ON AN INVERSE PROBLEM FOR THE STEKLOV SPECTRUM
OF A RIEMANNIAN SURFACE

ALEXANDRE JOLLIVET AND VLADIMIR SHARAFUTDINOV

ABSTRACT. The paper is devoted to the inverse problem of reconstruction, up to a nat-
ural gauge transform, of a smooth simply connected Riemannian surface with nonempty
boundary from its Steklov spectrum. We demonstrate that the problem has two other
equivalent forms: (1) the problem of recovering a positive function on the unit circle from
the eigenvalue spectrum of some operator and (2) the problem of recovering an immer-
sion of the unit disk to the Euclidean plane from the corresponding Steklov spectrum.
The latter problem is a natural generalization of the classical problem of recovering a
planar domain from its Steklov spectrum. We also give qualitative statements on the
Steklov spectrum for two classes of Riemannian surfaces.

1. INTRODUCTION

We start with posing the problem in an arbitrary dimension, although the two-
dimensional case is discussed only in the main part of the paper.

Throughout the paper, the term “smooth” is used as a synonym of “C°°-smooth”.
Let (M, g) be a compact connected smooth Riemannian manifold of dimension n with the
nonempty boundary OM. The Laplace — Beltrami operator is defined in local coordinates

by
A = (detg)‘1/2 En : i (det g)1/2giji
g 830@ 0 ’

x .
i,j=1 J
where (g) = (g;;)~* and det g = det(g;;). The Dirichlet-to-Neumann operator (the DN
mep)

A, : C*(OM) — C™(0M)
is defined by A, f = g—jj ’ opr» Where v is the unit outward normal to the boundary and u is
the solution to the Dirichlet problem

Agu=0

ulom = f
As well known, A, is a non-negative self-dual pseudodifferential operator of order 1. There-
fore it has a discrete eigenvalue spectrum

G(M,Ag):{():)\0</\1§)\2§S/\k—>00},

each eigenvalue is repeated according to its multiplicity, which is called the Steklov spec-
trum of (M, g). Steklov [14] introduced the spectrum in the case when M is a domain in
R™ and g is the Euclidean metric.
For isoperimetric inequalities on the Steklov eigenvalues and for bounds on their
multiplicities we refer the reader to the recent papers [2, 4, 6, 8] and references therein.
The inverse problem for the Steklov spectrum is posed as follows:
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“Inverse Problems”. The second author is grateful to both the institutes for the support and hospitality.
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Problem 1.1. To which extent is a compact connected Riemannian manifold (M, g) with
a nonempty boundary determined by the Steklov spectrum &(M, Ay)?

Isometric Riemannian manifolds have coincident Steklov spectra. This is the first
obvious ambiguity in Problem 1.1: one has to recover a Riemannian manifold up to an
isometry.

Let us use the term “a Riemannian surface” for a two-dimensional Riemannian man-
ifold. The Laplace — Beltrami operator on a Riemannian surface (M,g) possesses the
following conformal invariance: Az, = p~?A, for any function 0 < p € C>(M). This
implies A2, = Ay if ploar = 1. In particular, &(M, A,2y) = &(M, A,) for every function
0 < p € C®(M) satisfying p|ap = 1.

In the present paper, we study Problem 1.1 for a compact connected and simply
connected Riemannian surface (M, g) with a nonempty boundary. Such a surface is dif-
feomorphic to the disc

D= {(z,y) |2*+y* <1} CR*=C.

Without loss of generality, we can assume M = D. For a Riemannian metric g on D, we
abbreviate the notation &(D, A,) to &(A,), where A is the pseudodifferential operator
on the unit circle
y=0D ={e" |0 cR}. (1.1)

Given a Riemannian metric g on D and diffeomorphism ® : D — D, the metric ¢’ = ®*g
is defined by g, (v, w) = ga@)((dp®)v, (d,®)w) for a point p € D and vectors v and w
belonging to the tangent space T, D, where d,® : T,D — Ty D is the differential of ®.
The statement “the metrics ¢ and ¢’ on D are isometric” is equivalent to the statement
“there exists a diffeomorphism ® : D — D such that ¢’ = ®&*¢”.

We suggest that two mentioned ambiguities, the isometry invariance and conformal
invariance, exhaust the non-uniqueness in Problem 1.1 for simply connected Riemannian
surfaces. In other words, we have the following

Conjecture 1.2. Two Riemannian metrics g; (j = 1,2) on D satisfy
S(Ag) = 6(Ag,) (1.2)

if and only if there exist a diffeomorphism ® : D — D and function 0 < p € C*(D) such
that p|l, =1 and

g2 = p°®*g1. (1.3)

The question becomes much easier if the isospectral hypothesis (1.2) is replaced by
the assumption on intertwining the operators A, and A,,. Let us recall the definition.

For a manifold N, two linear operators A; : C*(N) — C*(N) (j = 1,2) are inter-
twined if there exists a diffeomorphism ¢ : N — N such that Ay = ¢* 0 A; 0 p*~!, where
@* : C®°(N) — C*(N) is defined by ¢*f = f o ¢.

Theorem 1.3. For two Riemannian metrics g; (j = 1,2) on D, the operators Ay, and
Ay, are intertwined if and only if there exist a diffeomorphism ® : D — D and function
0 < p € C>®(D) such that p|, =1 and go = p*®*g;.

If two linear operators are intertwined, they are isospectral. Is the converse statement
true for some classes of operators? To authors’ knowledge, the question is open even in the
one-dimensional case. Nevertheless, by virtue of Theorem 1.3, Conjecture 1.2 is equivalent

to the statement: For two Riemannian metrics g; (j = 1,2) on D, the operators A, and
A,, are intertwined if G(Ay ) = S(Ay,).
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The paper is organized as follows. In Section 2, after recalling some known facts on
the Dirichlet-to-Neumann operator, we prove Theorem 1.3.

In Section 3, we demonstrate that Conjecture 1.2 has an equivalent form in terms
of the problem of recovering a positive function a on the unit circle from the eigenvalue
spectrum of the operator a !A,., where e is the Euclidean metric. We prove an analogous
of Theorem 1.3 for the latter problem.

In Section 4, we consider the problem of recovering an immersion J : D — R? from
the Steklov spectrum &(J*e). In the particular case of an embedding J, this is equivalent
to the classical problem [3] of recovering a planar domain Q = J(D) from the Steklov
spectrum S(2,A.). We again give an equivalent version of Conjecture 1.2 in terms of
immersions and prove an analogous of Theorem 1.3.

In Section 5, we recall qualitative properties of the Steklov spectrum and describe the
eigenvalue spectrum of a_ ' A, for functions a,, of the form a,,(e?) = by+2b; cos(mf). Our
main results are Theorem 5.3 and Corollary 5.4 that describe the eigenvalue spectrum for
the functions as.

In Section 6, we interpret the eigenvalue problem for the operator a~'A, as a scalar
Riemann — Hilbert problem in order to prove Theorem 5.3.

The appendix contains proofs of Theorems 5.1 and 5.2 and of Lemma 6.2.

2. THE PROBLEM OF DETERMINING A METRIC ON THE DISC

A Riemannian metric g on the disc D induces the metric gy on the circle vy = 9D. The
latter metric can be written in the form gy = dsg, where ds, is a smooth one-form on ~y
which does not vanish at any point. The form is uniquely determined if it is assumed to be
a positive form, i.e., ds, = ¢(0) df, where 0 < ¢ € C*°(v) and the cyclic coordinate 6 on ~y
is defined by (1.1). We call ds, the arc-length form of the metric g. If, for a diffeomorphism
®:D — D, weset p =P|, : v — 7, then dsg+, = £p*(ds,), where the sign (+) should
be chosen if ® preserves orientation, and (—) otherwise.

As mentioned in the Introduction, A2, = A, for 0 < p € C*(D) if p|, = 1. We will
need the following generalization.

