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ËÅÊÖÈß � 9

1. Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèì-
ïëåêñ-ìåòîä

2. Ïîíÿòèå îòñå÷åíèÿ
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

Ëåììà 12. Ïóñòü B � áàçèñíàÿ ìàòðèöà, x(B)
� ðåøåíèå ñèñòåìû óðàâíåíèé

BxB = b, xN = 0,

à y(B), ñîîòâåòñòâåííî, ñèñòåìû óðàâíåíèé

yB = c.

Òîãäà
(c, x(B)) = (b, y(B)).
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

ÏóñòüB � äâîéñòâåííî äîïóñòèìûé áàçèñ,S
′
=

{τ (1), . . . , τ (l)}, l = n−m, � ìíîæåñòâî íî-
ìåðîâ íåáàçèñíûõ ïåðåìåííûõ, à S � áàçèñíûõ ïå-

ðåìåííûõ. Ïåðåïèøåì ñîîòíîøåíèÿ (16
′′
) è (17

′′
):

xi = zi0 +
∑
j∈S′

zij(−xj), i ∈ S ∪ {0}.

(25)
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

Äîáàâèì ê ñèñòåìå óðàâíåíèé (25) òîæäåñòâåí-
íûå ñîîòíîøåíèÿ xi = xi äëÿ íåáàçèñíûõ ïåðå-
ìåííûõ

xi = (−1)(−xi), i ∈ S
′
. (26)

Ñèìïëåêñ-òàáëèöà áóäåò ñîñòîÿòü èç êîýôôèöèåí-
òîâ ïðàâûõ ÷àñòåé ñîîòíîøåíèé (25), (26).

-4-



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

1 −xm+1 . . . −xn

x0 z00 z01 . . . z0l
. . . . . . .

xi zi0 zi1 . . . zil
. . . . . . .

xm+1 0 −1 . . . 0
. . . . . . .

xn 0 0 . . . −1

βj = (z0j, z1j, . . . , znj)
>, j = 0, 1, . . . , l.
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

Òîãäà ñèñòåìà (25), (26) ýêâèâàëåíòíà âåêòîð-
íîìó óðàâíåíèþ:

(x0, x1, . . . , xn)> = β0 +
∑
j∈S′

βj(−xj).

(27)
Åñëè zrs 6= 0, r ∈ S, s ≥ 1, òî âîçìîæíî
ýëåìåíòàðíîå ïðåîáðàçîâàíèå áàçèñà

xr −→ xτ (s)
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

âûðàçèì ïåðåìåííóþ xτ (s) èç r-ãî óðàâíåíèÿ ñè-

ñòåìû (25)

xτ (s) =
1

zrs
(zi0 +

∑
j 6=s

zrj(−xτ (j)) − xr)

è çàìåíèì åå â ïðàâîé ÷àñòè (27):

(x0, x1, . . . , xn)> = (β0 −
zr0

zrs
βs)+

+
∑
j 6=s

(βj −
zrj

zrs
βs)(−xτ (j)) +

(−1

zrs

)
(−xr).
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

Èòàê ýëåìåíòàðíîå ïðåîáðàçîâàíèå áàçèñà:

xr −→ xτ (s)

ïðèâîäèò ê ñ.-ò. ñî ñòîëáöàìè:
β′

j = βj −
zrj

zrs
βs, j 6= s,

β′
s =

(−1

zrs

)
βs.

(28)
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

Ïóñòü β = (β0, β1, . . . , βn)> ∈ Rn+1

� âåêòîð-ñòîëáåö. Âåêòîð β ëåêñèêîãðàôè÷åñêè

áîëüøå íóëÿ ( β � 0), åñëè βp > 0, ãäå p =
min{i | βi 6= 0}.

Ïóñòü β′, β′′ ∈ Rn+1. Âåêòîð β′ ëåêñèêî-
ãðàôè÷åñêè áîëüøå âåêòîðà β′′, β′ � β′′, åñëè
β′ − β′′ � 0.

Ñèìïëåêñ-òàáëèöó áóäåì íàçûâàòü íîðìàëü-

íîé, åñëè êàæäûé åå ñòîëáåö βj, j = 1, . . . , l
ëåêñèêîãðàôè÷åñêè áîëüøå íóëÿ.
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

0) Íà÷àòü ñ íîðìàëüíîé ñèìïëåêñ�òàáëèöû.

1) Åñëè ñèìïëåêñ�òàáëèöà ïðÿìî äîïóñòèìà, ò.å.
zi0 ≥ 0, i = 1, n, òî ÊÎÍÅÖ (ïîëó÷åíî îïòè-
ìàëüíîå ðåøåíèå)

2) Èíà÷å, âûáðàòü âåäóùóþ ñòðîêó r : zr0 <
0, r ≥ 1.
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

3) Åñëè {j | zrj < 0, j ≥ 1} 6= ∅, òî âûáðàòü
âåäóùèé ñòîëáåö s ïî ïðàâèëó:

1

|zrs|
βs = lex min{

1

|zrj|
βj | zrj < 0, j ≥ 1},

èíà÷å ÊÎÍÅÖ (çàäà÷à íåðàçðåøèìà èç-çà íåñîâ-
ìåñòíîñòè îãðàíè÷åíèé (17)-(18)).

