ON FINDING CRITICAL INDEPENDENT AND VERTEX SETS

ALEXANDER A. AGEEV^∗

Abstract. An independent set I_c of a undirected graph G is called critical if

|I_c| − |N(I_c)| = max{|I| − |N(I)| : I is an independent set of G},

where N(I) is the set of all vertices of G adjacent to some vertex of I. It has been proved by Cun-Quan Zhang [SIAM J. Discrete Math., 3 (1990), pp. 431–438] that the problem of finding a critical independent set is polynomially solvable. This paper shows that the problem can be solved in O(|V (G)|^{1/2}|E(G)|) time and its weighted version in O(|V (G)|^2|E(G)|^{1/2}) time.

Key words. independent set, minimum cut

AMS subject classifications. 05C35, 68R10

1. Introduction. Denote by G a simple undirected graph and by N(U), U ⊆ V (G), the set of all vertices of G adjacent to some vertex of U. An independent set I_c ⊆ V (G) is called critical if

ν(G) = |I_c| − |N(I_c)| = max{|I| − |N(I)| : I is an independent set of G}.

The number ν(G) is a parameter of G, closely related to some other important ones [Zh90]. A vertex set U_c is called critical if μ(G) = |U_c| − |N(U_c)| = max{|U| − |N(U)| : U ⊆ V (G)}. Cun-Quan Zhang [Zh90] observed that ν(G) = μ(G) and that the problem of finding critical independent set is reducible to the problem of finding critical vertex set. In [Zh90] it is also shown by rather a sophisticated reduction to the linear program that the problem of finding critical vertex set is polynomially solvable. This paper presents a very simple reduction of the weighted version of the problem to the maximum weight independent set problem on bipartite graphs. As a consequence, we obtain a fast algorithm to find critical independent and vertex sets in general graphs.

2. Critical weighted sets. Let G be a undirected graph with nonnegative weights w(v) on its vertices. For any X ⊆ V , denote ρ(X) = w(X) − w(N(X)), where w(S) is the total weight ∑ v∈S w(v) of S ⊆ V . A vertex set U^∗ ⊆ V (G) is critical weighted if ρ(U^∗) = max{ρ(U) : U ⊆ V (G)}.

An independent set I^∗ is critical weighted if

ρ(I^∗) = max{ρ(I) : I is an independent set of G}.

Obviously, ρ(I^∗) ≤ ρ(U^∗). We claim that ρ(I^∗) = ρ(U^∗). Indeed, let U be a critical weighted vertex set. Define I ⊆ U to be the set of all isolated vertices of the subgraph induced by U. Then, clearly, I is an independent set of G. Since N(U) = U_1 ∪ X, where U_1 = U \ I, X = (N(U_1) \ U_1) ∪ N(I), we have

ρ(U) = w(U_1) + w(I) − w(U_1) − w(X) ≤ ρ(I).

It follows that ρ(U) = ρ(I) and I is a critical weighted independent set of G.

Thus, to find a critical weighted independent set, it suffices to find a critical weighted vertex set.

∗Institute of Mathematics, Universitetskii pr. 4, Novosibirsk 630090, Russia (ageev@math.nsk.su). 1

2 A. A. AGEEV

3. The reduction. Suppose that we have an instance of the problem of finding critical weighted vertex set. Let (x_v ), (y_v ) be (0, 1) vectors whose components are indexed by the vertices of G. Consider the following (0, 1) programming problem: max ∑ u∈V w(u)x_u − ∑ v∈V w(v)y_v , (3.1)

s. t. y_v ≥ x_u, (u, v) ∈ E(G), (3.2) x_u, y_v ∈ {0, 1}, u, v ∈ V (G). (3.3)

We claim that if (x^∗_v ), (y^∗_v ) is an optimal solution to this problem then (x^∗_v ) is the incidence vector of a critical weighted vertex set. Indeed, let X^∗ = {v ∈ V : x^∗_v = 1}. Observe that (y^∗_v ) is the incidence vector of N(X^∗). Now let (x_v ) be the incidence vector of some X ⊆ V and (y_v ) be the incidence vector of N(X). Since (x_v ), (y_v) is a feasible solution of (3.1)–(3.3), it follows that ρ(X) = ∑ u∈V w(u)x_u − ∑ v∈V w(v)y_v ≤ ∑ u∈V w(u)x^∗_u − ∑ v∈V w(v)y^∗_v = ρ(X^∗). It is easy to see that (3.1)–(3.3) is an instance of the selection problem [Ba70], [Rh70]. Finding an optimal solution of (3.1)–(3.3) is known to be equivalent to finding a minimum cut in a bipartite network [Ba70], [Rh70], [PQ82]. Hence an optimal solution of (3.1)–(3.3) can be found in O(|V (G)|^2|E(G)|^{1/2}) time [GT88], [CM89]. Furthermore, putting y_v = 1 − z_v, v ∈ V , one can rewrite (3.1)–(3.3) as follows: max ∑ u∈V w(u)x_u + ∑ v∈V w(v)z_v + |V (G)|,

s. t. x_u + z_v ≤ 1, (u, v) ∈ E(G), x_u, z_v ∈ {0, 1}, u, v ∈ V (G). The latter is nothing but an instance of the maximum weight independent set problem on bipartite graph H with bipartition (V, V^′) where V^′ is a copy of V and for any u ∈ V , v^′ ∈ V^′,

(u, v^′) ∈ E(H) if and only if (u, v) ∈ E(G).

In the case of unit weights (w(v) ≡ 1) an optimal solution to this can be obtained as a by-product with the O(|V (G)|^{1/2}|E(G)|) algorithm for finding maximum matching in bipartite graphs [PS82, p.226].

REFERENCES

[Ba70] M. L. Balinski, On a selection problem, Management Sci., 17 (1970), pp. 230–231. [CM89] J. Cheriyan and S. N. Maheshwary, Analysis of preflow push algorithms for maximum network flow, SIAM J. Comput., 18 (1989), pp. 1057–1086.

[GT88] A. V. Goldberg and R. E. Tarjan, A new approach to the maximum flow problem, J. Assoc. Comput. Mach., 35 (1988), pp. 921–940.

ON FINDING CRITICAL SETS 3

[PS82] C. H. Papadimitriou and K. Steiglitz, Combinatorial Optimization, Prentice-Hall, Englewood Cliffs, NJ, 1982.

[PQ82] J. -C. Picard and M. Queyranne, Selected applications of minimum cuts in networks, INFOR, 20 (1982), pp. 394–422.

[Rh70] J. M. W. Rhys, A selection problem of shared fixed costs and network flows, Management Sci., 17 (1970), pp. 200–207.

[Zh90] C. -Q. Zhang, Finding critical independent sets and critical vertex subsets are polynomial problems, SIAM J. Discrete Math., 3 (1990), pp. 431–438.