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ËÅÊÖÈß � 12

1. Ìåòîä âåòâåé è ãðàíèö

2. ×èñëåííûå ìåòîäû íåëèíåéíîãî ïðî-
ãðàììèðîâàíèÿ

3. Ãðàäèåíòíûå ìåòîäû
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Ìåòîä âåòâåé è ãðàíèö

Ðàññìîòðèì ïðîèçâîëüíûé ãèïåðêóá Γ[xc, h] ñ öåí-
òðîì xc è äëèíîé ñòîðîíû h:

Γ[xc, h] =
{

x ∈ Rn : ‖x − xc‖∞ ≤
h

2

}
.

Èç äîêàçàòåëüñòâà òåîðåìû 18 ñëåäóåò, ÷òî ∀ x ∈
Γ[xc, h]:

f(x) = f(x)−f(xc)+f(xc) ≥ −L|x−xc|+
+f(xc) ≥ f(xc) − Lh/2.
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Ìåòîä âåòâåé è ãðàíèö

Åñòåñòâåííî, òîãäà îïðåäåëèòü íèæíþþ ãðàíèöó íà
ãèïåðêóáå Γ[xc, h] ðàâåíñòâîì H(Γ[xc, h]) =
f(xc) − Lh/2.
Ôóíêöèþ âûáîðà íàèëó÷øåãî ðåøåíèÿ îïðåäå-

ëèì íà ã.-êóáàõ ñî ñòîðîíîé h (èãðàþò ðîëü àòî-
ìàðíûõ ìíîæåñòâ ðåøåíèé) íå ïðåâîñõîäÿùåé 2ε

L ,
ïîëîæèâ

x(Γ[xc, h]) = xc.

Ïîäìíîæåñòâà ðåøåíèé áóäåì çàäàâàòü â âèäå íà-
áîðà ãèïåðêóáîâ.
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Ìåòîä âåòâåé è ãðàíèö

Íà ïåðâîì øàãå èìååì t1 = Γ[xR, ∆], ãäå
ïåðâûé ðåêîðä xR � öåíòð ã.-êóáà ñî ñòîðîíîé∆R =
∆.
Ïóñòü ê î÷åðåäíîìó øàãó èìååòñÿ ðàçáèåíèå

t1 = Γ[x1, h1], . . . , tL = Γ[xL, hL]

è ðåêîðä xR � öåíòð ã.-êóáà ñî ñòîðîíîé ∆R.
Î÷åðåäíîé øàã íà÷èíàåòñÿ ñ ïðîâåðêè ãèïåðêó-

áà ñ íîìåðîì l. Îí ñ÷èòàåòñÿ ïðîâåðåííûì è îò-
áðàñûâàåòñÿ, åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ
óñëîâèé:
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Ìåòîä âåòâåé è ãðàíèö

1) H(Γ[xl, hl]) ≥ f(xR),

2) ñòîðîíà ã.-êóáà hl íå ïðåâîñõîäèò âåëè÷èíû
2ε
L .

Ïðè ýòîì, åñëè ðåàëèçóåòñÿ âòîðîé ñëó÷àé è

f(xl) < f(xR),

òî óñòàíàâëèâàåòñÿ íîâîå çíà÷åíèå ðåêîðäà xR =
xl è âåëè÷èíû ∆R = hl.

Äîïîëíèòåëüíîå ïðàâèëî:
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Ìåòîä âåòâåé è ãðàíèö

Ñëó÷àé 1. (Òåêóùèé ðåêîðä õóæå )

Åñëè f(xl) < f(xR), òî ïåðåñ÷èòûâàåì ðåêîðä

è ñðåäè îñòàâøèõñÿ ãèïåðêóáîâ ðàçáèåíèÿ îòáðà-
ñûâàåì òå, êîòîðûå ñîäåðæàòüñÿ â ã.-êóáå

Γ[xR,
2(f(xR) − f(xl))

L
].

