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TTThhheee   UUUnnncccaaapppaaaccciiitttaaattteeeddd   FFFaaaccciiillliiitttyyy   LLLooocccaaatttiiiooonnn   PPPrrrooobbbllleeemmm   
• Input: 

− a set J of users; 
− a set I of potential facilities; 
− a fixed cost  fi  to open facility i; 
− a production-transportation cost cij to service user j from facility i. 

• Output: 
a set S ⊆ I of opened facilities; 

• Goal: 
minimize the total cost to open facilities and service all users 
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(1,…, 1) 

(0,…, 0) 

IIInnnssstttaaannnccceeesss   ooonnn   pppeeerrrfffeeecccttt   cccooodddeeesss   
Binary perfect codes with distance 3 is a subset C⊂ Bk,  
| C | = 2k/(k + 1) such that d(c1,c2) ≥ 3 for all c1,c2∈C, c1≠c2  
Each perfect code produces a partition of the hypercube  
into 2k/(k+1) disjoint spheres of radius 1. 
N(C) is a number of perfect codes. 
 

Theorem 5.1. [Krotov] 
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Theorem 5.2. [Solov′eva] 

Minimal distance between codes is  2(k +1)/2. 

http://www.codingtheory.gorodok.net/literature/lecture-notes.pdf 
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RRRaaannndddooommm   iiinnnssstttaaannnccceeesss   ooonnn   pppeeerrrfffeeecccttt   cccooodddeeesss      
Each perfect code produces a partition of the hypercube and corresponds to a 
strong local optimum under (Flip∪Swap)–neighborhood. 

Define   I  =  J  = {1,…, 2k}  and 
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,      ξij is a random number 

∑∑
∈ ∈

>=
Ii Jj

iji ff ξ , i∈I. 

For k = 7  we have  N(C ) = 280 = 35 × 8. 

For each 8 codes, the pair distance is 32. 

Maximal distance between codes is 32. 

Minimal distance between codes is 16. 

d (Ci, Cj ) = 32 
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The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                         R(OPT) = 52, D = 55. 

9000 starting points 
8868 local optima 

9000 starting points 
8868 local optima under (Flip∪Swap)–neighborhood 

OPT 

F(s) 

d(s,s*) 

Rmin = 1 
 
Rave = 3 
 
Rmax = 57 
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IIInnnssstttaaannnccceeesss   ooonnn   CCChhheeessssss---BBBoooaaarrrddd   

Let us glue the boundaries of the 3k×3k chess board so that to get a torus. 

Put r = 3k. Each cell of torus has 8 neighboring cells.  

For example, the cell (1, 1) has the following neighbors: (1, 2), (1, r), (2, 1), (2, 2), 
(2, r), (r, 1), (r, r).  The torus is divided into k2 squares by 9 cells in each of them. 
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RRRaaannndddooommm   iiinnnssstttaaannnccceeesss   ooonnn   CCChhheeessssss---BBBoooaaarrrddd 

Define n= 9k2,  I = J = {1,…, n} and 

⎩
⎨
⎧

∞+
=

otherwise  ,
neighbors are  ,  cells   theif     ji

c ij
ij

ξ ,  ξij is a random number 

∑∑
∈ ∈

>=
Ii Jj

iji ff ξ ,  i∈I. 

The torus is divided into k2 squares. Every cover of the torus corresponds to a 
strong local optimum for the UFL problem with (Flip∪Swap)–neighborhood.  

The total number of partitions is  2⋅3k + 1 – 9.  

The minimal distance between them is  2k.  

The maximal distance between them is  k2. 
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The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                        R(OPT) = 53, D = 50. 

9000 starting points 
8868 local optima  under (Flip∪Swap)–neighborhood 
chess–board  12×12  

d(s,s*)

F(s) 

OPT 

Rmin = 1 
 
Rave = 13 
 
Rmax = 178
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IIInnnssstttaaannnccceeesss   ooonnn   ttthhheee   FFFiiinnniiittteee   PPPrrrooojjjeeeccctttiiivvveee   PPPlllaaannneeesss   
Finite projective plane of order k :   

n = k2 + k + 1. 
Points x1,… xn .  
Lines L1,…, Ln.   

Incidence (n×n) matrix A:   
1. A has constant row sum k + 1; 

2. A has constant column sum k + 1; 

3. The inner product of any two district rows of A is 1; 

4. The inner product of any two district columns of A is 1. 

These matrices exist if k is a power of prime.  
Bundle for the point xj : Bj = {Li | xj∈Li}. 

x1

x2

x3

x4

x5

x6

x7

    k = 2;  n = 7 
L1= {x1, x2, x3}    
L2 = { x3, x4, x5}  
L3 = { x1, x5, x6}  
L4 = { x1, x4, x7} 
L5 = { x3, x7, x6} 
L6 = { x2, x7, x5} 
L7 = { x2, x4, x6} 
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RRRaaannndddooommm   iiinnnssstttaaannnccceeesss   ooonnn   ttthhheee   FFFiiinnniiittteee   PPPrrrooojjjeeeccctttiiivvveee   PPPlllaaannneeesss 

Define I = J = {1,…, k2 + k + 1} and 

,
otherwise     ,

 point  contains   line  if        
⎩
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ij
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ξ   ξij is a random number, 

∑∑
∈ ∈

>=
Ii Jj

iji ff ξ ,  i∈I.  

