and M” if, for each pair (P,Q) € R, the cubical paths P and @ are dl-connected and the following
conditions hold:

(1) it P55 Pin M then @ 25 @/ in M” and (P, Q') € R;
2) it Q 25 @ in M then P 25 P/ in M and (P, Q') € R;
3) it P 2 pin M then @ 2 Qin M” and (P, Q') € R;

4) ifQ 2 Qin M then P 25 Pin M and (P, Q') € R;

(5) if P <2 P’'in M’ then Q <>~ Q" inM” and (P",Q’) € R;

(6) if Q <> Q' inM” then P <*» P'in M’ and (P',Q’) € R.
Precubical sets M’ and M” are hhp-bisimilar if there exists an hhp-bisimulation between M’ and M”
such that the initial points (regarded as cubical paths) are related.

Notice that the relation “to be hhp-bisimilar” for precubical sets is indeed an equivalence relation.

Example 3. To understand better the definition above, we discuss examples of hhp-bisimilar and
non-hhp-bisimilar precubical sets.

We begin with the precubical sets depicted in Fig. 3. The boundary mappings are defined as follows:
df(z1) = p1, dj(x1) = p3, df(x2) = p2, di(xa) = pa

SIBERIAN ADVANCES IN MATHEMATICS Vol.24 No.1 2014
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in the left-hand precubical set and

dP(y) = q1, d(y) = g

in the right-hand precubical set. The initial points are sg and rg. These semicubucal sets are hhp-
bisimilar because the required hhp-bisimulation R can be easily constructed irom the set

{(P,Q1), (P2,Q2), (P1,Q2), (P2,Q1)}
with the help of conditions (1)—(6) of Definition 5. The cubical paths P, P», @1, and @2 have
the following form:

P1 = S0P1S1P3S3P5S5P7S7 and P2 = S50P252P454P6S6P8SS in the left-hand precubical set

and
Q1 = roqir1qoT2q37T3q4T4 and Qo = Toq17T1G272q575q674  in the right-hand precubical set.

S5 c S7 56 c S8 73 C T4
| S b g 4
P5|c c|Pe6 c|qs g6 | c
53 S4 q5
9 C rs
b|P3 *1 P T2 p4|b blq? Y Qb
p1 D2 qi
S1 a S0 a 52 o a [

Fig. 3. hhp-Bisimilar precubical sets

Now we turn to the precubical sets depicted in Fig. 4. The boundary mappings are defined as follows:

dP(x1) = p1, dy(x1) = ps,
d(xg) = p1, dy(x2) = pa,
dy(x3) = pa, di(x3) = ps,
df(z4) = ps, d3(x1) = pe
in the left-hand precubical set and

dP(y1) = a1, di(y1) = e,
AP (y2) = a1, d3(y2) = @2,
d3(y3) = a1, di(y3) = s,
AP (ys) = g6, d3(ya) = qr,
d3(ys) = g2, di(ys) = g3

in the right-hand precubical set.

Assume that there exists an hhp-bisimulation R between these precubical sets such that the initial
points are equivalent with respect to R. Then, for the cubical path

dy ay dj di ay di
Q=10 —q1—Y2—q—T2 —q3 — 13

in the right-hand precubical set, there exists a cubical path P in the left-hand precubical set such that
(P,Q) € R. Since P and @ are dl-connected, the path P has either the form
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a S5 b S7 a b
pr
a r1 D5 T4 a a U1 d6 Ya a
s Dé6 ” q1 qr
0 p1 S1 0 1
a T2 P2 a Y2 q2 Y5 a
q4 q3
52
P4 T2} 73
b T3 P3 b Y3 Qg5
a S3 a

Fig. 4. Precubical sets that are not hhp-bisimilar
d? d? dd d} d? d}
(1)so — p1 — @y —> py — 53 — p3 — 53
or the form

dy dy dy d dy di
(2)50—>p1—>$1—>p5—>85—>p7—>87-

Moreover, for the right-hand precubical set, we have
4 af d) dydf o di o dy
Q— (Q/Zro—wh—>yz—>Q2—>ys—>Q3—>7“3>-
Hence, in the left-hand precubical set, there exists a cubical path P’ such that P <L P'and (P,Q) e
R. In case (1), there exist no P’ with P L. P In case (2), consider the path

prog W A A
= S0 b1 1 — Ps €Ty — P7 — St.

We have P < P’. However, we have (P',Q") ¢ R because P and ' are not dl-connected.

We prove that, for precubical sets labeled over a common set L, the relations “to be hhp-bisimilar”
and “to be Py, -equivalent” coincide.

Theorem 2. Let M’ and M" be precubical sets labeled over the same set L of actions. Then
the following conditions are equivalent:

(1) M' and M" are hhp-bisimilar;

(2) M" and M" are Py -equivalent.

Proof. (2 = 1) Assume that M’ and M"” are P, -equivalent. Then there exists a span M’ LISV LR
M” where M is an object of pSety, and ' = (f’,11) and £ = (f”, 1) are P -open morphisms of pSety,.
It is immediate from Definition 2, Lemma 4, and Theorem 1 that the relation

R = {(f’(P),f”(P)) ‘ Pe CP(M)}

is an hhp-bisimulation between M" and M”.
(1 = 2) Let M" and M” be precubical sets labeled over the same set L of actions and let R be an hhp-

bisimulation between M’ and M" with (i(, i) € R. We construct a span M’ &M L M7, where M
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is an object of pSety, and ' = (f’, 1) and " = (f” 1) are Py -open morphisms of pSety,. For a pair
(P, Q) € R, we define

(PQ)={(P.Q)| (P =) <2 (B = P,
(@=Qo) < ... <™ (Qum = Q).