Ïî îïðåäåëåíèþ íèæíåé ãðàíèöû èìååì ∀x ∈
Γ[xc, h] íåðàâåíñòâî f(x) ≥ H(Γ[xc, h]) =
f(xc) − Lh/2.
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Ìåòîä âåòâåé è ãðàíèö

Ïîýòîìó äëÿ ëþáîé òî÷êè x èç äàííîãî ã.-êóáà
èìååì

f(x) ≥ H(Γ[xR,
2(f(xR) − f(xl))

L
]) =

= f(xR) −
L

2
×

2(f(xR) − f(xl))

L
= f(xl).

Ñëó÷àé 2. (Òåêóùèé ðåêîðä ëó÷øå)

Åñëè f(xR) ≤ f(xl), òî ñðåäè îñòàâøèõñÿ
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Ìåòîä âåòâåé è ãðàíèö

ãèïåðêóáîâ ðàçáèåíèÿ îòáðàñûâàåì òå, êîòîðûå ñî-
äåðæàòüñÿ â ã.-êóáå

Γ[xl,
f(xl) − f(xR)

L
].

Ò.ê. äëÿ ëþáîé òî÷êè x èç äàííîãî ã.-êóáà èìååì
f(x) ≥ f(xR).

Åñëè îòáðîøåíû âñå ýëåìåíòû ðàçáèåíèÿ, òî
àëãîðèòì çàêàí÷èâàåò ðàáîòó è xR � òðåáóåìîå
ðåøåíèå.
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Ìåòîä âåòâåé è ãðàíèö

Åñëè åñòü íåîòáðîøåíûå ìíîæåñòâà, òî âûáèðà-
åì "ïåðñïåêòèâíîå"ïîäìíîæåñòâî Γ[xl, hl].Ôóíê-
öèÿ âåòâëåíèÿ b(·) ðàçáèâàåò åãî íà 2n îäèíàêî-

âûõ ïîäêóáîâ ñî ñòîðîíîé hl
2 .

Ïîñëå ýòîãî íà÷èíàåòñÿ ñëåäóþùèé øàã.
Êîíå÷íîñòü àëãîðèòìà ñëåäñòâèå ñëåäóþùèõ

ôàêòîâ:

1. Ãèïåðêóá Γ[xR, ∆] ÿâëÿåòñÿ êîìïàêòíûì ìíî-
æåñòâîì.
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Ìåòîä âåòâåé è ãðàíèö

2. Íà êàæäîì øàãå àëãîðèòìà õîòÿ áû îäèí ýëå-
ìåíò ðàçáèåíèÿ ëèáî îòáðàñûâàåòñÿ, ëèáî ðàçáèâà-
åòñÿ íà ïîäìíîæåñòâà, êàæäîå èç êîòîðûõ ñîñòîèò
èç ìåíüøåãî ÷èñëà àòîìàðíûõ ìíîæåñòâ.

3. Àòîìàðíûå ìíîæåñòâà âñåãäà îòáðàñûâàþòñÿ.

Çàìå÷àíèå. Åñëè â ïðîöåññå ðàáîòû àëãî-
ðèòìà íå ïðîèñõîäèò ñìåíû ðåêîðäà ïî ïðà-
âèëó 2, òî ïîëó÷åííûé ðåêîðä � îïòèìàëü-
íîå ðåøåíèå çàäà÷è. Â ïðîòèâíîì ñëó÷àå
ε ïðèáëèæåííîå ðåøåíèå.
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Ìåòîä âåòâåé è ãðàíèö

Çàìå÷àíèå. Íàèáîëåå ðàñïðîñòðàíåíû ñëå-
äóþùèå äâà ïðàâèëà âåòâëåíèÿ:

"â øèðèíó", êîãäà âåòâëÿòüñÿ âñå èëè ïî
î÷åðåäè âåðøèíû îäíîãî óðîâíÿ è çàòåì
ïåðåõîäÿò ê ñëåäóþùåìó óðîâíþ;

"â ãëóáèíó", êîãäà âåòâèòñÿ ëèøü îäíà âåð-
øèíà óðîâíÿ (îáû÷íî ñ ëó÷øèì çíà÷åíèåì
ðåêîðäà, à åñëè åãî íåò, òî íèæíåé ãðàíè-
öû) äî êîíöà âåòêè.
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×èñëåííûå ìåòîäû ÍËÏ

Çàäà÷à ïîèñêà áåçóñëîâíîãî ìèíèìóìà:

f(x) −→ min
x∈Rn

.

