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ËÅÊÖÈß � 2

Íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà

1. Òåîðåìà Ôðèòöà-Äæîíà

2. Òåîðåìû Êóíà-Òàêêåðà

3. Ïðàâèëî ìíîæèòåëåé Ëàãðàíæà
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Ôðèòöà�Äæîíà

Äàëåå áóäåì ðàáîòàòü ñî ñëåäóþùåé çàäà÷åé íåëèíåéíîãî ïðîãðàììèðîâàíèÿ
Íàéòè:

min f(x) (1)

ïðè óñëîâèè, ÷òî
ϕi(x) ≤ 0, i = 1, m. (2)

Çäåñü f, ϕi : Rn −→ R è f, ϕi ∈ C1.

Îïðåäåëåíèå 1. Íàïðàâëåíèå s (ïðîèçâîëüíûé íåíóëåâîé âåêòîð) â
òî÷êå x ∈ Q íàçûâàåòñÿ âîçìîæíûì, åñëè ñóùåñòâóåò òàêîå ÷èñëî β,
÷òî x + βs ∈ Q, ∀β ∈ [0, β].
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Êîììåíòàðèé

Íàïîìíþ, ÷òî ìíîæåñòâî K íàçûâàåòñÿ êîíóñîì, åñëè ∀ λ ≥ 0 è ∀ x ∈ K èìååì
λx ∈ K.

Î÷åâèäíî, ÷òî ìíîæåñòâî âîçìîæíûõ íàïðàâëåíèé â òî÷êå x îáðàçóåò êîíóñ,
êîòîðûé îáîçíà÷èì êàê Kf(x).
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Ôðèòöà�Äæîíà

Îãðàíè÷åíèå ϕi íàçûâàåòñÿ àêòèâíûì â òî÷êå x, åñëè ϕi(x) = 0. Îáîçíà÷èì
÷åðåç I(x) ìíîæåñòâî íîìåðîâ îãðàíè÷åíèé àêòèâíûõ â äàííîé òî÷êå.

Ëåììà 2. Åñëè âåêòîð s 6= 0 óäîâëåòâîðÿåò ñèñòåìå

(ϕ
′

i(x), s) + σ ≤ 0, i ∈ I(x),

ïðè íåêîòîðîì σ > 0, òî íàïðàâëåíèå s ÿâëÿåòñÿ âîçìîæíûì â òî÷êå x.

Äîêàçàòåëüñòâî. Ìîæíî ñ÷èòàòü, ÷òî I(x) 6= ∅, ò.ê. èíà÷å x � âíóòðåííÿÿ
òî÷êà Q è òîãäà ëþáîå íàïðàâëåíèå s 6= 0 ÿâëÿåòñÿ âîçìîæíûì.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Ôðèòöà�Äæîíà

Åñëè i 6∈ I(x), òî ìàëîå ïåðåìåùåíèå íå íàðóøàåò ñòðîãîå îãðàíè÷åíèå ϕi(x) <

0 =⇒ íàéäåòñÿ ïîäõîäÿùåå β.

Ïóñòü i ∈ I(x)(≡ ϕi(x) = 0). Äîïóñòèì ϕi(x + βs) > 0, ∀β > 0 =⇒ ÷òî
ïðè β −→ 0

ϕi(x + βs)/β = (ϕi(x + βs) − ϕi(x))/β −→ (ϕ
′

i(x), s) ≥ 0.

Ïðîòèâîðå÷èå. Ò.ê. ïî óñëîâèÿì ëåììû (ϕ
′

i(x), s) < 0.�
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Êîììåíòàðèé

Ïóñòü
K<(x) = {s|s 6= 0 è (ϕ

′

i(x), s) < 0, ∀ i ∈ I(x)}.

Èç ýòîãî îïðåäåëåíèÿ ñëåäóåò, ÷òî ìíîæåñòâî K<(x) êîíóñ. Ïîýòîìó ëåììà 2 óòâåð-
æäàåò, ÷òî êîíóñ K<(x) ÿâëÿåòñÿ ïîäìíîæåñòâîì êîíóñà Kf(x), îïðàâäûâàÿ íà-
çâàíèå ïåðâîãî èç íèõ, êàê âíóòðåííåé àïïðîêñèìàöèè âòîðîãî � êîíóñà âîçìîæíûõ
íàïðàâëåíèé.

