ĂŁĂĎĚŇĹ§ ŊĂŞŁ ŘŐŚŚĹĹ ŚĹĄĹŘŚŁŐĚ ŐŠĎĚŃĚŊĹĚ ĹŊŚŠĹŠŞŠ ŇĂŠĚŇĂŠĹŁĹ ĺň. Ś.Ń.ŚŐĄŐŃĚĆĂ

Ŋă ŕàăćăå àãłőŕĺáĺ

ŔĂŹĚŊŁŐ Ňĺåăĺń Čěőàčĺěćĺç

ŃĂČŘĂŊĘĚĆŻ ŘĚŃĂŁŚĂŰĹĹ Ć ĎĹŊĂŇĹŮĚŚŁĹŢ ĞĂĎĂŮĂŢ ĆŻĄŐŘĂ ŐŔŠĹŇĂŃĲŊŐČŐ ŚŐŚŠĂĆĂ ŚĹŚŠĚŇŻ ŠĚŢŊĹŮĚŚŁĹŢ ŚŘĚĎŚŠĆ

(01.01.09 { ňăâěňăâĺçěáłăï łĺąěàŋěâĺłă)

Ďĺááěàâăæĺï ŋă áőĺáłăŋĺě ãçěŋőľ áâěŕěŋĺ łăŋďĺďăâă äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł

Ŋăãçŋëľ àãłőćőďĺâěńì ď.ä.-ň.ŋ., ŕàőäěááőà Ć.Ń.Ąěàěáŋěć

Ŋőćőáĺąĺàáł { 1998 č.

ŐČŃĂĆŃĚŊĹĚ

áâà.

Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 3 Čńăćă 1. Ňŋőčőíâăŕŋăï ğăďăçă : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 12 § 1.1. Ŕőáâăŋőćłă ğăďăçĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 12 § 1.2. Ŋĺęŋĺě őæěŋłĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 14 § 1.3. Ăńčőàĺâň àěèěŋĺï àěńăłáĺàőćăŋŋőľ ğăďăçĺ : : : : : : : : : : : : : :21 § 1.4. Ŕőáâàőěŋĺě ďőŕãáâĺňőčő àěèěŋĺï ňŋőčőíâăŕŋőľ ğăďăçĺ : :27 § 1.5. Ůĺáńěŋŋëľ íłáŕěàĺňěŋâ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 29 Čńăćă 2. Ďćãåãàőćŋěćăï ňŋőčőíâăŕŋăï ğăďăçă : : : : : : : : : : : : : : : : : : : : : 34 § 2.1. Ŕőáâăŋőćłă ğăďăçĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 34 § 2.2. Ŋĺęŋĺě őæěŋłĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 36 § 2.3. Śőőâŋőèěŋĺě őæěŋőł DLW ĺ DLS : : : : : : : : : : : : : : : : : : : : : : : 42 § 2.4. Řěğãńìâăâë âěáâőćëå àăáçěâőć : : : : : : : : : : : : : : : : : : : : : : : : : : : 44 Čńăćă 3. Ďĺŋăňĺçěáłĺě ğăďăçĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 46 § 3.1. Ŕőáâăŋőćłă ğăďăçĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 46 § 3.2. Ŋĺęŋĺě őæěŋłĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 48 § 3.3. Őąéăï áåěňă ăńčőàĺâňă : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 53 § 3.4. Ďĺŋăňĺçěáłĺě ğăďăçĺ á őčàăŋĺçěŋĺïňĺ ŋă ŋőňěŋłńăâãàã ĺğďěńĺľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 54 § 3.5. Ďĺŋăňĺçěáłĺě ğăďăçĺ á äăłâőàőň áěàĺľŋőáâĺ : : : : : : : : : : : : 56 § 3.6. Řěğãńìâăâë çĺáńěŋŋëå àăáçěâőć : : : : : : : : : : : : : : : : : : : : : : : : : 58 Čńăćă 4. Ďćãåãàőćŋěćăï ďĺŋăňĺçěáłăï ğăďăçă : : : : : : : : : : : : : : : : : : : : : 61 § 4.1. Ŕőáâăŋőćłă ğăďăçĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 61 § 4.2. Ŋĺęŋĺě őæěŋłĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 64 § 4.3. Ăńčőàĺâňë àěèěŋĺï àěńăłáĺàőćăŋŋëå ğăďăç : : : : : : : : : : : : : 66 Śŕĺáőł ńĺâěàăâãàë : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 73

