JazauM Ha MapaieibHLIX MALIHHAX

3amada P | pmitn | Ciax

HMmeeTcst m 0OAWHAKOBBIX MaIllMH U 1 padoT. JIrobast paboTa MOKET BBIIIOJHATHCS Ha
mo00u mamuHe. [IpepsiBanus padoOT paspemieHbl. TpedyeTcss HAUTH paCIMCaHue C

MHHHMAaJIbHBIM BpEMEHEM 3aBEPIICHUS BCEX PaOdoT.

Huxxuaqa ouneHka

1 n
LB = max{ max p;; —Zpl-
. m
i=1

i=1,...n

Ecnu naingem pacnucanue ¢ Cpax= LB, TO MOJTyYnM ONITUMAJIBHOE PEIICHUE.
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AJITOPUTM: BO3bMEM MPOU3BOJIBHBIN CIIUCOK padOT U OyAEM «3arpyKaThy MalluHbI
MOCJIEIOBATENILHO: CHAYalla TEPBYIO0 MaIllMHy B HHTEpBasiec Bpemenu [0, LB],
«OTpE3ash» 4acTh NOCIEIHEN padOThI, €CIIA OHA HE BOIILIA LIEJIUKOM H, TIEPEHOCH ITY
4acTh HA CJIEAYIOIIYI0 MamuHy B uHtepBaie [0, LB] u T.a. [lonmyuyum HEKoTOpOE

pacIucaHue. N
Ipume
? ; P 5 M, 1 2
m=3,n=
|1 2 3 4 5 Yol 2 ’ !
I
b4 5 3 5 4 M| 4 . S
LB="17
Tak xak LB > max p;, TO B KaKIbIH MOMEHT BPEMEHM PadOTa BBHIIIOJIHACTCS HE
i=l,...n

0oJIee yeM Ha OHHOfI MaIllnHC. 3Ha'-II/IT, ITOJIYHCHHOC PACIIMCAHHNUC ABJIICTCA JOITYC-

TUMBIM, U Cax = LB, TO €CTh IOJYYHIM ONTUMAIbHOE PACIIHMCAHHUE.
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3apava P |pmin, r; | Lyax

HMmeeTcs m OAMHAKOBBIX MAIIMH U 1 pa0oT. s Kaxk0M paObOThI 3a/1aHbl BpeMsI MO-
CTYIUICHUS Ha 0OCTyKMBaHUE 7; > 0 M JUPEKTUBHBIA CPOK OKOHYAHMS d; > 7.

Tpebyercst HANTH pacIUCAHNE ¢ MUHUMAIBHOM 3anepkKoil Lmax = .HllaX (¢; —d;),
i=L,...7
I7i€ ¢; — BPEMSI OKOHYAHUS PA0OTHI i.

JIJ1s1 penieHus 3TOU 3a1a4i CHAaYajla HAy4YnuMcs OTBEYATh HA BOIPOC: I JM pacmuca-
HHe C L. < L? A 3aTeM MeTOJ0M AMXOTOMUHU HallgeM MHUHUMAaJIbHOE 3HaUeHUE L,
JUJIsL KOTOPOr'O TAKOE PACHUCAHUE CYILECTBYET.

IIycte L 3amano. Eciu pacnicanue CyniecTBY€ET, TO padOTa i BBIIIOJHACTCS B HHTEP-
BaNe [r, ¢;l u ¢; —d;<L,T0ectb ¢c; <L +d; = dl-L 1 MOKHO CUMTaTh, 4TO paboTa i

BBITIOJIHSCTCS B MHTEPBAJIE [rl-,d,-L]. JU1g TOrO, 4TOOBI OTBETUTH HA BOIIPOC «J 1N

pacCiiiCaHuC C IIPCPbIBAHUAMU, T'IC KAXKIA] pa60Ta BBIITIOJIHACTCS B CBOCM BPCMCH-
HOM OKHC», HAaM HOTpC6yeTC5I 3aa49a O ITIOTOKC B CCTH, KOTOPAAdA MOIKCT OBITH peiic-
Ha CUMIIJICKC—MCTOJ0M.
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3amava 0 MOTOKE B CETH

3amana cetb G = (V, E, s, t) ¢ OTHUM UCTOYHHUKOM S W OJHUM CTOKOM f.