Äëÿ ðåøåíèÿ èñïîëüçóþòñÿ ÷èñëåííûå ìåòîäû, â
êîòîðûõ òåêóùåå ïðèáëèæåíèå âû÷èñëÿåòñÿ ïî ôîð-
ìóëå

xk+1 = xk + αkpk,

ãäå pk � íàïðàâëåíèå ñïóñêà, αk � äëèíà øàãà

âäîëü ýòîãî íàïðàâëåíèÿ.
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Ìåòîä âåòâåé è ãðàíèö

Ìåòîäû, â êîòîðûõ ïîñëåäîâàòåëüíîñòü âåêòîðîâ
x0, x1, . . . , xk, . . . , óäîâëåòâîðÿåò óñëîâèþ

f(x0) ≥ f(x1) ≥ ... ≥ f(xk) ≥ . . .

íàçûâàþòñÿ ðåëàêñàöèîííûìè.

Ïóñòü x∗� ìèíèìóì ôóíêöèè f(x). Ñêîðîñòü ñõî-
äèìîñòè ëèíåéíàÿ: åñëè äëÿ k = 0, 1, . . .

‖xk+1 − x∗‖ ≤ q ‖xk − x∗‖, 0 < q < 1,
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×èñëåííûå ìåòîäû ÍËÏ

èëè ãîâîðÿò, ÷òî ìåòîä ñõîäèòñÿ ñî ñêîðîñòüþ ãåî-
ìåòðè÷åñêîé ïðîãðåññèè, ò.ê.

‖xk − x∗‖ ≤ qk ‖x0 − x∗‖.

Ñêîðîñòü ñõîäèìîñòè ñâåðõëèíåéíà, åñëè

‖xk+1 − x∗‖ ≤ qk ‖xk − x∗‖,

ãäå qk → 0 ïðè k → ∞, è êâàäðàòè÷íà, åñëè

‖xk+1 − x∗‖ ≤ C ‖xk − x∗‖2, C ≥ 0.
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×èñëåííûå ìåòîäû ÍËÏ

Ìåòîäû íóëåâîãî ïîðÿäêà ⇐⇒ ìåòîäû, èñ-
ïîëüçóþùèå òîëüêî çíà÷åíèÿ ñàìîé öåëåâîé ôóíê-
öèè.

Ìåòîäû ïåðâîãî ïîðÿäêà⇐⇒ ìåòîäû, èñïîëü-
çóþùèå ïîìèìî çíà÷åíèé öåëåâîé ôóíêöèè è å¼
ïðîèçâîäíûå.

è òàê äàëåå.
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×èñëåííûå ìåòîäû ÍËÏ

Âñå èòåðàöèîííûå ïðîöåññû, â êîòîðûõ íàïðàâëå-
íèå äâèæåíèÿ íà êàæäîì øàãå ñîâïàäàåò ñ àíòèãðà-
äèåíòîì (ãðàäèåíòîì) ôóíêöèè, íàçûâàþòñÿ ãðà-
äèåíòíûìè ìåòîäàìè:

xk+1 = xk − αkf ′(xk), αk ≥ 0.

Ìåòîäû îòëè÷àþòñÿ ñïîñîáàìè âûáîðà äëèíû

øàãà αk.
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×èñëåííûå ìåòîäû ÍËÏ

Ìåòîä ñ ïîñòîÿííûì øàãîì: αk = α.

Ìåòîä ñ äðîáëåíèåì øàãà: íà êàæäîì øàãå ïðîâå-
ðÿåòñÿ íåðàâåíñòâî

f(xk−αk f ′(xk))−f(xk) ≤ −ε αk ‖f ′(xk)‖2,

ãäå 0 < ε < 1.

