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¾Ìåòîäû îïòèìèçàöèè¿, 2015 ã.

ËÅÊÖÈß � 2

1. Çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ

2. Áàçèñíûå äîïóñòèìûå ðåøåíèÿ

3. Ñèìïëåêñ-òàáëèöà. Ñèìïëåêñ-ìåòîä

4. Ëåêñèêîãðàôè÷åñêèé ñèìïëåêñ-ìåòîä
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Çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ (ËÏ)

Ðàññìîòðèì çàäà÷ó

f(x) −→ min
x∈Q

(1)

Q = {x | ϕi(x) ≤ 0, i = 1,m}, (2)

x ∈ Rn, (3)

ãäå ôóíêöèè f, ϕi, i = 1,m � ëèíåéíû. Ïðåäñòàâèì çà-
äà÷ó (1)�(3) â ýêâèâàëåíòíîì âèäå.
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Ëèíåéíîå ïðîãðàììèðîâàíèå (ËÏ)

w(x) = (c, x) −→ min (5)

Ax = b, (6)

x ≥ 0, (7)

ãäå:

c = (cj), x = (xj) ∈ Rn, b = (bi) ∈ Rm,

A = (aij) � (m× n) ìàòðèöà,
m ≤ n, rang(A) = m.

Çàäà÷à (5)�(7) íàçûâàåòñÿ çàäà÷åé ëèíåéíîãî ïðîãðàììèðî-
âàíèÿ (ËÏ) â êàíîíè÷åñêîé ôîðìå çàïèñè.
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ËÏ: ïîíÿòèå áàçèñíîãî äîïóñòèìîãî ðåøåíèÿ (á.ä.ð.).

Ñèñòåìó îãðàíè÷åíèé (5) ìîæíî ïðåäñòàâèòü â âèäå:

Ax = b ≡ (ai, x) = bi, i = 1,m

èëè

Ax = b ≡
n∑
j=1

Ajxj = b.

Áàçèñ � ëþáîé íàáîð Aσ(1), . . . , Aσ(m) èç m ëèíåéíî
íåçàâèñèìûõ ñòîëáöîâ ìàòðèöû ñèñòåìû îãðàíè÷åíèé A.

Ìàòðèöà B = [Aσ(1), . . . , Aσ(m)] íàçûâàåòñÿ áàçèñíîé.
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ËÏ: ïîíÿòèå áàçèñíîãî äîïóñòèìîãî ðåøåíèÿ (á.ä.ð.).

Îáîçíà÷åíèÿ:

S = {σ(1), . . . , σ(m)}, S′ = {1, . . . , n} \ S,
A = [B,N ], ãäå N = [Aj]j∈S′.

x = (xB, xN), ãäå xB = (xσ(1), . . . , xσ(m))� áàçèñíûå,
à xN = (xj)j∈S′ � íåáàçèñíûå ïåðåìåííûå.

E xB +B−1NxN = B−1b (6
′
)

Îïðåäåëåíèå 3. Ðåøåíèå (xB, xN) = (B−1b, 0) ñè-
ñòåìû óðàâíåíèé (6) íàçîâåì áàçèñíûì (ñîîòâåò-
ñòâóþùèì áàçèñó B).
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ËÏ: ïîíÿòèå á.ä.ð.

Ëåììà 3. Ðåøåíèå x ñèñòåìû (6) � áàçèñíîå òî-
ãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî ñòîëáöîâ ñ
èíäåêñàìè èç ìíîæåñòâà S(x) = {j|xj 6= 0} ëè-
íåéíî íåçàâèñèìî.

Îïðåäåëåíèå 4. Áàçèñíûì äîïóñòèìûì ðåøåíèåì
(á.ä.ð.) íàçûâàåòñÿ ëþáîé ýëåìåíò ìíîæåñòâà Q, ÿâëÿþ-
ùèéñÿ áàçèñíûì ðåøåíèåì ñèñòåìû óðàâíåíèé (6).