Lemma 2.1. Given a Riemannian metric g on D and function 0 < p € C®(D), let
a=pl, € C®(vy). Then
Apy,=a A, (2.1)

pg
and

dsy2g = adsg. (2.2)
In particular,
Apg=A, and dsp,=ds, for 0<peC®(D), pl,=1
Proof. Given f € C*(vy), let u € C*°(D) be the solution to the Dirichlet problem
Aju=0 in D, ul,=f.
It also solves the problem
Apau=0 in D, ul,=f

Therefore

ou ou
st =S o= 5
¥ v
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where v and v/ are unit outward normal vectors to 7 in metrics g and p?g respectively.
The vectors are related by ¢/ = a~'v. Therefore

ou
d(a~1v)

= 7la—u

ov

=a ‘A, f.

Y

ou
Ap29f — %

~

Equality (2.2) is obvious. O

~

Remark. Since we will refer to [13] several times, we emphasize the following differ-
ence between our notations and that of [13]. We systematically use the equality ¢’ = p*g
for conformally equivalent metrics while the formula ¢" = pg is used in [13]. In particular,
(2.1) and (2.2) take the form A,, = \/iaAg and ds,; = v/ads, in notations of [13]. Here,

we use the notation p?g just to avoid the appearance of the square root in (2.1) and (2.2).

The arc-length form ds, is uniquely determined by the DN map A,. This follows from
the statement: the full symbol of the operator A4 is equal to ||, where £ is the Fourier-
dual variable of the arc-length s,. The statement is proved in [9] and [3]. Taking this fact
into account, Theorem 1.2 of [13] can be stated as follows:

Proposition 2.2. If A, = Ay, for two Riemannian metrics on D, then there exist a
diffeomorphism ® : D — D and function 0 < p € C*®(D) such that ®|, = I (= the
identity), p|l, =1, and g2 = p*®*g;.

Proposition 2.2 differs from [13, Theorem 2.1] by the absence of the hypothesis ds,, =
dsg,. But the latter equality follows from Ay = A,, as we have just mentioned.

Proof of Theorem 1.3. If p|, = 1, then (1.3) implies

A92 = A"P*g1 — (p* o Agl o (p*—l

for ¢ = @|,.
Conversely, let two metrics g; (j = 1,2) on D satisfy

Agy = ¢ 0 Ng 0™} (2.3)

for some diffeomorphism ¢ : v — . Extend ¢ to a diffeomorphism ® : D — D and set

g2 = g1 (2.4)
Then
Ag, = @* o Ag, 0 90*_1' (2‘5)
Comparing (2.3) and (2.5), we have
A§2 = Agz'

By Proposition 2.2, there exist a diffeomorphism ¥ : D — D and function 0 < p € C*(D)
such that p|, =1 and

g2 = pP*UGy. (2.6)
From (2.4) and (2.6),
go = pP*U*d* g = p*(® o U)*gy.
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3. THE PROBLEM OF DETERMINING A POSITIVE FUNCTION ON THE CIRCLE

For a smooth map ¢ : 7 — 7, the derivative 22 € C*(v) is defined by ¢*(df) = %2 do),
where 6 is the cyclic coordinate defined by (1.1).

Let e be the Euclidean metric on R2. The following proposition is an extended version
of [13, Theorem 1.3].

Proposition 3.1. Given a Riemannian metric g on D, there exist an orientation pre-
serving diffeomorphism ® : D — D and two positive functions p, u € C*®(D) satisfying

IO|’7 =1, Ae(ln:u> =0

such that

(a) @*g = p*’e.

(b) There exists a smooth immersion J : D — R? such that J*e = p?g, where p =
(po®~ 1)L In particular, h = p?g is a flat metric, i.e., its Gaussian curvature is identically
equal to zero.

(c) If o = ®|, and a = pl,, then

P oM ot =a A, (3.1)

and
©*(ds,) = ad®. (3.2)

Only statement (c) is explicitly formulated in [13, Theorem 1.3] although statements
(a) and (b) also participate in the proof. Let us briefly recall our arguments for the proof.

Sketch of the proof of Proposition 3.1. Given a Riemannian metric g on D, we can find a
function 0 < p' € C*°(D) such that p|, = 1 and h = p?g is a flat metric, see [13, Lemma
2.1]. Extend h to a flat metric on the open disc D, = {(z,y) | 2> + y*> < 1+ ¢} for some
€ > 0 and denote the extension by A again. The flat metric A is locally isometric to the
Euclidean metric e, i.e., for every point p € D,, there exist a neighborhood U C D, and
orientation preserving isometric embedding (U, h) — (R?, e) which is defined uniquely up
to the composition of a rotation and parallel translation. Continuing such embeddings
along curves and using the monodromy principle, we obtain an immersion J : D — R?
such that J*e = h. This proves statement (b).

The flat metric h determines the complex structure C, on D,, see [13, Lemma 2.5]. We
consider D as a closed domain in the complex manifold (D,,Cy). On the other hand, D is
a closed domain in (C,C,.), where C, is the standard complex structure. By the Riemann
theorem on the existence of a conformal map between two simply connected domains,
there exists a biholomorphism of closed domains ® : (D,Celipt p) — (D,Chlint p)- By
statement (iii) of [13, Lemma 2.5], ®*h = p?e for some function 0 < p € C*(D) such
that In i is an e-harmonic function.

From equalities h = p%g and ®*h = u2e, we derive

[)2,LL2€ — ,02(1>*h — qu)*(ﬁQg) — ,02(,50 @)2@*9 — (ID*g
if p= (po ®)~!. This proves statement (a).

Set ¢ = ®|,. Repeating the arguments from the beginning of [13, Section 3], we prove
that

p oo (p*_l =a A, (3.3)
where the function a € C*(7) is defined by

©*(dsp) = adf. (3.4)
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Equalities h = p?g and p|, = 1 imply that A, = A}, and ds, = dsy,. Together with (3.3)
and (3.4), this gives (3.1) and (3.2). Finally, statement (a) together with the boundary
condition p|, = 1 implies ¢*(dsy) = p|, df. Comparing the last equality with (3.2), we
obtain a = pl,. O

Statement (c) of Proposition 3.1 relates the inverse problem of recovering a metric on
D to the problem of finding a positive function a € C*®(+y) from the eigenvalue spectrum
S(a tA.) of the operator a tA..

Statement (b) of Proposition 3.1 has an important corollary. Choosing a biholomor-
phism of (D,Chlipt p) onto the upper half-plane, we can repeat all arguments from the
proof of [3, Theorem 1] to obtain the following:

Proposition 3.2. For a Riemannian metric g on D, let L be the length of v in g and let
SA) ={0=X <A< X< < N<...}
be the Steklov spectrum. Then
S LA
Ll 2
for every N > 0, where [x] is the integer part of x. In particular, L is uniquely determined

by &(A,).

Ak }%—O(k*N) as k— oo

The same statement is valid for the asymptotics of the spectrum &(a 'A.), where
the constant L is defined by L = fo% a(0) db.

Lemma 3.3. Let ® : D — D be a smooth map such that ®(y) C v and ®|;ptp, = int D — C
is either a holomorphic or antiholomorphic function. Set ¢ = ®|, : v — 7. Assume the
derivative dp/df does not vanish at any point. Then

. |del| .
Acop* = Frikd oA.. (3.5)
If two functions 0 < a; € C*®(vy) (j = 1,2) are related by the equation
d
a = d—g aj o g, (3.6)
then
(a3'Ac) 0 9™ = ¢ o (a7 'Ae) (3.7)
and
S(a;'Ae) € &(ay'AL). (3.8)

Proof. Let, for definiteness, ®|;,t , be a holomorphic function. Given a function f €
C*(v), let u € C*°(D) be the solution to the Dirichlet problem

Acw=0 in D, ul,=f.
The function u = u o ® solves the problem
Aau=0 in D, ul,=¢"f
Therefore

_ Ou

Ou _ ou
_8’/77 o

ov

5

Acf Ac(e™f)
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We are going to relate the right-hand sides of (3.9). For z € ~, let v, be the unit

outward vector normal to v at the point z. Then

o

a—'Z(z) = (do(w 0 ®)). = (dygeyu o d. D). (3.10)
The differential

d.;®:T.D=C— C=Te D

is just the multiplication by ®'(z). In particular, the differential commutes with the mul-
tiplication by the imaginary unit. Since ®(y) C v and the vector iv, is tangent to -, the
vector i(d,®)v, is also tangent to . This implies

Vo(z2)-

(@00 = ¥ v = [0

With the help of this, formula (3.10) becomes

Ju de
5(2) = @(Z)

(Gt = |55 )| (2

Comparing this with (3.9), we obtain

de
Aeow)f = (|56|@" o he) .
(Aeo ™) f ‘ d0’ oA )f
This proves (3.5).
Let two functions 0 < a; € C®(v) (j = 1, 2) satisfy (3.6). Multiply (3.5) by a; ' from
the left

— * — dSO * — — * - * —
(az'Ac) 0" =ay’ a0l|¥° (mag'Ae) = a3 a0 (a109)¢" o (a7'Ae) = 9" o (a7 ' Ae).
This proves (3.7). Inclusion (3.8) obviously follows from (3.7). O

Definition 3.4. Two functions 0 < a; € C*(y) (j = 1,2) are said to be e-conformally

equivalent if there exists an e-conformal (or e-anticonformal) transformation ® : D — D
such that (3.6) holds for ¢ = ®|,.