Cetb G €CTbh OpMEHTUPOBAHHBIN anukiIndeckuii rpad. Kaxmaoin ayre (ij) € £ npunu-

caH BecC ¢;j = 0 — IpoIyCKHas ClOCOOHOCTh AyTH.

Omnpenenenne. [lomokom B cetn G Ha3biBaeTca GpyHKua F : £ — R Ha qyrax, Ko-
TOpas YJIOBJIETBOPSET YCIOBUSIM Ha IMPOITYCKHBIE CIIOCOOHOCTH

U COXPAHSAET MOTOK B KAKJIOM BHYTPEHHEW BEpIIMHE ve b\ {s, ¢}:
Zfzjj: iji, VjelV \i{s,t}.
eV eV
(ij)eE (ji)eE

o |
S o< o !
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JIerko npoBEpUTH, UTO Z foi = Z Jir-
eV eV
(si)eE (it)eE

Onpenenenune. Benmunna M (f) = Z f¢; Ha3BIBACTCS MOUHOCINBIO NOMOKA.
eV
(si)eE

3ajad4a COCTOUT B TOM, YTOOBI HAWTH IIOTOK MaKCUMaJIbHOU MOIITHOCTH.

3aMeTHM, YTO 3TO 3a/1a4a JUHEWHOTO IIPOrpaMMUPOBaHUsl. MHOXKECTBO JOITYCTH-
MBIX PELIEHMH 3a1a4M HE IyCTO, T.K. pewenue f; = 0, V(ij)e £, ABasgeTcs N0y CTH-
MBIM pelIeHreM 3a1aun. LleneBas QyHKIMs OorpaHuYeHa CBEPXY, CIEI0BATEIbHO,
ONTUMAIBHOE PEIICHUE CYLLIECTBYET.

[ToxaxeMm, Kak C MOMOIIBKD 33aJa4yd O IIOTOKE B CETU HAWTH PACIMCAHWUE,
YJOBJIETBOPSIOIIEE BPEMEHHBIM OKHAM.
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CoJibeM JIBa MaccuBa r;, dl-L 1 YIOPSI0YUM UX 3HAYCHUS
H<t<..<t, k<2n.
PaccmatpuBaeM TOIBKO pa3idyHbIC 3HAYCHUS 7 U d.
IToctpoum mHTEpBANBI [} = [f1, t341], mIAHBL T} = t341— f W PACCMOTPUM CETh
G=(V,E,s,1):

M T(Jz)

Jyra (i, k) npuHagnexxuT £, ecinu pabota J; MOXKET BBIIOJIHIATHCS B UHTEpBaje I,

L .
T.e. [} c[r;,d;”]. Kaxaon nyre npumnucas BeC, Kak IOKa3aHO HA PUCYHKE.
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PemnM 3aa4y 0 MakCMMajabHOM MOTOKE B 3TOM ceTH. Ilomyuum max M(F). Cpas-

n
HHUM 5Ty BCIIMYHNHY C Z Di- Ecnn onn paBHBI, TO HICKOMOC PAaCIIMCAHUC CYIIICCTBYCT,

i=1
€CJIN HET, TO €CTh Z p; > M (F), To TakOro paclnucaHusi He CyLIECTBYET.
IlycTh MMEET MECTO paBeHCTBO. Torjga COXpaHEHUE IOTOKA B KAXIOW BEPIIUHE

J; naer:
> f =pis Vi=l.,n
k

Y BEJIMYMHBI fj;; OIPECISIOT paclucaHue padoThI J;.

