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ABSTRACT. We study the X-ray transform I of symmetric tensor fields on a
smooth convex bounded domain € C R”. The main result is the stability
estimate [|°f||p2 < C||If||41/2, where °f is the solenoidal part of the tensor
field f. The proof is based on a comparison of the Dirichlet integrals for the
exterior and interior Dirichlet problems and on a generalization of the Korn
inequality to symmetric tensor fields of arbitrary rank.

1. Introduction. In the Introduction, we use some basic concepts of analysis of
symmetric tensor fields (the inner derivative d and divergence §, the solenoidal part
°f of a tensor field f) without giving definitions. If a reader is not familiar with the
concepts, he/she should start with Section 2 and then return to the Introduction
after getting acquaintance with basic definitions. The space of rank m symmetric
tensors on R™ is denoted by S™R".

Let (-, -) be the standard dot-product on R™ and |-|, the corresponding norm. The
family of oriented straight lines in R"™ is parameterized by points of the manifold

TS"' = {(2,6) €R" x R" | |¢| = 1, (,6) = 0} CR" x R"

that is the tangent bundle of the unit sphere S*~!. Namely, a point (z,£) € TS" !
determines the line {z 4 t£ | t € R}.

Along with spaces C*(TS"1) (0 < k < o) of differentiable functions, we use the
Schwartz space S(T'S™~1). Observe that the space S(F) is well defined for a smooth
vector bundle £ — M over a compact manifold M. The Fourier transform F' :
S(TS" 1) — S(TS" 1), u > 4 is defined by (hereafter i stands for the imaginary
unit and y is the Fourier dual variable of z)

iy, &) = (2m) (/2 / )y, €) d,
gL
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where dz is the (n—1)-dimensional Lebesgue measure on £+ = {z € R" | (z,&) = 0}.
This is the standard Fourier transform in the (n—1)-dimensional variable x, where £
stands as a parameter. The space H*(TS"~!) is defined for k € R as the completion
of S(T'S"~1) with respect to the norm

luliiscronsy = [ [0+ ¥ i O dude

where d¢ is the (n — 1)-dimensional volume form on S*~! induced by the Euclidean
metric of R™.

Let © C R™ (n > 2) be an open strictly convex bounded domain with a smooth
boundary 012, and let © be the closure of the domain. We use the term “smooth” as
the synonym of “C°°-smooth”. Strict convexity means that the second quadratic
form of the boundary is positively definite at every point p € 9. The X-ray
transform is the linear bounded operator

(1) I:C(Q;8™R™) — C(TS" 1)
defined as follows: for f = (f;, :..) € C(£; S™R"),

o0

@ (I = / Fivni (@4 1) €0 €im dt = / (x4 €),€™) dt,

— 00

where f is assumed to be extended by zero outside Q. The Einstein summation
rule is used in (2) as well as in further formulas: the summation from 1 to n is
assumed over every index repeated in lower and upper positions in a monomial.
The integration is actually performed in finite limits because supp(f) C €.

In the case of m = 0 (when f is a function), the X-ray transform is the main
mathematical tool of Computer Tomography. In the case of m = 1 (when f is a
vector field), the operator I is called the Doppler transform and serves as the main
mathematical tool of Doppler Tomography. In the cases of m = 2 and of m = 4,
the operator I and some of its modifications are applied to various problems of
tomography of anisotropic media, see [14, Chapters 6,7] and [8, 17].

From the mathematical viewpoint, the main difference between scalar and tensor
tomography consists of the following: the operator I has a big null-space in the
case of m > 0. A tensor field f € C(Q; S™R") is called a potential field if f = dv
for some v € C1(2; S™~'R") satisfying the boundary condition v|sg = 0. Any
potential tensor field f satisfies If = 0 as is shown in the next section. Given If,
we can recover the solenoidal part °f of a tensor field f only.

The following statement is the main result of the present paper.

Main Theorem. Let Q@ C R™ (n > 2) be a smooth strictly convex bounded domain.
For every integer m > 0, the operator (1) uniquely extends to a linear bounded
operator

(3) I:L%(Q;8™R") — HY2(Ts" ).

The solenoidal part °f of a tensor field f € L?(2; S™R™) can be uniquely recovered
from If, and the stability estimate

(4) 1°fll2) < CILfllgr/2rsn—1y
is valid with a constant C' depending on 2 and m but independent of f.
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The first two statements of the theorem (the boundedness of the operator (3)
and the implication (I f = 0) = (°f = 0)) are not new, but the estimate (4) is new.
More precisely, the estimate was known before only in the scalar case of m = 0 [10,
Chapter II, Theorem 5.1].

Our Main Theorem gives a partial answer to an important question that remains
open in the general case. Let us briefly discuss the general setting.

A compact Riemannian manifold (M, g) with boundary is called a non-trapping
manifold if (a) the boundary is strictly convex with respect to the metric g and (b)
every geodesic v ¢(t) starting at a point € M in direction 0 # £ € T, M reaches
the boundary in a finite time 7(z,¢). For such a manifold, the family of maximal
geodesics is parameterized by points of the manifold

0-SM = {(2,8) | v € OM, & € T, M, [¢] = 1, (&, v(x)) < 0},

where v(z) is the unit outer normal vector to the boundary. The space of smooth
symmetric covariant tensor fields is denoted by C°°(M; S™7),) (the space of smooth
sections of the mth symmetric power of the cotangent bundle). The geodesic X-ray
transform

(5) I:C%(M;S™7);) — C®(0_SM)
is defined by
7(z,£)
(6) IN@O= [ fuin(ue®) 305 (0t

0

This coincides with (2) in the case of the Euclidean metric. The integration limit
7(z,€) is a smooth function on _SM as is proved in [14, Section 4], where the
term “dissipative manifold” is used instead of “non-trapping manifold”. Therefore
If € C>®(0_SM) for f € C*(M;S™7},). The following statement is proved in
[12], see also [14, Theorem 4.3.3].