Theorem 3.5. Two functions 0 < a; € C*®(v) (j = 1,2) are e-conformally equivalent if
and only if the operators a;'A. and ay'A. are intertwined.

Proof. The “only if” statement follows from Lemma 3.3. Indeed, in our case ¢* is invertible
and (3.7) can be written as
01271/\E —_ QO* o aflAe o S0*717

i.e., o intertwines a; 'A. and a;'A.,.
Conversely, let two functions 0 < a; € C*®(vy) (j = 1,2) be such that the operators
a;'A. and a, A, are intertwined, i.e.,

a;'Ae =  oay A ot t (3.11)
for some diffeomorphism v : v — . For each j = 1,2, we extend a; to a function
0 < p; € C*(D),

pily = a;

and define the metric g; on D by
gj = ple. (3.12)
Hence,

de = (Zj d@ (313)
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By Lemma 2.1,

Ay, = a;'A.. (3.14)

95
From (3.11) and (3.14),
Ay, =" 0 Ay, 0 Pt (3.15)

By Theorem 1.3, (3.15) implies the existence of a diffeomorphism ® : D — D and of
a function 0 < p € C*°(D) such that p|, =1 and

g2 = p*®"gy. (3.16)
Hence
dsg, = £p*(dsg,), where ¢ = d|,. (3.17)
From (3.12) and (3.16),

pre = g2 = p*® gy = p"®*(pie) = p’(p1 0 B)*Pe,

2
* P2
d'e = ——— €.
(p(m o <I>>)

This means that ® is an e-conformal (or e-anticonformal) transformation of the disc D.
Using (3.13) and (3.17), we obtain

ie.,

d
as df = dsg, = £9*(dsy, ) = £¢" (a1 df) = (a1 0 p) ‘d—g’ de,
ie.,
dy
= —1. 3.18
02 = (a1 00) | (3.18)
Since @ is an e-conformal (or e-anticonformal) transformation and ¢ = ®/|,, (3.18) means
the e-conformal equivalence of a; and a-. O

Conjecture 1.2 has the following form in terms of e-conformally equivalent functions.
Conjecture 3.6. For two functions 0 < a; € C™(y) (j = 1,2), the equality
S(a;'A) = &(az'AL)
holds if and only if these functions are e-conformally equivalent.
A wrong version of the conjecture was supposed in [13, Problem 3.2].

Proof of the equivalence of Conjectures 1.2 and 3.6. First of all, the “if” statement of Con-
jecture 3.6 follows from Theorem 3.5 since intertwined operators have coincident spectra.
The implication Conjecture 1.2 — Conjecture 3.6 is proved by the same arguments we
have used in the proof of Theorem 3.5. The reverse implication is a little bit more tricky.

Let Riemannian metrics g; (j = 1,2) on D satisfy (1.2). Applying Proposition 3.1 to
each of the metrics, we find an orientation preserving diffeomorphism ®; : D — D and
positive functions p;, u; € C*(D) such that p;|, =1, A.(Inp;) =0,

®lg; = piuge, (3.19)
and for ¢; = @], a; = pyly,

;0N 0 gojfl = a;lAe. (3.20)
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From (1.2) and (3.20), &(a;'A.) = &(ay*A.). Assuming Conjecture 3.6 to be true,
we find an e-conformal (or e-anticonformal) transformation ® such that

d
as = (a1 0 @) d—(p ,  where ¢ =9|,. (3.21)
We remember also that
e = |®'|%, (3.22)

where &' = d®/dz (®' = d®/dz) for the holomorphic (antiholomorphic) function ®.
From (3.19) and (3.22), we derive

g2 = ®37(papze) = B3 (poua| @ 2 De).

Substitute the value e = p; >y, *®%g;, that follows from (3.19), into the right-hand side of
the latter formula

g = @5 (331|720 (o 2 2®ign) )
=057 (ﬂ%ﬂ%l@’l‘z(m 0 ®)~*(m o q’)‘z@*@’{gl)-

Rewrite this in the form

2 2
- P2 H2
= ¢3! O*dig; » . 3.23
o {(plo<b> [mlo@)m] 191} .

Let us demonstrate that the function in brackets on the right-hand side of (3.23) is
identically unit, i.e.,

pra = (p1 0 )| @]. (3.24)
Indeed, both
Inps and In(p; o @)+ In ||
are e-harmonic functions in D. Therefore, to prove (3.24), it suffices to show that this
equality holds on 7. But on ~, (3.24) coincides with (3.21) since p;|, = a; and |®'|, =
|dep/dB)].
By (3.24), formula (3.23) simplifies to the following one:
g2 = @37 (PP Plg1) = (Po @3 ')* D3 @D g,
where p = pa/p1 o ®. Setting p = po &, and ¥ = &, 0 ® o &, ', we obtain

g2 =", ply=1

Theorem 3.5 can be generalized. We first generalize Definition 3.4 as follows.

Definition 3.7. Let g be a Riemannian metric on D. Two functions 0 < a; € C®(7) (j =
1,2) are said to be g-conformally equivalent if there exists a g-conformal (or g-anticon-
formal) transformation

®:D— D, dg=M\yg
such that
as = c(ay o)
for ¢ = |, and c = A|,.
Theorem 3.8. Let g be a Riemannian metric on D. Two functions 0 < aj € C*(y) (j =

1,2) are g-conformally equivalent if and only if the operators a;*A, and ay A, are inter-
twined.
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Proof. The proof of the “if” statement repeats, with obvious changes, the corresponding
part of the proof of Theorem 3.5. So, we present the proof of the statement “only if”.

Assume functions 0 < a; € C*(v) to be such that the operators a;' A, and a; ' A, are
intertwined. On using Proposition 3.1, we find an orientation preserving diffeomorphism
® : D — D and two functions 0 < p, u € C*°(D) such that

g =p’pe, ply=1, Alnp) =0 (3.25)
and
P olAgo ot =a7A, (3.26)
for a = p|, and ¢ = ®|,.
We set
bj=a(ajop) (j=12). (3.27)

From this, we derive with the help of (3.26)
b'Ae = (a;00) "a T A = (50 9) M 0 Ago o™t = gt oa Ay o
This means that the operators b; 'A. and a;'A, are intertwined. Since a;'Ay and a;'A,

are assumed to be intertwined, we conclude: b;*A, and by 'A, are intertwined.

By Theorem 3.5, b; and b, are e-conformally equivalent, i.e., there exists an e-
conformal (or e-anticonformal) ¥ : D — D such that
dy

- bioy for o=, (3.28)

From (3.27) and (3.28), we find the relationship between a; and as

by =

d d
agog):a’lbgchl _19# biotp =a* 0 (aalogo)owﬁ:a’l —lg (aot)(a;opoh),
ie.,

aooup tl|d
azzaqf—spsol d—?w* (aropotpop™)

Introducing the notations
U=0oWod ! @ZZ‘I’H,
we write the result as

aog/}ogofl
aop!