Êîíóñ
Kd(x) = {s 6= 0|(f ′

i(x), s) < 0}
íàçûâàåòñÿ êîíóñîì íàïðàâëåíèé óáûâàíèÿ ôóíêöèè f .
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Ãåîìåòðè÷åñêàÿ ôîðìà íåîáõîäèìûõ óñëîâèé îïòèìàëüíî-

ñòè

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû òî÷êà x ∈ Q ÿâëÿëàñü òî÷êîé ëîêàëüíîãî
ìèíèìóìà ôóíêöèè f íà ìíîæåñòâå Q íåîáõîäèìî, ÷òîáû äëÿ ëþáîãî
ðåøåíèÿ (s, σ) ñèñòåìû

(ϕ
′

i(x), s) + σ ≤ 0, i ∈ I(x), (4)

(f
′
(x), s) + σ ≤ 0, (5)

âûïîëíÿëîñü óñëîâèå
σ ≤ 0. (6)

Äîêàçàòåëüñòâî. Ïóñòü x � ëîêàëüíûé ìèíèìóì ôóíêöèè f íà ìíîæåñòâå Q

è ∃ (s, σ) : (4), (5) è σ > 0.
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Ãåîìåòðè÷åñêàÿ ôîðìà íåîáõîäèìûõ óñëîâèé îïòèìàëüíî-

ñòè

=⇒ è ëåììû 2 èìååì, ÷òî s � âîçìîæíîå íàïðàâëåíèå â òî÷êå x.

Ò.ê. f
′
(x)�íåïðåðûâíàÿ ôóíêöèÿ è (f

′
(x), s) ≤ −σ < 0, òî ∃ äîñòàòî÷íî

ìàëîå β > 0:
(f

′
(x + βs), s) < 0, x + βs ∈ Q.

Òîãäà ïî òåîðåìå î ñðåäíåì

f(x + βs) − f(x) = β(f
′
(x + θβs), s) < 0, ãäå 0 ≤ θ ≤ 1.

Ïðîòèâîðå÷èå ñ òåì, ÷òî x � ëîêàëüíûé ìèíèìóì ôóíêöèè f .�
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Êîììåíòàðèé

Òåîðåìà 2 ýêâèâàëåíòíà óòâåðæäåíèþ, ÷òî äëÿ ëîêàëüíîé îïòèìàëüíîñòè òî÷êè x

íåîáõîäèìî âûïîëíåíèå óñëîâèÿ

Kd(x) ∩ K<(x) = ∅.

Íàçâàíèå òåîðåìû ñâÿçàíî ñ òåì, ÷òî â íåé íåîáõîäèìûå óñëîâèÿ ôîðìóëèðóþòñÿ â
âèäå òðåáîâàíèÿ ïóñòîòû ïåðåñå÷åíèÿ äâóõ ãåîìåòðè÷åñêèõ îáúåêòîâ � äâóõ êîíóñîâ.
Ýòó òåîðåìó ìîæíî ñôîðìóëèðîâàòü â áîëåå ñèëüíîì âàðèàíòå:

Kd(x) ∩ Kf(x) = ∅,

êîòîðûé, îäíàêî, íåêîíñòðóêòèâåí, ò.ê. îòñóòñòâóåò àíàëèòè÷åñêîå îïèñàíèå çàìûêà-
íèÿ êîíóñà âîçìîæíûõ íàïðàâëåíèé. Âïîñëåäñòâèè ìû óâèäèì, ÷òî íàëè÷èå äîïîë-
íèòåëüíîé èíôîðìàöèè î çàäà÷å ïðèâîäèò ê íóæíîìó îïèñàíèþ ýòîãî êîíóñà. Ýòà
èíôîðìàöèÿ áóäåò ôîðìóëèðîâàòüñÿ â âèäå òàê íàçûâàåìûõ óñëîâèé ðåãóëÿðíîñòè.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Ôðèòöà�Äæîíà

Òåîðåìà 3 (Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Ôðèòöà�Äæîíà). Ïóñòü
x∗ � ëîêàëüíûé ýêñòðåìóì çàäà÷è (1), (2), ôóíêöèè f , ϕi, i = 1, m,

íåïðåðûâíû è íåïðåðûâíî äèôôåðåíöèðóåìû. Òîãäà íàéäóòñÿ òàêèå
íå âñå ðàâíûå 0 ìíîæèòåëè λi ≥ 0, i = 0, m, ÷òî

λ0f
′
(x∗) +

m∑
i=1

λiϕ
′

i(x
∗) = 0n, (7)

λiϕi(x
∗) = 0, i = 1, m. (8)

Äîêàçàòåëüñòâî. Ïåðåïèøåì íåðàâåíñòâî (6) (σ ≤ 0) òåîðåìû 2 â ñëåäóþùåì
âèäå: (0, s) + 1 · σ ≤ 0. Ýòà òåîðåìà óòâåðæäàåò, ÷òî
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Ôðèòöà�Äæîíà

åñëè âåêòîð (s, σ) óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé (4), (5):

(s1, . . . , sn, σ)

(
f

′
(x∗) . . . ϕ

′

i(x
∗) . . .