Çàìå÷àíèå 2. Ðåøåíèå, ñîîòâåòñòâóþùåå áàçèñóB � á.ä.ð.
⇐⇒ B−1b ≥ 0.
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ËÏ: Êðèòåðèé ðàçðåøèìîñòè

Îïðåäåëåíèå 5. Âåêòîð x ∈ Q � êðàéíÿÿ òî÷êà èëè
âåðøèíà ìíîæåñòâàQ, åñëè íå ñóùåñòâóåò äîïóñòèìûõ ðå-
øåíèé x1 6= x2 èç Q òàêèõ, ÷òî x = αx1 + (1 − α)x2,
ãäå 0 < α < 1.

Òåîðåìà 3. Âåêòîð x � á.ä.ð. òîãäà è òîëüêî òîãäà,
êîãäà x � êðàéíÿÿ òî÷êà ìíîæåñòâà Q.

Òåîðåìà 4. (Êðèòåðèé ðàçðåøèìîñòè.) Çàäà÷à ëè-
íåéíîãî ïðîãðàììèðîâàíèÿ (5)�(7) ðàçðåøèìà òî-
ãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî äîïóñòèìûõ
ðåøåíèé íå ïóñòî è öåëåâàÿ ôóíêöèÿ îãðàíè÷åíà
íà íåì. (Áåç äîêàçàòåëüñòâà)
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ËÏ: Êðèòåðèé ðàçðåøèìîñòè

Ñëåäñòâèå 3. Åñëè ìíîæåñòâî äîïóñòèìûõ ðåøå-
íèé çàäà÷è ËÏ íå ïóñòî, òî ñóùåñòâóþò áàçèñíûå
äîïóñòèìûå ðåøåíèÿ.

Ñëåäñòâèå 4. Åñëè çàäà÷à ËÏ ðàçðåøèìà, òî ñó-
ùåñòâóåò îïòèìàëüíîå áàçèñíîå ðåøåíèå.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

x � äîïóñòèìîå ðåøåíèå çàäà÷è (5�7) ñî çíà÷åíèåì öåëåâîé
ôóíêöèè (c, x) = w ⇔ ïàðà (w, x) � ðåøåíèå ñèñòåìû
óðàâíåíèé (5

′
), (6

′
), (7) èëè ñèñòåìû

−w + (cN − cBB−1N)xN = −cBB−1b, (5
′
)

ExB +B−1NxN = B−1b, (6
′
)

x ≥ 0
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

−w +
∑
j∈S′

z0jxj = z00, (5
′′
)

xσ(i) +
∑
j∈S′

zijxj = zi0, i = 1,m, (6
′′
)

ãäå
z00 = −cBB−1b = −w(x),

z0j = cj − cBB−1Aj, j = 1, . . . , n,

(z10, . . . , zm0)
> = B−1b,

(z1j, . . . , zmj)
> = B−1Aj, j = 1, . . . , n.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

x1 . . . xj . . . xn
−w z00 z01 . . . z0j . . . z0n
xσ(1) z10 z11 . . . z1j . . . z1n

. . . . . . . . . . . . . . . . . . .
xσ(i) zi0 zi1 . . . zij . . . zin

. . . . . . . . . . . . . . . . . . .
xσ(m) zm0 zm1 . . . zmj . . . zmn
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

x1 . . . xi . . . xm xm+1 . . . xn
−w z00 0 . . . 0 . . . 0 z0m+1 . . . z0n
x1 z10 1 . . . 0 . . . 0 z1m+1 . . . z1n
: : : : : : :
xi zi0 0 . . . 1 . . . 0 zim+1 . . . zin
: : : : : : :
xm zm0 0 . . . 0 . . . 1 zmm+1 . . . zmn

z0j � îöåíêè çàìåùåíèÿ,

zij � êîýôôèöèåíòû çàìåùåíèÿ,

zi0 � çíà÷åíèÿ áàçèñíûõ êîìïîíåíò òåêóùåãî á.ä.ð.
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Ñèìïëåêñ-òàáëèöà: ïðèçíàê îïòèìàëüíîñòè

Ëåììà 4 (ïðèçíàê îïòèìàëüíîñòè). Åñëè îöåíêè
çàìåùåíèÿ íåîòðèöàòåëüíû, òî òåêóùåå áàçèñíîå
äîïóñòèìîå ðåøåíèå x ÿâëÿåòñÿ îïòèìàëüíûì ðå-
øåíèåì çàäà÷è (5)�(7).