@

79 °¢ (ay o {/;) (3.29)

a9 —

Let us demonstrate that U is a g-conformal (or g-anticonformal) transformation.
Indeed, by twice usage of (3.25), we deduce

\T/*g _ ‘I)*_l\Il*(I)*g _ (I)*_l\lf*<p2,u26)
=(poVod )2 (oWod )20 1%
— (po W od (o Wod )20 (W)
=(poTod ) (uoWod 12T od 20  te
= (poTod ) (uoWod !)’|W 0 &2 (p~2u?P%y)
_ (po\I!oq)_l)2(,uo\IJo<I>_1
pod-1
We write the result in the form

2
P ) W' o dL2.

U*g = A%, (3.30)
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where
5 poVodtyoWod!
- pod-t o d-1
In particular, (3.30) means that W is a g-conformal (or g-anticonformal) transformation.
Restricting the last formula to v and using p|, = 1, p|, = a, and ¥'|, = dy/df, we get

W' 0 @Y.

X\ aoctpopt|dy |
= — | — 0 .
7 aop~l |df \
With the help of this, formula (3.29) takes the form
ay = A (a1 0 9). (3.31)
Formulas (3.30) and (3.31) mean that a; and ay are g-conformally equivalent. O

Finally, Conjecture 3.6 is equivalent to the following more general statement. The
equivalence is proved by the same arguments as we have used in the proof of Theorem
3.8.

Conjecture 3.9. Let g be a Riemannian metric on D. For two functions 0 < a; € C*(v),
the equality

(‘5(@1_1[\9) = (‘5(&2_11\9)

holds if and only if these functions are g-conformally equivalent.

4. THE PROBLEM OF RECOVERING A PLANAR DOMAIN

Let © C R? be a simply connected domain bounded by a smooth closed curve. How far
is such a domain determined by the Steklov spectrum S(€2, A.), where e is the Euclidean
metric? The problem was considered in [3]. We are going to generalize the problem a little
bit by involving multisheet domains. A typical example of such a domain is shown on the
picture.

i,

FIGURE 1

How can one define rigorously a (smooth simply connected) multisheet domain? One
of possible definitions is as follows: this is a domain diffeomorphic to the disc D and
situated on the Riemann surface of a multivalued analytic function. However, the following
definition is more appropriate for our purposes.

Definition 4.1. Let Z be the set of all smooth immersions J : D — R2. Introduce the
equivalence relation on I as follows: J1 ~ Jo if there exists a diffeomorphism ® : D — D
such that 3 = J, 0 ®. Elements of the factor-set I/~ are called (smooth, closed, bounded,
simply connected) multisheet domains in R2.
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At first sight, the definition can seem too complicated. Nevertheless, in our opinion,
every reasonable definition of a multisheet domain should be equivalent to this one. In
particular, if an immersion J : D — R? is injective, then its equivalence class is uniquely
determined by the image Q = J(D).

The natural conjecture is that a smooth bounded simply connected domain Q C R? is
determined by the Steklov spectrum &(£2, A.) uniquely up to an isometry. For multisheet
domains, the conjecture sounds as follows:

Conjecture 4.2. For two smooth immersions J; : D — R? (j = 1,2), the equality
S(As:e) = 6 (Agye) (4.1)

holds if and only if there exist a diffeomorphism ® : D — D and isometry I : (R? e) —
(R%e) such that
Jo=T0J;009. (4.2)

We are going to demonstrate the conjecture is equivalent to our previous Conjectures
1.2 and 3.6. But first we will prove the following:

Theorem 4.3. For two smooth immersions J; : D — R? (j = 1,2), the operators Agre
and Age are intertwined if and only if there exist a diffeomorphism ® : D — D and
isometry I : (R% e) — (R?, e) such that Jo =0T, 0P,

Proof. The “if” statement is obvious. Indeed, since I*e = e, (4.2) implies Jie = ®*(Jje)
and the operators Ay:. and Ay are intertwined by ¢ = ®|,.

Now, we prove the statement “only if”. Let the operators Aj*l‘e and Ag;e be intertwined.
By Theorem 1.3, there exist a diffeomorphism ® : D — D and function 0 < p € C*(D)
such that

Jse = p*®*Tie, pl, = 1.
We rewrite this in the form
hy = p*hy, where hy = ®*Jle, hy = TJie.

Both h; and hy are flat metrics. For flat metrics, equality hy = p*h; holds if and only if
Ap, (In p) = 0. Together with the boundary condition p|, = 1, this gives p = 1. Thus,

J5e = (J1 0 D)%e. (4.3)

Two immersions 51 = J; 0 ® and T, satisfy 5{6 = Jse if and only if Jo =T o 51 for
some isometry I : (R% e) — (R? e). Therefore (4.3) implies (4.2). O

Proof of the equivalence of Conjectures 1.2 and 4.2. The implication Conjecture 1.2 —
Conjecture 4.2 is proved by the same arguments as we have used in the proof of Theorem
4.3. Let us prove the reverse implication.
Assume metrics g; (j = 1,2) on D to satisfy (1.2). By Proposition 3.1, there exist a
function 0 < p; € C*(D), pj|, = 1, and immersion J; : D — R? such that
h; = pig; =T}

*
je.

Hence,
S(Age) = 6(Ay,).
Together with (1.2), this gives (4.1). Assuming Conjecture 4.2 to be true, we obtain (4.2).
From (4.2),
ho =735 = (I 0T, 0®)e=®"T]["e = d*Tje = *hy,
ie.,

hQ - (I)*h,l
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Now,
g2 = Py he = p3 @y = p3 @ (pigr) = <p1:2q))2¢*gl-
Setting p = p; o ®/py, we have
92 =g, ply=1
This is the statement of Conjecture 1.2. U

The following statement was proved by Weinstock [16]:

If 6(QA) = {0 = Ao < Ay < ...} is the Steklov spectrum of a smooth bounded
simply connected domain Q@ C R? and L is the length of 00, then

A < — (4.4)

and the equality holds if and only if 2 is a disc.
Weinstock’s proof works for multisheet domains as well and the statement can be
presented in the form:

Proposition 4.4. For a smooth immersion J: D — R?, let S(Ay.) = {0 =X g < Ay <
...} be the Steklov spectrum of the metric J*e and L be the length of v in the metric.
Then (4.4) is valid. The equality in (4.4) holds if and only if there exist a diffeomorphism

®: D — D and isometry I : (R?,e) — (R?,e) such that T = IoT 0®, where Ip(z) = £z.

On using the equivalence of Conjecture 4.2 to Conjectures 1.2 and 3.6, the latter
statement can be transformed to two other forms.

Proposition 4.5. For a function 0 < a € C®(y), let S(a™'A) ={0 =X < A\ < ...}
and L = 0% a(0)df. Then (4.4) is valid. The equality in (4.4) holds if and only if the

function a is e-conformally equivalent to the constant L/2m.

Proposition 4.6. For a Riemannian metric g on D, let S(Ay) ={0 =X < A\ < ...}
be the Steklov spectrum and L be the length of -y in the metric g. Then (4.4) is valid. The
equality in (4.4) holds if and only if there exist a diffeomorphism ® : D — D and function
0 < p € C®(D) such that p|l, =1 and g = (L£p)*®*e.

5. TWO CLASSES OF RIEMANNIAN METRICS

In the rest of the text we use the following notations. L?(v) is the space of square
integrable complex functions on « with the norm and scalar product defined by

Fra) == [ eae)ds, 112 = (5. 5).

T or
For f € L*(v), we denote by f, t}(l)e n-th Fourier coefficient,
fa= 5 0% F(e)e 0 as.
For 1 < m € N, we denote by H™(~y) the Hilbert space
H"(7) = {f € L*(3) | 3 In" | ful? < o0}
nez
endowed with the scalar product defined by )
(f.)im = (140" fuga for f,ge€ H™(y).

neZ



14 ALEXANDRE JOLLIVET AND VLADIMIR SHARAFUTDINOV

Then A.(e?) = |n|e™ for n € Z, and &(A.) = N where 0 is a simple eigenvalue while
others eigenvalues are double. We will denote by e, the function e, (e?) = ™ for n € Z.

