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ËÅÊÖÈß � 13

1. Ãðàäèåíòíûå ìåòîäû (ïðîäîëæåíèå)

2. Ìåòîä Íüþòîíà (ìåòîä âòîðîãî ïîðÿä-
êà)
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Ãðàäèåíòíûå ìåòîäû

Îïðåäåëåíèå Äèôôåðåíöèðóåìàÿ ôóíêöèÿ f íà-
çûâàåòñÿ ñèëüíî âûïóêëîé (ñ êîíñòàíòîé l > 0),
åñëè äëÿ ëþáûõ x è y èç Rn ñïðàâåäëèâî

f(x + y) ≥ f(x) + 〈f ′(x), y〉 + l‖y‖2/2.
(37)

Ëåììà 13 Åñëè ôóíêöèÿ f ÿâëÿåòñÿ ñèëüíî âû-
ïóêëîé (ñ êîíñòàíòîé l > 0), òî îíà èìååò ãëî-
áàëüíûé ìèíèìóì íà Rn.
Äîêàçàòåëüñòâî. Ïåðåïèøåì (37), èñïîëüçóÿ
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Ãðàäèåíòíûå ìåòîäû

íåðàâåíñòâî Êîøè - Áóíÿêîâñêîãî

f(x + y) ≥ f(x) − ‖f ′(x)‖‖y‖ + l‖y‖2/2.

Âûíåñåì âåëè÷èíó l‖y‖/2 çà ñêîáêè

f(x+y) ≥ f(x)+l‖y‖/2(‖y‖−2‖f ′(x)‖/l).

=⇒ ∀y : ‖y‖ > r = 2‖f ′(x)‖/l èìååì íåðà-
âåíñòâî f(x + y) > f(x), èç êîòîðîãî ñëåäóåò,
÷òî ìèíèìóì ∃ è äîñòèãàåòñÿ íà øàðå B(x, r).
�
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Ãðàäèåíòíûå ìåòîäû

Ëåììà 14 Åñëè ôóíêöèÿ f ÿâëÿåòñÿ ñèëüíî âû-
ïóêëîé (ñ êîíñòàíòîé l > 0) è x∗ � åå ãëîáàëüíûé
ìèíèìóì, òî äëÿ ëþáîãî x ∈ Rn âûïîëíÿåòñÿ
íåðàâåíñòâî ‖f ′(x)‖2 ≥ 2l(f(x) − f(x∗)).

Äîêàçàòåëüñòâî. Ïîäñòàâèì â íåðàâåíñòâî (37)
âìåñòî y âåêòîð x∗ − x. Ïîëó÷èì

f(x) − f(x∗) + 〈f ′(x), x∗ − x〉+
+l‖x∗ − x‖2/2 ≤ 0.
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Ãðàäèåíòíûå ìåòîäû

Ïî îïðåäåëåíèþ ñêàëÿðíîãî ïðîèçâåäåíèÿ èìååì

〈f ′(x)/
√

2l +
√

l/2(x∗ − x), f ′(x)/
√

2l+

+
√

l/2(x∗ − x)〉 =

‖f ′(x)/
√

2l +
√

l/2(x∗ − x)‖2 ≥ 0.

Ðàñïèøåì ñêàëÿðíîå ïðîèçâåäåíèå è ïîëó÷èì

‖f ′(x)‖2/2l+〈f ′(x), x∗−x〉+l‖x∗−x)‖2/2 ≥
≥ 0 ≥ f(x) − f(x∗) + 〈f ′(x), x∗ − x〉+

+l‖x∗ − x‖2/2.
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Ãðàäèåíòíûå ìåòîäû

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ ïîëó÷èì òðå-
áóåìîå íåðàâåíñòâî:

‖f ′(x)‖2 ≥ 2l(f(x) − f(x∗)).�
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Ãðàäèåíòíûå ìåòîäû

Òåîðåìà 20 (Âòîðàÿ òåîðåìà ñõîäèìî-
ñòè) Ïóñòü ôóíêöèÿ f äèôôåðåíöèðóåìà â Rn,
ÿâëÿåòñÿ ñèëüíî âûïóêëîé, âûïîëíÿåòñÿ óñëîâèå
Ëèïøèöà äëÿ ãðàäèåíòà f ′(x) : ‖f ′(x)−f ′(y)‖ ≤
L ‖x−y‖ è äëèíà øàãà α óäîâëåòâîðÿåò óñëîâèþ
0 < α < 2/L.