Ććěďěŋĺě

Ć ďăŋŋőľ àăąőâě àăááňăâàĺćăîâáï ďĺŋăňĺçěáłĺě ğăďăçĺ ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë âěåŋĺçěáłĺå áàěďáâć. Ŋă áőďěàęăâěńìŋőň ãàőćŋě ğăďăçă äőàňãńĺàãěâáï áńěďãîéĺň őąàăğőň. Ŕőď áĺáâěňőľ âěåŋĺçěáłĺå áàěďáâć ąãďěň ŕőŋĺňăâì ňŋőęěáâćő ĺğďěńĺľ, őąêěďĺŋïěňëå őąéŋőáâìî äãŋłæĺőŋăńìŋőčő ŋăğŋăçěŋĺï. Śĺáâěňă âěåŋĺçěáłĺå áàěďáâć åăàăłâěàĺğãěâáï áćőĺň áőáâăćőň, łőâőàëľ őŕàěďěńïěâáï ŋăąőàőň őąàăğæőć ĺğďěńĺľ ĺ łőńĺçěáâćőň ĺğďěńĺľ łăęďőčő őąàăğæă. Őąńăáâì ćőğňőęŋőčő ćëąőàă áàěďáâć ğăďăěâáï ĺáåőďŋëň àïďőň, â.ě. ŕěàěçŋěň őąàăğæőć, łőâőàëě ć ŕàĺŋæĺŕě ňőčãâ ćőľâĺ ć áőáâăć áĺáâěňë. Ć ĺáåőďŋëľ àïď ňőčãâ ąëâì ćłńîçěŋë łăł őąàăğæë, ŋăåőďïéĺěáï ć ŕàőĺğćőďáâćě, âăł ĺ ŕěàáŕěłâĺćŋëě őąàăğæë. Śäěàă ŕàĺňěŋěŋĺï ĺááńěďãěňőľ áĺáâěňë âěåŋĺçěáłĺå áàěďáâć åăàăłâěàĺğãěâáï áőćőłãŕŋőáâìî àăąőâ, łőâőàëě ďőńęŋë ąëâì ćëŕőńŋěŋë á ĺáŕőńìğőćăŋĺěň àăááňăâàĺćăěňëå âěåŋĺçěáłĺå áàěďáâć. Ŕàőæěáá ćëŕőńŋěŋĺï àăąőâ àăğąĺćăěâáï ŋă ŋěáłőńìłő íâăŕőć (ńěâ), ďńï łăęďőčő ĺğ łőâőàëå ĺğćěáâŋë őąêěňë ćëŕőńŋïěňëå àăąőâ. Ğăďăçă áőáâőĺâ ć âőň, çâőąë ŋăľâĺ âăłőľ ŋăąőà âěåŋĺçěáłĺå áàěďáâć (áőáâăć áĺáâěňë), łőâőàëľ ŕőğćőńĺń ąë ćëŕőńŋĺâì ćáě àăąőâë ĺ ĺňěń ąë ňĺŋĺňăńìŋëě áãňňăàŋëě ğăâàăâë, áćïğăŋŋëě á àăğàăąőâłőľ, ŕàőĺğćőďáâćőň ĺ íłáŕńãăâăæĺěľ âěåŋĺçěáłĺå áàěďáâć. Ďĺŋăňĺçěáłĺě ğăďăçĺ ïćńïîâáï ěáâěáâćěŋŋëň őąőąéěŋĺěň ğăďăç, ć łőâőàëå őáãéěáâćńïěâáï àăğőćëľ ćëąőà őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë âěåŋĺçěáłĺå áàěďáâć, âăł ŋăğëćăěňëå áâăâĺçěáłĺå ğăďăç. Ś ňăâěňăâĺçěáłőľ âőçłĺ ğàěŋĺï ğăďăçă ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë âěåŋĺçěáłĺå áàěďáâć őâŋőáĺâáï ł çĺáńã NP{âàãďŋëå ğăďăç ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ ďăęě ć áâăâĺçěáłőň ćăàĺăŋâě.