5.1. General statements on the eigenvalue spectrum. Given a function 0 < a €
C>(v), observe that a A, = a~2(a"2A.a"2)a?, where a"2A,a"2 : H'(y) — L2(7) is a
positive self-adjoint operator, i.c., (a"2A.a~2u,u) > 0 for u € H'(y). Then &(a*A,) =
S(a~2A.a"2) consists of an increasing sequence of eigenvalues \, (n = 0,1,2, ...) counted
with multiplicities, where \y = 0 is a simple eigenvalue and every )\, is of a finite mul-
tiplicity. The multiplicity of A\; is not greater than 2, see [6, 8]. The fact that Ay = 0 is
simple follows from the equality A.1 = 0 and [Ja  Aoul| > 12l > vl g5, € H1(5).

Every eigenspace ker(a A, —),,) consists of smooth functions and can be spanned by
real-valued functions. Indeed, if u € C*°(v) is an eigenvector for a~*A,, then the complex
conjugate function @ is also an eigenvector, and a 'A.(Ru) = ARu and a 1A (Su) = ASu.

The spectrum of a™*A, is generically simple (see [1, 15]) which means, in particular,
that there exists a dense subset S of {0 < a € C*(v)} endowed with its usual topology
such that all eigenvalues of a~!A, are simple for any a € S.

We will now describe the eigenvalue spectrum of a='A. for two classes of functions
a, first when a(e?) = ag + 2a; cosf for (ag,a;) € R% 0 < 2|a;] < ag, and then when
a(e?)™t = by + 2by cos(mb) for (b, b1, m) € R? x N, 0 < 2|by| < by and m > 2.

When a(e?)™! = by+2b; cos 6 for (by, b1) € R?, 0 < 2|by| < by, then a is e-conformally
equivalent to the constant-valued function ag:

de

@ = a, (51)

(¢%]

Vo

=r| ., and r € (=1,1) is a root of the

polynomial by X? + byX + b; (see also [12, Remark 3]). Hence in that case G(a™*A,) =
&(ag'N) = ay'N, where 0 is a simple eigenvalue and all others are double eigenvalues.

where ¢(e??) = exp <ia51 foe a(eis)ds> =

5.2. Simple eigenvalues. First we exhibit an example of a class of functions a that
belongs to S defined above. We have the following result.

Theorem 5.1. All eigenvalues of a ‘A, are simple when a(e®) = ag + 2a;cos@ for
(CLQ,CLl) € RQ, 0< 2|6L1| < ag.

The proof of Theorem 5.1 is given in the appendix. It is based on the following
reformulation of the eigenvalue problem for the operator a !A.. For A € (0,+00) and
u € C*(y), the equation A.u = Aau holds if and only if the Fourier coefficients (uy)nez
of the functions u satisfy the following linear second order recurrence with non-constant
coefficients

n
—aq U1 + (l—A‘ — ap)Up — aup—1 =0 for neZ.

We introduce some notations before studying the second class of functions a. Given
0 <ae€ C*®(y) and 2 <m € N, define the holomorphic function ®(z) = 2™ on int D and
set ¢ = ®@|,. Then \<I>’H7 = m and Lemma 3.3 implies

(a0 @) A" f =me*(a'Acf) for feC®(y). (5.2)

Let t,,(a) denote a o ¢. For j = 0,...,m — 1, we denote by V;,, (resp. Vj,,) the closure
in H'(y) (resp. L?(7)) of the vector space spanned by the vectors e, xm (K € Z). For

Jj = 1,...,[%], we denote by W;,, (resp. Wj,,) the vector space Vjn, @ Vin_jm (resp.
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Vim @ Vin_j.m). Note that W, is invariant under the complex conjugation. If m is even,
then W%?m = V%ﬂn.

Given a bounded linear operator B : H'(y) — L?(7), we denote by Bly, . (resp.
Blw,,,) the restriction of B to Vj, (resp. Wj,,) for every 0 < j < m — 1. The operator A,
maps V;n, to V;, and the multiplication operators t,,(a) 2 and tn,(a)2 map Vj, to V.
Therefore Ay, ,,, tm(a) 2 At (a)2 |V, and tp(a) ' Ac]y, . define unbounded operators
in f/jm where their domain is Vj,,. The same statement is valid when V},, and f/]m are

replaced by W;,, and VT@m respectively. We also have

S((tn (@) 4) = U S((tna) Al

5]
= 6&((tm(a) " Aclp,..) [ S((tm(a)) " Aclw; ,.)-

j=1

w[3

The following statement is proved along the same lines as Theorem 5.1. The proof is
presented in the appendix.

Theorem 5.2. Given integers m > 2 and 1 < j < m — 1, let a(e?) := (by + 2b; cos §)
for some (bo,b1) € R satisfying by > 2|b1| > 0. All eigenvalues of (tm(a)) " Acly,,. are
simple.

On using the invariance of t,,(a) A, with respect to the complex conjugation, we
obtain the corollary: in notations of Theorem 5.2, positive eigenvalues of the opera-
tor (tm(a)) 'Aelw,,. (1 < j < m/2) are double, and these eigenvalues of the operator
(tm(a))~*A. are at least double.

5.3. Double eigenvalues.

Theorem 5.3. For (b, b1) € R? satisfying by > 2|b;| > 0, let a(e®?) := (by + 2b; cos )~ L.
Then

(1) &((tm(a)) Aclv..) = mag'N for every integer m > 2.

(2) For integers m > 2 and k > 0, mkay"' is a double eigenvalue of the operator

(tm(a)) " Ae.

The first statement of the theorem follows immediately from (5.2) and (5.1). The
second statement will be proved in Section 6.2. The proof is based on the reformulation
of the eigenvalue problem for the operator (¢,,(a)) *A, as a scalar Riemann — Hilbert
problem, see Section 6.

In the case of m = 2, we have the following more precise statement:

Corollary 5.4. In notations of Theorem 5.3,
S((t2(a) "Ae) = [J s M U (200 'N).
k=1

For k > 0, 2kay" is a double eigenvalue while N\, and X\ are simple eigenvalues of the
operator (ty(a)) A.. The following inequalities hold

(2k — 2)ag' < Mp_ < Apy < 2kay' for k>0. (5.3)
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Corollary 5.4 follows from Theorems 5.2 and 5.3 taking into account the continuity
of eigenvalues with respect to a continuous perturbation of (t2(a))™*A., see [7]. More
precisely, let a(e, €?) = ag+/b2 — 4e2b? (by+2eb; cos(20))~! for e € (0,1]. Then ay(e,.) = ag
and eigenvalues of (a(e,.) *A.)|v, , are simple by Theorem 5.2. Let {Ay .« | k € N} be the
set of positive eigenvalues of the latter operator ordered so that A_ . < Ay p < A_cpt1-
Then, by continuity of eigenvalues with respect to e, we have Ay ., — (2k + 1)ay Las
e — 07. With the help of Theorem 5.3, this implies (5.3).

Quite similarly, for an integer m > 3, we can prove: mka, ! is a double eigenvalue of
the operator (t,,(a)) " *A, for every 0 < k € N and

oo 2m

S((tm(a)) *Ae) \ (may'N U U{)"W} where may'(k — 1) < A\ ; < mag k.
k=1j=1
We also mention a possible direction for a generalization of Corollary 5.4 at the end
of Section 6.3.

To authors’ knowledge, no bounded simply connected domain is known with a Steklov
eigenvalue of multiplicity greater than 2.

5.4. The Hilbert transform and an integral equation. Observe that (see for exam-
ple [11])
d? d d
Ae = —_—_ = H —_— = — _IJ7
dr = %dp do

where H is the Hilbert transform on L?(7y) defined by

, T 1+4cos(@—t)
Hu)(e?) = i~ e p / ST T ety dt. (5.4
(H) =7 5 stahie = o [T EEE e (64
In particular, H(xp)(e") = L(—In) (|sin (%%)|/|sin (£)]) for (¢,6) € R x (0,27), where
xo(e") =1 for t € (0,60) and yq(e™) = 0 for ¢ € [#, 27]. Hence the eigenvalue problem for
a"'A. can be transformed into an integral equation as follows:

27 60—t
(a'Aeu = M) < u(e”) = u(l) + é/ (—In) w a(e®)u(e) dt
0 sin (%)
foru € C*(y) and A € (0, +00). We do not use the integral equation in the rest of the text.
However, the Fredholm determinant of the square of the self—adjoint compact operator in
L*([0, 27]) with the nonnegative integral kernel a'/?(e")( —In) (|sin (%2)|) a'/?(e™) may
be of some interest for the Steklov inverse spectral problem.