Theorem 1.1. Let (M, g) be a non-trapping Riemannian manifold of non-positive
sectional curvature. For every integer m > 0, the operator (5) uniquely extends to
the linear bounded operator

(7) I:HY(M;S™7},) — H*(0_SM).

The solenoidal part *f of a tensor field f € H(M;S™7},) can be uniquely recovered
from If and the stability estimate

(8) I£ 1172 < CUL A +mllflle 11 f] 22)
holds with a constant C independent of f.

Let us give two remarks on the theorem.

1. The second term on the right-hand side of (8) appeared due to the method of
the proof used in [12]. The following question remains open: Can the second term
on the right-hand side of (8) be omitted? If not, then the problem of recovering *f
from If is conditionally stable in the following sense: for stable recovery, we need
an a priori estimate of || f|| 1. The factor m is written in front of the second term to
emphasize that stable inversion is possible in the case of m = 0. Our Main Theorem
states that the second term can be omitted in the case of the Euclidean metric, i.e.,
stable inversion is possible in the latter case. The question of the validity of the
analogue of (4) remains open in the general case.
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2. Comparing (4) and (8), we see that, most probably, the term || f[|%,, on the
right-hand side of (8) can be replaced with ||If]|3,,,,. This was not done because
Sobolev spaces H* with non-integer k& were not used in [12]. Quite similarly, the
factor || f||g: can be replaced with || f|| g1/2.

A different stability estimate for the geodesic X-ray transform of second rank
symmetric tensor fields is obtained in [18]. Namely, ||°f||z2ar) < CIIT*Lf || (ary),
where M; is a larger manifold such that M C M; \ OM;.

The paper is organized as follows.

Section 2 contains preliminaries. After basic definitions, we present an analogue
of the estimate (4) for tensor fields on the whole of R™. The latter estimate has
been known before, we will use it in our proof of the Main Theorem. The section is
finished by Proposition 2.5 that reduces the Main Theorem to the case of a smooth
solenoidal field. The reduction is not new, see [14, Lemma 4.3.4], and is presented
for the sake of completeness.

In Section 3, we extend a solenoidal tensor field f € C>(Q; S™R") by zero
outside Q. For the extension f° € L2(R"; S™R"™), we consider the decomposition to
the solenoidal and potential parts: f° = 5f°+dw, § *f° = 0. Our proof of the Main
Theorem depends in an essential way on the fact that the potential w is continuous
on R™.

In Section 4, we recall the Dirichlet principle for the operator §d and formulate
Theorem 4.2 that reduces the Main Theorem to the problem of comparing the
Dirichlet integrals for solutions to the interior and exterior Dirichlet problems with
the same boundary condition.

Theorem 4.2 is proved in Section 5 with the help of Theorem 5.4 (the Korn
inequality for symmetric tensor fields of arbitrary rank). Then the scheme of the
proof of Theorem 5.4 is presented by an analogy with the proof of the classic Korn
inequality.

2. Preliminaries. For an integer m > 0, let S™R" be the complex vector space
of all symmetric R-multilinear maps

(9) fR"x---xR" - C.
[ ———

m

The dimension of S™R™ is ("+2_1). Its elements are called rank m symmetric
tensors on R™. For such a tensor f € S™R", the complex-valued form f(&y,...,&n)
is well defined for vectors & € R™ (1 < i < m); the form depends linearly on
each argument and is symmetric with respect to any permutation of arguments. In
particular, S°R™ = C. It is convenient to agree that S™R" = 0 for m < 0.

Now, we briefly discuss the coordinate representation of symmetric tensors. We
use Cartesian coordinates on R™ only. Let (eq,...,e,) be the coordinate basis of
R™. Every vector £ € R” is uniquely written as & = ¢%e;. Then, for f € STR”,

f(glv"wgm) = filn-im il 5127:1

The coefficients f;,. ;. = fi1-+im of the sum are called the coordinates (or compo-
nents) of the tensor f with respect to the given coordinate system. The coefficients
are symmetric in all indices (iy,...,4,). To adjust our notations to the Einstein
summation rule, we use both low and upper indices for denoting coordinates of
vectors and tensors. There is no difference between co- and contravariant tensors
because only Cartesian coordinates are used.
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The dot product on S™R" is defined by

(10) (fih) = f2 "Ry -
The corresponding norm is denoted by |f|. In particular, S'R" is identified with
C™ by f(&) = (f,&) for f € C" and & € R™.

We will need some algebraic operations on symmetric tensors. Let ®R"™ be the
space of all rank m tensors on R", i.e., the space of R-multilinear maps

f:R"x---xR" = C.
N—————

Unlike (9), symmetry is not required here. There is the canonical projection (sym-
metrization) o : QR™ — S™R"™ defined by

(@f)&s ey bm) = % > ) rm);

well,,

where the summation is performed over the set II,, of all permutations of the set
{1,...,m}.

Let us recall that, for f € ®*R" and h € ®™R", the tensor product f @ h €
@F+tMR™ is defined by

(fRh) (& &ham) = [, )P (Errry - -+ Etm)-

Now, for f € S*R™ and h € S™R", the symmetric tensor product fh € SKT™R™ is
defined by fh = o(f ® h). Being furnished with this product, SR™ = §,°_, S™R"
becomes a commutative graded algebra, the algebra of symmetric tensors, which is
actually isomorphic to the algebra of polynomials in n variables.

For a fixed tensor f € SKR", we denote by iy : S"R" — S™F*R" the operator
of symmetric multiplication by f, i.e., iy(u) = o(f ® u). The adjoint of iy is the
operator j; : STTFR™ — S™MR" of contraction with f which is written in coordinates
as

(Grwis.im = [P 050 i i -
In particular, the operator j, : S"R" — S™~!R™ (y € R™) will participate in many
formulas below.