Ŕěàćëě ŕőáâăŋőćłĺ ďĺŋăňĺçěáłĺå ğăďăç ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë ĺğãçăńĺáì ć àăąőâě [5] ć 1971 č. Ć ŋěľ ŕőńãçěŋë ŕěàćëě àěğãńìâăâë ĺ, ć çăáâŋőáâĺ, ŋăľďěŋő âőçŋőě àěèěŋĺě ğăďăçĺ ć ŕàěďŕőńőęěŋĺĺ, çâő ć őŕàěďěńěŋŋëě ňőňěŋâë ćàěňěŋĺ ňőęěâ ŕàőĺğćőďĺâìáï ŕőńŋăï ğăňěŋă áâăàőľ áĺáâěňë âěåŋĺçěáłĺå áàěďáâć ŋă ŋőćãî. Ć ňőŋőčàăäĺĺ [3] àăááňăâàĺćăěâáï ŕàőáâěľèăï ďĺŋăňĺçěáłăï ğăďăçă ćëąőàă őŕâĺňăńìŋőčő áőáâăćă. Ďńï ěě àěèěŋĺï ŕàěďńăčăěâáï ăńčőàĺâň ćěâćěľ ĺ čàăŋĺæ, ć łőâőàőň ć łăçěáâćě ŋĺęŋěľ őæěŋłĺ ĺáŕőńìğãěâáï ŋěłőâőàőě ďőáâăâőçŋő åőàőèěě àěèěŋĺě ďćőľáâćěŋŋőľ ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. Ć àăąőâě [4] íâă ęě ćëçĺáńĺâěńìŋăï áåěňă àěăńĺğőćăŋă ďńï ňőďěńĺ, ćłńîçăîéěľ ŋěłőâőàëě ďőŕőńŋĺâěńìŋëě őčàăŋĺçěŋĺï ŋă ŕàőæěáá äãŋłæĺőŋĺàőćăŋĺï áĺáâěňë âěåŋĺçěáłĺå áàěďáâć.

Őďŋĺňĺ ĺğ ŋăĺąőńěě áãéěáâćěŋŋëå ĺ çăáâő ćáâàěçăîéĺåáï ć ŕàăłâĺçěáłĺå ŕàĺńőęěŋĺïå ďőŕőńŋĺâěńìŋëå őčàăŋĺçěŋĺľ ïćńïîâáï őčàăŋĺçěŋĺï ŋă őąêěňë ŕàőĺğćőďáâćă âěåŋĺçěáłĺå áàěďáâć. Ğăďăçă ćëąőàă őŕâĺňăńìŋőčő àïďă ĺğďěńĺľ á őčàăŋĺçěŋĺïňĺ ŋă őąêěňë ŕàőĺğćőďáâćă ć áâăâĺçěáłőľ ŕőáâăŋőćłě âăłęě àăááňăâàĺćăńăáì ć ňőŋőčàăäĺĺ [3], čďě ďńï ěě àěèěŋĺï ąëńĺ ĺáŕőńìğőćăŋë ĺďěĺ ňěâőďă ćěâćěľ ĺ čàăŋĺæ á ňőďĺäĺæĺàőćăŋŋëň ăńčőàĺâňőň ćëçĺáńěŋĺï ŋĺęŋěľ čàăŋĺæë. Őďŋăłő ŕàĺňěŋěŋĺě àăŋěě àăğàăąőâăŋŋëå ňěâőďőć àěèěŋĺï ďńï ďĺŋăňĺçěáłőľ ğăďăçĺ áćïğăŋő áő ğŋăçĺâěńìŋëňĺ âàãďŋőáâïňĺ, ŕőáłőńìłã ŋě ãďăěâáï ŕőńãçĺâì ŕàĺěňńěňëå őæěŋőł ďńï ěě ńĺŋěľŋőľ àěńăłáăæĺĺ.