Òîãäà xk → x∗ ïðè k → ∞ è ‖xk −
x∗‖ ≤ Cqk, 0 ≤ q < 1.
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Ãðàäèåíòíûå ìåòîäû

Äîêàçàòåëüñòâî. Ó ôóíêöèè f ∃ ãëîáàëüíûé
ìèíèìóì x∗ (ëåììà 13). Ïðè äîêàçàòåëüñòâå òåî-
ðåìû 19 ïîëó÷èëè:

f(xk+1) ≤ f(xk) − α(1 − Lα/2)‖f ′(xk)‖2

îòñþäà, ó÷èòûâàÿ íåðàâåíñòâî

‖f ′(xk)‖2 ≥ 2l(f(xk) − f(x∗)) (ëåììà 14)

ïîëó÷èì

f(xk+1) ≤ f(xk)−lα(2−Lα)(f(xk)−f(x∗))
èëè,
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Ãðàäèåíòíûå ìåòîäû

âû÷èòàÿ f(x∗) èç îáåèõ ÷àñòåé, èìååì:

f(xk+1) − f(x∗) ≤ (1 − lα(2 − Lα))×

×(f(xk) − f(x∗)) (38)

Ïîëîæèì q1 = 1 − lα(2 − Lα). Èç (38) =⇒

f(xk+1) − f(x∗) ≤ qk+1
1 (f(x0) − f(x∗))

(39)
Ôóíêöèÿ f 6= const

(
(îò ïðîòèâíîãî) Ïóñòü

f = const.
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Ãðàäèåíòíûå ìåòîäû

Òîãäà f ′(x) = 0 è èç íåðàâåíñòâà f(x + y) ≥
f(x)+〈f ′(x), y〉+l‖y‖2/2 èìååì l‖y‖2/2 ≤
0 ⇒ ïðîòèâîðå÷èå ñ óñëîâèåì l > 0

)
=⇒ íàéä¼òñÿ íà÷àëüíàÿ òî÷êà x0 òàêàÿ, ÷òî

f(x0) > f(x∗).

Òîãäà ïðè k = 0 èìååì (íåðàâåíñòâî (38))

0 ≤ f(x1) − f(x∗) ≤ q1(f(x0) − f(x∗)).
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Ãðàäèåíòíûå ìåòîäû

Ñëåäîâàòåëüíî q1 ≥ 0. Òàê êàê q1 < 1, òî èç
(39) ñëåäóåò, ÷òî

f(xk) → f(x∗).

Ïîäñòàâèì â íåðàâåíñòâî

f(x + y) ≥ f(x) + 〈f ′(x), y〉 + l‖y‖2/2

âìåñòî y âåêòîð (xk − x∗) è x∗ âìåñòî x.
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Ãðàäèåíòíûå ìåòîäû

Ó÷èòûâàÿ, ÷òî x∗ � ãëîáàëüíûé ìèíèìóì, è, ñëå-

äîâàòåëüíî, f ′(x∗) = 0, ïîëó÷èì

(f(xk) − f(x∗)) ≥ l‖xk − x∗‖2/2.

Èç ýòîãî íåðàâåíñòâà è (39) èìååì:

‖xk − x∗‖2 ≤ 2qk
1 (f(x0) − f(x∗))/l.

Ïåðåïèøåì ýòî íåðàâåíñòâî â ñëåäóþùåì âèäå

‖xk − x∗‖ ≤ Cqk, ãäå

C =
√

2(f(x0) − f(x∗))/l, q =
√

q1.
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Ãðàäèåíòíûå ìåòîäû

Òàêèì îáðàçîì ìåòîä èìååò ëèíåéíóþ îöåíêó ñêî-
ðîñòè ñõîäèìîñòè. Èç ýòîãî íåðàâåíñòâà òàêæå ïî-
ëó÷èì, ÷òî xk → x∗ ïðè k → ∞. �
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Ìåòîä Íüþòîíà

Ïóñòü f � äâàæäû íåïðåðûâíî äèôôåðåíöè-
ðóåìàÿ ôóíêöèÿ è åñòü àëãîðèòì âû÷èñëåíèÿ å¼
âòîðûõ ïðîèçâîäíûõ.

Èäåÿ ìåòîäà: çàìåíèòü ôóíêöèþ f â îêðåñò-
íîñòè òåêóùåãî ïðèáëèæåíèÿ xk å¼ êâàäðàòè÷íîé
àïïðîêñèìàöèåé: q(x) = f(xk) + f ′(xk)(x −
xk) + 1

2(x − xk)>f ′′(xk)(x − xk).