Now, we briefly discuss symmetric tensor fields. Roughly speaking, a rank m
symmetric tensor field f on a domain Q@ C R™ is a function f : Q@ — S™R"™, Q >
x> f(z) = fr € S™R"™. More precisely, let Q@ C R™ be an open domain and let
F () be a functional space of functions on the domain. By F(92; S™R"™), we denote
the space of all maps f : @ — S™R™ such that all coordinate functions f;, ;. ()
belong to F(€2). For most of the spaces F(2), the resulting space F(£; S™R")
is independent of the choice of Cartesian coordinates. In particular, the following
spaces are defined by this scheme.

The space C*(Q; S™R") (0 < k < 00) of rank m symmetric tensor fields whose
partial derivatives of order < k are continuous in ).

For k € R the space H¥(Q;S™R"™) consists of the set of functions or dis-
tributions in © that can be extended to an element @ € H¥(R";S™R"), and
the norm |[u| gx(qy is defined as inf{[|@|| g gny | @ = u in Q}; for the domains
Q that we consider this definition agrees with other definitions. In particular,
L?(Q; S™R™) = HO(Q; S™R"™).

The space D'(£2; S™R™) of tensor field distributions on .

The space S(R™; S™R™) of smooth fast decaying symmetric tensor fields on R™.

The space S'(R™; S™R™) of tempered tensor field distributions on R".
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6 JAN BOMAN AND VLADIMIR SHARAFUTDINOV

The space &'(R™; S™R™) of compactly supported tensor field distributions on
R™.

Each of these spaces is furnished with the corresponding topology. The L2-
product on L?(Q; S™R") is defined by

(u,v)p2 = /(u(m),v(m)) dx.

Now, a couple of words on the coordinate representation of symmetric tensor
fields. Let (z1,...,2,) = (z!,...,2") be a Cartesian coordinate system on R™ with
the coordinate basis (e1,...,epn). A tensor field f € C*°(Q; S"R™) can be consid-
ered as a family of smooth function f;, ; (x!,...,2") on  which are symmetric in
all indices. We write this as f = (fi,..;,,) assuming the choice of coordinates to be
clear from the context. In particular, f € C°°(£2; S°R") is just a smooth function on
Q. Since S'R" is identified with C™, a first rank tensor field f € C°°(Q; S'R™) can
be identified with the vector field f = f’e; as well as with the one-form f = f;dx".

Now, we introduce two important first order differential operators. The inner
derivative

d: C>®(Q; S"R™) — C°°(Q; S™TIR")
is defined by

() ()i = o (i),

Oxim+1

where ¢ is the symmetrization in all indices. In the case of m =0, df = gg{l dx’ is
the differential of the function f. In the case of m =1,

af,  of
(12) (df)ij = %(ag{j + afi)?

in the case of m = 2,

1L/0fi;  Ofix | Ofjk\.
(df)ie = g(@x’“ + Oxd + oxt )’
and so on.
The divergence
§: C®(Q; S™TIR™) — C™(; S™R™)
is defined by

OFf . .
(13) (51 )it = iz,
Formulas (11) and (13) are actually valid in curvilinear coordinates too, but partial
derivatives must be replaced with covariant derivatives in the latter case.

The operators d and —¢ are formally adjoint to each other with respect to the
above-introduced L2-product. Moreover, there is a natural Green’s formula for
these operators. Let us reproduce a special case of [14, Theorem 3.3.1].

Proposition 2.1. Let & C R" be a C'-smooth bounded domain. For tensor fields
u € C1(Q; S™R™) and v € C1(Q; S™TIR™), the following Green’s formula is valid:

(14) / ((du, v) + (u,6v)) do = /(u,j,,v) das,
Q o9

where v is the unit outward normal vector to the boundary and dS is the (n —1)-
dimensional volume form on OS2 induced by the Fuclidean metric.
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STABILITY ESTIMATES IN TENSOR TOMOGRAPHY 7

The classical Helmholtz decomposition of a vector field can be generalized to
arbitrary rank symmetric tensor fields as follows.

Proposition 2.2. Let Q C R™ be a smooth bounded domain and 0 < k € R. Any
tensor field f € H*(Q; S™R™) (m > 0) can be uniquely represented in the form
(15) f="f+dv, 6°f=0, vlpa =0,
where 5f € HE(Q; S™R™) and v € H*1(Q; S™1R"). The estimates

P llae < Clflle,  ollgser < CFllae

are valid with a constant C independent of f. In particular, °f and v are smooth if
f is smooth.

The summands °f and dv of the decomposition are called the solenoidal and
potential parts of the field f respectively.

Proposition 2.2 is proved in [14, Theorem 3.3.2] for an integer & > 0 in the more
general setting of symmetric tensor fields on a Riemannian manifold. The case of a
general k > 0 follows by interpolation.

Now, we briefly discuss symmetric tensor fields on the whole of R™. The Fourier
transform F : S(R™; S™R™) — S(R™; S™R"™), f — f is defined componentwise,
ie, (Fiyoin = (fir.i,)". Let HE(R™; S™R") be the completion of S(R™; S™R")
with respect to the norm

1y mosmam = [ 101 dy:
R™

We will need the following analogue of Proposition 2.2 which is a special case of
[15, Theorem 3.5].

Proposition 2.3. Any tensor field f € L?*(R™; S™R"™) (m > 0) can be uniquely
represented in the form
(16) f=°+dv, 6°f =0,
where °f € L?*(R"; S™R"), v € H{(R"; S 'R"), and dv € L*(R"; S™R"). The
estimates
Ifllez < Cllfllezs vl < Cllfllez,  lldvllzz < CJlflz>

are valid with a constant C independent of f.