Äîêàçàòåëüñòâî. Ïóñòü x ∈ Q. Òàê êàê z0j ≥ 0 è

xj ≥ 0, j ∈ S′, òî èç (5
′
) ñëåäóåò, ÷òî

w(x) = cBB
−1b+

∑
j∈S′

z0jxj ≥ cBB−1b =

= w(x) �
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Ñèìïëåêñ-òàáëèöà: ïðèçíàê îïòèìàëüíîñòè

Îïðåäåëåíèå 6. Ñèìïëåêñ�òàáëèöà ïðÿìî äîïóñòèìà, åñ-
ëè zi0 ≥ 0, i = 1, . . . ,m.

Áàçèñ B, ñîîòâåòñòâóþùèé åé, òàêæå íàçûâàåòñÿ ïðÿ-
ìî äîïóñòèìûì.

Îïðåäåëåíèå 7. Ñèìïëåêñ�òàáëèöà äâîéñòâåííî äîïóñòè-
ìà, åñëè z0j ≥ 0, j = 1, . . . , n.

ÁàçèñB, ñîîòâåòñòâóþùèé ýòîé òàáëèöå, òàêæå íàçû-
âàåòñÿ äâîéñòâåííî äîïóñòèìûì.
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Ýëåìåíòàðíîå ïðåîáðàçîâàíèå á.ä.ð.

x(t), t ≥ 0 :

xσ(i)(t) = xσ(i) − zist,

xs(t) = t, (10)

xj(t) = 0, j ∈ S′\s

t =
xσ(r)

zrs
=
zr0

zrs
= min
zis>0, i≥1

zi0

zis
.
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Ýëåìåíòàðíîå ïðåîáðàçîâàíèå ñ.-ò.

α′i = (z′i0, z
′
i1, . . . , z

′
in) (i = 0,m) ñòðîêè

íîâîé ñèìïëåêñ� òàáëèöû:
α′i = αi −

zis

zrs
αr, i 6= r,

α′r =
1

zrs
αr.

(11)

r-ÿ ñòðîêà, s-é ñòîëáåö è ýëåìåíò zrs íàçûâàþòñÿ
âåäóùèìè.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ñîîòíîøåíèÿ (11) ýêâèâàëåíòíû ñëåäóþùèì
z′ij = zij −

ziszrj

zrs
, i 6= r,

z′rj =
zrj

zrs
.

Çàìå÷àíèå 3. Ýëåìåíòàðíûå ïðåîáðàçî-
âàíèÿ ñîõðàíÿþò ïðÿìî äîïóñòèìîñòü ñ.-ò.
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Ñèìïëåêñ-ìåòîä: èäåÿ ìåòîäà

Ëåììà 5 (î íåðàçðåøèìîñòè). Åñëè äëÿ íîìåðà s
îöåíêà çàìåùåíèÿ z0s < 0 è äëÿ âñåõ èíäåêñîâ i
êîýôôèöèåíòû çàìåùåíèÿ zis íåïîëîæèòåëüíû, òî
â çàäà÷å (5)�(7) íå ñóùåñòâóåò îïòèìàëüíîãî ðåøå-
íèÿ.
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Ñèìïëåêñ-ìåòîä: èäåÿ ìåòîäà