1 . . . 1 . . .

)
≤ 0,

òî âûïîëíÿåòñÿ íåðàâåíñòâî (6)

(s1, . . . , sn, σ)(0, . . . , 0, 1)ᵀ ≤ 0.

Òîãäà ïî òåîðåìå Ôàðêàøà-Ìèíêîâñêîãî ∃ íåîòðèöàòåëüíîå ðåøåíèå ñèñòåìû óðàâ-
íåíèé: (

f
′
(x∗) . . . ϕ

′

i(x
∗) . . .

1 . . . 1 . . .

)
(λ0, . . . , λi, . . .)ᵀ = (0, . . . , 0, 1)ᵀ.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Ôðèòöà�Äæîíà

Ñëåäîâàòåëüíî
λ0f

′
(x∗) +

∑
i∈I(x∗)

λiϕ
′

i(x
∗) = 0n,

λ0 +
∑

i∈I(x∗)

λi = 1. (9)

Ïîëîæèì λi = 0, i 6∈ I(x∗) è ïîëó÷èì

λ0f
′
(x∗) +

m∑
i=1

λiϕ
′

i(x
∗) = 0n,

λiϕi(x
∗) = 0, i = 1, m. �
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Êîììåíòàðèé

Íåîáõîäèìûå óñëîâèÿ Ôðèòöà�Äæîíà äàþò óæå ÷èñòî àëãåáðàè÷åñêóþ õàðàêòåðèçà-
öèþ ëîêàëüíûõ ýêñòðåìóìîâ êàê ðåøåíèé ñèñòåìû óðàâíåíèé. Êîìïîíåíòû ðåøåíèÿ
λi ≥ 0, i = 0, m, ñèñòåìû (7)-(8) íàçûâàþò ìíîæèòåëÿìè Ëàãðàíæà ëîêàëüíîãî
îïòèìóìà x∗. Ñîîòíîøåíèÿ (8) íàçûâàþò ñîîòíîøåíèÿìè äîïîëíÿþùåé íåæ¼ñòêî-
ñòè, â ñëåäñòâèè êîòîðûõ ìíîæèòåëè λi ñîîòâåòñòâóþùèå íåàêòèâíûì îãðàíè÷åíè-
ÿì i 6∈ I(x∗) ðàâíû 0.

Ìíîæèòåëü λi õàðàêòåðèçóåò ÷óâñòâèòåëüíîñòü äàííîãî ëîêàëüíîãî îïòèìóìà x∗

îòíîñèòåëüíî ìàëûõ èçìåíåíèé âåëè÷èíû ϕi(x
∗).

Ïåðåéä¼ì ê âûâîäó êëàññè÷åñêèõ óñëîâèé îïòèìàëüíîñòè Êóíà-Òàêêåðà, êîòîðûå
ñîâïàäàþò ñ íåîáõîäèìûìè óñëîâèÿìè Ôðèòöà-Äæîíà çàòåì ëèøü èñêëþ÷åíèåì,
÷òî â íèõ λ0 6= 0.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà

Òåîðåìà 4 (Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà). Ïóñòü
x∗ � ëîêàëüíûé ýêñòðåìóì çàäà÷è (1), (2), ôóíêöèè f , ϕi, i = 1, m,

íåïðåðûâíû è íåïðåðûâíî äèôôåðåíöèðóåìû è âåêòîðà ϕ
′

i(x
∗), i ∈

I(x∗), ëèíåéíî íåçàâèñèìû. Òîãäà íàéäóòñÿ òàêèå ìíîæèòåëè λi ≥
0, i = 1, m, ÷òî

−f
′
(x∗) =

m∑
i=1

λiϕ
′

i(x
∗), (10)

λiϕi(x
∗) = 0, i = 1, m. (11)

Äîêàçàòåëüñòâî. Èç òåîðåìû 3 =⇒ íàéäóòñÿ òàêèå íå âñå ðàâíûå 0 ìíîæèòåëè
λi ≥ 0, i = 0, m, ÷òî
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà

λ0f
′
(x∗) +

m∑
i=1

λiϕ
′

i(x
∗) = 0n. (7)

λiϕi(x
∗) = 0, i = 1, m. (8)

Òàêæå ïîëó÷èëè ðàâåíñòâî
λ0 +

∑
i∈I(x∗)

λi = 1. (9)

Ïîêàæåì, ÷òî λ0 6= 0 (îò ïðîòèâíîãî). Ïóñòü λ0 = 0. Èç (9) =⇒ ∃ λi 6= 0
=⇒ {ϕ

′

i(x
∗)}i∈I(x∗) ëèíåéíî çàâèñèìûå âåêòîðà. Ïðîòèâîðå÷èå. =⇒ λ0 > 0
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

Çàäà÷à (1), (2) íàçûâàåòñÿ çàäà÷åé âûïóêëîãî ïðîãðàììèðîâàíèÿ, åñëè ôóíêöèè f ,
ϕi, i = 1, m, � âûïóêëû.

Ìíîæåñòâî Q âûïóêëî. Ïî ïðåæíåìó ñ÷èòàåì, ÷òî f , ϕi ∈ C1.

Óñëîâèå ðåãóëÿðíîñòè äëÿ âûïóêëîãî ñëó÷àÿ:

∀i, i = 1, m, ∃xi ∈ Q : ϕi(x
i) < 0.

Ýêâèâàëåíòíî óñëîâèþ ðåãóëÿðíîñòè Ñëåéòåðà

∃x̃ ∈ Q : ϕi(x̃) < 0, i = 1, m.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

Ëåììà 3. Ôóíêöèÿ f äèôôåðåíöèðóåìàÿ íà âûïóêëîì ìíîæåñòâå Q,
âûïóêëà â òîì è òîëüêî â òîì ñëó÷àå, êîãäà äëÿ ëþáûõ x, y ∈ Q:
(f

′
(x), y − x) ≤ f(y) − f(x).

Äîêàçàòåëüñòâî. ∀x 6= y ∈ Q, ∀α 0 < α ≤ 1

f(x + α(y − x)) ≤ f(x) + α(f(y) − f(x)).

Ïåðåïèøåì íåðàâåíñòâî:

‖y − x‖
f(x + βs) − f(x)

β
≤ f(y) − f(x),

ãäå s = y−x
‖y−x‖ , β = α‖y − x‖. Óñòðåìèì β ê 0. Â ïðåäåëå ïîëó÷èì
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

∂f

∂s
‖y − x‖ ≤ f(y) − f(x).

Íî
∂f

∂s
‖y − x‖ = (f

′
(x), s) ‖y − x‖ = (f

′
(x), y − x).

Èòàê, äîêàçàëè íåðàâåíñòâî

(f
′
(x), y − x) ≤ f(y) − f(x).

Â îáðàòíóþ ñòîðîíó. Ïóñòü ∀x, y ∈ Q : (f
′
(x), y − x) ≤ f(y) − f(x).
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

Ïî óñëîâèþ ∀ α ∈ [0, 1] : z = αx + (1 − α)y ∈ Q.

Óìíîæèì íåðàâåíñòâî (f
′
(z), x − z) ≤ f(x) − f(z) íà α, à

íåðàâåíñòâî (f
′
(z), y − z) ≤ f(y) − f(z) íà (1 − α) è ñëîæèì èõ

0 = (f
′
(z), α(x − z) + (1 − α)(y − z)) ≤ αf(x) + (1 − α)f(y) − f(z)

=⇒ f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y).
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

Ëåììà 4. Åñëè

Q = {x|ϕi(x) = (ai, x) − bi ≤ 0, i = 1, m},

òî óñëîâèÿ
(ai, s) ≤ 0, i ∈ I(x∗)

íåîáõîäèìû è äîñòàòî÷íû äëÿ òîãî, ÷òîáû íàïðàâëåíèå s áûëî âîç-
ìîæíûì â òî÷êå x∗ ∈ Q.

Äîêàçàòåëüñòâî. Ïóñòü β > 0. Ðàññìîòðèì

ϕi(x
∗ + βs) = (ai, x∗ + βs) − bi = (ai, x∗) − bi + β(ai, s).