U%QﬂeRﬂgjgmﬂnzm}

Form = 0, we mean (P, Q) € (P, Q).
We define a structure (M', M") = (M, i, 1)r. We put

o M, ={(P,Q)| (P,Q) € R, P €CP,(M), dimp =n} and d5((P,Q)) = (d}(P),d$(Q)) for
all (P,Q) € My, (n > 0);
® ig= <267Z8>’
e [((P,Q)) =U(p)forall (P,Q) € M.
We show that (M’, M”) is a precubical set.
Let (P, Q) € M,,4+1, where n > 0. We prove that
X ((P,Q)) = (dx(P), d}(Q)) € M.
Assume that the cubical path d{(P) is obtained according to the relations

_ d?
(P=P,) <% Py &5 25 poand d2(P) 25 P

Since (P, Q) € R, we conclude that the cubical paths P and @ are dl-connected; hence, the cubical
path d{(Q) is obtained according to the relations

s s+ k—1 0 d)?
(Q=0Qs) Qs+1 Qr and dy(Q) — Q.
On the other hand, if (P, Q) € R then, by condition (5) of Definition 5, there exist cubical paths @,
.., Q) € CP(M") such that

(Q=Q) <= Quy & £ @ and (P,Q)) € R
forall (s +1) < j < k. By Lemma 2, we have Q; = @’ for all (s +- 1) < j < k; hence, (P, Qx) € R. By
condition (3) of Definition 5, we have (dY(P),dY(Q)) € R, i.e., d)((P,Q)) € M,. By condition (1) of
Definition 5 for the pair (P, Q) € R, we have d} ((P,Q)) € M,,.

We prove that (M, M”) satisfies the cubical axioms, i.e., if (P,Q) € Mo withn > 0,1 <A< pu <
(n+2),and o, f = 0, 1 then we have

& (2(P.Q)) = 4y (B(P.Q)).

We only consider the case in which @ = 0 and § = 1. The remaining cases are similar. Assume that
0

the cubical path d)(P) is obtained according to the relations P« --- Fu Py, and dY(P) A, Py.
Since the last cube py, in P satisfies the cubical axioms, we obtain the diagram depicted in Fig. 5.

On the other hand, dj,(P) is an extension of the cubical path P, i.e., dJ (d},(P)) is obtained according to
the relations

1

S dO
d),(P) " -+ £ Py and d(dL(P)) 25 Py,

By Lemma 2, this sequence of adjacent cubical paths coincides with the lower sequence in Fig. 5,
i.e., Ppy1 = Ppy1. Hence, df(d},(P)) =d},_,(dJ(P)). Similar arguments prove that df(d)(Q)) =
d},_1(d3(Q)). We conclude that

B (d(P.Q)) = di 1 (R(P.Q)).
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Cfg/d(i(P)
P EL B d \(d(P))

4| 4] |

s k k
d,(P) «— ... LN d\(P) <=  Pip

i

Fig. 5. Cubical paths in M’

Therefore, (M’, M") is a precubical set.
We define mappings
(pry, 1)+ (M, M") — M and (prq,11) : (M, M") — M".
We put

pri((P,Q) =p, pra({P,Q)) =4
forall (P, Q) € M with P € CP,(M') and Q € CP,(M"). It is easy to verify that (pry, 1) and (pry, 1)
are morphisms of pSety. We use Theorem | and prove that (pry,17) is a Pr-open morphism (for
the morphism (pry, 11,), the proof is similar).

We consider an arbitrary cubical path O =op...0, € CP((M/,M")). By Lemma 4, we have
pr1(0) € CP(M') and pro(O) € CP(M"). Let

di‘} d‘;:
pri(0) =po — p1...Pr—1 — Dk,
d3! sk

A A
pra(0) =qo —> q1 ... Q-1 — Q-

Using induction on the number of cubes in the cubical path O, it is easy to show that
“ o B o
Os =\P0o—P1---Ps—1 7 Psy 0 —q1---Gs—1 — Qs

for all 0 < s < k. By the construction of (M’,M"), we have (pr;(O),pry(0)) € R. We show that
condition (a) of Theorem 1 holds for the morphism (pry, 11) (similar arguments prove that condition (b)

X+1
holds too). Assume that pr, (O) EHL Pl or some P! € CP(M'). By condition (1) of Definition 5, there
X+1

exists a cubical path @’ € CP(M") such that pry(0) —% @' and (P', Q') € R. Put o1 = (P, Q).
By the construction of (M, M"”), we obtain
d3! 4% k1 P
O =00 =5 o1 op1 =5 0 —5 o5y € CP((M,M")) and O —5 0.

[t is clear that pry (O’) = P'.

3. PRECUBICAL SPACES

3.1. Category Gpace=. Precubical spaces were introduced in [7] as topological spaces endowed with
a differential structure. This structure is determined by cubes that are realized in the space and a family
of norms on the tangent bundle. For the formal definition of a precubical space, we need some notions
and notation.

Consider the unit cube of dimension n > 0 in R", i.e., let

— {{0} it n =0,

{(t,.. ., ta) eR" | 0<#; <1, 1<i<n} otherwise.
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Let 0" denote the topological interior of 0. We assume that 00 = {0}.
By boundary mappings
80" 0" (Ae{l,...,n+1}, a€{0,1}, n>0,)
we mean continuous mappings with
ON(t1y e ytn) = (1, oy tac1, by, ooy tp).

Such mappings satisfy the cubical axioms, i.e., we have 6 o 55 = 55+1 0 0% for A < .

Consider a compactly generated Hausdorif space X. Recall that a topological space X is compactly
generated if, for every U C X, the subset U is closed provided that the intersection U N K is closed
for every compact subset K C X. By a cube we mean a continuous mapping z : 0" — X inducing

a homomorphism from lﬁ” The mapping x endows the set x(ﬁ”) with a trivial structure of a dif-

ferentiable manifold (see [1]). The definition of local coordinates on x(ﬁ”), n > 0, is standard, i.e.,
we have (z(t1,...,tn)), = ti, i = 1,...,n. The definition of the boundary of a cube is well-defined if
the collection of cubes is closed with respect to boundary mappings. We require that, for every cube
z:0" - X,n>1andall A € {1,...,n} and € {0, 1}, the mapping z 0 6¢ : 0"~ — X be a cube
too. As an example, consider the square 02, the segment 0!, and the torus T' depicted in Fig. 6.