The X-ray transform
(17) I:SR™;S™R") — S(TS" 1)

is defined by the same formula (2). Being initially defined on the Schwartz space,
the X-ray transform then extends to wider spaces of symmetric tensor fields. First
of all we observe that integral (2) converges in the classical sense if a field f €
C(R™; S™R™) decays at infinity so that |f(z)| < C(1 + |#|)717¢ with some & > 0.
The most important feature of the X-ray transform is the presence of a big null-
space in the case of m > 0. If a tensor field v € C*(R™; S™!R"™) decays at infinity
so that v(xz) — 0 as |z| — oo, then I(dv) = 0. Indeed, by the definition of d,

((dv) (@ +t€), ™) = (dv)iy..i,, (x + ) € ... €™

1 /0vi,. 4, iy iy i i
a1 G =GR R R s CR)
;0 41l —1 i G — d m—
=§JUaT<w+t§>sl...§m ' = (ol £16), €.
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Using this identity, we derive

(Idv)(x7£): /((dv)(x+tf),§m>dt: / %@}(m_‘_tf)’gmf”dt

= Tim [{ve +T€),€"7) = (oo - T€),€" )] =0,

In other words, the X-ray transform vanishes on potential tensor fields. Therefore,
given I f, we can hope to recover the solenoidal part of the field f only.

Let H/? (TS™~1) be the completion of S(T'S"~1) with respect to the norm

1/2
1 .
s ey = 97 [ [ 0l OF dyde.

Sn—1 éL
The following statement is a special case of [15, Corollary 4.3].

Proposition 2.4. The operator (17) uniquely extends to a bounded operator

I: LA(R™ S™R™) — H\/5(TS" ™).

Given f € L2(R™; S™R"), let f = *f + dv be the decomposition into solenoidal and

potential parts in the sense of Proposition 2.3. Then I(dv) =0, the solenoidal part
5f can be uniquely recovered from I f, and the stability estimate

(18) ||Sf||L2(]R";SmR") < C”If”Hll//;(TS"—l)
holds with a constant C independent of f.

Under the hypotheses of Proposition 2.4, there exists a generalization of (18) to
an estimate of ||°f|| g gn,gmprny for any k € R and even of a more general norm
1 s amssmny (&> ~/2), see [15].

At first sight, our Main Theorem and Proposition 2.4 are very similar. However,
the proof of Proposition 2.4 is much easier than that of the Main Theorem because
the Fourier transform works more directly for tensor fields on the whole of R™ than
for tensor fields on a bounded domain. Proposition 2.4 will be used in our proof of
the Main Theorem.

Now, we reduce the Main Theorem to the following special case.

Proposition 2.5. Let 2 C R" be a strictly conver bounded domain with smooth
boundary. Let f € C°°(Q2; S™R™) (m > 0) be a solenoidal tensor field, i.e.,

(19) 0f =0 in Q.
The stability estimate
(20) | fll2(ismrn) < CILf || 172 (rsn—1y

holds with a constant C' independent of f.
Proof of the Main Theorem. We first prove the boundedness of the operator (3).
Given f € L*(Q;S™R"), let f° € L*(R™; S™R™) be the extension of f by zero
outside 2. Then If = If°. By Proposition 2.4, the estimate
(21)

”If”Hll;;(TS"—l) = ||Ifo||H11//22(T§n—1) < C/||fOHL2(]R";Sm]R") = C/Hf”LQ(Q;Sm]R")
holds with a constant C’ independent of f. If @ C {x € R™ | x| < A} then If is
supported in the compact set {(z,£&) € TS"~! | |#| < A}. By [15, Lemma 2.4], the
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STABILITY ESTIMATES IN TENSOR TOMOGRAPHY 9

norms || - ‘lHllg(TS"—l) and || - || g1/2(pgn-1y are equivalent on the space of functions

supported in a fixed compact set. Therefore (21) is equivalent to the inequality
1L f 12 rsn-1y < C N fllL2(ossmrn)
which means that the operator (3) is bounded.

Next, we prove estimate (4). There are two differences in hypotheses of Propo-
sition 2.5 as compared with that of the Main Theorem: (1) f is assumed to be a
solenoidal field and (2) f is assumed to be smooth. B

We first consider the case of a smooth tensor field f € C°°(€;S™R"). Let
°f € C°(2; S™R"™) be the solenoidal part of f. Applying (20) to °f, we obtain
estimate (4) for f. Main Theorem is thus proved in the case of a smooth field f.

Next, we approximate a tensor field f € L?(92; S™R™) by smooth tensor fields,
i.e., choose a sequence f € C°(; S™R") (k =1,2,...) such that

fe — f in L*Q;S™R") as k — oo.
Then, by Proposition 2.2,
Sf = °f in L*(Q;S™R") as k — oo
and, by the first statement of the Main Theorem,
Ify—~1If in HY2(TS"') as k— oo.

Writing down inequality (4) for fr and passing to the limit as k& — oo, we obtain
(4) for f. O

3. Continuity of the potential. Let 2 C R" be a bounded domain with smooth
boundary. Given a tensor field f € C*°(Q; S™R") satisfying
(22) 5f=0 in Q
let f° € L2(R™; S™R"™) be the extension of f by zero outside 2.

Decompose f° into solenoidal and potential parts according to Proposition 2.3:
(23) fO="F+dw, 0°f° =0,
where *f° € L?(R"; S"R"), w € H{ (R"; S™~1R") and dw € L*(R"; S™~'R").
Theorem 3.1. In the setting (22)—-(23), the potential w is continuous on R™ and
satisfies |w(x)| — 0 as |z| — oo.