Ć ŋăçăńě áěňĺďěáïâëå čőďőć ąëńă ćëáłăğăŋă őďŋă őçěŋì ŕàőďãłâĺćŋăï ĺďěï. Ďńï ňŋőčĺå NP -âàãďŋëå ğăďăç ňŋőęěáâćő őčàăŋĺçěŋĺľ ňőęŋő àăğąĺâì ŋă ďćě čàãŕŕë âăłĺň őąàăğőň, çâő ãďăńěŋĺě őďŋőľ ĺğ ŋĺå ŕàěćàăéăěâ ğăďăçã ć ŕőńĺŋőňĺăńìŋő-àăğàěèĺňãî. İâĺ őčàăŋĺçěŋĺï ğăŋőáïâáï ć æěńěćãî äãŋłæĺî á ŋěłőâőàëňĺ łőíääĺæĺěŋâăňĺ, âăł ŋăğëćăěňëňĺ ňŋőęĺâěńïňĺ Ńăčàăŋęă. Őŕâĺňăńìŋőě àěèěŋĺě àěńăłáĺàőćăŋŋőľ âăłĺň áŕőáőąőň ğăďăçĺ ďăěâ őæěŋłã áŋĺğã (ďńï ğăďăç ŋă ňĺŋĺňãň) ŋă äãŋłæĺőŋăń ĺáåőďŋőľ ğăďăçĺ. İâă őæěŋłă ŕàĺňěŋïěâáï ć áåěňě ćěâćěľ ĺ čàăŋĺæ ŋăàïďã á őæěŋłőľ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. Łàőňě âőčő, àěèěŋĺě àěńăłáĺàőćăŋŋőľ ğăďăçĺ ňőęěâ ąëâì ĺáŕőńìğőćăŋő ć łăçěáâćě ĺáåőďŋőľ âőçłĺ ŕàĺ ŕőáâàőěŋĺĺ ďőŕãáâĺňőčő àěèěŋĺï ĺáåőďŋőľ ğăďăçĺ, çâő ŕőğćőńïěâ áâàőĺâì ŕàĺąńĺęěŋŋëě ăńčőàĺâňë á ăŕőáâěàĺőàŋőľ őæěŋłőľ âőçŋőáâĺ.

Ĺáŕőńìğőćăâì őąőąéěŋŋëě ňŋőęĺâěńĺ Ńăčàăŋęă ć ğăďăçăå ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ ćŕěàćëě ŕàěďńőęĺń Everett [31] ć 1963 č. Őďŋăłő ąãň ć íâőľ őąńăáâĺ ŋăçăńáï ŕőáńě ćëåőďă ć áćěâ áâăâìĺ Held ĺ Karp, ŕőáćïéěŋŋőľ ğăďăçě łőňňĺćőïęěàă [42], łőâőàăï ŕőáńãęĺńă âőńçłőň ďńï âěőàěâĺçěáłĺå ĺ ŕàĺłńăďŋëå ĺááńěďőćăŋĺľ ć íâőľ őąńăáâĺ. Ć 1973 č. őŕãąńĺłőćăŋă áâăâìï Fisher [32], ć łőâőàőľ ĺáŕőńìğãěâáï íâőâ ŕőďåőď ďńï ğăďăç âěőàĺĺ àăáŕĺáăŋĺľ. Ć íâőň ęě čőďã ćëåőďĺâ ć áćěâ áâăâìï Shapiro [52], ă ć 1974 Shapiro ĺ Fisher [34], ć łőâőàëå ňěâőď ńăčàăŋęěćëå àěńăłáăæĺľ àăğćĺćăěâáï ŕàĺňěŋĺâěńìŋő ł őąéěľ ğăďăçě æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï. Śăň âěàňĺŋ "Ńăčàăŋęěćă àěńăłáăæĺï" ąëń ŕàěďńőęěŋ Geo¸rion ć 1974 č. [39]. Ć íâőľ àăąőâě áäőàňãńĺàőćăŋë ĺ ďőłăğăŋë őáŋőćŋëě âěőàěňë. Őďŋăłő æěŋâàăńìŋëľ ćőŕàőá: "Łăłĺň őąàăğőň ćëçĺáńïâì ňŋőęĺâěńĺ Ńăčàăŋęă?" { őáâăćăńáï őâłàëâëň ĺ ć 1975 č. Fisher, Northup ĺ Shapiro ć [35] ďăńĺ ŕőďàőąŋěľèěě àăğêïáŋěŋĺě ĺ ŕő íâőňã ŕőćőďã. Ć 1979 č. Shapiro őŕãąńĺłőćăń őąğőà, ć łőâőàőň áőďěàęĺâáï őąèĺàŋăï ąĺąńĺőčàăäĺï ŕő ŕàĺňěŋěŋĺî âěåŋĺłĺ ńăčàăŋęěćőľ àěńăłáăæĺĺ ć ğăďăçăå æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï [53]. Ć 1981 č. ćëèěń ăŋăńőčĺçŋëľ őąğőà Fisher [33]. Ś âěå ŕőà íâőâ ňěâőď ãáŕěèŋő ŕàĺňěŋïńáï ŕàĺ àěèěŋĺĺ ňŋőčĺå áńőęŋëå ğăďăç ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ.