Every bundle corresponds to a strong local optimum of the UFL problem with 
(Flip∪Swap)–neighborhood. 

Optimal solution corresponds to a bundle of the plane and can be found in 
polynomial time. 

Hamming distance for arbitrary pair of the bundles equals 2k. 

There are no other local optima with distance less or equal k to the bundle. 
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   TTThhheee   cccooossstttsss   ooofff   lllooocccaaalll   oooppptttiiimmmaaa   aaagggaaaiiinnnsssttt   ttthhheeeiiirrr   dddiiissstttaaannnccceeesss   fffrrrooommm   ggglllooobbbaaalll   oooppptttiiimmmuuummm   
   
   
 

 

 

 

 

 

 
The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                         R(OPT) = 1, D = 51. 

9000 starting points 
8987 local optima under (Flip∪Swap)–neighborhood 
k = 11  

d(s,s*)

F(s) 

OPT 

Rmin = 1 
 
Rave = 2 
 
Rmax = 8 
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RRRaaannndddooommm   iiinnnssstttaaannnccceeesss   wwwiiittthhh   lllaaarrrgggeee   ddduuuaaallliiitttyyy   gggaaappp   

Define  I = J = {1,…, n} and ∑∑
∈ ∈

>=
Ii Jj

iji ff ξ ,  i∈I.  

Gap-A:  each column of the matrix (cij )  has l small elements ξij. 

Gap-B:  each row of the matrix (cij ) has l  small elements ξij. 

Gap-C:  intersection of Gap-A and Gap-B. 

 

The instances have significant duality gap: %100⋅
−

=
OPT

FOPT LPδ . 

For l = 10, n = 100 we observe that δ∈[21%, 29%].  

For the class Gap–C, the branch and bound algorithm evaluates about 0,5⋅109 
nodes in the branching tree. 
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TTThhheee   cccooossstttsss   ooofff   lllooocccaaalll   oooppptttiiimmmaaa   aaagggaaaiiinnnsssttt   ttthhheeeiiirrr   dddiiissstttaaannnccceeesss   fffrrrooommm   ggglllooobbbaaalll   oooppptttiiimmmuuummm   
 

 

 

 

 

 

 

 

 

 

The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                           R(OPT) = 7, D = 36. 

9000 starting points 
6022 local optima under (Flip∪Swap)–neighborhood 
Class Gap-A

d(s,s*) 

F(s) 

OPT 

Rmin = 1 
 
Rave = 53 
 
Rmax = 291 
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The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                         R(OPT) = 16, D = 42. 

9000 starting points 
8131 local optima under (Flip∪Swap)–neighborhood 
Class Gap–B

d(s,s*) 

F(s) 

OPT 

Rmin = 1 
 
Rave = 18 
 
Rmax = 164
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TTThhheee   cccooossstttsss   ooofff   lllooocccaaalll   oooppptttiiimmmaaa   aaagggaaaiiinnnsssttt   ttthhheeeiiirrr   dddiiissstttaaannnccceeesss   fffrrrooommm   ggglllooobbbaaalll   oooppptttiiimmmuuummm   
 

 

 

 

 

 

 

 

 

 

The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                       R(OPT) = 21, D = 41. 

9000 starting points 
8465 local optima under (Flip∪Swap)–neighborhood 
Class Gap–C

d(s,s*) 

F(s) 

OPT 

Rmin = 1 
 
Rave = 14 
 
Rmax = 229 



- 17-                            FFaacciilliittyy  llooccaattiioonn  pprroobblleemmss..  DDiissccrreettee  mmooddeellss  aanndd  llooccaall  sseeaarrcchh  mmeetthhooddss    ••  LLeeccttuurree  55     
 

EEEaaasssyyy   rrraaannndddooommm   iiinnnssstttaaannnccceeesss   

Define  I = J = {1,…, n} and fi = f = 3000, i∈I. 

Uniform: values cij are selected in interval [0, 104] at random with uniform 
distribution and independently from each other. 

Euclidean: value cij is Euclidean distances between points i and j in the two 
dimension space. The points are selected in square 7000×7000 at random with 
uniform distribution and independently from each other. 

The interval and size of the square are taken in such a way that optimal solutions 
have the same cardinality as in the previous classes. 
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TTThhheee   cccooossstttsss   ooofff   lllooocccaaalll   oooppptttiiimmmaaa   aaagggaaaiiinnnsssttt   ttthhheeeiiirrr   dddiiissstttaaannnccceeesss   fffrrrooommm   ggglllooobbbaaalll   oooppptttiiimmmuuummm   

   

   
 

  

 

 

 

 

 

 

The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                         R(OPT) = 1, D = 33. 