CoxpaHEHHE MMOTOKA B BEPIUINHE [} Z Jir <mTy, Vk=1,.,K, rapanTupyer, 4To m

l

MAIIIMH CIIPABATCS CO BCEMHU padOTaMu B UHTEpBae 1.
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Japava Q | pmitn | Cyax

NmeeTcst m MallldH CO CKOPOCTSIMU S| = Sy = ... = S, U 1 pabOT ¢ TPYJAOEMKOCTbHIO
pP12p22 ... 2 py,. Bpems BbIIOJTHEHUS Pij =Di / S;. Paszpenrarorcs npepbiBaHUA.
HaijiTu pacnucanyie ¢ MUHMMaJIbHBIM BPEMEHEM BBIIIOJIHEHUS BCEX PadoT.

CHavana HaWgeM HWKHIOIO OLEHKY Ha Cpay, 3aT€M IOCTPOUM PAaCHHCAHHUE C
Cmax =LB, TO ecTh onTUMaIbHOE!

Honoxum P;=py+pa+ ...+ p;, Si=s1+sy+ ...+,

IIpeamnonaraeM, 4To # > m, HHaA4YE BHIOpAChIBaEM (71 — 1) CaMbIX MEJJICHHBIX MAaIlIH.
Ecin XxoTuM BBINOIHUTH Bee padoThl B uHTepBane [0, 7], To P, < §,,T.

Amnanornyno, P; < §;T, Vj=1,...,m— 1, Tak KaKk P; / §; €CTb HWXHsA I'paHULIA JIJIs

BBIMOJIHEHUA padoT j = 1,...,j. Takum obpazom,
LB = max{ max 1PJ-/SJ- P, /S, }

j=1,...m—

€CTh HYDKHSA TpaHuna 1S Cax.
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IIpennonoxum, 4To Cpax = 1T’ ¥ 10 MOMEHTa 1 HM OJIHA MaIllMHA HE IpOCTanBaJa.

Torna 7'= P,/ S,, . Ecau Obl MOXHO OBLIIO BBITIOJHUTH pa0OTy Cpa3y Ha BCEX Malllu-
HaX, TO PacIUCaHUE JIETKO MTOCTPOUTH:

M, 1 2 n

M, 1 2 n

1 2 n

1 2 n

My | 1 2 n
P/S,  PJS, T

Ho 3T0 pacnucanue aerko mnepeaeaarh Tak, 4ToObl padoTa He ObliIa OJHOBPEMEHHO
Ha HECKOJIbKUX MaIlliHaX.
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Tak xak n > m, TO CABUHEM paOOTHI IO BPEMEHU CIICAYIOIINM 00pa3oM:

M, 1 2 3
M, 1 2 3
1 2 3
1 2 3
My, 3 1 2 4

T
CosmecmHoe 8binoanenue pa60m

JTO ONTUMAIILHOE pacIucanue, ecimm p; = p; Vij=1,..., n . Eciu p; = p, T0 MbI
yMEEM CTPOUTH ONTHMAJIbHOE paclMCaHHWE U OHO 00J1aJacT TEM CBOMCTBOM, YTO HH

OJHa MallTMHA HC ITPOCTANUBACT JO 3aBCPIICHHNSA BCCX pa60T.
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Tenepp paccMoTpuM OOLIMH Ciay4all pa3HbIX p;. B Hem paboThl ¢ OOJBIIMMU
JUIMTEILHOCTSIMU CTaBATCS Ha caMbl€ OBICTphIE MAIMHBI J0 TEX IIOp, MOKa HX
JUIMTEILHOCTh HE COKPATUTCSA HACTOJIBKO, UTO COBIAAET C JJIUTEIBHOCTBIO APYTHUX
pabot, 0o0pa3ys IpyIly OAWHAKOBBIX PadOT, a TPYMHIy MBI YMEEM DPacCHUChIBATH

OIITUMAJIBHO.

