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ËÅÊÖÈß � 10

1. Ïåðâûé àëãîðèòì Ãîìîðè

2. Êîíå÷íîñòü àëãîðèòìà
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Ïåðâûé (èëè öèêëè÷åñêèé) àëãîðèòì Ãîìîðè

5.5 Îïèñàíèå ïåðâîãî àëãîðèòìà Ãîìîðè
0) Íà÷àòü ñ íîðìàëüíîé ñèìïëåêñ-òàáëèöû

(äëÿ çàäà÷è (16)-(18)). Ïîëîæèòü ν := 0.

1) Åñëè ñèìïëåêñ-òàáëèöà ïðÿìî äîïóñòèìà è âñå
ýëåìåíòû zi0, i = 1, . . . , n, öåëûå, òî ÊÎ-
ÍÅÖ (ïîëó÷åíî îïòèìàëüíîå ðåøåíèå çàäà÷è (16)-
(18)).

2) Åñëè ñèìïëåêñ-òàáëèöà ïðÿìî äîïóñòèìà, òî âû-
áðàòü ìèíèìàëüíîå p ≥ 1, òàêîå, ÷òî zp0 � íåöå-
ëîå,
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Ïåðâûé àëãîðèòì Ãîìîðè

ïîëîæèòü ν := ν + 1.
Ñòðîêó ñ íîìåðîì p íàçîâåì ïðîèçâîäÿùåé.
Ýòîé ñòðîêå ñîîòâåòñòâóåò óðàâíåíèå

xp = zp0 −
l∑

j=1

zpjxτ (j),

ïî êîòîðîìó ñòðîèòñÿ äîïîëíèòåëüíîå îãðà-
íè÷åíèå ñîãëàñíî îïèñàííîìó ðàíåå ñïîñîáó ïðè
h = 1 (ðîëü ξ èãðàåò xp):
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Ïåðâûé àëãîðèòì Ãîìîðè

xn+ν = −fp0 −
l∑

j=1

(−fpj)xτ (j) ≥ 0,

ãäå fpj � äðîáíàÿ ÷àñòü ÷èñëà zpj
(zpj = bzpjc + fpj, 0 ≤ fpj < 1).

Ê ñèìïëåêñ-òàáëèöå äîáàâëÿåòñÿ (n + 1)

ñòðîêà (îòñå÷åíèå Ãîìîðè), ñîîòâåòñòâóþùàÿ äî-

ïîëíèòåëüíîìó îãðàíè÷åíèþ ( ñ áàçèñíîé ïåðåìåí-
íîé xn+ν).
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Ïåðâûé àëãîðèòì Ãîìîðè

3) Âûáðàòü âåäóùóþ ñòðîêó r : zr0 < 0, r ≥ 1.

4) Åñëè {j | zpj < 0, j ≥ 1} 6= ∅, òî âûáðàòü
âåäóùèé ñòîëáåö s :

1

|zrs|
βs = lexmin{

1

|zrj|
βj | zrj < 0, j ≥ 1},

èíà÷å ÊÎÍÅÖ (òåêóùàÿ çàäà÷à ËÏ,
à ñëåäîâàòåëüíî, è èñõîäíàÿ çàäà÷à ÖËÏ,
íåðàçðåøèìà ââèäó íåñîâìåñòíîñòè åå îãðà-

íè÷åíèé).
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Ïåðâûé àëãîðèòì Ãîìîðè

5) Ïðåîáðàçîâàòü ñèìïëåêñ-òàáëèöó;
ïîëîæèòü τ (s) := n + ν è îòáðîñèòü
(n + 1)-þ ñòðîêó, åñëè òàêîâàÿ èìåëàñü,
èíà÷å τ (s) := r;
ïåðåéòè íà øàã 1.
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Ïåðâûé àëãîðèòì Ãîìîðè

Ïóñòü x0 = (z10, . . . , zn0)
T � á.ä. ð.(çàäà÷è

(16)�(18)), ñîîòâåòñòâóþùåå òåêóùåé ñ.-ò. â ìîìåíò
ââåäåíèÿ îòñå÷åíèÿ Ãîìîðè, (ÿâëÿåòñÿ îïòèìàëü-
íûì ðåøåíèåì ËÏ-ðåëàêñàöèè).

Ò.ê. zp0 � íåöåëîå, òî fp0 > 0, ñëåäîâàòåëüíî,

xn+ν(x0) = −fp0 < 0.

