MHoOrokpurepuajibHass ONTHUMHU3ALUA

Aradrs Tuxonosna: “Ecau o0vt 2yoet Huxkanopa
Heanosuua oa npucmaseums Kk Hocy Heana
Ky3vbmuua, oa 63amov ckobKo-HUOYOb pa3eAa3Ho-
cmu, kaxkaa y banmazapa banma3zapwiua, oa,
noxcanyii, npudéagums K Imomy euie 00pOOHO-
cmu Heana Ilasnosuua — s 061 mozoa momuac
JHce peuiunacs.”

H.B. I'oroab. «Keaurr0ay». 1833
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Ipumep

Ioxkynka aemomoouns

VW Golf |Opel Astra |Ford Focus |Toyota Corolla

LleHa (1000 Euro) 16.2 14.9 14.0 15.2
Pacxon Tonnmea

7.2 7.0 /. 2
(Ha 100 kM) > 8
MouwHocTb (kW) 66.0 62.0 55 71

Kakoit aBTOMOOUIIb BEIOpATh, YTOOBI OH OBLII MOIIIHBIM, HEAOPOT UM,

C MaJIbIM PacCcxoa0M TOILIUBA?

-2- Jlekuma 15. MHorokpurtepuasbHaa onTuMusauus



Ipumep
MUHUMU3AUUA RAPbL (DYHKUUUL

mm f1 (x)=+/x+1 s /’

min f5(x) =x2 —4x+5 s /
x20 —F1(x)=V(x+1)
—f2(x)=x-4x+5

MUHUMYM f; B Touke x| =0

AN

MHUHUMYM f5 B TOUKE X, = 2 -
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3agaya MHOITOKPUTEPUAIBLHOM ONITUMHU3ANMH

min( f}(x),..., f , (x))

[IPU YCJIOBUU xeX.

Homnyctumoe pemieHue X € X HasblBaeTca aghgexmusnvim no Illapemo WIn
llapemo-onmumanvHvim, €CIA HE CYHIECTBYET APYIroro pemeHus x € X Takoro,
910 f(X) < f(X) mmaBecex k=1,...,p, n f;(x)< f;(X) x0T OBbI 11 OJHOTO
i=1,...,p.

Ecim X — addexkTuBHOE pelieHue, T0 Y = f(X) Ha3bIBACTCS HEOOMUHUDYEeMOU
moukot. MHOXECTBO BCEX HEIOMHUHUPYEMBIX TOYEK HA3BIBACTCS HEOOMUHUPYe-
MbIM MHOJIcecmeom U 0003Ha4aeTcs: Yy. MHoxecTBO BceX 3()(PEKTUBHBIX peIle-

HUW HA3bIBACTCS 3hhekmusHvimM MHOMCecmeom U 0003HavaeTcs X.
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IIpocTpaHCcTBO penieHUd U IPOCTPAHCTBO KPUTEPHUEB

Ilpumep Opel u Ford »ddextuBHbi BoIOOp wian Ilapero*-onTumalibHbIC

peleHus
X ={V'W,Opel, Ford,Toyota}  forPacsos
JOITyCTUMOE MHOYKECTBO + Toyota
8
i X>Ri=172
Kputepuu ontuMuzauuu f = ( f;, f5) " * Ford
2 7.2 > VW
Y=f(X)={yeR":y=f(x)onaxe X} ¢ Opel
6.8 | | | | .
oOpa3 MHOkecTBa X WIM JOMYCTHMOE 5 14 15 15 qg Jren

MHOKCCTBO B IIPOCTPAHCTBC KPHUTCPHUCB

min( /i (x). /5(x)

*Bunbdpepno MNMapeto, 1848-1923 ntanbaHCKNN 3KOHOMUCT
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IIpocTpaHCcTBO penieHUd U IPOCTPAHCTBO KPUTEPHUEB