9000 starting points  
1018 local optima under (Flip∪Swap)–neighborhood 
Class Uniform  

d(s,s*) 

F(s) 

OPT 

Rmin = 1 
 
Rave = 31 
 
Rmax = 101 
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IIInnnssstttaaannnccceeesss   ooonnn   EEEuuucccllliiidddeeeaaannn   ppplllaaannneee      
 

 

 

 

 

 

 

 

 

 

The radius R of each sphere is a number of local optima which are located near the 
given local optimum, d(s, s′ ) ≤ 10.                                         R(OPT) = 10, D = 21. 

 9000 starting points 
 40 local optima under (Flip∪Swap)–neighborhood 
 Class Euclidean  

d(s,s*)
OPT 

F(s) 

Rmin = 11 
 
Rave = 13 
 
Rmax = 18 
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PPPeeerrrfffooorrrmmmaaannnccceee   ooofff      ttthhheee   BBB   &&&   BBB   aaalllgggooorrriiittthhhmmm   iiinnn   aaavvveeerrraaagggeee   

Benchmarks  
classes n Gap 

δ 
Iterations 

B & B 
The best  
iteration 

Running 
time 

BPC7 128 0.1 374 264 371 646 00:00:15 
CB4 144 0.1 138 674 136 236 00:00:06 

FPP11 133 7.5 6 656 713 6 652 295 00:05:20 
Gap-A 100 25.6 10 105 775 3 280 342 00:04:52 
Gap-B 100 21.2 30 202 621 14 656 960 00:12:24 
Gap-C 100 28.4 541 320 830 323 594 521 01:42:51 

Uniform 100 4.7 9 834 2 748 00:00:00 
Euclidean 100 0.1 1 084 552 00:00:00 
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FFFrrreeeqqquuueeennncccyyy   ooofff   ooobbbtttaaaiiinnniiinnnggg   oooppptttiiimmmaaalll   sssooollluuutttiiiooonnnsss   bbbyyy   mmmeeetttaaahhheeeuuurrriiissstttiiicccsss         

Benchmarks 
classes n PTS GA GRASP + LD 

BPC7 128 0.93 0.90 0.99 
CB4 144 0.99 0.88 0.68 

FPP11 133 0.67 0.46 0.99 
Gap-A 100 0.85 0.76 0.87 
Gap-B 100 0.59 0.44 0.49 
Gap-C 100 0.53 0.32 0.42 

Uniform 100 1.0 1.0 1.0 
Euclidean 100 1.0 1.0 1.0 
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AAAttttttrrriiibbbuuuttteeesss   ooofff   ttthhheee   lllooocccaaalll   oooppptttiiimmmaaa   aaallllllooocccaaatttiiiooonnn   
  

Radius Benchmarks 
classes n Diameter min average max R100 R* 

BPC7 8868 55 1 3 57 24 52 

CB4 8009 50 1 13 178 78 53 

FPP11 8987 51 1 2 8 3 1 

Gap-A 6022 36 1 53 291 199 7 

Gap-B 8131 42 1 18 164 98 16 

Gap-C 8465 41 1 14 229 134 21 

Uniform 1018 33 1 31 101 61 1 

Euclidean 40 21 11 13 18 1.  10 
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MMMuuullltttiii   SSStttaaagggeee   FFFaaaccciiillliiitttyyy   LLLooocccaaatttiiiooonnn   PPPrrrooobbbllleeemmm 

• Input: 
− a set J of users; 
− a set I of potential facilities; 
− a set P of potential facility paths; 
− a (0,1)-matrix (qpi) of inclusions facilities into paths; 
− a fixed cost  fi to open facility i; 
− a production-transportation cost cpj to service user j from facility path p; 
• Output: 
    a set S⊆ P of facility paths; 
• Goal: 
    minimize the total cost to open facilities and service all users 

∑∑
∈ ∈∈ ∈

+=
Jj

pj
SpIi

ipi
Sp

cqfSF minmax)( . 
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RRRaaannndddooommm   iiinnnssstttaaannnccceeesss   wwwiiittthhh   cccllluuusssttteeerrriiinnnggg   lllooocccaaalll   oooppptttiiimmmaaa   

Define  P = J = {1,…, n}, I = {1,…, m} and  
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iiiip
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Values cpj are Euclidean distances between points  j1, …, jn  in the two dimension 
space. The points are selected at random with uniform distribution and 
independently from each other. 
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TTThhheee   cccooossstttsss   ooofff   lllooocccaaalll   oooppptttiiimmmaaa   aaagggaaaiiinnnsssttt   ttthhheeeiiirrr   dddiiissstttaaannnccceeesss   fffrrrooommm   ggglllooobbbaaalll   oooppptttiiimmmuuummm   

   

   

   

   

   

   

   

   

   

Three galaxies of local optima 

d(s,s*)

F(s) 

OPT 
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Easy case 
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Easy case 
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Hard  case 
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