The mapping 9 is a continuous mapping from [0 onto T'; moreover, 5 (D 2) is a torus without the small
circle x2(0,t),0 < t < 1, and the big circle z2(¢,0), 0 < ¢t < 1. The mapping x; is a continuous mapping

from O onto the small circle of T such that z; (ﬁ 1) is the small circle without the intersection point of
the circles. We have 21 = x5 0 8Y.

(0,1) = (% T = 2,(0%)
(0,0) 0(1,0) 1 ,
- (0"

Fig. 6. Boundary of a cube

Let X,,, n >0, denote the set of cubes whose domain is (1", We require that the space X be

covered by its cubes. Namely, let X be equal to the disjoint union UzeXn,nZO w(ﬁ”) Finally, we define

norms || - ||, on the tangent spaces T, X =qer T,z(0"), where u € (™), for each point u € X. Put
F(u, ) = ||i||,. This norm is consistent with the space if it is a continuous mapping from the tangent

bundle TX to the half-line R*T. We define a topology on T'X in a standard way. Let Bx be a base of
the topology on X. We define Brx as follows:

VeBxeV= || &'(W.B,).
zeXY,n>0

o

Here U € Bx, XY = {z € X,, |Unz(O") # 2}, & Tx(&”) . [J" x R™ is the natural bijection

defined for all z € X,, with n >0, W, =2~ 1(U N w(ﬁ")) B, is an open ball in R™ such that B, =
pryBz forallz € XTZL]Jrl with z = Z 0 §¢, and the projection pry : R"*! — R" is defined by the rule

pra(ti, ... tpy1) = (tl,... ,%\)\,... 7t1’L+1) forall (t1,...,thy1) € R

SIBERIAN ADVANCES IN MATHEMATICS Vol.24 No.1 2014



60 OSHEVSKAYA

[t is easy to verify that the set Brx forms a base of the topology 7'X and is independent of the choice
of Bx.
We present the formal definition of a precubical space.
Definition 6. By a (labeled over a set L of actions) precubical space (with a distinguished
point) we mean a tuple X = (X, o, L, || - ||) ,, where
e X is a compactly generated Hausdorff space together with its representation by cubes; namely,
we have

xX= || (@),

r€Xn,n>0

where X, consists of continuous mappings x : 0" — X inducing homomorphisms from O such
that z 0 0§ € X,y foralla=0,1,1 <A <n,andn > 0;

e iy is a distinguished point of X (called the initial point) and ig = 2:(0) for a suitable x € Xy;

e [: Xy — Lisalabeling function from the set of 1 -cubes of X to the set L of actions such that
l(zod)) =1(zody)forall A =1,2and z € Xy;

e X is endowed with a family of norms || - ||, on each tangent space T, X =get Tux(D”), u €

x(ﬁ”) such that the formula F(u,%) = |||, defines a continuous mapping from the tangent

bundle TX (with the topology introduced above) to the half-line R* (with the topology induced
by the topology of R).

Remark 4. We introduce the value [(x) for every x € M,,, n > 0, as follows:

Rz it n=0,
o) = {(ll(az),...,ln(m)) if > 1.

Here
Ix(x) :l(xodgo---oég\ﬂ059\_10---05?(:1:)) forall 1 <X <n.

Letn > 0andlet 0 <j <n.Foreach (I',©) € A(j,n), we define the (n — j)-component of a cube

x € X, as follows:
LoAD 7 if j=0,
x o 5;{]7 0---0 6311 otherwise.

Let

rolA = U zoAG.
(I,O)EA(n)

Since x is continuous, for every topological space X satisfying the first condition of Definition 6,
the following assertion holds: If U is open in X then 2=1(U) is open in 0" for every # € X,, and n > 0,
where the topology on (0" C R"™ is induced by the standard topology on R™.

We say that X is a J-fopological space if its topology is defined as follows:

U is open in X if and only if 27 1(U) is open in 0" for all x € X,, and n > 0.

Precubical sets allow us to construct models of concurrent processes. Precubical spaces additionally
allow us to estimate the duration of a computation in the space X by using the norms on the tangent
bundle TX. In fact, the tangent space consists of possible “directions” at a point w and the norms
characterize infinitesimal lengths of computations at this point.

By a path (representing computation) in a precubical space we will mean a curve connecting two
points in X. We present the formal definition. A continuous mapping ~:[0,1] — X is a path in
a precubical space X if there exist open intervals I; = (751, 7;) and cubes x; € X, 1 < j < m, such
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that 7o = 0, 7, = 1, and, for each 1 < j < m, the following conditions hold: The mapping v : I; —
x; (D ”J’) is nondecreasing with respect to each coordinate of the cube x; and the mapping a;j_l o :

I — ﬁ”j is differentiable for each n; > 0. The lenght of a path v (the duration of a computation) is
defined in the natural way, i.c., length(y) = [ M(S)Hy(s)d&

(0,2,3) ad (6,2,3)
X: (0,0,3)
b
C
(4,2,0)
g = (07 070) a b

Fig. 7. Precubical space X

Example 4. The precubical space
X = (X = 2(0) Uz (@) Uzo (@), o, L - )|

is labeled over the set L = {a, b, ¢, d} (see Fig. 7). This space is generated by the following cubes:
the 3-cube x(t1,ta,t3) = (4t1,2t9,3t3) ((t1,t2,t3) € Os),
the 1-cube x1(¢) = (4+2t,2,3) (t € Oy),
the I-cube xo(t) = (6 — sin(27t), 2,2 + cos(27t)) (¢t € Oy).

These cubes are depicted in Fig. 7 as the cube, the segment, and the circle respectively. The initial point
is ig = (0,0,0). The labeling function is defined by the formulas

lLi(z)=a, l(x)=0b, I3(x)=c, I(z1)=d, I(xg)="0.

The norm || - ||4, u € X, is induced by the Euclidean norm in R3. Notice that the interior of the cube
is the union of all paths (computations) such that the actions a, b, and ¢ are executed simultaneously.
The length of the path along the unidimensional boundary of the 3-cube with action a is equal to 4. For
the actions b and ¢, the corresponding lengths are equal to 2 and 3 respectively. Therefore, the lengths of

paths in the cube starting with (0, 0,0) and ending with (4,2, 3) vary from v/42 + 22 +32to 4 + 2 + 3.