IIpumMep MUHMMU3AUM ABYX PYHKIUA

JIOIYCTHMOE MHOKECTBO
X={xeR:x>0}

JTOIMyCTUMOE MHOXECTBO B IPOCTPAHCTBE
KpUTEPHUEB Y COCTOMT U3 YacTu rpaduka,
PACIOJIOAKEHHOM CIIpaBa OT BEPTUKAJILHOU

maHun Yy =1

25

20
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5

a

Yo

/

Y=y -Bly,)P+10 /

i /

—~ /

I\"/ N7

a 0,25 05 0,75 1 1,25 15 ﬁ,?E 2 225 25 2,75

3

HeqoMuHHpYeMble Toukd: 1 < y; <+/3, 1<y, <5, cooTBeTCTBYIONIME PELICHUSAM

x €[0,2]

-6- Jlekuma 15. MHorokpurtepuasbHaa onTuMusauus




JINHEeHHAas CBEPTKA KPUTEPUEB

BMecTO HCXOAHOW MHOTOKPUTEPUATIBHOM 3a/1a4U

min( f; (s f, ()

OyJaeM pemarh 3aJja4y ¢ OJJHUM B3BEIICHHBIM KPUTEPHUEM

P
min 4 f; (x)
xeX =1

p
P pa3HbIX 3HAYEHUAX A, =0 u Zlk =1.
k=1
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I padpuueckast UHTEPHPETAAA

IIpu 3ajaHHBIX A MIIEM DJIEMEHThI MHOXKECTBA

S(A,Y)={yeY: <A, y>=min< A,y >}
yeY
V2

Av '</”t,y>=c
I

1. Bcerna nu TakoM npouece AaeT HEAOMUHUPYEMBIE TOUKH ?

2. Ecnu na, TO BCE JIM TOYKH MOKHO MOJYYUTh, MEHSIS A ?

-8- Jlekuma 15. MHorokpurtepuasbHaa onTuMusauus



dddexTUBHOCTD 110 /IxKeoPphpuony

Jonyctumoe pemieHue X € X HasbIBaeTcs agpgexmusnvim no [oceoghppuony,
ecinu X aBiseTcs 3PPEKTUBHBIM U CYIIECTBYET TAKOE MOJIOKHUTEIBLHOE YUCIO M,

qTO A1 J1H000T0 X €X, YIOBICTBOPSIOMIETO YCIOBUIO
Jf:(x)< f;(X) nmis HEKOTOPOTO 1,
HaW/eTCs TaKOW UHACKC /, 4TO f;(X) < f;(x) 1 BBIIOIHCHO HCPABCHCTBO

f® -,
fj(x)_fj(%)

Touka y = f(X) Ha3bIBaeTCs HedoOMUHUPYemoU no J[axceodhdpuony.
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Ipumep.
X ={(x;,%,) € R*: (x; = 1)* +(x, —1)* <1, 0<x;,x, <1}

Y =X .

=

Y — HEJIOMHUHUPYEMAs TOUYKA

x = (0, 1) He aBagercs >3pdhexTuBHBIM 110 [[>Ke0DHpronYy.
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Teopema. IlycTh MONOKUTENBHBIE BEIUYUHBI Ar, kK = 1,..., p yIOBIETBOPSIOT

p
PaBEHCTBY Z/Ik =1. Ecmu X — onTuMalibHOE PEIICHUE JIMHEUHON CBEPTKHU, TO
k=1
X — 3 dextuBHOE pemieHue mno Jxeoddpuony.
Jloka3zareabcTBO. [lokaxkem, yto X — »3ddekTuBHoe pemenue. Ilycts x'eX,

f(x") < f(X) u cymectByer unaekc i Takoit, uro f;(x') < f;(X). T.x. 44> 0, To

P P
D S ()< A f (),
k=1 k=1

YTO NPOTUBOPEUMUT ONITUMAIIBHOCTU X B JIMHEWHOU CBEPTKE.

A
[TokaxxeM 3ppexTuBHOCTH 110 [[Xxeoddpuony. [lonoxum M = (p —1) mgxz{.
ij

[Ipenmonoxum, cymectByer xeX u Takou WUHAEKC i < p, yTt0 f;(x)< f;(X) mn
Ji(X) = fi(x)>M(f;(x)— f;(X)) ansBcex UHACKCOB j, TAe [ ;(X) < f;(x).
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Torna nmo BeIOOpY M nony4daem
- -1 ~
i@~ fi@)> E 22,050 - £,
3ameTnM, YTO HEPABEHCTBO BEPHO VIS BCeX j # I, T.K. Ipu f;(X) 2 f;(x) OHO TpH-

BUAJIIBHO. Y MHOXKHUM 3TO HEPABEHCTBO HA %_1) M CJIOKUM I10 BCEM | # 1.