O0o03HauuM yepe3 p;(t) yacTb padOTHI [, KOTOpAs €IIe HE BBHIINOJIHEHA K MOMEHTY f.
Ham anroput™M OyaeT ABUraThes IO f U B HEKOTOPHIX MOMEHTAaX BPEMEHHU S OCTa-

HABJIMBATLCA JIS IICPCHASHAYCHU S pa60T 10 MalllMHAaM.
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Aaroputm Level

1. t:=0

2. While 4 padora ¢ p(¢) > 0 do

Assign ()

t; == min{s > ¢ | 4 paboTa 3aBepIiiaroIIascs B MOMEHT S }
h=min{s > ¢| 3 i, pt) > plt) u pds) = pis)}
t=min { £, t}

3. BoccTtaHoBUTH pacnivcaHue padoT.

[Ipouenypa Assign (¢) TpoOM3BOJUT Ha3HAYEHUE PAOOT 110 MaIlIHAM.
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IIpoueaypa Assign
1. J:={j | p(6)>0}.
2. M= {M,....M,}.
3. Bcem jeJ u M;eM npucBOUTH CTaTyC «CBOOOICH.
4. While 3 (cBoOoHBIE pabOTHI) U (CBOOO HBIC MaIIMHBI) dO

Haiitn MHO)ecTBO / — J Bcex paboT ¢ p;(f) = max py (¢).
eJ

k:=min {|M|,|I]}.

HazHauuTh paboThl U3 [ HA K caMbIX OBICTPBIX MaIIUH U3 M 1is
COBMECTHOM 00pabOTKH.

J=J\IL

W ckimrounTh k caMbIX OBICTPBIX MaIlvH U3 M.

Jexkuua 12. Teopus pacnucanuu. 9Yacmp 2 13



IIpumep HMmeetcsa 5 pabot u 4 MaliMHbI

P1
D p1() B momenT 0 Haua M BHIIOJIHATHCS
p2(t) 4 paboTHI.
P3| |
D4 3(0) | B MoMeHT #;  ps = p4(t1) m paiee
D5 , OHHM BBIIIOJIHAIOTCS BMECTE HAa
|\ , L mamune 4.

Al %) t13 I4 t5
B momeHT f,  pi(f) = paty) w©
JlaJiIe€ OHU BBIIIOJIHIIOTCS BMECTE
M; /1 J1Jo Ha JBYX CaMBbIX OBICTPBIX
M, J2 MaIlTuHaX.
M; J3
M, J4 J4Js /
H b b s
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3aMeTHM, 4TO KpuBasi pi(f) Bcerjaa oCTaeTCs BBIIIE BCEX APYTHX, po(f) HE HUXKE

pi0),i>2uT1.1,Te.
p1() = pa(t) = ... 2 pu(D), V=0,

U ripouieaypa Assign (¢) Ha3HadaeT padOThl HA MAIIIMHBI UMEHHO B 3TOM IOPSJIKE
Teopema. AnroputMm Level cTpout onTuMalibHOE paclucaHue.

Jloka3zaTesbCTBO. JlOCTATOYHO YOEIUTCSI B TOM, UTO JITOPUTM 3aKOHYUT PadOTy

B MOMCHT
m—1
T=LB=maxymaxP; /S;; P, /S,
Jj=1
1.Ecnu K MOMEHTY 3aBepIICHHS BCEX PabOT HY OJIHA MAIIMHA HE IPOCTANBANA, TO

T =P,/S,, upeluieHrE ONTUMAIBHO.
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2.1lycTh MalmHbI 3aBEPIIWIIM CBOIO PadOTy B pa3Hoe Bpems. Toraa
fi=2fr=... 2 fu fi — BpeMs OCTAaHOBKH MAILIMHBI [, U XOTS ObI OJJHO HEPABECH-
CTBO CTpOTOE, T.€.

T=fi=hHh=...=fi>fn nj<m
Ho pa0®oThl, 3akaHuMBaronIuecss B MOMEHT 1, JOJKHBI ObUIHM HadyaTbca B £ = 0, u
TOraa T:Pj/Sj.

YOeaumcs B TOM, 4YTO BCE paOOTHI, 3aKaHYMBAKOIIMECS B MOMEHT 1, Hayalu BbI-
noJHAThes B ¢t = 0. IIpeamonokuM, 4To 3TO HE Tak, T.€. 3 padoTa i, KOTOpas Ha-

yajgach B MOMeHT ¢;>(0. Torna B ¢ = 0 Hayanuce apyrue padotsl: 1,2, ...,m u

p1(0) 2 p2(0) = ... 2 py(0) > pi(0).