It is also of some interest to mention that the Steklov eigenvalues asymptotics pre-
sented in Proposition 3.2 can be derived from Proposition 3.1 on using the following fact:
the commutator [H,b] = Hb — bH is a smoothing operator for any b € C*(y). Indeed, as
follows from (5.4), the kernel of [H, b] is the smooth function IC on v x 7 defined by

K(e”, ey = (2m) " cot (?)@(e“) —b(e")) for (6,t) € [0, 2n] x [0, 2n].

(a~Y2A,a" V)2 = —(almialialﬂ) X a’lﬂi H,a A0 V? (5.5)

dg  do do |

and a=V/2-L[H,a"'JA.a""/? is a smoothing operator.
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Using (5.5) and the min-max principle, one obtains the following asymptotics for
eigenvalues and eigenvectors of a~/ 2Aecfl/ 2. Define

1/2 1 0 (s
ao 2 o Qo
and let (u,)nen be an orthonormal basis of L2(S!) such that a=/?A.a"'/?u,, = A,u,. Then

An —aal[

Up — (Un, Vi ) Vp 1 — (Uny Ve )V = O(n™) as n— 4o

n+1

]—i—O(n_N) as n — +0o,

for every N > 0. The multiplicity of the eigenvalue A, is at most 2 for n large enough,
see [8, Proposition 1.4.2].
In the case of ag = 1, the operator a=*/2A.a~'/? —h*A.(h~1)* is a smoothing operator,

where the diffeomorphism h : v — « is defined by h(e?) = exp (2 fo %) ds) see [3].

In the next section, we relate the eigenvalue problem for a !A, to a scalar Riemann —
Hilbert problem. The relationship will be used in our proof of Theorem 5.3, but it is also
of some independent interest. We also refer the reader to [10, pp. 182] for a connection
between Fredholm operators and Riemann — Hilbert problems.

6. A SCALAR RIEMANN — HILBERT PROBLEM

6.1. Preliminaries. In this paragraph we obtain equivalent formulations of the eigen-
value problem for a='A. as a scalar Riemann-Hilbert problem.
Let H(O) be the space of holomorphic functions on an open set O C C. Given

u € C°(7), define the functions uy € H(int D)NC>(D ) andu_ € ’H((C\D)HCOO((C\int D)
by uy(2) = uo/2 + > % u,2™ and u_(2) = ue/2 + 3% u_,,z7" respectively. Then, for
z=¢e" u(z) =uy(z) +u_(z) and
o duy —ul) o ydug g adus g
AeU(Z) = ZT(Z) =1 W(@ ) - W(e ) (61)

If w is a real function, then u, = @_, and u_(z) = uy(z71).
On using (6.1) and the complex conjugation invariance of a~!A., we obtain for a real
valued function u € C*(y) and A € R

(Aew = Aaw) < (3% (z%(z) - )\a(z)u+(z)) =0 for z¢ 7) . (6.2)

Remark 6.1. Statement (6.2) can be written in two other equivalent forms. First, for a
complex function u € C*(v),

(Aeu = Aau) & (z%(z) —Aa(z)us(z) = zd;—z_(z) + Xa(2)u_(z) for z¢€ ’y) :

Second, given a complex function u € C(v), let vy be the 2m-periodic and bounded
function on the closed half-plane {z+iy | £y > 0} defined by vi(2) = ug/2+> 25 up,e™.
Then

(Aeu = Aau) & (CZ}—Jr(x) —ida(z)vy(x) = dv,( ) +ida(x)v_(z) for =z € R) :

T dx
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6.2. The case of a rational function a. We are going to reformulate (6.2) when a is
a rational function of z € 7. We will need the following

Lemma 6.2. Let f € H(intD)NC(D) and n > 0. Then R(f(2)/z") = 0 for all z € 7

if and only if there exists a sequence (y,...,a,) € R x C" such that f(z) = iopz" +
> iy (2" —a;2") for z € D.

For the sake of consistency, the proof of Lemma 6.2 is postponed to the appendix.
Let (¢1,...,Cu) and (11, ..., mn) be two sequences of points from int D\{0} such that
¢; # m for all j and [. Define functions p and ¢ on C\{0} by

p(z) =z ML (z =)z =G, qz) =z ML (z—n)(z—7;71),  (6.3)

where the constants ¢, # 0 (k = 1,2) are such that & = II}2,(¢;/¢;) and & =

oIl (n;/7;). Then p(z7!) = p(z) and ¢(27!) = ¢(2) for z € C\{0}. The functions p
and ¢ are real-valued on v and do not vanish at any point of v. Next, set

a(z) = % for z e C\(ZuU{0}), (6.4)

where Z is the set of zeros of ¢. For so chosen a, (6.2) takes the form

(Aew = Aaw) < (&e (zq(z)dilzu+(z) - )\p(z)u+(z)) =0 for z¢ 7> .

With the help of Lemma 6.2, this implies the statement: ) is an eigenvalue of a~*A, if and
only if there exist a function u; € H(int D) N C*°(D) and sequence (ay, . ..,as) € R x C?
such that

du+

zq(z)g(z) —(2)uy(2) =iy + Z(ajzj —a;z77) for ze D\{0}, (6.5)

where s = max(M, N — 1). This is a linear first order differential equation with rational
coefficients and rational right-hand side. Therefore the solution u, admits a holomorphic
continuation to C\Z_, where Z_ denotes the set of zeros of ¢ which are outside D. If
uy € H(C\Z_) solves equation (6.5) and c is a real constant, then u, + ic solves a similar
equation that differs from (6.5) by values of parameters (ap, ..., a;) € R x C*® only. Since
the integral py = (27~ 1) 027Tp(ei0) df is real and nonzero, we can choose the constant ¢
such that ag = 0 in the corresponding equation. We have thus proved

Lemma 6.3. Let the function a € C*®(v) be defined by (6.3) and (6.4). A real func-
tion u € C*(v) is an eigenvector of a~*A, with eigenvalue X\ if and only if there exists
(o, ...,0a5) € C* such that

S

du , .
2q(2)—(2) = Ap()us(z) = D (g2’ —a;z77) for 2€C\(Z-U{0}),  (6.6)
j=1
where s = max(M, N — 1) and Z_ is the set of zeros of q which are outside D.

Remark 6.4. If N =0, then q is a nonzero constant function, Z_ =0, and u, in (6.6)
is an entire function. If s = 0, then the right-hand side of (6.6) is zero.
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6.3. Proof of Theorem 5.3. Let a(e?) = (by + 2b; cos(mB))~! for some (by,b;) € R?
satisfying by > 2|b;| > 0 and m € N. We can set by = 1 and replace b; by some b € (0, 1)
without loss of generality. Then a admits a holomorphic continuation given by

Zm
=———— f e C\Z, 6.7
12 = e 1 FE0 (6.7)
where 7, := {we"%, o let | 1 <7 < m} and w is a root in D of the polynomial

b+ X"+ bX>.

Formula (6.7) is the partial case of (6.4) for p(z) = 1 and ¢q(z) = bz=™ + 1 + bz™. We
denote by Z,, _ the set {@—161"?—”” | 1 < j < m}. Lemma 6.3 implies: a real u € C*®(v)
satisfies a *A.u = Au if and only if there exists (aq, ..., an_1) € C™ ! such that

m—1
(2) = Az"ug(2) = Z(alzm_1+l —az" Y for 2€C\Z,,_.