L) = [;(0)> D A,(f(x) = [1(X))

J#I
Torna 4. f;(¥)=Afi(x)> ) A;f;(0)= ) A 1;(%),
J#L J#I
rpymmapyem A, f;(X)+ Y A, f3(X) > A f;(x)+ D A, f;(x).
J#I J#I

p p
[Tomy4daem Z/Il- f;(X) > Z/IZ- /;(x), 4TO IPOTUBOPEUYNUT ONTUMAIBLHOCTHA X . W
i=1 i=1

BepHo 11 oOpaTtHOEe yTBEpKIAcHUE?
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> V1

Yy — HEJIOMUHUPYyEMas TOYKa
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Jlemma (0 cBoiicTBax BeIIYKNbIX GyHKIHN). ITycth X < R” — BBINyKI0E MHOXKE-

cTBO U Bee GpyHKumu Ay : R" — R Bemmykisie k= 1,..., p. Ecam cucrema Ay (x) <0,
k=1,..., p, HE UMEET PEUICHUI X U3 MHOYKECTBA X, TO CYIIECTBYIOT TAKHE HEOPU-

p
LaTeJIbHbIC BEIUYMHBI A}, B CYMME paBHBbIC 1, Zlk =1, 4, 20 |, 9TO
k=1

P
Z/Ikhk(x) >0 ansBcex xeX.
k=1

bes nokazarenncTBa.
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Teopema. IIycts X — R" — Beimyknas o6nacte U Bce Gynkumu f; ‘R° — R
BeINyKJIbIE, kK = 1,..., p. Torma X € X saBmagercs 3Qp(PEKTUBHLIM PEHICHUEM IO
JIxeohdpruoHYy, €CIIM M TOJIBKO €CIM X — ONTHUMAaJbHOE PEIICHUE JIMHEHHOM

CBEPTKH C MOJO0KUTEIBHBIMU BecamMu A, k=1,..., p.

JloxkazaTeabcTBO. [IpoBEprUM HEOOXOAUMOCTh. J|OCTATOYHOCTH CIECAYET U3 Mpe-
JBIAYIIEH TEOPEMBL.

IIycte X — addextuBHOE penienue no Jxeobdpuony. M3 onpenencHus cieny-
€T, 4TOo cyuiecTByetT M > 0, 1151 KoToporo npu jawbdom i = 1,..., p cucrema

Ji(x) < fi(X)
Ji()+Mf;(x) < f;(X)+ Mf;(X), j#i

HE UMEET PEIICHUM.
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Toraa mo jeMme O BBIMYKJIBIX (PYHKIUSIX JJI i-d CUCTEMbI HAWAYTCS BEJIMYMHBI

>0, k=1,..., p B cymMe paBHble 1, T.€. Z/I’k =1 Opu KOTOpBIX MJIs JIFOOOIO
k=1

x€X BEpHO HEPABEHCTBO:
A L; )+ D 2 (f;(0) + My (0)) 2 4 f5() + D A (i (%) + M, (%)).
k#i k#i
OTKpbIBa€M CKOOKHU:
AL )+ D M i)+ MY A fi ()2 A f;(B) + D A f;(R)+ MDY 2 £ ().
k#i k#i k#i k#i

3aHOCHM B CYMMY II€pBO€ CjlaracMoe B 00€MX 4acTsIX HEpaBCHCTBA:

Zﬂfkf(XHMZﬂfkfk(xPZﬂlkf(xHMZ%fk(X)

k#i k#i
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[Toyb3ysACh paBEHCTBOM Zﬁ’k =1, monmy4daem:
k=1

i) +MY 2 f(x)2 f;(R)+ M) A fi ().
k#i k#i

Wrak, nig kaxgoro i = 1,..., p nonydywin HepaBeHCTBO. CKiaabpiBas Ux II0 I, MO-

IydaeM: Zf(x)+MZZ/1kf(x)> Zf(x)+MZZ/1kf(x)

i=1 k+#i i=1 k+#i

p _ p :
OTcrofa ciemyerT, 4To Z 1+ M Z A 1S (%) ZZ 1+ M Z/I’k f+(X) BepHO mis
k=1 i#k k=1 i#k

Bcex xeX. IlogenuB o0e yactu Haz 1+ M z Ay |, moaydaeM HOPMHPOBAHHBIM
k=1 i+k

BeKTOp A > 0, yKazaHHBIM B T€OpeME, P KOTOPOM X — ONTHUMAJIbHOE PEIICHUE

B JIMHEWHOU cBepTKe. M
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[Ipumep. X = {xeR§ |x12 +x§ >1} filx) =x1, fo(x) = x2

AV,

Xp={xelX| x12 + x% =1} — pemenus, s¢dekruBHbie 110 [1apero.

[Ipu m100b1x A > 0 nUHEKHHAs CBEPTKA JA€T TOJIBKO Vi, V!
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MeTtoa yCTynok

Jna ¢ e R’ paccmorpuM 3amady ¢ OMHUM KPUTEPUEM

min f; (x)
xeX
| (*)
IIPHU YCJIOBUH Ji(X)<¢, k#]

Teopema. Jlonyctumoe pemenne X € X spisercs d3gp@ektuBHbiM 110 [lapeto <

3 ¢ € R’, npu koTOpOoM X — oNTUMaIbHOE pemenue (*) i Beex j = 1,..., p.

JlokazareabcTBOo. = IloNOXKKMM £ = f(X) ¥ OPEeANoOI0XKUM, 4YTO X HE SBJISACTCS
ONTUMAJIbHBIM PELICHUEM JJIsi HEKOTOpOro j. Toraa namgercas x e X, Ajid KOTO-
poro f;(x)<f;(X) u fr(x)<& = fi(X), k #J, T.e. X He sBusieTcs dQPeKTHB-
HbIM 110 [IaperTo.

< Ilpeanomnoxum, yto X ¢ Xr. Torma d j u pemeHue x € X, I KOTOPBIX
Ji(x)<f;(X)n fr(x)< fr(X), k#j. 1loaTomy X HE MOKET OBITH ONTHMAJILHBIM

PCHICHUCM HH IIPHU KAKOM &, CCJIIN X — HOIIYCTUMOC PCIHICHUC IJIsA 3TOI'O £ B
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Ipumep

, Six)
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YcTHBIC BONPOCHI 10 IK3aMEHa
4 xkypc, MM® HI'Y, 3umMHsIs ceccus.

1. IIpuOnm>XeHHBIC AJITOPUTMBI C FTAPAaHTUPOBAHHON OTHOCUTEIBHOM TOYHOCTBIO.
MoaudunupoBaHHbBIN KaIHBIN aJICOPUTM JJIS 3a4a41 O PIOK3aKe U alITOPUTM C
TOYHOCTBIO 4.

2. AHHpOKCHMaHHOHHBIG CXCMbI, IIOJIMHOMUAJIBHBIC U ITOJIHOCTHIO ITOJIMHOMMAJIb-
HbBIC CXCMbI JJIA 3a1a491 O PHOK3aKCE.

3. 3apauga ynakoBku B KoHTeHMHEPHI. Asroputmbl NF, FF, BF, FFD, otpuniaresns-
HBIM pe3yabTaT 00 allmpOKCUMHUPYEMOCTH.

4. Hwxaue ouenku Martello u Toth.
5. Merop renepauuu CTOJIOIOB 15 3a/1a4i YIIAKOBKU B KOHTEHHEPHI.

6. 3agaya KajeHAapHOro miaHupoBaHusi. Kpurndyeckue pabOThl, MyTH U KPUTHYE-
CKO€ BpeMsi IMPOEKTA.

7. 3a;adu KaJeHAAPHOTO IUNIAHUPOBAHUSA C OTPAHUYEHHBIMHU PECYPCAMU.