Bce mammmnbl padoTanu g0 ¢ < t;, a B MOMEHT #; MbI ITOJIyduM pi(t;) = pa(t) = ... =
Pw(t;) = pi(0) 1 1anee OHU BBIOJHAINCH BMECTE, T.€. MAIIMHBI HE TPOCTANBAJIH.

OTO MPOTUBOPEUYUT MPEATIONOKECHUIO. [
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3apaua F || Chax

Nmeercsi n pabOT, Kaxk1asi U3 KOTOPBIX JIOJDKHA MPOUTH 00pPa0OTKY MOCIIEI0BATEIb-

HO Ha Bcex MamuHax M, M,,..., M,,, T.e. Kaxxaas padoTa COCTOUT U3 m OIEpalui U
111 BceX pabOoT MOPS0K BHIIMOIHEHHUS OIlepalldii OJUH U TOT Ke.

TpeOyercst HaliTH pacniMCaHUE BBHIIIOJHEHUS paOOT 3a HAMMEHBIIIEE BPEMHI.

OOOO Pabotsl

O\)
Ml—)MZ—)—)Mm\

Monens «OTkpbIThIi 11eX» (Flow Shop) O O O

OO
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Teopema. CymecTByeT ontuMaibHOE pacnycanue 1 3agaun £ || Cpay, 00Ja1azr0-
1€ CICAYIOIIUMUA CBOUCTBAMMU:
1. ITocmenoBaTeabHOCTH BBINOIHEHUS Pa00OT HA IMEPBOM M BTOPOM MaIlIMHAX OJ1H-
HAKOBBI.
2. IlocnenoBaTeabHOCTH BHIIIOJIHEHUS padOT Ha MOCISIHEH U MPEANOCcaeaHeN Ma-
UHAX OJUHAKOBBI.
Jloka3areabcTBO. 1. IIyCTh yTBEpKACHHE HE BEPHO M CPEAU BCEX ONTHMAIBHBIX
pacnycaHuii BBIOEpEM TaKoe, 4TO MOCJeI0BaTeIbHOCTH Ha M| u M, coBmamarT
1Sl IEPBBIX k padoT, kK < n U k — MaKCUMaJIbHO.

M, i /

J
M, i

>

o

O0o03HauuM 3Ty k-10 padoty uepes J;. Ha nepBoit mammue 3a Heul uaet J;. Ha BTO-

\\}‘\b‘

pou mamvHe — J;. Eciin Ha mepBorM MaIvHE ocTaBuM J; Mexay J; u Jj, TO JJIMHA
pacnydcaHMsi HE M3MEHHUTCSA, HO Kk yBenuuurcd. Ilodydwnan mOpoTUBOpEUHE.
BTopoe yTBepKIeHrE NOKA3BIBAETCA AaHAJIOTUYHO. W
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CaencrBue. IIpu m < 3 cymecTtByer ontumajbHoe pemieHue 3agaun £ || Chpax ©
OJIMHAKOBBIM ITOPSAKOM BBIIIOJHEHUS padOT Ha BCEX MalllMHAX.

Kourpnpumep s m = 4.

n =2 U JJATEIbHOCTH onepauui ais J; u J, 3agarorca Bekropamu: (1, 100, 100, 1)
u (100, 1, 1, 100). Eciu nopsiAky BBIOJIHEHUS padOT HAa BCEX MalllMHAX OJWHAKO-
BbI, TO MX Bcero asa: (Ji, J») unu (J», J;). Toraa B o0oux cinydasx Cpax = 302.