Observe that §f° is a tensor field distribution supported in 9. It can be easily
found [16, Lemma 5.2]:
(24) 5f° = —juf dS,
where the distribution dS € £'(R") is defined by (dS|¢) = [, v(x)dS for a test

function p € C*°(R"™) (we use the brackets (- | -) to denote the action of a distribution

on a test function) and j,f € C*°(R"; S™~!R") is an arbitrary smooth extension
of the tensor field j, f € C°(9Q; S™~'R™) (v being the unit outer normal vector
to 99Q); the right-hand side of (24) is independent of the choice of such extension.
Observe also that

(25) /MJMS=Q
o0

i.e., every component of the tensor field j, f integrates to zero over 0f). This easily
follows from (22) with the help of the divergence theorem.

INVERSE PROBLEMS AND IMAGING VoLUME 12, No. 5 (2018), X-XX



10 JAN BOMAN AND VLADIMIR SHARAFUTDINOV

Applying the operator § in distribution sense to (23) we obtain
(26) 0f° = ddw.

The next lemma lists a number of properties of so-called simple layer potentials
that are well known from potential theory. We present the proof because we do not
know a paper where all statement of the lemma are presented together.

Lemma 3.2. Let h € &'(R™) (n > 2) be a continuous density on a smooth compact
hypersurface S C R™. Assume that h has mean zero, in other words, (h|y) =0 for
all o € C*(R™) that are constant in some neighborhood of S. Let E € L] (R™) and
assume that its Fourier transform E(y) is smooth outside the origin and (positively)
homogeneous of degree —2. Then the convolution E x h is continuous everywhere in

R™ and E x h(z) tends to zero as |z| tends to infinity.

Proof. Note first that if n > 3, then E (y) is locally integrable and defines a homo-
geneous distribution in S&’(R™), hence E(z) must be smooth outside the origin and
homogeneous of degree 2—n. If n = 2, then F (y) is not a homogeneous distribution
in R? unless the mean flylzl E(y) dS is equal to zero (see [5, Section 3.2]). But the
assumption implies that E(z) must satisfy an estimate

(27) |E(z)| < C(1+ |log|z|]), ifn=2.

One way to see this is to choose a constant ¢ so that F(y) = E(y) — c|y| 2 satisfies
f\y|:1 F(y)dS = 0, which implies that F' defines a homogeneous distribution in R?
and hence that the inverse Fourier transform of F' must be homogeneous of degree
zero and smooth outside the origin and therefore bounded. And the inverse Fourier
transform of |y|=2 is of course known to be equal to a constant times log |x|, the
fundamental solution of the Laplace operator in dimension 2.

We next prove that Exh is continuous. Since F is smooth outside the origin, it is
clear that f = E * h is smooth in the complement of the hypersurface S. Therefore
it is enough to prove that f is continuous at an arbitrary point z° € S. Write
E = Ey + Eq, where Fy is compactly supported and F; is smooth everywhere.
Then E; * h € C*, so it is enough to prove that Ey * h is continuous at z°. Let V
be a neighborhood of 2° € S. Decompose h, h = hg + hq, such that hg is supported
in V, h; vanishes in some smaller neighborhood of z%, and both hy and h; are
continuous densities on S. Then Ej * hq is smooth in a neighborhood of z°, so it is
enough to prove that Ey * hg is continuous at z°. If V is sufficiently small we can
choose coordinates, writing = (a/, x,,), so that S can be written x,, = ¥(z’) near
z9. Then the distribution hg can be written

ho(z',zn) = g(a)00(zn — ¥(2))

for some compactly supported continuous function g(z’). This gives

Eo * ho(a', 2p) = / CEo(@ =y xn = v(y))g(y) dy'.
R
To see that the integral exists observe that
|Bo(a’ =y an —(y) < Cla’ — /P ifn>3 and
|Bo(a’ =y an — ()] < C(L+ [logla’ —¢/|]) ifn=2,

which is integrable over bounded regions in R"~!. Set f; = Ey * hg. To see
that Ey % hg is continuous it is now enough to observe that the function z +—
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Ey (x’ -y, T, — 1/1(y’)) is smooth for ¢y’ # 2’ and that we can make

‘ / Eo(z' —y sz — () g(y) dy’
|y’ —z'|<8

< supg| / |Eo(z' =y a0 —0(y"))|dy’
ly/—a’| <5

as small as we wish by choosing ¢ sufficiently small.

If n > 3, the fact that E(x) tends to zero at infinity immediately implies that
E x h(z) tends to zero at infinity. If n = 2 we have to use the assumption that the
mean of h is zero and the fact that the gradient of E(z) tends to zero at infinity. To

prove the latter fact we note that OJ/E (y) = iy, E(y) is a homogeneous distribution
in R? of degree —1. Therefore 9; E(x) must also be homogeneous of degree —1, and
since E(x) is smooth outside the origin, this proves the claim.

If we denote the total mass of the measure h by ||h||as and the diameter of Q by
diam(2) we can now write for large |z|

@l =| [ B =iy =| [ (B ) - Bt ay
< |[hllar sup |E(z —y) — B(z)| < [[h]lar diam(Q) sup |[VE(z — ty)| < C/|z]
lyl<d o<t<1
for some C, which completes the proof. O

Proof of Theorem 3.1. To study the solution w to equation (26) we shall use Lemma
3.2. Note that dd is a second order partial differential operator with constant
coefficients that operates on C*°(R™; S™R"). Hence dd is a convolution operator,
d0dw = K * w, where K is a distribution supported at the origin with values in
the space of linear operators on S™R™. The Fourier transform of ddw = K * w is
—Jyiyi(y) = (27)"2K (y)i(y). In other words, the characteristic polynomial, or
symbol, of dd is equal to the operator valued function (27)"/2K (y) = —jy,i,. Note
that the operator jyi, can be represented by a matrix of second order homogeneous
polynomials with respect to some basis for S”R"™, for instance the basis induced in
S™R™ by the standard basis of R™. Actually we need only know that the operator
Jyly on S"'R™ is invertible for every fixed y # 0, because that implies that its inverse
can be represented by a matrix whose every entry is a homogeneous function of y
of degree —2 that is smooth outside the origin. But more precisely, it is known that
the inverse of j,i, can be written [16, Lemma 7.6]

m—1 'k ok
N 1 mo\ tyJ _
28 1 — _1 k Yy Sm 1Rn'
( ) (]yly) |y‘2 kzo( ) (/{ + 1) |y7|2k on