8. Anroputm ['mmanu JUis 3a71a4u CO CKIAIUPYEMBIMU PECYPCAMHU.
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10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

3agaua KOMMUBOsIKEpa. TeopeMa 0 MOTPEeITHOCTH NPUOIMKEHHBIX TOJTUHOMU-
aJbHBIX AJITOPUTMOB U aJITOPUTMOB JIOKAJIBHOTO CITYCKa.

3a/1aya KOMMHBOSIKEPaA C HEPABEHCTBOM TPEYTOJIbHUKA. AJITOPUTM C FapaHTH-
POBAaHHOU OIIEHKOW TOYHOCTH 2.

HuxHue olieHKH B 3a1a4€ KOMMUBOSHKEpa

Anroput™ Jlaynepa nis 3agaun 1| prec| frox

Anroputm pemienus 3agaun P | pmin |C,..

AsroputMm pemienus 3anaun P | pmin, v; | Ly

Anroput™ pemenus 3agaun F2 || C,ux

3ajaud 0 MOKPHITUM, alropuT™M UBaTasa

3agaya pa3MeIICHHS B YCIOBUSIX KOHKYPECHIIMUH «O€3HAJICKHBIN TIPUMED.
Marpuunbie urpel. OnipeaeeHue CeAI0BOM TOUKH.

Teopema ®ouH-Hermana.

beckoanuiMoHHbIE UTPBL, paBHOBEcHE 1O Hay.

MHorokputepuaibHas ontuMu3zamus. IPpdekTuBHbIe penieHus no Ilapero u
JIxeobdprony. MeTos yCTYyNOK.
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Bornpocel Kk 3K3aMeHy

4 xkypc, MM® HI'Y, 3umMHsIs ceccus.

MeTo IMHaMUYECKOTO MPOrpaMMHUPOBAHUS HA IPUMEPE PACTIPEACIUTEIBHOU
3aa4H.

2. Mogpens pa3MenieHys Kanyuralia, BEpXHsS OLICHKA ONITHMYMa, CBOMCTBO ONTH-
MaJIbHOT'O PEeIICHUS TUHEHMHOMN pellaKCallii, aJITOPUTM OKPYIJICHHUS APOOHOI0
pelICHUS.

3. Knaccuueckas 3aja4a o prok3ake, TeopemMa 00 aJiropuTMax ¢ rapaHTUPOBAHHOM
a0COJIOTHOU TOYHOCTBIO.

4. JKamHble aarOpUTMBI IS KJIACCUYECKOHW 3aJ1a4M O PrOK3ake, cBoucTBa LP-
penaKcanu

5. IlpuOamXeHHbIE aITOPUTMBI C TAPAHTUPOBAHHON OTHOCUTEIBHON TOYHOCTBIO.
MoauduipoBaHHbIN KagHBIM aJITOPUTM IJIs 3aJa4l O PIOK3AaKE U aITOPUTM C
TOUYHOCTBIO V4.

6. ANIpOKCHMAIMOHHBIE CXE€MBI, HOJMHOMHAIBHBIE U OJHOCTHIO NOJIUHOMHAIb-
HbIE CXEMBI /14 3aJ1a4l O PIOK3AKE.

-23- Jlekumna 15. MHorokputrepuanbHas oNTUMMU3aLUUA



7. 3amMeHa 000pyAOBaHUA. AJITOPUTM TUHAMUYECKOTO TPOTPAMMUPOBAHUA JJISI KO-
HEYHOTO IIJIAHOBOTO MEPUO/IA.

8. 3amaua ynakoBku B KoHTeHHEpHI. AnroputMsel NF, FF, BF, FFD u nx cBoicrtaa,
OTPULIATENBHBIN PE3YJIbTAT 00 ANIPOKCUMHUPYEMOCTH.

9. Hwxuue onenku Martello u Toth.

10. MeTona renepanuy CTOI0IIOB 15 3a/1a4u YIIAKOBKH B KOHTEHHEPHI.

11. 3amauya nByMEpHOM YIIAKOBKH, KOJUPOBKHU PEIIEHUM, AJITOPUTM UMHUTALIUA OTKUTA.