=1

du
b m b2m_+
(b+ 2™+ bz )dz

(6.8)

Remark 6.5. Since W,,,, (1 < j < m/2) is spanned by ey jinm for n € Z, we obtain: if
A is an eigenvalue for a” ' Aclw, ., we can set oy =0 for I & {j,m — j} on the right-hand
side of (6.8). If A is an eigenvalue for a_lAe|Wm/2’m and m is even, we can set oy = 0 for
[ #m/2 on the right-hand side of (6.8).

Let » € (—1,0) be a root of the polynomial b + X + bX? (we recall that a;' =

(1 — 4b%)Y2). When m = 1 and A = kay' for some positive integer k, equation (6.8)
becomes du. (z)/dz — k(aob(z —)(z — rfl))flmr(z) =0 or

1d k

La oy _ 0y _
id9u+(e) a0(1+2bC089>u+(6) 0

Integrating the equation and using (aob(z — 7)(z — 7“_1))_1 =(z—-r)t=(z-r 7 we
obtain

k .
uy(2) :C< Z_T) for z#r 1, u+(ew) = Cexp (ﬁ/g L)
0

1—17rz ag 1+ 2bcoss

with a complex constant C. This implies for u being a real eigenfunction of a™'A.|y,,,
related to mkag*

m k
2™ —r
’LL+<Z> =C (W) for z € (C\Z —- (69)
Given (o, ..., 0, 1) € C™ 1 let us consider the first order differential equation

m—1
(2) — kmag'z™ vy (2) = Z(ajzm_lﬂ —a;2" ), 2 € C\Zpp .

J=1

doy

(b+ 2™ + bz*™) -

(6.10)
We are going to prove that the existence of a holomorphic solution v4 on C\Z,, _ implies
that oy = 0 (1 <1 < m — 1). Together with (6.9), this will give us the statement of
Theorem 5.3.
Assume the existence of a solution v, € H(C\Z,, ) to equation (6.10). We use the
variation of constants. Define the function C by
—r

C(2) = uy(2) top(2) = (zzm—_r) vy(z) for z € C\Z,, (6.11)
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where u(z) = (Zi":fl)k. The function C' is holomorphic on C\Z,,. Hence using (6.10)
and (6.11) we obtain

m—1
(b+ 2™+ bz2m)u+(z)%0(z) =Y (2™ —a;2" 1) for 2 € C\Z,,. (6.12)
j=1
We set
d m _ n—1\k-1 M1 ‘ ‘
R(z) = EC(Z’) = b_l% Z(ajzm_lﬂ —a;z2™ ') for 2 € C\Z,,. (6.13)

Jj=1

As follows from (6.13), there exists a constant § such that |R(z)| < §|z|72 for z € C,
21 2 2(—r)

Since the rational function R is the complex derivative of a holomorphic function on
C\Z,,, the residue of R at each point of Z,, is equal to zero. Therefore R integrates to
zero over the curve 7, : R — C (0 <[ < m — 1) defined by 7,(t) = et for t < 0 and

2w (141)

y(t) =te” m  fort > 0:

Foo 2wl Foo 2w (l141)
/ R(te" ) dt — e / R(te'™ = ) dt = 0. (6.14)
0 0

We remind that —r > 0 and 2™ — r # 0 for any point z of 7;. As is seen from (6.13), R is
integrable on ~; and pfozw R(pe®)df = O(p~!) as p — +oo.
Using (6.12) and (6.14), we obtain the following linear system of equation on (aq, .. .,

27Tl( ] 1) .21y

27l(j—1) ;2mg _ ;27
(ozje m (1—e"m ) p_144(—1) — e (I—e"'m )Im_l_j(—r)> =0 (6.15)
for 0 <1 <m — 1, where
oo (Utm + 1)k_1 U 1 !
Ip(O'):/O' Wt dt for (U,Z) S (0,1) XN, Ogl §2m—2 (616)
From (6.15) we obtain

3

(ﬁl i=1) ﬂ“) (ajlm—14;(—7) — @m—jli—1(—=7)) =0 for 0 <1 <m —1,
1

J

where 3 = ¢t . Since the Van der Monde matrix (ﬁj(l_l))lggm,lglgm is invertible, we
obtain o;l,_14;(—7) — @m—;lj_1(—r) =0 for j =1...m — 1. In other words,

Q; (Im_1+j(—T)Igm_j_1(—T) - Ij—l(_r)fm—j—l(_r)> =0 for1l S j S m — 1. (617)
We use the following

Lemma 6.6. For (0,1) € (0,1) x N satisfying 1 < I < m — 1, the inequalities 0 <
IQm_l_l(O') < Il_1(0'> hold.

By Lemma 667 Im—l—&-j(_r)-[Qm—j—l(_r) —I]‘_l(—T‘)Im_j_l(—T) <0for1l < ] <m-—1.
Therefore (6.17) implies ; = 0 for j = 1...m — 1. This finishes the proof of Theorem
5.3. O



ON AN INVERSE PROBLEM FOR THE STEKLOV SPECTRUM 21

Proof of Lemma 6.6. Given o € (0,1) and | € N satisfying 1 < [ < m — 1, we set
a=1/m € (0,1). We change the integration variable s = ¢ on (6.16) to obtain

+oo +°°
0'S+ 1 —a US+ ) a—1
Igm 1— 1 m/ S—|—0' k+1 dS Il 1(0’ m/ s+0‘)k+1 S ds.

The integration variable change s := s~1 gives

/‘+OO (08 + ]‘)k_l Sl—a dS — /1 (U + S)k_l Sa—l dS.
1 o (

(s + o)ktl 1+ os)ktt
Therefore
os+ 1)1 (o)
Ilel / ( S—i—o‘k‘HS +m8 dS,
os+1 w1 (o8t
I (o m/ ( S—i—O’k'HS +—(1—|—as)k+18 ds.

Two last formulas imply

(I 1(0) = Tpm11(0)) = /O L1 g0 ((“SH)H _ <U+S)k_1>ds. (6.18)

(s+ o)t (14 os)ktt

Then note that

(o5 +1)k1 (0 + )kt

21— .
o)~ (It and (1 —s ) >0 for s €(0,1) since a € (0,1).

Thus the integrand on the right-hand side of (6.18) is positive and the inequality I;_1(0) —
Iyp—1-1(c) > 0 holds. O

We indicate a possible direction for a generalization of Corollary 5.4. Let (A, u) €
(0,400) x C*®°(y) and 1 < j < [m/2] so that u € W,,,. Hence vy = 0 and u,(0) = 0,
where u, is defined at the beginning of Section 6. Assume A € mag'N and a"*A.u = \u
for a(e?) = (1 + 2bcos(m#))~. Then, using Remark 6.5, we see that u, € H(C\Z,, )
and

(b+2"+ bzzm)diu+(z) X"y (2) = Q2T T ™ a2 -y
z

for z € C\Z,,_ with some (o, a;,—;) € C. Integrate the equation to obtain

Aag

ur(z) = 2o /o1 (%) : ((tZ)ml— rt (tZ)“ll - 7“> (6.19)

% (g (#2717 g (t2)" 7 = G (127 = (k)" )i

for = € C\K, where K = |J <ei”/m+2”(l_1)/m [(—r)l/m,(—r)_l/mD. In (6.19), we have
=1
actually used the following branch of the logarithm: In(z) = In|z| + iargz for z €

C\(—00,0] and argz € (—m, 7). As is seen from (6.19), uy € H(C\K). The condition
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uy € H(C\Z,, ) gives

0= uy(smwe®) — u (smuwe )

Aag

2 . [ Ddagrm s—1\™ . j
= XSIH < m ) (7“_2 — 8) [am_jwl JCk(l — E,,U,) (620)
Fagden( L) — Gl e — 1) — ae (L)
Wkt m—jW o i@ .

for s € (1,772) and for 0 <1 < m — 1, where w; = e™/™mFi2m/m(_p)l/m | — [\ay/m], and
@ = A —mag k. The function ¢, is smooth on (—1,1) x (0,1) and

1 2
cola, ) = r—2 +a/ ((Tl t>u - r‘Z“) t*tdt,  (a,p) € (—1,1) x (0,1).
o 1
We also define for (o, p) € (0,3] x (0,1)

Fi(a, p) = ere = 1, p)er(—a, ) = rer(1 = a, pex(er, ).
For fixed ¥ € N and p € (0,1), the linear system of equations (6.20) has a nontrivial
solution (o, am—j) € C* if and only if Fj(a, ) = 0. We therefore obtain, for u € (0,1)
and (j,k) € N2 (1 <5 < [m/2]),
J

mkaal =+ o’ € G(Q_lAele’m> =4 Fk(m’

) =0.