Since jiyiy/|y|? is homogeneous of degree zero, this formula confirms that (jyi,) "
is homogenous of degree —2 and smooth outside the origin. It now follows that
a solution w of the equation (26) can be given by a fundamental solution F(x)
defined by (27)"?E(y) = —(jyi,) ", where each entry of the matrix E(z) has a
Fourier transform that is homogeneous of degree —2 and is smooth outside the
origin. Applying Lemma 3.2 to every component of the tensor field w now finishes
the proof of Theorem 3.1. O
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12 JAN BOMAN AND VLADIMIR SHARAFUTDINOV

4. Comparison of Dirichlet integrals. The second order differential operator
dd : C°(Q; S"R™) — C*°(2; S™R"™)

can be called the Laplacian on symmetric tensor fields. It is very similar to the
classical Laplacian A (and coincides with A in the case of m = 0). In particular,
for a smooth bounded domain 2 C R™ and for a tensor field h € C(99; S™R"™), the
interior Dirichlet problem

(29) 0dv=0 in €, vlgg = h

has a unique solution v € C(Q; S™R™) N C*°(2; S™R™) which satisfies the same
estimates as a solution to the classical Dirichlet problem, see the proof of Theorem
3.3.2 of [14].

The classical Dirichlet principle for the Laplacian A states that the solution v to
the Dirichlet problem

Av=0 in Q, ’U|aQ=h

minimizes the Dirichlet integral [, |dw(x)|? dz on the set of functions w € H' ()
satisfying the boundary condition w|sqa = h. The following statement is proved
with the help of the Green formula (14) by repeating, almost word by word, the
proof of the classical Dirichlet principle as presented in [9)].

Proposition 4.1 (The Dirichlet principle for tensor fields). Let  C R™ be a
smooth bounded domain. For any h € C(9Q; S™R™), the solution v to the Dirichlet
problem (29) minimizes the Dirichlet integral [, |dw(x)|* dz on the set of tensor
fields w € HY(Q; S™R™) satisfying the boundary condition w|sn = h.

Let QF = R" \ Q. Under the same hypotheses on Q and h, the exterior Dirichlet
problem is posed, in the case of n > 3, by
(30) Sdu=0 in Q°  wpa=h,  |Ju(x)| =0 as |z|— oco.
In the case of n = 2, this should be replaced with
(31) Sdu=0 in QF uloq = h, |u(z)| is bounded in Ot

Theorem 4.2. Let Q C R™ be a smooth convex bounded domain. Given a ten-
sor field h € C(98; S™R™), let v € C™(Q; S™R™) be the solution to the interior
Dirichlet problem (29) and let u € C>(QF; S™R") be the solution to the exterior
Dirichlet problem (30)-(31). The inequality

(32) /|dv(m)|2dx < C’/|du(x)|2dx
Q folt

holds with some constant C that depends on (Q,m,n) but is independent of h.

This theorem will be proved at the end of the current section for m = 0, and
in the next section for an arbitrary m. Now, we are going to demonstrate that
Proposition 2.5 (and hence the Main Theorem) follows from Theorem 4.2.

Proof of Proposition 2.5. Let Q C R™ be a smooth strictly convex bounded domain.
Given a tensor field f € C°°(Q; S™R") satisfying (19), we again extend it by zero
outside 2 and let f° € L?(R™; S™R™) be the extension. Let (23) be the decompo-
sition of f° into solenoidal and potential parts according to Proposition 2.3. Recall
that *f° € L2(R"; S™R"), w € HL(R"; S™~1R") and dw € L2(R"; S"R").
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By Proposition 2.4,
Hsfo||L2(R";SmR”) < O”IfOHHll;;(Tgn—l)'

Repeating our arguments after formula (21) (the support of I f is a subset of a fixed
compact) and using I f = [ f°, we write this estimate in the form

(33) 151 L2 R smmny < CLF| a2 rsn-1)

with a constant C' independent of f. In particular,

[ 15 @P de < Ol agrzn
Qe

Since f°|ge = 0, equation (23) implies that °f°|qe = dw|ge. Therefore the latter
estimate can be written as

(34) [ 1w e < U sy
0c
Applying the operator § to equation (23), we obtain
(35) Sdw = 5 f°.

By Theorem 3.1, w is continuous in R™. Set h = w|sq € C(9Q; S™ IR™). Since
6f°=0in Q and f°=0in QE, equation (35) means that w solves both the interior
and exterior Dirichlet problems with the boundary condition w|sq = h. Assuming
the validity of Theorem 4.2 for rank m — 1 tensor fields, we obtain the estimate

(36) /|dw(az)|2dsc < Cl/|dw(:c)|2dx
Q ot
with a constant Cy independent of f. Together with (34), this gives
(37) ldeo]22 gz sy < (€1 + DCILF s/ z5m 1,
Finally, we derive from (23)
1F1Z2 @smmny = 17N E2nsmmny < 20°F° I 2@n;smmrny + 2lldwl|F2@n;smpn)
and use estimates (33) and (37) to obtain
1122 sy < (207 +2(Ca + DO 22 ).

We have thus proved (20). O

We finish the Section by proving Theorem 4.2 for m = 0 and getting some
progress for m > 0.

In the two-dimensional case, the Dirichlet integral of a scalar function is invariant
under a conformal transformation of a domain, this is well known. This fact is not
true in dimensions n > 2. Nevertheless, the rule for transformation of the Dirichlet

integral under a conformal transformation of a domain can be easily found and
looks as follows.