Âûáðàòü â êà÷åñòâå íîâîãî ïðèáëèæåíèÿ xk+1

òî÷êó ìèíèìóìà ôóíêöèè q(x) (åñëè îíà ∃).
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Ìåòîä Íüþòîíà

Ïðåäïîëîæèì, ÷òî ìàòðèöà f ′′(xk) � ïîëîæè-
òåëüíî îïðåäåë¼ííàÿ =⇒ ôóíêöèÿ q(x) � ñèëüíî
âûïóêëà =⇒ ó íå¼ åäèíñòâåííûé ìèíèìóì =⇒
åãî ìîæíî íàéòè êàê ðåøåíèå ñèñòåìû óðàâíåíèé

q′(xk+1) = 0, êîòîðàÿ ïî îïðåäåëåíèþ q(x) ýê-
âèâàëåíòíà ñëåäóþùåé ñèñòåìå ëèíåéíûõ óðàâíå-
íèé

f ′(xk) = −f ′′(xk)(xk+1 − xk).
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Ìåòîä Íüþòîíà

=⇒ ïîëó÷àåì íåîáõîäèìóþ èòåðàöèîííóþ ôîðìó-
ëó

xk+1 = xk − (f ′′(xk))−1f ′(xk).

Çàìåòèì, ÷òî çäåñü êàê íàïðàâëåíèå, òàê è äëèíà
øàãà çàäàíû.
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Ìåòîä Íüþòîíà

Ëåììà 15 Ïóñòü f � äâàæäû íåïðåðûâíî äèôôå-
ðåíöèðóåìàÿ ôóíêöèÿ. Åñëè f � ñèëüíî âûïóêëàÿ
ôóíêöèÿ ñ êîíñòàíòîé l, òî âûïîëíÿåòñÿ ñëåäóþ-
ùåå íåðàâåíñòâî:

‖[f ′′(x)]−1‖ ≤ l−1.

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ñëåäóþùåé ôîð-
ìóëîé äëÿ êîíå÷íûõ ïðèðàùåíèé ôóíêöèè f :

f(x + y) − f(x) = 〈f ′(x), y〉+
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Ìåòîä Íüþòîíà

+
〈f ′′(x + τ2y)y, y〉

2
,

ãäå 0 ≤ τ2 ≤ 1. Èç íåðàâåíñòâà (37) (îïðåäåëå-
íèÿ ñèëüíîé âûïóêëîñòè) =⇒
〈f ′′(x + τ2y)y, y〉/2 = f(x + y) − f(x)−

−〈f ′(x), y〉 ≥ l‖y‖2/2.

Çàìåíÿÿ y íà ty, ïîëó÷èì:

〈f ′′(x + τ2ty)ty, ty〉 ≥ l‖ty‖2.
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Ìåòîä Íüþòîíà

Ñëåäîâàòåëüíî,

t2〈f ′′(x + τ2ty)y, y〉 ≥ t2l‖y‖2.

Ïîäåëèâ íà t2 è óñòðåìëÿÿ t ê íóëþ, áóäåì èìåòü

〈f ′′(x)y, y〉 ≥ l‖y‖2.

Ïóñòü y = (f ′′(x))−1z =⇒
〈z, (f ′′(x))−1z〉 ≥ l‖(f ′′(x))−1z‖2

=⇒ (èñïîëüçóÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî)
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Ìåòîä Íüþòîíà

‖z‖‖(f ′′(x))−1z‖ ≥ l‖(f ′′(x))−1z‖2 =⇒
l‖(f ′′(x))−1z‖ ≤ ‖z‖ ∀z.

Ýòî îçíà÷àåò, ÷òî ‖[f ′′(x)]−1‖ ≤ l−1. �

Ïóñòü ïîñëåäîâàòåëüíîñòü {xk} ïîëó÷åíà ñ ïîìî-

ùüþ ìåòîäà Íüþòîíà è òî÷êà x∗ � ãëîáàëüíûé

ìèíèìóì ôóíêöèè f .
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Ìåòîä Íüþòîíà

Òåîðåìà 21 Ïóñòü äâàæäû íåïðåðûâíî äèôôå-
ðåíöèðóåìàÿ ôóíêöèÿ f ñèëüíî âûïóêëà (ñ êîí-
ñòàíòîé l > 0), âòîðàÿ ïðîèçâîäíàÿ óäîâëåòâîðÿ-
åò óñëîâèþ Ëèïøèöà: äëÿ ëþáûõ x, y ∈ Rn

‖f ′′(x) − f ′′(y)‖ ≤ L ‖x − y‖,

è q = L‖f ′(x0)‖/2l2 < 1. Òîãäà xk → x∗

ïðè k → ∞ è ìåòîä Íüþòîíà èìååò êâàäðàòè÷-
íóþ ñêîðîñòü ñõîäèìîñòè

‖xk − x∗‖ ≤ (2l/L)q2k
.
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Ìåòîä Íüþòîíà

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ñëåäóþùåé ôîð-
ìóëîé êîíå÷íûõ ïðèðàùåíèé:

g(x+y) = g(x)+〈g′(x), y〉+
1∫

0

〈g′(x+τy)−

−g′(x), y〉dτ.