A morphism establishes a correspondence between a topological space and the set of actions of one
precubical space and a topological space and the set of actions of another precubical space and satisfies
some additional requirements.

Definition 7. Let
X = (X, 5,0 %) x and Y = Vil 0 |- 1Y)y

be precubical spaces. A mapping f = (f, o), where f : X — Y is a continuous mapping and o : L* —
LY is a set mapping, is called a morphism from X to Y if the following conditions hold:

(1) f(ig) =g
(2) for every mapping x € X, withn > 0, there exists a mapping y € Y, such that

(a) the diagram in Fig. 8 commutes,
(b) ¥ (y) = o (X (@));
(3) [[duf (@)}, < llf forall i € T, X and u € X.
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O

X

n

y f

Y
Fig. 8. Diagram relating a cube z € X, to a cube y € Y,, via f

Remark 5. Since the diagram in Fig. 8 commutes, the differential df : TX — TY of the mapping f
is described as follows: Foru € 2 (O"), f(u) € y(O"), and @ € T,,X, we have

duf(i) =& od(y™ o fow)olu(u,u) =& 0 &(u, ).

Condition (1) of Definition 7 means that each morphism takes the initial point into the initial point.
Condition (2) means that each morphism takes an n-cube in X into an n-cube in Y; hence, the actions
of the cubes are consistent. Condition (3) means that df is a nonexpanding mapping, i.e., the lengTh of

the image of a path in X does not exceed the length of this path. If the equality Hd fla Hf = ||i||
holds for all & € T, X and u € X then df is an isometry, i.e., it preserves the length of each path

Precubical spaces and morphisms between them form the category Gpace=, where the composition
of morphisms f = (f,0) : X = Yand g = (g,0) : Y — Zis the morphismgof= (go f,p00): X — Z
and the identity morphism is the pair of identity mappings.

We consider an auxiliary property of mappings between topological spaces.

Lemmab. Let X andY be topological spaces satisfying condition (1) of Definition 6. Let f :
X — Y be a mapping satisfying condition (2)(a) of Definition 7. If X is a O-topological space
then f : X — Y is a continuous mapping; moreover, df : TX — TY is continuous too.

Proof. We first show that the mapping f : X — Y is continuous. Consider an open set V'in Y. Since
each mapping y : 0" — Y is continuous, the set y~1(V') is open in 0" for each y € Y;, with n > 0. In
particular, the set z=1 o f=1(V) is open in 0" for each = € X,, with n > 0. Since X is a [J-topological
space, the set f~1(V) is open in X.

Now we prove that the mapping df : TX — TY is continuous. Let Bx and By be bases of

the topologies on X and Y respectively. Consider an arbitrary set V in the base Bry of the topology
onTY, ie., let

‘7: |_| éy_l(Wy7By)7

yey,y ,n>0

where V € By, VY ={y €Y, | Vﬂy( ") £ o}, &y Ty( ") — On x R™ is the natural bijection,

Wy =y~ (Vﬂy(D")), and B, is an open ball in R"™; moreover, assume that y = g o d;" implies
By = pryBy.
We need to show that (df)~1(V) is an open set in TX. We have
dHvy= || @G WnB)) = || &' (Wi Breo).
yeY,),n>0 xe{z|fozeY,V},
n>0

an open setin X, i.e., we have

Since f : X — Y is continuous and V' € By, we conclude that f~ ( ) is
=, U,,, where

f~YV) =U, Ua, where U, € Bx. It is easy to verify that (df)~1(V)

U= || & (;n;l(Ua N 20(0"), B(for)
ToEXTY n>0

Thus, (df)~*(V) is an open set in TX .

€ Brx.
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3.2. Connections between pSet and Gpace=. We construct mappings between the categories pSet

and Gpace=. These mappings will allow us to transfer the results of Theorems 1 and 2 (see Subsec-
tions 2.3 and 2.4) to precubical spaces.

In his thesis [7], Goubault mentioned adjoint functors
T :pSet — Gpace and Ft: Space — pSet

between the categories pSet and Gpace. The objects of Gpace are precubical spaces (see Definition 6)
and the morphisms of Gpace are mappings satisfying conditions (1) and (2) of Definition 7. We consider

these functors in connection with the categories pSet and Gpace=.
Proposition 1. 1. We define a mapping T : pSet — Gpace=. For an object (M, i}, 1M, we put
T((M7 210\/17 lM)L) = (X7 Z(>)<7 le || : ||X)L7
where
o X =|l,en, nxolz, ") / =is endowed with the topology of the quotient space induced by

the topology of the direct sum on the space | | ¢y, n>o(z,0"), where each (x,00") inherits
the standard topology of R™ and = is defined as follows:

(d5(),0"1) = (2,830 1)) );
we denote
Xn={(z,"):0" > X |z € M,};

* Z(>)( = (iIO\A’DO);

o [X(x,) = M(2) forall (x,+) € Xy;

o [[ills) = maxi<icn [is] for all i = (ir, .., in) € R = Ty 4 (x,07) and all (z,t) € X (recall
that this normis called a Chebyshev norm).

For a morphism (f,c) : M — M/, we put

T({f.0)) ={f,0),

where f(xz,t) = (f(x),t) for all points (x,t) in T (M). Then T is a functor (usually called the geo-
metric realization functor).

2. We define a mapping Ft : Space™ — pSet. For an object (X, i 1%, || - |X) ., we put

F((G 5015, ) = (M),

where

o M, =X, forn>0andd]"(x) =xz00d" forallz € X,, andn > 1;

o iyl = x0, where 0(0) = i¥;

o M =X
For a morphism (f,c) : X — X/, we put

Ft((f,0)) = (f,0),
where f(z) = fox for all cubes x in Ft(X). Then Ft is a functor (usually called the forgetful
functor).