Ìåòîä íàèñêîðåéøåãî ñïóñêà: ïðè âûáîðå αk ìè-
íèìèçèðóåòñÿ ïî α ôóíêöèÿ f(xk −α f ′(xk)) :

αk = arg min
α≥0

f(xk − α f ′(xk)).
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×èñëåííûå ìåòîäû ÍËÏ

Òåîðåìà 19 (Ïåðâàÿ òåîðåìà ñõîäèìîñòè)

Ïóñòü ôóíêöèÿ f ∈ C(Rn), îãðàíè÷åíà ñíèçó
f(x) ≥ f∗ > −∞, âûïîëíÿåòñÿ óñëîâèå Ëèï-
øèöà äëÿ ãðàäèåíòà f ′(x):

‖f ′(x) − f ′(y)‖ ≤ L ‖x − y‖
è äëèíà øàãà α óäîâëåòâîðÿåò óñëîâèþ 0 < α
< 2/L. Òîãäà f ′(xk) → 0 ïðè k → ∞ è
f(xk+1) ≤ f(xk), ïðè ëþáîì âûáîðå íà÷àëü-
íîãî ïðèáëèæåíèÿ x0. -18-
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×èñëåííûå ìåòîäû ÍËÏ

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ôîðìóëîé êî-
íå÷íûõ ïðèðàùåíèé

f(x + y) = f(x) +

1∫
0

〈f ′(x + τy), y〉 dτ,

ïðèáàâèì è âû÷òåì èç ïðàâîé ÷àñòè âåëè÷èíó

〈f ′(x), y〉:
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×èñëåííûå ìåòîäû ÍËÏ

f(x+y) = f(x)+〈f ′(x), y〉+
1∫

0

〈f ′(x+τy)−

−f ′(x), y〉 dτ.

Ïîäñòàâèì âìåñòî x è y, ñîîòâåòñòâåííî, xk è
−αf ′(xk). Èìååì

f(xk+1) ≤ f(xk) + 〈f ′(xk), −αf ′(xk)〉+
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×èñëåííûå ìåòîäû ÍËÏ

+

1∫
0

|〈f ′(xk − ταf ′(xk)) − f ′(xk),

−αf ′(xk)〉|dτ ≤ . . .

Ïåðâîå íåðàâåíñòâî ñëåäñòâèå ïîÿâëåíèÿ ìîäóëÿ
ïîä èíòåãðàëîì. Ñëåäóþùåå íåðàâåíñòâî âûòåêà-
åò èç íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî |〈a, b〉| ≤
‖a‖ ‖b‖
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×èñëåííûå ìåòîäû ÍËÏ

· · · ≤ f(xk) − α ‖f ′(xk)‖2 + +

1∫
0

‖f ′(xk−

−ταf ′(xk)) − f ′(xk)‖‖αf ′(xk)‖dτ ≤ . . .

èç óñëîâèÿ Ëèïøèöà èìååì

≤ f(xk) − α ‖f ′(xk)‖2+

+

1∫
0

L‖ταf ′(xk)‖ ‖αf ′(xk)‖dτ =
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×èñëåííûå ìåòîäû ÍËÏ

óïðîùàÿ, ïîëó÷èì

= f(xk)−α‖f ′(xk)‖2+Lα2 ‖f ′(xk)‖2

1∫
0

τdτ =

= f(xk) − α(1 − Lα/2)‖f ′(xk)‖2 =

= f(xk) − γ‖f ′(xk)‖2

(γ = α(1 − Lα/2)) =⇒ è óñëîâèÿ γ > 0
èìååì
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×èñëåííûå ìåòîäû ÍËÏ

f(xk+1) ≤ f(xk).

Èíäóêöèåé ëåãêî äîêàçàòü ∀s

f(xs+1) ≤ f(x0) − γ
s∑

k=0

‖f ′(xk)‖2.

Òîãäà, ó÷èòûâàÿ îãðàíè÷åííîñòü ôóíêöèè f(x) ≥
f∗ > −∞ ïîëó÷èì
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×èñëåííûå ìåòîäû ÍËÏ

s∑
k=0

‖f ′(xk)‖2 ≤ (f(x0) − f(xs+1))/γ ≤

≤ (f(x0) − f∗)/γ.

⇐⇒ f ′(xk) → 0 ïðè k → ∞. �
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