Ïîäñòàâèì âìåñòî g ïðîèçâîäíóþ ôóíêöèè f :
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Ìåòîä Íüþòîíà

f ′(x+y) = f ′(x)+〈f ′′(x), y〉+
1∫

0

〈f ′′(x+τy)−

−f ′′(x), y〉dτ.

Â ýòîé ôîðìóëå èñïîëüçîâàíû ñëåäóþùèå ñîãëà-
øåíèÿ:

〈f ′′(x), y〉 =
(
〈(f ′(x))′x1

, y〉, . . . ,

〈(f ′(x))′xn
, y〉

)
,
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Ìåòîä Íüþòîíà

1∫
0
〈f ′′(x +τy) − f ′′(x), y〉dτ =

( 1∫
0
〈(f ′(x +

τy) −f ′(x))′x1
, y〉dτ, . . . ,

1∫
0
〈(f ′(x + τy) −

f ′(x))′xn
, y〉dτ

)
. Ïåðåïèøåì ôîðìóëó f ′(x +

y)− f ′(x) −〈f ′′(x), y〉 =
1∫
0
〈f ′′(x+ τy)−

f ′′(x), y〉dτ. Âåêòîð ñëåâà îáîçíà÷èì ÷åðåç F ,
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Ìåòîä Íüþòîíà

âåêòîð ñïðàâà ÷åðåç Z, âåêòîð ïîä èíòåãðàëîì ÷å-
ðåç Z(τ ) = (Z1(τ ), . . . , Zn(τ )). Ïîíÿòíî, ÷òî

Z =
1∫
0

Z(τ )dτ . Î÷åâèäíî, ÷òî ‖F‖ = ‖Z‖.

Îöåíèì íîðìó Z.

‖Z‖2 =
∑
j

Z2
j =

∑
j

Zj

1∫
0

Zj(τ )dτ =
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Ìåòîä Íüþòîíà

=

1∫
0

(
∑

j

ZjZj(τ ))dτ ≤

≤
1∫

0

‖Z‖‖Z(τ )‖dτ = ‖Z‖
1∫

0

‖Z(τ )‖dτ ≤

≤ ‖Z‖
1∫

0

‖f ′′(x + τy) − f ′′(x)‖dτ ≤ ‖Z‖L‖y‖2/2
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Ìåòîä Íüþòîíà

=⇒
‖F‖ = ‖Z‖ ≤ L‖y‖2/2

=⇒
‖f ′(x+y)−f ′(x)−〈f ′′(x), y〉‖ ≤ L‖y‖2/2.

Ïîäñòàâèì x = xk è y = −[f ′′(xk)]−1f ′(xk)

‖f ′(xk+1)‖ ≤ (L/2)‖[f ′′(xk)]−1‖2‖f ′(xk)‖2.
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Ìåòîä Íüþòîíà

Ïðèìåíÿÿ ëåììó 15, ïîëó÷èì

‖f ′(xk+1)‖ ≤ (L/2l2)‖f ′(xk)‖2.

Èòåðèðóåì ýòî íåðàâåíñòâî ïî k

‖f ′(xk+1)‖ ≤ (2l2/L) (L‖f ′(x0)‖/2l2︸ ︷︷ ︸
q

)
2k+1

.

f � ñèëüíî âûïóêëàÿ ôóíêöèÿ =⇒
f(x + y) ≥ f(x) + 〈f ′(x), y〉 + l‖y‖2/2.

y çàìåíèì íà y − x
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Ìåòîä Íüþòîíà

=⇒
f(y) ≥ f(x)+〈f ′(x), y−x〉+ l‖y−x‖2/2.

ìåíÿåì x íà y, à y íà x =⇒
f(x) ≥ f(y)+〈f ′(y), x−y〉+ l‖x−y‖2/2.

Ñëîæèì îáà íåðàâåíñòâà:

〈f ′(x) − f ′(y), x − y〉 ≥ l‖x − y‖2.
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Ìåòîä Íüþòîíà

Ïîäñòàâèì y = x∗, x = xk+1, è ó÷èòûâàÿ ðà-
âåíñòâî f ′(x∗) = 0, ïîëó÷èì

l‖xk+1 − x∗‖2 ≤ 〈f ′(xk+1), x∗ − xk+1〉 ≤

≤ ‖f ′(xk+1)‖ ‖x∗ − xk+1‖ ≤

≤ (2l2/L)q2k+1
‖x∗ − xk+1‖ =⇒

‖xk+1 − x∗‖ ≤ (2l/L)q2k+1
�
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