∀i 6∈ I(x∗) (ai, x∗) − bi < 0 ⇒ ∀i 6∈ I(x∗) ϕi(x
∗ + βs) ≤ 0,

äëÿ äîñòàòî÷íî ìàëûõ β.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

∀i ∈ I(x∗) ϕi(x
∗ + βs) = (ai, x∗ + βs) − bi = β(ai, s) ⇒

⇒ x∗ + βs ∈ Q ∀β > 0 ⇔ (ai, s) ≤ 0 ∀i ∈ I(x∗).�

Ýòà ëåììà ïîçâîëÿåò ýëèìèíèðîâàòü óñëîâèå Ñëåéòåðà â çàäà÷å âûïóêëîãî ïðîãðàì-
ìèðîâàíèÿ â ñëó÷àå ëèíåéíûõ îãðàíè÷åíèé.

Ïîìíèì: ôóíêöèè f, ϕi � âûïóêëûå, íåïðåðûâíî-äèôôåðåíöèðóåìûå. Ìíîæå-
ñòâî äîïóñòèìûõ ðåøåíèé Q óäîâëåòâîðÿåò óñëîâèþ Ñëåéòåðà.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

Òåîðåìà 5 (Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âû-
ïóêëûé ñëó÷àé). Åñëè òî÷êà x∗ � ëîêàëüíûé ìèíèìóì çàäà÷è (1),
(2),òî íàéäóòñÿ òàêèå ìíîæèòåëè λi ≥ 0, i = 1, m, ÷òî

−f
′
(x∗) =

m∑
i=1

λiϕ
′

i(x
∗), (10)

λiϕi(x
∗) = 0, i = 1, m. (11)

Äîêàçàòåëüñòâî. Èç òåîðåìû 3 =⇒ íàéäóòñÿ òàêèå íå âñå ðàâíûå 0 ìíîæèòåëè
λi ≥ 0, i = 0, m, ÷òî
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

λ0f
′
(x∗) +

m∑
i=1

λiϕ
′

i(x
∗) = 0n. (7)

λiϕi(x
∗) = 0, i = 1, m. (8)

Òàêæå ïîëó÷èëè ðàâåíñòâî
λ0 +

∑
i∈I(x∗)

λi = 1. (9)

Ïîêàæåì, ÷òî λ0 > 0 (îò ïðîòèâíîãî). Ïóñòü λ0 = 0.

Èç (9) =⇒
∑

i∈I(x∗)
λi = 1.

Èç óñëîâèÿ Ñëåéòåðà =⇒ ∃ z ∈ Q : ϕi(z) < 0, i = 1, m.
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Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè Êóíà�Òàêêåðà: âûïóê-

ëûé ñëó÷àé

Èç ëåììû 3 =⇒

(ϕ
′

i(x
∗), z − x∗) ≤ ϕi(z) − ϕi(x

∗) = ϕi(z) < 0, ∀i ∈ I(x∗).

Óìíîæèì (7) ñêàëÿðíî íà âåêòîð s = z − x∗ =⇒∑
i∈I(x∗)

λi(ϕ
′

i(x
∗), s) = 0. (∗)

Íî
∑

i∈I(x∗)
λi = 1, λi ≥ 0, i ∈ I(x∗), (ϕ

′

i(x
∗), s) < 0, i ∈ I(x∗)

=⇒
∑

i∈I(x∗)
λi(ϕ

′

i(x
∗), s) < 0. Ïðîòèâîðå÷èå c (∗) =⇒ λ0 > 0. �

Äàëåå ðàññìîòðèì çàäà÷ó ñ ëèíåéíûìè îãðàíè÷åíèÿìè, ò.å. Q = {x|ϕi(x) =
(ai, x) − bi ≤ 0, i = 1, m}, óñëîâèå Ñëåéòåðà íå èñïîëüçóåòñÿ, f ∈ C1 �
âûïóêëàÿ
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Ïðàâèëî ìíîæèòåëåé Ëàãðàíæà

Òåîðåìà 7 (ïðàâèëî ìíîæèòåëåé Ëàãðàíæà). Ïóñòü x∗ � ëîêàëüíûé
ýêñòðåìóì çàäà÷è (1), (2), ôóíêöèè f , ϕi, i = 1, m, íåïðåðûâíû è
íåïðåðûâíî äèôôåðåíöèðóåìû è âåêòîðà ϕ

′

i(x
∗), i = 1, m, ëèíåéíî

íåçàâèñèìû. Òîãäà íàéäóòñÿ òàêèå ìíîæèòåëè λi, i = 1, m, ÷òî

f
′
(x∗) =

m∑
i=1

λiϕ
′

i.
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