M| 1 2
M 1 2

1 100 101 201 302
M, 2 1
M 2 1

M; 2 |
My - 2 L |t

100 101 201 302
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OntuManbHoe pemeHue Cp,x = 204

M| y)

M, 1 2

M; 2 1

My| | 2 1 /
| |
1 101 103 204

ITopsinok BeINOIHEHUS pa0doT HA M) u M5 pa3ubiid. Eciau npu m > 3 uckarts pelie-
HUE B BUJIE OJIHOU MEPECTAHOBKYU, TO OTHOILIEHUE NIEPECTAHOBOYHOIO OIITUMYyMa U

TJ100aJIbHOTO OIITUMYMaA MOKCT JOCTHUI'aTbh BCIINYNHBI 0,5\/ m.
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3amava Jaoncona F2 || Chax

[TycTh 3aanbl iepecTaHoBKa /7, onpeaenstonias NopsiA0K BEIITOJTHEHHS padOT Ha
IByX MamunHax. COOTBETCTBYIOIIEE PACIKMCAHUE NPEICTABUM B BHUIE CETEBOIO

T @ — =@ = @
¢

v
-—) 1L ) —> 172 —>—> CTOK

Kaxqo1 BEpIIMHE MPUIIMCAH BEC PABHBIM JJIATEIBHOCTU BBIMOJIHEHUS COOTBET-
CTBYIOILIEM OIl€panuvy. 3aMe€TUM, 4YTO MNPU 3aJaHHOM IepeCcTaHOBKE [/ BpeMms
oKOHYaHMs BceX padO0T (Ciax) PABHO JJIMHE MAKCUMAaJIbHOTO IyTH M3 UCTOYHMKA
B CTOK. DTOT IIyTh HA HEKOTOPOU padoTe § mepexoaut or M k M.
IIycTh a; — Bpems BBINOJIHEHUS paOOThI j Ha M),

b; — BpeMs BBINIOJHEHUS padOThI j Ha M.

S
Torma Cax (//)= max Zan +prk
1<s<n k=1 k=g
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0
Teopema. IlepecranoBka /7~ = (1, 2, ... , n) onTUMajJbHA, €CIHU CYILICCTBYET

HOMEDP ¢ TaKOM, 4TO
1°aj£bja Ji=1l....,q U a<ap<...2ag

2.a;2b;, j=qtl,...onu by 2by22 ... 2Dby;

WiIn 0oJiee HArJISIHO

a < ay) <...<a; Qg1 Qg4 ... a,
Al Al Al \Y, \Y Y%
bl b2 e oo bq bq—|—1 Z bq—|—2 2 e oo 2 bn
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Joka3zareabcrBo. IlycTh //— mpou3BOJIbHAA IIEPECTAHOBKA U

S n
Chax (11,5) = Zank + prk . Hockonbky Clax (1) =max Cpai([1,5), TO
k=1 k=s S
JIOCTATOYHO MOKA3aTh, YTO IJIsI BCAKOTO § HAMJIETCA HOMED ¥ TAKOU, UTO

0
Ciax (I17,8) < Cipax (I1,7).
B ciny4ae s < g BeiOEpeM r Tak utoOwl /1€ s, ..., q} < {I1., 11 1,..., [1,}.

JI1 3TOro J0CTaTOYHO B IE€pecTaHOBKE // HaAWTW padOTy U3 {s, ..., ¢} C Hau-

MEHBIIIEHN o3ulnen. ATy padbora o0o3HaumIu uepes /7. Tornaa

s—1 q n
0 :
Ciax ({17,5)= Zak +a,+ Zbk + Zbk =a, + Zbk + me(ak,bk),
k=1 k=s k=q+1 kes,q kes,q

rae s,q = {S,....q}.
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Jnsa nepectanoBku //BenuunHa Chy,y (/1, ) npeacTaBuMa B BUJIC

CmaX(Har) =apy. + Zbk + ch ,
kes,g  kes,g

rae c; =min(ay,by ). Bropoe ciiaraemoe COOEpPKUT TOJIBKO BEJIUMYUHBI by, TAK

Kak {s, ..., q} < UL, Il +1,..., 11,}. N3 ycinoBus Il.€{s, ..., g} moaydaem
ay7, 2 dag OTKYJa ¥ CIeIyeT Hy)>KHOE HEPaBeHCTBO.

B cayuae s > g BbiOMpaeMm r Tak, utoowl /L.€{qg +1, ...,s} < {/1,..., 11 }.

OcTtanbHas 4acThb AOKa3aTCJIbCTBA ITPOBOANUTCS AHAJIOTHUYHO. B
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