Proof. A morphism of the category Gpace= is a morphism of the category Gpace additionally satis-
fying condition (3) of Definition 7. Hence, it suffices to prove that this condition holds for the mapping

(f,0) =T ((f,0)), where (f,o) is a morphism of the category pSet. It is clear that the inequality
“d(r7t)f(i)|’f(x n < [£]l(x+) becomes an identity because the vectors are the same and the norms are
Chebyshev norms.
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We mention a difference from the article [7]. Namely, the functors 7 and Ft between the cate-

gories pSet and Gpace= need not be adjoint. Indeed, the requirements on the norms of the precubical
space in the image of 7 are too strong and need not agree with condition (3) of Definition 7. We weaken
this requirement. We construct functors between the comma category Zdse; | Ft and the category of
morphisms

—

GpaceS=Td~ < | Id

Gpace SpaceS’
which allows us to prove analogs of Theorems 1 and 2 for precubical spaces.

Proposition 2. 1. We define a mapping

—

G : Tdyser | Ft —GpaceS .
For objects, put
GM,f=(f,0),Y) == (f,0) : Tey(M) =Y,

~

where f(x,t) = f(x)(t) for all points (x,t) in Ts y(M) and the structure
%,Y(M) = (X7 i())(lev || : ||X)L
consists of X, i, and IX as defined in condition (1) of Assertion 1 and the norm defined by the rule

X iy Y
|- H(:c,t) - Hd(:c,t)f(')Hf(x,t)
forall (x,t) € X. For morphisms, put
G((g=(g.09) b = (hon)) s (MLE,Y) — (M, ,Y"))
= (g=(g.09),h = (hon)) : T =T,
where g(z,t) = (g(z),t) for all points (z,t) € X. Then G is a functor.
2. The functor Ft induces a mapping

—

F: GpaceS — Ldpset | Ft.
For objects, we have
F(f: X —=Y) = (Ft(X), Ft(f),Y).
For morphisms, we have
F(g,h) = (Ft(g),h).

Then F is a functor.

Proof. We prove the first assertion only. The second assertion is obvious. We show that X is a (-
topological space. Consider a mapping (z,-) : 0" — X in X,,. It is clear that it can be represented as
¢ oLy 00y, Where

oy O" — (2,0") is the identity mapping,
ty : (z,0") — || (z,08")is the inclusion mapping,
£EM,,,n>0
o L] (z,0") — X is the quotient mapping.
£EM,,,n>0

By the definitions of the corresponding topologies, we have

U isopenin X < ¢~ 1(U) is open in |_| (x,00")
r€Mp,n>0

st (gb‘l(U)) isopenin (z,0") V& € M, (n > 0)
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so,t (L;1(¢_1(U))> is openin 0" Vx € M, (n > 0),
i.e., we have
(z,) "N (U) isopenin O"V(z,-) € X,, (n > 0).

We conclude that X is a -topological space. In view of the definition of f, condition (2)(a) of
Definition 7 holds. By Lemma 5, the mapping f is continuous. It is clear that the mapping

<f, o) Try(M) =Y
satisfies the remaining conditions of Definition 7. We need to prove that 7¢ y (M) is a precubical space

(hence, <f, O‘> is an object of the category 6%&). By Assertion 1 (1), it suffices to prove that the norm

|| - X is continuous on T'X. By the construction of Tty (M), we have || - [|X = || - [|¥ o df. By Lemma 5,

the mapping dfis continuous. Since Y is a precubical space, the norm || - ||¥ is continuous. The norm
| - ||X is the composition of two continuous mappings; hence, it is continuous too. We have proven
that Zry(M) is an object of the category Gpace=; hence, f = (f,0) : Try(M) — Y is an object of
the category Gpace =.

Let (g,h) : (M,f,Y) — (M’,f',Y’) be a morphism of the category Zdpset | Ft, i.e., let the equality
f’og="hof hold. Then f’ og=ho f It is easy to see that g is a morphism of Gpace= and (g,h) is
a morphism of Gpace= .

Proposition 3. The functors F and G are adjoint. Moreover, the counit of adjunction e : FG —
Zdza ..\ 7t i the natural isomorphism.

Proof. For an arbitrary object (M, f,Y) of the category
Tdpset | Ft,

the counit of adjunction ¢ is defined as follows:

conny) = (Canpyy 1)1y )+ (FH Ty (D), Ft(E), V) — (MLEY),

where ey 1 y) (@, ) = @ for all cubes (x,-) in Ft(7;,y(M)). Consider the morphism

—1 -1
faey) = <<€(M,f7Y)7 1), 1Y)
of the category Zdpse; | Ft such that E(_A}fy)(m) = (x,-) for all z € M. This morphism turns ¢ into
the natural isomorphism.

For an arbitrary object f : X — Y of the category Gp_a)ceg, the unit of adjunctionn : Zd _, — GF

Gpaceﬁ

is defined as follows:
N = ((77f, 1L>7 1Y) : (f X — Y) - (ft(f) : T]:t(f),Y (ft(X)) - Y) 5
where 1 (z(t)) = («,t) forall z(t) € X.

3.3. Subcategory B=. The functor Ft allows us to forget that cubes in a precubical space X
are continuous mappings and regard them as elements of a discrete set. The definitions of a cubical
path, an extension and a restriction of a cubical path, the s-adjointness, the homotopy, and the dI-
connectedness are easily reformulated for (continuous) precubical spaces. Indeed, for a cube p, it suffices
to replace each expression of the form d(p) by an expression of the form p o 6¢. If P is a cubical path
in a precubical space X, then Pz, denotes the corresponding cubical path in the precubical set Ft(X).
Let CP(X) (CPp(X)) denote the set of all cubical paths (ending with a cube p) in a precubical space X.
A point w in a precubical space X is said to be reachable if there exists a cubical path P € CP,(X) such

o

that u € p(O™) and p € X,,.
The following assertion is obvious.
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Assertion 2. Let P = pop1 ... pr_1pk be a cubical path in a precubical space X = (X, 10,1, || ||)L.
Let

X = (X’,z'o,l

s (- Dlx)

where

x= || x(ﬁ")gx (Xg U ((psoA)ﬂXn))

z€X/,,n>0 0<s<k

is endowed with the topology of a subset. Then X', is a precubical space labeled over L.
Moreover, X' is a precubical subspace of the precubical space X. (We will say that X' has the form
of the cubical path P in X.)