Èòàê x0 îòñåêàåòñÿ.
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Ïåðâûé àëãîðèòì Ãîìîðè

Ïóñòü

xn+ν = −fp0 −
l∑

j=1

(−fpj)xτ (j) ≥ 0,

îòñå÷åíèå Ãîìîðè (øàã 2). Ò.ê. −fp0 < 0, òî

xn+ν � åäèíñòâåííàÿ îòðèöàòåëüíàÿ áàçèñíàÿ ïå-

ðåìåííàÿ. Ñëåäîâàòåëüíî, ñ.-ò. äâîéñòâåííî äîïó-

ñòèìà, íî íå ïðÿìî äîïóñòèìà.
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Ïåðâûé àëãîðèòì Ãîìîðè

Èòàê, â êà÷åñòâå âåäóùåé áóäåò âûáðàíà n +1
ñòðîêà (åäèíñòâåííîñòü).

Ïðè ýëåìåíòàðíîì ïðåîáðàçîâàíèè ñ.-ò. ïåðå-
ìåííàÿ xn+ν ñòàíåò íåáàçèñíîé.

Âåäóùàÿ ñòðîêà ïðåâðàùàåòñÿ â òîæäåñòâî

xn+ν = (−1)(−xn+ν)

è íà øàãå 5 óäàëÿåòñÿ èç ñ.-ò.

Ïîýòîìó ìàêñèìàëüíîå ÷èñëî ó÷èòûâàåìûõ îò-
ñå÷åíèé íå ïðåâîñõîäèò ÷èñëà íåáàçèñíûõ ïåðåìåí-
íûõ.
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

1) Ïóñòü èçâåñòíà íåêîòîðàÿ (óñëîâíàÿ) íèæíÿÿ
ãðàíèöà M äëÿ îïòèìàëüíîãî çíà÷åíèÿ öåëåâîé
ôóíêöèè x0.

2) Ïóñòü ôóíêöèÿ x0 öåëî÷èñëåííà íà ìíîæåñòâå
äîïóñòèìûõ ðåøåíèé çàäà÷è ÖËÏ. (Òîãäà íóëåâàÿ
ñòðîêà ñ.-ò. ìîæåò (è áóäåò) èñïîëüçîâàòüñÿ â êà-
÷åñòâå ïðîèçâîäÿùåé.)
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Èòåðàöèÿ àëãîðèòìà (øàãè ñ 1 ïî 5) = LD-
èòåðàöèÿ (íå ââîäèòñÿ îòñå÷åíèå) + èòåðàöèÿ Ãî-
ìîðè ( ââîäèòñÿ îòñå÷åíèå).

Ýëåìåíòû è ñòîëáöû ñèìïëåêñ-òàáëèöû, ïîëó-
÷åííîé ïîñëå âûïîëíåíèÿ ïåðâûõ t èòåðàöèé, îáî-
çíà÷èì zt

ij è βt
j ñîîòâåòñòâåííî (z0

ij � ýëåìåíòû

íà÷àëüíîé ñèìïëåêñ-òàáëèöû).

Ïóñòü ïðè ðåøåíèè çàäà÷è àëãîðèòìîì Ãîìîðè
âûïîëíÿåòñÿ áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü èòå-
ðàöèé.
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Èç îïèñàíèÿ LD-ìåòîäà èìååì

β0
0 � β1

0 � β2
0 � · · · � βt

0 � βt+1
0 � . . . .

(30)
Èç êîíå÷íîñòè LD-ìåòîäà èìååì, ÷òî ÷èñëî LD-

èòåðàöèé êîíå÷íî, à ÷èñëî èòåðàöèé Ãîìîðè áåñ-

êîíå÷íî. Ïóñòü tν + 1, ν = 1, 2, . . . , � ïîðÿä-
êîâûå íîìåðà ýòèõ èòåðàöèé. Èç (30) èìååì

z0
00 ≥ z1

00 ≥ z2
00 ≥ · · · ≥ zt

00 ≥ zt+1
00 ≥ . . . .

(31)
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Ðàññìîòðèì ïîäïîñëåäîâàòåëüíîñòü

z
t1
00, z

t2
00, . . . , ztν

00, . . . , (32)

ñîñòîÿùóþ èç ýëåìåíòîâ z00 ñ.-ò., êîòîðûå ÿâëÿ-
þòñÿ âõîäíûìè äëÿ èòåðàöèé Ãîìîðè.

Ïóñòü ztν
00 � íåöåëîå. Òîãäà íà èòåðàöèè tν +

1 íóëåâàÿ ñòðîêà áóäåò ïðîèçâîäÿùåé è

ztν+1
00 = ztν

00 − ztν
0s

f tν
00

f tν
0s

.
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Ò.ê. ztν
0s ≥ 0 (ñ.-ò. äâîéñòâåííî äîïóñòèìà) è

ztν
0s ≥ f tν

0s, òî

ztν+1
00 ≤ ztν

00 − f tν
00 = bztν

00c < ztν
00.