Lemma 4.3. Let p: Q — Q' be a conformal diffeomorphism between two domains
in R™ and 1 = ¢~ 1. For every function u € CY(Q), if w=uo ¢ € C*(Q), then

(38) / Va()? do = / det o/ ()| 57 [Vu(y) [ dy,
Q Q

INVERSE PROBLEMS AND IMAGING VoLuME 12, No. 5 (2018), X-XX



14 JAN BOMAN AND VLADIMIR SHARAFUTDINOV

where ' (y) is the Jacobi matriz of the map 1.

We omit the easy proof of this statement.
Now, we are going to apply (38) to the case when ¢ is the inversion with respect
to a sphere. Fix r € (0,1) and set

B, ={zeR"||z|<r}, BY, ={yeR"|[y>1/r}.

Define the conformal diffeomorphism
1

@1 B\ {0} > Int(By),), o(w) =
Then
= —(6;; — 22,
6s; o 00 TP Top)

One can easily see that z is the eigenvector of the matrix in parentheses on the right-
hand side associated to the eigenvalue —1, while 2 is the eigenspace of the matrix
associated to the eigenvalue +1. Therefore det ¢'(z) = —|z|=2" and |det ¢’ (y)| =
ly|=2" for ¢ = p~!. Applying (38), we obtain for a function u € CI(BE'/T) and

w:uocpecl(Br\{O})

/ V() dr = / 1y 7202 [ Vuy)|? dy.

Br Blc/r

This implies

(39) / V(@) de < =202 / Vuly)? dy.

Br B?/r
Proof of Theorem 4.2 in the case of m = 0. Let Q2 C R™ be a smooth convex boun-
ded domain. Without loss of generality, we can assume that 0 € 2. Choose 0 <

r < 1 such that B, C Q and B[f/r Cc QF. There exists a diffeomorphism p

Q\ {0} — QF such that p|pq = Id and ¢(z) = ﬁx for € B,. We omit the easy
proof of the latter statement. (More generally, such a diffeomorphism exists if 2 is
diffeomorphic to a ball, although the proof is more complicated. Otherwise, if (2 is
not homeomorphic to a ball, there can be a topological obstruction for the existence
of such ¢.) Fix such a diffeomorphism. Now, let h be a continuous function on 92.
Let u be the solution to the exterior Dirichlet problem (30) (or (31) in the case of
n = 2) and let v be the solution to the interior Dirichlet problem (29). Set

(40) w=uop.

Since v is a harmonic function in Q and v|sn = w|sq, by the Dirichlet principle,
/|Vv(z)|2d:c < /|Vw(:1:)|2dx.
Q Q

It remains to prove that

/ V(@) dz < C / Vu(y)[? dy

Q fold
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with a constant C independent of u. Let us rewrite this inequality in the form
(41)

[veias [ ve@Pa <o [ vuwPa+ [ Va)?ay).
B

Q\BT B?/T QG\B?/r

By (39), the first integral on the left-hand side of (41) is not more than the first
integral on the right-hand side times r~2("=2)_ It remains to prove that

/ V() de < C / Vuly) dy.

Q\ B, QD\B?/T

Since Q\ B, and QC \B? Jp are compact domains, the latter inequality must hold
for some constant C independent of w." O

Finally, let us discuss the case of an arbitrary m in Theorem 4.2. For a rank
m symmetric tensor field v let Vv be the (not symmetric) tensor field of rank
m + 1 defined in Cartesian coordinates by (Vv)ji, . 4, = vy, .4, /07, Thus, dv is
obtained from Vv by symmetrization. In particular, |dv|? < ¢|Vwv|? with a constant
¢ depending on (m,n) only.

Let again v and u be solutions to the interior and exterior Dirichlet problems
respectively with the same boundary value h € C(9€; S™R"™). Unlike (32), the
estimate

(42) /|dv(x)|2da: < C/|Vu(a:)|2dx
Q 0t

can be easily proved by the same arguments as in the above-presented proof for
m = 0. Indeed, replacing definition (40) with

Wiy .igy, = Wiy..iiyy O P

and repeating the same arguments for every component of u and w, we obtain

(43) /\dw(m)\zd:v < c/\Vw(x)\zdx < C/|Vu(x)|2d:c.
Q Q ot

By Proposition 4.1,
(44) /|dv(m)|2dx < C'/|dw(m)|2dx.
Q Q

Inequalities (43) and (44) imply (42).
Comparing (32) with (42), we see that the proof of Theorem 4.2 is reduced to
proving the estimate

(45) /|Vu(a:)|2dx < C”/|du(z)|2daz.
[elH ol

This is the subject of the next section.

I The idea of using the Dirichlet principle in this way was suggested by Bjérn Gustafsson (private
communication). The authors are grateful to Bjérn Gustafsson for the idea.
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16 JAN BOMAN AND VLADIMIR SHARAFUTDINOV

5. The Korn inequality. The (second) Korn inequality is of a great importance
in elasticity theory. Korn’s original proof [7] is very complicated and hard to un-
derstand. Several other proofs are known under different assumptions on the reg-
ularity of a domain [2, 3, 4, 11, 13, 19]. All these papers consider vector fields
(i.e., the case of m = 1 in our terminology) on a bounded domain. In [6], the
Korn inequality is proved for some unbounded domains. In particular, [6, Theorem
3, Section 3] implies (45) (and hence proves Theorem 4.2) in the case of m = 1.
At the same time, some examples of unbounded domains are presented in [6] for
which the Korn inequality is not true (the simplest of such examples is the slab
{zeR"|0<z, <1}).

We need the Korn inequality for an unbounded domain and for an arbitrary m.
The following version of the Korn inequality is sufficient for us.

Proposition 5.1. Let Q C R™ be a connected unbounded domain such that the
boundary O is a compact smooth hypersurface in R™. Assume a tensor field u €
C'(Q; S™R™) to be such that the Dirichlet integral [, |du(z)|? dz is finite and

(46) lu(z)] =0 as |z| — oo,
then u € HY(Q; S™R™) and the estimate

(47) [ull 3 ssmmny < Clldul|7z(g.gmr1mny
holds with a constant C' independent of u.