For a natural NV, we put

oy _ ) {05(0), 2,0 =0), i N=0,
(ON,(0,...,0),0,] - |[), otherwise.

The topology of the space

0¥ = |]  ab@m) (mgy U Ag)

ALedN,0<n<N (I',©)€A(N—n,N)

is induced by the standard topology of RY, [ is a labeling function satisfying the equality I(z o &) =
l(zod})foralll <X <2andz € 0%, and || - | is a continuous norm on the tangent bundle 7OV . Then
ON is a precubical space.

A cubical path P € CP,(ON) is consistent with OV if either N = 0 or the equality

poAg(DO) =(1,...,1)

holds, where I' = (1,...,1) and ©® = (1,...,dimp).

A path-object is a precubical space 5 having the form of a suitable cubical path P € CP(ON), N >
0, that is consistent with OV Let 8= denote the full subcategory of path-objects of the category Gpace=.

We present a series of obvious facts.

Lemma6. Let N > 0. Then OV is a O-topological space.

Lemma7. Letf= (f,o): X — Y bea morphism of the category Gpace<. For every cubical path
N 50k

A

P=py—>-- Zk, pr € CP(X), the following assertions hold:

5§‘11 ail’z
(1) f(P)=(fopo) — - — (fopr) €CP(Y);
Q41 §ik+1

(2) if P 22 P in X then f(P) —=% f(P)in Y;
(3) if P <> P'inX then f(P) << f(P')inY.
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3.4. Connections between P and 3=. We consider several connections between objects of the sub-

categories IP and B=.
Lemma 8. Lef li be an o6vexm of B=. Then there exists an object ﬁ of Psuch that the mapping

Xp 0— Ft(O) is an isomorphism of pSet.

Proof. Let 0 have the form of a cubical path

~ 5 ~ S
P=po—p1...0k—1 — Dk

in the precubical space 0N labeled over L. Each cube in ON has the form A, where (T',©) € A(N).

We may assume that (I's, ©4) corresponds to ps and dimps = ng for 0 < s < k. In BN, we consider

the cubes
1 1
. = DLs <s<k).
b @S<27 72> (O—S—k)

Let O denote the precubical set having the form of the cubical path
di1 d3k

Al k
P=po—p1...pk—1 — Pk
in the precubical set BN labeled over L. (If Pis consistent with OV then P is consistent with 8. Hence,

the labeling function (¥ is completely determined by the cubes py, i.e., we have [E" (ps) = 19(ps) for all

1 <s<k).Thus, Ois an object of .
We construct a mapping Xz = <X57 1p): 0 Ft(0) and its inverse x<! =
d

XS(D(g(pS)) = pso© Ag and Xéll (ﬁs o Ag) = D(g(ps)

= (x=', 11). We put
<><D L)- We pu

forall (I',®) € A(ns) and 0 < s < k. It is clear that these mappings are isomorphisms of pSet.
Lemma9. Let [ be an object of P and let m = (r, o) :0— Ft(X) be a morphism of pSet. Then

there exists an object 0 of VS such that the mapping Cﬁ 0 — T.x(O) is an isomorphism

of Gpace=.
Proof. Let [J have the form of a cubical path
% dyr
P=po—p1...pk—1 — Dk
in the precubical set BN labeled over L. Let ps = Dg‘; (5,.-., ) forasuitable (T's, ©5) € A(N) and let
dimps = ng for0 < s < k. In O, we consider the cubes

ps=Ag (0<s<k).

~

We define a structure 0 = (i, (0,...,0),19,] - ||D)L, where

-y =z@Ov (En: <0S9SkﬁsoA> ﬁij);

~

R

€, 0<n<N

1

b lD(ﬁs) = la(ps) foralll < s <k;
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o |- ||uD = Hduga(-)H?j’égD), where {a(u) = Cﬁ (ﬁs (Ag(t))) = (Dg(ps),t) for some t € O™ with
O

u = ps(AL(t)) and all u € O,

~

Repeating the proof of Assertion 2(1) and taking into account Lemma 6, we conclude that Ois

~ 551 %
a precubical space. Moreover, the cubical path P = py 2, P1.v Pt 2, P, is consistent with O

and O has the form of P in the precubical space 0N labeled over L. Notice that the labeling function I
is completely determined by the function {H. For || - ||DN, we may take an arbitrary continuous extension

of || - || to the tangent bundle TV, Therefore, Ois an object of the category PB=.
The inverse of the mapping {E = <Cﬁ’ 11) is defined by the formula

%1(Dg<ps>,t) = ps(Ap(t)) forall (Dg(ps),t) in Tpx(DO).

It is clear that both mappings are isomorphisms of the category Gpace=.
The embedding functors
Z:P<—pSet and Z7: P — SpaceS

induce the embedding functors

T\ Ft =T | Ft and Iy | Tdgyeee —Space=.

The following assertion is immediate from Lemmas refTcP-cP and 9.

Proposition 4. 1. We define a mapping G:T VFt—=TI7 | Ideaceg. For objects, put

G(O,mX) = (E,%ogm,x).

For morphisms, put

5((m, £):(OmX) - (D’,ﬂ’,Y)) - (g, ,1Y) 'Gm, f) (ga,b().

Then G is a functor.

2. We define a mapping]? Ir | Id@paceé — I | Ft. For objects, put

F(O,m,X) = (0, Ft(r) o x=, X).

For morphisms, put

~

F(m ) (OmX) = ([@07,Y)) = (v, 1v) 7 Flm, £ (xs 1x).

Then F is a functor.

Proposition 5. The functors Fand G are adjoint. Moreover, the counit of adjunction € : FG —
IdzF is the natural isomorphism.
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and [i

On

Proof. Consider an arbitrary object ([i,w, X) of Z | Ft. Since the precubical spaces
coincide, the counit of adjunction € is determined by the equality

€ e = ((15, 1),1x ) ; (é,]—'t(%o(a) oxé,x) - (0,7 X).