Ëåììà 6 (î ñóùåñòâîâàíèè ëó÷øåé âåðøèíû). Åñ-
ëè îöåíêà çàìåùåíèÿ z0s < 0 è ñóùåñòâóþò áà-
çèñíûå ïåðåìåííûå ñ êîýôôèöèåíòàìè çàìåùåíèÿ
zis > 0, òî ýëåìåíòàðíîå ïðåîáðàçîâàíèå ïðèâå-
ä¼ò ëèáî â âåðøèíó ñ ìåíüøèì çíà÷åíèåì öåëåâîé
ôóíêöèè, ëèáî âåðøèíà îñòàíåòñÿ ïðåæíåé, íî èç-
ìåíèòñÿ å¼ áàçèñ.
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Ñèìïëåêñ-ìåòîä

0) Ïîñòðîèòü ñèìïëåêñ�òàáëèöó, ñîîòâåòñòâóþ-
ùóþ çàäàííîìó áàçèñíîìó äîïóñòèìîìó ðåøåíèþ
(òàáëèöà, åñòåñòâåííî, áóäåò ïðÿìî äîïóñòèìîé, ò.å.
zi0 ≥ 0, i = 1,m).

1) Åñëè ñèìïëåêñ�òàáëèöà äâîéñòâåííî äîïóñòèìà,
ò.å. z0j ≥ 0, j = 1, n, òî ÊÎÍÅÖ (ïîëó÷åíî îï-
òèìàëüíîå ðåøåíèå)

2) Èíà÷å, âûáðàòü âåäóùèé ñòîëáåö s : zos <
0, s ≥ 1.
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Ñèìïëåêñ-ìåòîä

3) Åñëè {i | zis > 0, i ≥ 1} 6= ∅, òî âûáðàòü
âåäóùóþ ñòðîêó r ïî ïðàâèëó:

zr0

zrs
= min{

zi0

zis
| zis > 0, i ≥ 1},

èíà÷å ÊÎÍÅÖ (çàäà÷à íåðàçðåøèìà èç-çà íåîãðà-
íè÷åííîñòè öåëåâîé ôóíêöèè).

4) Ïðåîáðàçîâàòü ñèìïëåêñ�òàáëèöó, ïîëîæèòü

σ(r) := s è ïåðåéòè íà øàã 1.
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Ëåêñèêîãðàôè÷åñêèé ñ. - ì.

Ïóñòü α′, α′′ ∈ Rn+1.

Âåêòîð α′ ëåêñèêîãðàôè÷åñêè áîëüøå âåêòîðà α′′

(α′ � α′′)⇔ α′ − α′′ � 0.

Ñèìïëåêñ-òàáëèöà íîðìàëüíà, åñëè êàæäàÿ åå ñòðî-
êà αi, i = 1, . . . ,m ëåêñèêîãðàôè÷åñêè áîëüøå
íóëÿ.
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Ëåêñèêîãðàôè÷åñêèé ñ. - ì.

0) Íà÷àòü ñ íîðìàëüíîé ñèìïëåêñ�òàáëèöû.

3) Åñëè {i | zis < 0, i ≥ 1} 6= ∅, òî âûáðàòü
âåäóùóþ ñòðîêó r ïî ïðàâèëó:

1

zrs
αr = lexmin{

1

zis
αi | zis > 0, i ≥ 1},

èíà÷å ÊÎÍÅÖ (çàäà÷à íåðàçðåøèìà).
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Ñîõðàíåíèå íîðìàëüíîñòè ñ.-ò. íà øàãå 4:

1. αr � 0, zrs > 0⇒ 1
zrs
αr � 0

2. zis ≤ 0⇒ αi −
zis
zrs
αi � αi � 0

3. zrs > 0⇒ zis[
1
zis
αi − 1

zrs
αr] � 0.

Ëåêñêîãðàôè÷åñêîå âîçðàñòàíåíèå 0-é ñòðîêè:

z0s < 0, zrs > 0 è αr � 0, òî

α0 −
z0s

zrs
αr � α0.

Èòàê áàçèñû íå ìîãóò ïîâòîðÿòñÿ, ñëåäîâàòåëüíî,
ìåòîä êîíå÷åí.
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