Finally, studying growth properties of functions Fj(., 1) at fixed p € (0,1), one may
get some knowledge of multiplicities of eigenvalues of a~'A, which belong to the interval
(mkay',m(k + 1)ag"). More precisely, if the inequality %(a, w) > 0 was proved, then
one would obtain the statement: the eigenvalues of a *Ac|w,,, (1 < j < m/2) belonging
to (0, mag 1) are double eigenvalues of the operator a~'A.; and for even m, the eigenvalues

of a™'Aejyy,,  belonging (0, mag 1) are simple eigenvalues of a~!A..
R

APPENDIX A. PROOFS OF THEOREMS 5.1 AND 5.2 AND OF LEMMA 6.2

To prove Theorem 5.1, we need the following lemma that will be proved at the end
of the section.

Lemma A.1. Given () ag,a;) € (0,4+00)% x C satisfying |a;| > 0, let Gy denote the
two-dimensional complex vector space of complex-valued sequences (vy)nen Satisfying

—Aa1vVgy1 + (kK — Aag)vg — Aajvg_1 =0 (A.1)

for k> 1. Let also G, be the subspace of Gy consistz’ng~0f sequences satisfying Z;:Of)(l +
k?)|vk)? < co. Then the dimension of the vector space G is at most one.

Proof of Theorem 5.1. We remind that 0 is a simple eigenvalue of a™*A.. If v € C*()
solves the equation A.v = Aav with A > 0, Fourier coefficients of v satisfy (A.1) for all
k € 7. Hence v,_1 = A ta; (= Aa1vpi1 + (B — Aag)vy) (B < 1); and v = 0 if v,, = 0 for all
n > 1. We have thus the embedding f : ker(a~'A. — \) — G, defined by f(v) = (v;)nen.
This implies with the help of Lemma A.1 dimg(ker(a—*A, — A)) < dime(Gy) < 1. O

To prove Theorem 5.2, we need the following lemma that will be proved at the end
of the section.
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Lemma A.2. Let (X bg,b1,m) € [0,400) X (0,+00) x C x N satisfy m > 2 and by >
2|b1] > 0. We denote by Fy; (1 < j < m — 1) the two-dimensional complex vector space
of complex-valued sequences (up)nen Satisfying

(mk +m + 7)biugs1 + ((mk + 7)bg — Nug, + (mk —m + j)byug—1 =0 (A.2)

for k > 1. Let also Sy ; be the subspace of F) ; consisting of sequences satisfying Z,jja(l +
k*)|ug|* < co. Then the dimension of the complex vector space Sy ; is at most one.

Proof of Theorem 5.2. We mimic the proof of Theorem 5.1. If u € C*(v) solves the
equation A.u = At,,(a)u and u € Vj,,, then the Fourier coefficients (u+;)kez of u satisty
(A.2) for every k € Z. Hence Upp—m+; = —((mk —m+7)b1) "1 ((mk +m + §)b1tmksm+; +
((mk + 7)bo — N)tmi+j) (K < 1); and u = 0 if Uppy; = 0 for all n > 1. We have thus
the embedding f : ker((ty(a)) 'Aclv,,. — A) = Sy; defined by f(u) = (Umntj)nen. This
implies with the help of Lemma A.2 dimc(ker((¢,(a)) 'Acly,,, —A)) < 1. O]

Proof of Lemma A.1. For (u,)nen € G,

( Uk ) = M, (uk_1> for k>1,
Uk+1 Uy

where Mk is the invertible 2 x 2-matrix

Let l;:,\ > 2 be such that
k — Xag > 2\|aq| for k> k. (A.4)

Then using (A.3) we have for any (u,)nez

’U/i{'»\_l _ H];i—lMZ uO .
ug, =1 Uy

Since Hf;l_lMi is invertible, we can consider the sequence (vy,),en € G such that
(U7, 15V, ) = (0,1). We will prove that

lok| > |ok_1]| > 1 for k> k. (A.5)

This will prove that S ;" |ux|?> = 0o, and hence (v,)nen & Ga. Therefore we will obtain
Gy # (7). Since Gy C Gy and G, is two-dimensional, we will obtain that G, is at most
one-dimensional. This will prove Lemma A.1.

We prove (A.5) by induction. The inequalities (A.5) are trivially satisfied for k = k.
Assume (A.5) to hold for some k > ky. Then from (A.1)

|]€ — (l()/\|

Alas |
Using the induction hypothesis (A.5) and (A.4), we obtain
|k - )\a0| - )\|a1|
Alas |

|vk41] = |vi| = [vk-1]-

O k| > |og| > 1

and the induction step is done. O
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Remark A.3. The solution (vi)ken of (A.1) used in the proof of Lemma A.1 grows at a
rate faster than the exponential one. Indeed, taking (A.1) and (A.5) into account,

k— Xag — Aaq| - | Vg1 < k — Xag + A|aq|
Ala] T w7 Ala ]

for kZ]Nﬂ)\

and

k— )\0,0 — )\’CL1|
Alaa ]

— 400 as k — +oo,

where ky is defined by (A.4).

Proof of Lemma 6.2. First we reduce the question to the case of n = 0. Indeed, given
f € H(intD) N C(D), let o, _; = =2 £(0) (0 < j < n— 1) for some n > 0. Since

§ldzi
S (a2t —a2n ) !
j=1\%j J

R( - ) = 0 for z € 7, we have (Rf)|, = 0, where the function f(z) =

_\n Z n—j_a.z"tJ ~
1) Z]:l(a;,f "=%2"7) i continuous in D and holomorphic in intD. The condition (Rf)|, =

0 is equivalent to f |p = iag for some ag € R, which proves the Lemma modulo the case
of n =0.

Now, assume f to satisfy f|p = iag for some oy € R. Then obviously R(f(z)) =0
for z € 7. Conversely assume that R(f)|, = 0. This implies, by maximum principle,

Rf|p = 0 since Rf is a harmonic function in intD. Since f is holomorphic in D, it must
be identically equal to some pure imaginary constant. (l

Proof of Lemma A.2. For (uy)nen € Fij,

( b ) = My <uk1> for k>1,
Uk+1 Uy

where M, is the invertible 2 X 2-matrix

0 1
My =\ mk—m+j _ (mktjbo-A | - (A.6)

mk+m+j (mk-+m+j)b1
Let ky > 2 be such that

bo(mk +j) — A >2(mk+m+ j)|by| for k>ky (A.7)

(such a k), exists since by > 2|b;| > 0). Then using (A.6) we have for any (u,)nez

Uky—1 :Hlfk—lM. U
uk>\ =1 ’ Uy '

Since H;Zl_lMi is invertible, we can consider the sequence (v,)neny € F); such that
(Vky—1, Vg, ) = (0,1). We are going to demonstrate that

|vk| > |vg—1| > 1, for k > k. (A.8)

This will prove Y 72, |vk|* = oo, and hence (vn)nen & Sh;. Therefore we will obtain
Sx; # F\;. Since S, ; C F\; and F); is two-dimensional, we will obtain that S, ; is at
most one-dimensional. This will prove Lemma A.2.

We prove (A.8) by induction. The inequalities (A.8) are trivially satisfied for k = k.
Assume (A.8) to hold for some k > ky. Then from (A.2),

|(mk + j)bo — Al

mk —m +j
mk +m +j

V1] > || — |vg—1]-
|
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Using the induction hypothesis (A.8) and (A.7), we obtain

|(mk + j)by — A| — (mk — m + j)|b
(mk +m+ 7)|b|

o > RS

and the induction step is done. 0

Note that similarly to Remark A.3 the solution (vi)ren of (A.2) has an exponential

increase.
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