Since
To <1a, 1L> = .7'—75(/7? o Cli) o XE o Lryx)s

the mapping € _ is a morphism of Z | Ft. It is clear that the identity transformation € is the natural

Ty

isomorphism.

~

Consider an arbitrary object (5, T, X) of Ir | Tdgpqees - Since the precubical spaces li and li differ

by their norms only, the unit of adjunction 7 : IdITlIdemg — GF is determined by the equality

~

ﬁ(E,T(,X) = (<n(5,w,X)’ 1L>,1X) : (D,W,X) — (S,ft(/ﬂj?xa ) CE,X),

where 77 ~ (u) =uforallu e 0. In view of the equality

77T’X

]:t(?)?XE © CE °© ﬁ(ﬁw,x) =molx,

the mapping <ﬁ(5m,x)’1L> is a morphism of = and the mapping ﬁ(ﬁw,x) is a morphism of Z7 |
Zd

GpaceS"

3.5. Open morphisms of the category Gpace=. We consider the categories Gpace% and ‘,B% and
define ‘,B%—open morphisms and the ‘,B%—equvalence between objects of Gpace%. We prove a criterion
for a morphism of Gpace% to be open. In the proof, we use the following facts about open morphisms.

Proposition 6. 1. A morphism f: X — Y of Gpacef is &]3% -open if and only if Ft(f) is a Pr-
open morphism of pSety, and d, f is an isometry for every reachable point u € X.

2. If a morphism f: M — Ft(Y) of pSety, is Pr-open then the morphism G(M,{,Y) of Gpace% is

‘B% -open.

T o
0—— Ft(X) .0 ‘s x
G mCDi J1x
m Ft(f) ) f-----=X
Fi(Y 34 4
O—Frt Bl
7_{_I ( ) D ﬁJOCD/ Y

Fig. 9. Diagrams for the morphism Ft(f) of pSet, and the morphism f of G’pace%

Proof. We prove the first assertion.
(=) Assume that the left-hand diagram in Fig. 9 commutes, i.e.,

(m, Ft(f)) : (O,m, Ft(X)) — (O, 7, Ft(Y))
is a morphism of (Z | Zdpset)r. In (Z | Ft)r, this morphism assumes the form
(m,f) : (li,ﬂ',X) — (a/,ﬂ'/,Y).
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By Assertion 4, the formula
G(m, f) = (¢'me_, f
Gm, ) = (¢-'me 1)
defines a morphism of (IT 1 Id@paceS)L- Sincefisa ‘B%—open morphism of Gpace%, we conclude that
G 7f = 1§7f “li *71 9
Gm, 1) = (1= 1) (¢ 'm¢ 1x)

see Remark 3. By Assertion 5, the counit of adjunction & : FG — TIdz 7 is the natural isomorphism;
moreover, this is the identity mapping in view of the construction. We conclude that

(m, f) = FG(m, f) = f(%/, f)ﬁ(gé}mga, 1X)

- (1) (2 Gne s
= (1z.f) (m, 1x)

in the category (Z | Ft)r. Thus, in (I ] Idpget)L, we have
(m, 74(6)) = (1, D) (m, Lrrgs))
i.e., Ft(f) is a Pr,-open morphism.
If we X is a reachable point then u = r(v) for a suitable morphism r = (r, 1) : O’ — X from

the right-hand diagram in Fig. 9 and a suitable point v € 0. Then, for every vector w € T,, X, there
exists a vectorv € Tva’ such that & = d,r(0). Therefore, we have
. X
il = ldor @)l < [19]l,
‘ Y
a 7 (¢ @)
O

= [|duf o M) 09 < lor @), = -

dy (7' o cﬁ,) (0)

Thus, d, f is an isometry.

(<) The proof is similar to the reasoning above. Existence of the unit of adjunction
UE IdITLIdeWS —GF

is used in the proof.

The proof of the second assertion is similar to the reasoning above. We use the facts that the counit
of adjunction

e .7'—g — IdIdpSctl]:t
is the natural isomorphism (see Assertion 3) and the unit of adjunction
0:ZLdrrizag,, < ~ GF
exists.

The following theorem provides us with a criterion for a morphism of Gpace% to be ‘B%—open.

SIBERIAN ADVANCES IN MATHEMATICS Vol.24 No.1 2014



PRECUBICAL SETS AND SPACES 71
Theorem 3. A morphism
f={f1r): X=Y
of the category Gpacei is ‘B% -open if and only if, for every cubical path P € CP(X), the following
conditions hold:
(1) if f(P) 2% @ inY then P 25 P'in X and f(P') = Q';
(2) if f(P) «2~ Q' inY then P <>~ P'in X and f(P') = Q';
(3) duf is an isometry for every reachable point u € X.

The proof is immediate from Theorem | and Assertion 6(1). O

3.6. thhp-Bisimulation on precubical spaces. We introduce an analog of the notion of an hhp-
bisimulation for precubical spaces. Using the notion of the 3-equivalence, we characterize the arising
equivalence.

We introduce the notion of a thhp-bisimulation.

Definition 8. Let X and Y be precubical spaces labeled over a set L. Cubical paths P =pg...pg
inXand @ =qo...q,inY are said to be isometric i, for every s with 1 < s < k, we have

. X ALY
Hdtps(t)Hps(t) = Hdtqs(t)Hqs(t)

forall ¢ € Tt(ﬁ”) and t € (ﬁ") where ng = dim p.

A binary relation R between cubical paths in X and Y is called a thhp-bisimulation between X
and Y if, for every pair (P,Q) € R, the cubical paths P and @ are di-connected and isometric and
the following conditions hold:

o o
(1) ifP 2 P'inXthenQ 2 Q" inY and (P',Q’) € R;

o 3%
(2) ifQ 2 Q"inY then P 2 P'inXand (P',Q’) € R;

3) it P 25 PinX then @ 25 QinY and (P, Q') € R;

@) i1 2 QinY then P 25 PinX and (P, Q') € R;

(5) if P «2> P'inX then Q <2~ Q' inY and (P, Q) € R;

(6) if Q <> Q' inY then P <>~ P'inX and (P',Q’) € R.