Òàêèì îáðàçîì, êàæäûé èíòåðâàë (z, z + 1),
ãäå z � öåëîå, ñîäåðæèò íå áîëåå îäíîãî ÷ëåíà èç
ïîñëåäîâàòåëüíîñòè (32).
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Îòñþäà, ìîíîòîííîñòè è îãðàíè÷åííîñòè ñíèçó
ýòîé ïîñëåäîâàòåëüíîñòè ñëåäóåò, ÷òî îíà ñòàáèëè-
çèðóåòñÿ íà íåêîòîðîì öåëîì çíà÷åíèè. Òîãäà

∃ T0 ∀t ≥ T0 zt
00 = z00.

Òîãäà â ñèëó (30)(ñòðîãîãî ëåêñèêîãðàôè÷åñêî-
ãî óáûâàíèÿ íóëåâîãî ñòîëáöà)

z
T0
10 ≥ z

T0+1
10 ≥ · · · ≥ zt

10 ≥ zt+1
10 ≥ . . . .

(33)
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Ðàññìîòðèì ïîäïîñëåäîâàòåëüíîñòü ñîñòîÿùóþ
èç ýëåìåíòîâ z10 ñ.-ò., êîòîðûå ÿâëÿþòñÿ âõîäíû-
ìè äëÿ èòåðàöèé Ãîìîðè ñ íîìåðàìè tν +1 ñòðîãî
áîëüøèìè T0.

Ïóñòü ztν
10 � íåöåëîå. Òîãäà íà èòåðàöèè tν +1

ïåðâàÿ ñòðîêà áóäåò ïðîèçâîäÿùåé è

ztν+1
10 = ztν

10 − ztν
1s

f tν
10

f tν
1s

, (34)

ãäå 0 < f tν
10 < 1 è 0 < f tν

1s < 1.
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Ïîêàæåì, ÷òî ztν
1s ≥ 0. Äîïóñòèì ïðîòèâíîå:

ztν
1s < 0. Òîãäà èç ëåêñèêîãðàôè÷åñêîé ïîëîæè-

òåëüíîñòè ñòîëáöà βtν
s ñëåäóåò íåðàâåíñòâî ztν

0s >
0. Íî èç ôîðìóëû

ztν+1
00 = ztν

00 − ztν
0s

f tν
10

f tν
1s

è óñëîâèé 0 < f tν
10 < 1, 0 < f tν

1s < 1 ñëåäóåò,

÷òî ztν+1
00 < ztν

00. Ïðîòèâîðå÷èå.-17-



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Òàêèì îáðàçîì èç (34), ó÷èòûâàÿ íåðàâåíñòâà

ztν
1s ≥ 0 è ztν

1s/f tν
1s ≥ 1, ñëåäóåò

ztν+1
10 ≤ ztν

10 − f tν
10 = bztν

10c < ztν
10.

Ýòî îçíà÷àåò, ÷òî êàæäûé èíòåðâàë (z, z+1),
ãäå z � öåëîå, ñîäåðæèò íå áîëåå îäíîãî ÷ëåíà èç
ïîñëåäîâàòåëüíîñòè (33).
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Ò.ê. ñ.-ò. ñ íîìåðàìè tν ïðÿìî äîïóñòèìû, òî ztν
10 ≥

0. Èòàê ïîñëåäîâàòåëüíîñòü (33) ìîíîòîííî óáûâà-
þùàÿ è îãðàíè÷åííà ñíèçó, ò.å. îíà ñòàáèëèçèðóåò-
ñÿ íà íåêîòîðîì öåëîì íåîòðèöàòåëüíîì çíà÷åíèè
(ïðÿìî äîïóñòèìîñòü). Òîãäà

∃ T1 ≥ T0 ∀t ≥ T1 zt
10 = z10.
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Êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãîìîðè

Àíàëîãè÷íûå óòâåðæäåíèÿ ìîæíî ïðîâåñòè è
äëÿ îñòàâøèõñÿ êîìïîíåíò âïëîòü äî n-îé.

Ñëåäîâàòåëüíî, ñóùåñòâóåò òàêîé íîìåð Tn,
÷òî äëÿ âñåõ t ≥ Tn è äëÿ âñåõ i = 1, n

zt
i0 = zi0, ãäå zi0 ∈ Z+.

Ïîäîáíîå óòâåðæäåíèå ïðîòèâîðå÷èò ïðåäïîëî-
æåíèþ î áåñêîíå÷íîñòè ÷èñëà èòåðàöèé. Òåì ñà-
ìûì äîêàçàíà êîíå÷íîñòü ïåðâîãî àëãîðèòìà Ãî-
ìîðè.
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