4) Ïðåîáðàçîâàòü ñèìïëåêñ�òàáëèöó, ïîëîæèòü

τ (s) := r è ïåðåéòè íà øàã 1.
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Ëåêñèêîãðàôè÷åñêèé äâîéñòâåííûé ñèìïëåêñ-ìåòîä

1. Ïðåîáðàçîâàíèå (28) ñèìïëåêñ-òàáëèöû íà
øàãå 4 ñîõðàíÿåò åå íîðìàëüíîñòü.

2. Ò.ê. zr0 < 0, zrs < 0 è βs � 0, òî

β0 −
zr0

zrs
βs ≺ β0.

Èòàê áàçèñû íå ìîãóò ïîâòîðÿòñÿ, ñëåäîâàòåëüíî,
ìåòîä êîíå÷åí.
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Öåëî÷èñëåííîå ëèíåéíîå ïðîãðàììèðîâàíèå (ÖËÏ)

Çàäà÷à ÖËÏ (IP):

cx → max

Ax = b

x ≥ 0

xj � öåëîå, j = 1, . . . , n.

ËÏ-ðåëàêñàöèÿ çàäà÷è (IP) � çàäà÷à ËÏ (16)�(17).

-13-



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

ÖËÏ � ìåòîäû îòñå÷åíèÿ

Ïóñòü x0 � îïòèìàëüíîå ðåøåíèå ËÏ-ðåëàêñàöèè
çàäà÷è (IP). Åñëè x0 ∈ Zn, òî x0 � îïòèìàëüíîå
ðåøåíèå çàäà÷è (IP).

Èíà÷å äîáàâèòü ê ËÏ-ðåëàêñàöèè íîâîå îãðà-
íè÷åíèå (îòñå÷åíèå):

� x0 ýòîìó îãðàíè÷åíèþ íå óäîâëåòâîðÿåò (îò-
ñåêàåòñÿ);
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ÖËÏ � ìåòîäû îòñå÷åíèÿ

� âñå äîïóñòèìûå ðåøåíèÿ çàäà÷è ÖËÏ îñòà-
þòñÿ äîïóñòèìûìè ðåøåíèÿìè íîâîé çàäà÷è ËÏ.

Ðåøàåì íîâóþ çàäà÷ó ËÏ è ïîâòîðÿåì óêà-
çàííûå øàãè äî ïîëó÷åíèÿ ðåøåíèÿ çàäà÷è ÖËÏ,
ëèáî îáíàðóæåíèÿ åå íåðàçðåøèìîñòè.
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ÖËÏ � ìåòîäû îòñå÷åíèÿ

Ïóñòü bhc � öåëàÿ ÷àñòü ÷èñëà h (íàèáîëüøåå
öåëîå, íå ïðåâîñõîäÿùåå h).

Ïóñòü ëèíåéíàÿ ôóíêöèÿ d0−
∑

j djxj ïðè-
íèìàåò öåëûå íåîòðèöàòåëüíûå çíà÷åíèÿ íà ìíî-
æåñòâå äîïóñòèìûõ ðåøåíèé çàäà÷è (IP) è h 6= 0
(åñëè h � öåëîå, òî òðåáîâàíèå íåîòðèöàòåëüíî-
ñòè èçáûòî÷íî). Ðàññìîòðèì ñëåäóþùåå ëèíåéíîå
óðàâíåíèå

ξ = d0 −
∑
j

djxj. (29)
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ÖËÏ � ìåòîäû îòñå÷åíèÿ

Òîãäà äëÿ ëþáîãî äîïóñòèìîãî ðåøåíèÿ x çà-
äà÷è (IP) èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

hξ +
∑

j hdjxj = hd0,

ò.ê. xj è ξ íåîòðèöàòåëüíû, òî

bhcξ +
∑
j

bhdjcxj ≤ hd0,

î÷åâèäíî, ÷òî

bhcξ +
∑
j

bhdjcxj ≤ bhd0c,
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ÖËÏ � ìåòîäû îòñå÷åíèÿ

ïîäñòàâèì âìåñòî ξ âûðàæåíèå (29):∑
j

(bhdjc − bhcdj)xj ≤ bhd0c − bhcd0.

Åñëè ê çàäà÷å (IP) äîáàâèòü îãðàíè÷åíèÿ:

u = (bhd0c−bhcd0)−
∑
j

(bhdjc−bhcdj)xj,

u ≥ 0,

u � öåëîå,

òî ïîëó÷èì ýêâèâàëåíòíóþ çàäà÷ó ÖËÏ.
-18-