We say that precubical spaces X and Y are thhp-bisimilar if there exists a thhp-bisimulation
between them such that the initial points (regarded as cubical paths) are related.

[t is clear that the relation “to be thhp-bisimilar” is an equivalence relation. We show how to
construct a thhp-bisimulation from an hhp-bisimulation.

Lemma 10. A relation R is a thhp-bisimulation between precubical spaces X andY if and only
if the relation

Rre = {(P]-‘t,th) ‘ (P,Q) € R}

is an hhp-bisimulation between the precubical sets Ft(X) and Ft(Y) and, for each pair (P,Q) €
R, the cubical paths P and Q are isometric.

The proof is obvious. U
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Example 5. Let X be the precubical space depicted in the left-hand picture of Fig. 3. We have

X = (X = 21(02) Uwa(T2) Ups(0Oh) Ups(Cr) Upr(Oh) Ups(Th), iy, 1 | - ||X>L-
This precubical space is labeled over the set L = {a, b, ¢} of actions. The space X is generated by the 2-
cubes

z1(t1, ta) = (—t1,t2),  @a(t1,t2) = (t1,t2) ((t1,t2) € O)
and the 1-cubes
ps(t) = (=L, 1+1), pr(t) =(-1-1,2),
pe(t) = (1,1+1), ps(t) =(1+1¢,2) (telh)

and is endowed with the topology of a subspace of R2. The initial point is i¥ = so = (0,0). The labeling
function I¥X is determined by the equalities

X)) =a, z1)=0b, X(x)=a,

P (ps) = P (ps) = X (pr) = X (ps) = c.

The norm || - ||X, u € X, is induced by the Euclidean norm on R2. For every ¢ with 1 <e <2, let Y.
denote the precubical space

Y. = (Ys = y(Ta) U g3(01) U qa(Th) U gs(01) U ge(Ty), i<, 1¥e, || - ||Y5)L

depicted in the right-hand picture of Fig. 3. The space Y is generated by the 2-cube
y(t1,t2) = (t1,eta) ((t1,t2) € Oy)

and the 1 -cubes
Q3(t) = (1,€+t), q4(t) = (1+t,1+€),
g5(t) = (1 +t,8), q6(t) =(2,e+1) (t€h)

and is endowed with the topology of a subspace of R?. The initial point is iy = 79 = (0,0). The labeling
function 1< is determined by the equalities

e(y) =a, L=(y) =",
1Y<(q3) = 1Y (qa) = 1" (g5) = 1¥"(qs) = c.

The norm || - || Y=, v € Y., is induced by the Euclidean norm on R2.
[t is easy to see that the precubical spaces X and Y; are thhp-bisimilar. Indeed, consider the rela-
tion R with Rz = R, where R is the hhp-bisimulation from Example 3. By the definition of the norm

|| - 1[¥2, the cubical paths related by R are isometric. By Lemma 10, we conclude that R is a thhp-
bisimulation.
We show that, for 1 < ¢ < 2, the precubical spaces X and Y. are not thhp-bisimilar. Assume that

there exists a thhp-bisimulation R between X and Y. relating their initial points. Consider the cubical

path P = sopzx; in X. There exists a cubical path @ in Y such that (P, Q) € R. Since P and Q are dl-
connected, we find that @ is of the form roqy. However, the cubical paths P and @ are not isometric
because

ldep (@)l = IElle # elllle = [ldeg(@)]] ) 1< <2.

In conclusion, we formulate an analog of Theorem 2 for precubical spaces.

Theorem 4. Let X and Y be precubical spaces labeled over the same set L of actions. Then
the following conditions are equivalent:

(1) XandY arethhp-bisimilar;
(2) XareY are ‘B% -equivalent.
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Proof. (2 = 1) Assume that X and Y are ‘B%—equivalent. Then there exists a span X Mg b,
Y, where Z is an object of Gpacef and fx = (fx,1z) and fy = (fy, 1) are ‘Bf—open morphisms
of Gpace%. [t is immediate from Definition 7, Theorem 3, and Lemma 7 that the relation

R ={(/x(P), fy(P)) | PeCP(M) |

is a thhp-bisimulation between X and Y relating their initial points.
(1 = 2) Assume that X and Y are precubical spaces labeled over a set L of actions and R is a thhp-

bisimulation between X and Y relating their initial points. We present a span X Mg by, Y, where Z
is an object of Gpace% and fx = (fx,1z) and fy = (fy, 1) are ‘B%—open morphisms of Gpace%. By
Lemma 10, we find that Rz is an hhp-bisimulation between the precubical sets F¢(X) and Ft(Y)
relating their initial points. Following the arguments from the proof of Theorem 2, we find a span

Fi(X) &8 M 2 Fy(y),

where M = (Ft(X), Ft(Y)) is an object of pSet, and pry = (pry, 1) and pra = (pry, 11) are Pz,-open
morphisms of pSetr,. By Assertion 6(2), the mappings

GM,pri,X) : Tpey, x(M) = X and G(M,pr2,Y) : Tpro y(M) = Y

< . <
are 7 -open morphisms of Gpace; .

We show that 7y, x(M) = T, v (M). It suffices to prove that the norms || - ||* and || - || of these
precubical spaces coincide. Let Z be the common topological space of the precubical spaces Ty,;, x(M)
and T, v (M). By Theorem 3, the P, -open morphisms G(M, pry, X) and G(M, pra, Y) are isometric.
The cubical paths P and @ are isometric too. By the construction of M, for all points

w= ((Pr,Qr),t) € Z
(P €CPy(X), Q € CPy(Y), dimp, = dimgy = n, (P,Q) € R, t €11y )
and all vectors £ € T, Z, we have
[0 = lduin D5, 0y = Idepe @I,

= |l @)1, o = lldutra@ 5., oy = I3

Remark 6. Notice that the results of the article remain valid if we replace the category Gpace= by
either the category Gpace or the category Gpace™ whose objects are precubical spaces and morphisms
are mappings from Definition 7, where the first components are isometries.
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