Sierpinski’s Theorem is Deducible from

Euler and Dirichlet

A. A. Ageev

The famous theorem of Dirichlet says that the sequence an + b, n = 1, 2, . . . contains infinitely many primes if a and b are relatively prime integers. It is a similar long-standing conjecture that the quadratic sequence n^2 + t, n = 1, 2, . . . contains infinite number of primes for any positive integer t. The first result in this direction is due to Sierpinski [6] who showed that for any M there exists t^′ such that the sequence n^2 + t^′, , n = 1, 2, . . .

contains at least M primes. Recently several new proofs and extensions of Sierpinski’s theorem have been appeared [4][3][1].

In this note we show that a slightly stronger result can be easily derived from the following well-known number theory facts:

Theorem 1 (Euler) ([5, Theorem 251]) Every prime of the form 4n+1 is representable as a sum of two squares. This representation is unique up to the order of the summands.

Theorem 2 (Dirichlet) ([2, p. 34]) The series ∑ prime p≡b (mod a) 1/p where a, b are relatively prime integers, diverges.

Denote by P the set of primes of the form 4n + 1. Note that by Theorem 1 the set of primes in {(2k + 1)^2 + 4l^2 | k, l ∈ Z_+} coincides with P . For any k ∈ Z_+, denote by P_k the set of primes in {4l^2 + 4k(k + 1) + 1 | l ∈ Z_+}. Now Theorem 1 can be reformulated in the following way: ⋃ k∈Z_+ P_k = P, (1)

P_k′ ∩ P_k′′ = ∅ for all k^′, k^{′′} ∈ Z_+ such that k^′ ≠ k^{′′}. (2) Theorem 3 For any k_0, M ≥ 0 and any δ ∈ [0, 1[ there exists a positive integer k^∗ ≥ k_0 such that |P_k∗ | > M(2k^∗ + 1)^δ. (To obtain Sierpinski’s theorem, take k_0 = δ = 0.) Proof. By (1) and (2) we may formally write ∑ p∈P 1/p = ∑ k∈Z_+ ∑ p∈P_k 1/p . (3) Note first that ∑ p∈P_k 1/p < ∑ l∈Z_+ 1 4l^2 + 1

< +∞ ∀k ∈ Z_+ . (4)

Now assume to the contrary that, for some M, k_0 ≥ 0 and some δ ∈ [0, 1[ , |P_k| ≤ M(2k + 1)^δ ∀k ∈ Z_+ ∩ [k_0, +∞[ .

This implies that, for any k ∈ Z_+ ∩ [k_0, +∞[, ∑ p∈P_k 1/p ≤ |P_k| 4k(k + 1) + 1 ≤ M (2k + 1)^{2−δ} ≤ M (k + 1)^{2−δ}

. (5)

It follows from (4) and (5) that the series in the right hand side of (3) converges and thereby so does the series in the left hand size. But this contradicts the statement of Theorem 2. □

The following generalization is in fact an easy consequence of Theorem 3. Corollary 1 For any k_0, M, r, s ≥ 0 and any δ ∈ [0, 1[ there exists a positive integer k^∗ ≥ k_0 such that |P_k∗ | > M(rk^∗ + s)^δ. □

References

[1] U. Abel and H. Siebert, Sequences with large numbers of prime values, Amer. Math.

Monthly 100 (1993), 167–169.

[2] H. Davenport, Multiplicative number theory, 2nd ed., Springer-Verlag, 1980.

[3] R. Forman, Sequences with many primes, Amer. Math. Monthly 99 (1992), 548–557.

[4] B. Garrison, Polynomials with large numbers of prime values, Amer. Math. Monthly 97 (1990), 316–317.

[5] G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Oxford University Press, 1938.

[6] W. Sierpinski, Les binômes x^2 + n et les nombres premiers, Bull. Soc. Royale Sciences Liege 33 (1964), 259–260.

Institute of Mathematics Universitetskii pr. 4 Novosibirsk 630090 Russia (E-mail: ageev@math.nsk.su )