Theorem 4.2 follows from Proposition 5.1.

Proof of Theorem 4.2. Let @ C R™ be a smooth convex bounded open domain.
Given h € C(0Q;S™R™), let u € C*®(£2;S™R") be the solution to the exte-
rior Dirichlet problem (30)—(31). We can assume without loss of generality that
Joe ldu(z)|? dz < oo, otherwise there is nothing to prove. The unbounded domain

Q=00 and u satisfy the hypotheses of Proposition 5.1. Applying statement (47)

to (€, u), we obtain estimate (45). As has been shown at the end of the previous
section, (45) finishes the proof of Theorem 4.2. O

Our proof of Proposition 5.1 follows the approach proposed by Duvaut and Lions
[1, Chapter III, Section 3] in their proof of the classical Korn inequality. We present
a short scheme of the proof referring to [1] for details.

The following statement is the main step in the proof of Proposition 5.1.

Proposition 5.2. Let @ C R™ be an open (either bounded or unbounded) domain
such that the boundary 0S) is a compact smooth hypersurface in R™. Fiz non-
negative integers k and ¢ satisfying k < £. If a function w € H=*(Q) is such that

(48) D c HK(Q) for every o satisfying |a| = ¢,
then u € H*=*(Q).

In the case of k = £ =1 and of a bounded domain §2, this statement is proved in
[1, Chapter III, Theorem 3.2]. Our proof is a slight modification of the latter proof
and is thus omitted. By the way, there is a remark in [1, Chapter III, Section 8] on
the validity of the proposition for arbitrary integers k£ and .

Corollary 5.3. Let a domain Q C R™ be as in Proposition 5.2. If a tensor field
u € L?(Q; S™R™) is such that du € L?(Q; ST TIR™), then u € H(Q; S™R™).
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Proof. Set v = du € L*(£; S™"1R"™) and consider the equality
(49) du=wv

as an equation with unknown u and a given v. Being written in Cartesian coor-
dinates, (49) is a linear system of first order PDEs. The following property of the
system is well known: after m-multiple differentiation, the system can be solved
with respect to all (m + 1)st derivatives of u. Let us reproduce the explicit for-
mula from [14, Section 2.4]. To this end we introduce the short notation for partial
derivatives

am—i—luil'

8Ij1 N anm_H

Wiy i 5 1 Jmtr

Then (49) implies

) ) . . “ m+1
Uiy iy s j1ewgmgs = O (01T )0 (J1 - Jme1) Z(l)p( >><

(50) = p+1
X Uiy im—pi1Jip41 s Gpt2 - -Jmt1im—ptie-im?
where o (4 ... 4%,) is the symmetrization in the indices (i1,...,4m). The right-hand

side of (50) is a linear combination with constant coefficients of mth order derivatives
of v. Therefore the right-hand side of (50) belongs to H~"(2). Now, (50) implies
the statement: D%u € H~™(; S™R™) for every « satisfying |o| = m + 1. By
Proposition 5.2, u € H*(£; S™R"). O

Now, we repeat arguments from the proof of [1, Chapter III, Theorem 3.1] and
obtain the following

Theorem 5.4. (The second Korn inequality). Let a domain @ C R™ be as in
Proposition 5.2. For every tensor field u € H(£2; STR™), the inequality

(51) Hu”%il(Q;SmR") < C(|\du\|%2(9;5m+lu§n) + HU”%z(Q;SmRn))
holds with some constant C' independent of .

The second term on the right-hand side of (51) cannot be omitted in the general
case. Nevertheless, the term can be omitted under some additional assumptions
on the tensor field u. For example, Theorem 3.3 of [1, Chapter III] states that the
second term can be omitted if w vanishes on a part of the boundary 0f2. Here, we
are interested in the case when (2 is an unbounded domain and u decays at infinity.
Let us discuss this case in more details.

A tensor field-distribution w € D’'(£2; S™R") is called a Killing tensor field if

dw = 0. As is seen from (50), such a field satisfies in Cartesian coordinates
D%, ., =0 for |a|>m.

o lm

Therefore every coordinate w;, ;. (z) is a polynomial of degree < m in z. In
particular, w € C°(Q; S™R™). If Q is a connected domain, every Killing tensor
field on the domain is uniquely determined by the values D*w(zg) (Ja] < m) at an
arbitrary point xo € €. In particular, the space of rank m Killing tensor fields on
a connected domain has a finite dimension.

Repeating arguments from the proof of [1, Chapter III, Theorem 3.4], we prove
the following statement. Alternatively we can recall the well known fact that the
inequality (51) holds without the last term on the right hand side if and only if the
operator is injective, and apply this fact to the operator modulo its null-space.

INVERSE PROBLEMS AND IMAGING VoLUME 12, No. 5 (2018), X-XX
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Theorem 5.5. Let Q C R™ be an open (either bounded or unbounded) connected
domain such that the boundary OS2 is a compact smooth hypersurface in R™. For
every integer m > 0, there exists a constant C' such that the following statement
is valid. If a symmetric tensor field-distribution u € D'(Q2; S™R™) is such that
du € L2(; S™FIR™), then there exists a Killing tensor field w € C*(Q; S™R™)
such that v —w € HY(Q; S™R™) and the following inequality holds:

(52) lu — w]| 31 (qugmmny < C||du||2L2(Q;Sm+1Rn)~

Proof of Proposition 5.1. Let Q and wu satisfy the hypotheses of Proposition 5.1.
Under assumption (46), the Killing tensor field w on the left-hand side of (52) must
be identically equal to zero, since a non-vanishing polynomial cannot tend to zero
at infinity. Therefore (52) coincides with (47). O
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