12. 3agaua KajmeHAapHOIO MIaHUpoBaHusA. Kpuruueckre padoThl, IyTH U KPUTHUECKOE
BpEMs IIPOEKTA.

13. IlocTaHOBKa 3a/1a4M KaJICHAAPHOTO MJIAHUPOBAHUS C OTPAHUYCHHBIMU PECYPCAMMU.

14. T-no3gHue pactimcanusi. AITOPUTM BBIYUCICHUS T—TI03HUX PaCIMCAHUM.

15. JlokazaTenbCTBO ONTUMaAIbHOCTH T*—1o3aHero paciucanusd. Anroputm ['umaam.

16. 3amaum KajgeHAAPHOTO INIAHUPOBAHUS C IIEPEMEHHBIMU JJIMTEIBHOCTIMH PadoT.
CBelicHHE K JIMHEMHOMY IIPOTrPaMMUPOBAHUIO.

17. 3agaua koMMuBOsKEpa. TeopeMa 0 MOrpeHOCTA MPUOTHUKEHHBIX TTOJIMHOMHUAIIb-
HBIX &JITOPUTMOB Y AJITOPUTMOB JIOKAJIBHOTO CITYCKA.
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18.

19.

20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

3a1aya KOMMHBOSIKEPA C HEPABEHCTBOM TPEYTOJIbHUKA. AJITOPUTM C TapaHTUPO-
BAHHOM OIICHKOW TOYHOCTH 2. J|0Ka3aTeIbCTBO OLICHKH Y €€ HEYIyUYIIaEMOCTH.

Hwxnue OLIOCHKH B 3a/1a4C KOMMUBOKECPA: IDUMHUTHBHAA OLCHKA, OLICHKA JINHEH -
HOI'O IIPpOIrpaMMHUpPOBaHUs, OICHKA 3a/1a491 O HA3HAYCHUAX 1 MUHHUMAJIbHBIC 1-

JEPEBBAL.

AJ'IFOpI/ITM peIICHUA 3aa91 O HA3BHAYCHUMAX.

Meton BETBEU U TpaHUIL IS 33J1a4 KOMMUBOSIKEPA.

Knaccudukanus 3a1a4 TeOpUM pacrCaHUiA.

Anroputm Jlaynepa mis 3agaun 1| prec| foax

AJITOpUTM pEIIEHUS 3a/1a41
AJNTOPUTM pELICHUSA 3aJa491
AJNTOPUTM pELICHUS 3aJa491
AJNTOPUTM pELICHUA 33191

AJITOPUTM pELIEHUA 3aa9U

1| prec, pmtn, r; | fax
P | pmtn |C,,u

P | pmtn, v; |L,,.

Q | pmin |Cya

F2 || Cax

3aj1a4u O TOKPBITHAH, aJITOPUTM UBaTasa, OI[EHKA €ro MOrPEIIHOCTH U 3KCTPE-

MaJbHBIN TIPUMED.
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30.

31.

32.
33.

34.

35.

3a1a4u pa3MeIleHus. | e HeTUUYECKUM aliTOPUTM IS 3a4a4U Pa3MEIICHUS TTPOU3-
BOJICTBA.

3aja4a pa3MeIlCHUS B YCIOBUAX KOHKYPEHIIMH, MaTeMaTu4ecKas MOAEb, «0e3Ha-
JEKHBID» TPUMEDP, TOUHBIU METO/I,.

Marpuusnsie urpel. OnipeieIeHue CeAII0BON TOUKH.

HeoOxoaumble U 10CTaTOYHBIC YCIIOBUS PAaBEHCTBA BEPXHEW M HUKHEM 1IEH UTPHI B
YUCTBIX cTparerusax. Teopema @on-Henmana. /{unemma 3aKiitO4eHHBIX.

beckoanuimoHHbIe UTPhI, paBHOBECHE 110 Harry, npumep urpsl 6€3 paBHOBE-
CUM.

MHorokpuTepuaibHas onTuMuzanusi. I pekTuBHbie penieHus mo [lapeto u
JIxxeohdprony. JInHelHbIE CBEPTKH U UX CBOMCTBA. MeTO/ YCTYIOK.
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