Ŕőáłőńìłã ŕàĺňěŋěŋĺě ňěâőďă Ńăčàăŋęěćëå àěńăłáăæĺľ ğăŋĺňăěâ æěŋâàăńìŋőě ňěáâő ć ďăŋŋőň ĺááńěďőćăŋĺĺ, ŕàĺćěďěň ěčő łàăâłőě őŕĺáăŋĺě. Řăááňőâàĺň ğăďăçã æěńőçĺáńěŋŋőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï P ć áńěďãîéěľ äőàňãńĺàőćłě:

Z_P = min cx; Ax ≥ b; Bx ≥ d; x ≥ 0;

čďě x { ćěłâőà æěńőçĺáńěŋŋëå ŕěàěňěŋŋëå, b; c; d { ćěłâőàă ĺ A; B { ňăâàĺæë áőőâćěâáâćãîéĺå àăğňěàŋőáâěľ.

Ńăčàăŋęěćőľ àěńăłáăæĺěľ ğăďăçĺ P ŕő őčàăŋĺçěŋĺïň Ax ≥ b á ňŋőęĺâěńïňĺ – ≥ 0 ŋăğëćăěâáï ğăďăçă LR(–):

Z_{LR(–)} = min cx + –(b − Ax); Bx ≥ d; x ≥ 0;

Ğăďăçă, ďćőľáâćěŋŋăï ł ğăďăçě P őâŋőáĺâěńìŋő őčàăŋĺçěŋĺľ Ax ≥ b, ŕő őŕàěďěńěŋĺî, ěáâì ğăďăçă D, ćĺďă

Z_D = max Z_{LR(–)}; – ≥ 0:

Ňŋőęěáâćő őčàăŋĺçěŋĺľ ğăďăçĺ P àăğąĺâő ŋă ďćă ŕőďňŋőęěáâćă. Ďńï ğăďăç ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï Z_P = Z_D ďńï ńîąőčő àăğąĺěŋĺï ňŋőęěáâćă őčàăŋĺçěŋĺľ. Ďńï ďĺáłàěâŋőľ ğăďăçĺ Z_P ≥ Z_D, ĺ àăğàëć ďćőľáâćěŋŋőáâĺ ňőęěâ áãéěáâćěŋŋő ğăćĺáěâì őâ àăğąĺěŋĺï. Őąőğŋăçĺň çěàěğ P ńĺŋěľŋãî àěńăłáăæĺî ğăďăçĺ P . Ć ďăńìŋěľèěň çěàâőľ áćěàåã (:) ćáěčďă ąãďěň őąőğŋăçăâì ŕěàěåőď ł ńĺŋěľŋőľ àěńăłáăæĺĺ. Ĺ àăááňőâàĺň âăłęě ğăďăçã P^?:

Z_P ⋆ = min cx;

Ax ≥ b;

x ∈ Co{x ≥ 0; æěńëě; Bx ≥ d:}

Šőčďă Z_P ≤ Z_P ⋆ = Z_D ≤ Z_P .

Śàěďĺ ňěâőďőć àěèěŋĺï ğăďăçĺ D ŋăĺąőńěě èĺàőłőě àăáŕàőáâàăŋěŋĺě ŕőńãçĺńĺ ňěâőďë áãąčàăďĺěŋâŋőľ őŕâĺňĺğăæĺĺ. İâő ĺâěàăâĺćŋëě ŕàőæěďãàë, äőàňĺàãîéĺě ŕőáńěďőćăâěńìŋőáâì ćěłâőàőć (–^k), ŋăçĺŋăï á ŋěłőâőàőčő ŋăçăńìŋőčő ğŋăçěŋĺï (–^∘), ŕő áńěďãîéěňã ŕàăćĺńã:

–^{k+1} = –^k + t_k(Ax^k − b);

čďě x^k { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ LR(–^k), ă t_k { àăğňěà èăčă. Ťãŋďăňěŋâăńìŋëľ âěőàěâĺçěáłĺľ àěğãńìâăâ ğăłńîçăěâáï ć âőň, çâő Z_{LR(–}k_) −→ Z_D, ěáńĺ t_k −→ 0 ĺ^{∑k}_{i=0} t_k −→ ∞ [43],[18]. Řăğňěà èăčă ŋă ŕàăłâĺłě őąëçŋő ćëąĺàăîâ áńěďãï [18],

t_k =

^^k(Z^? − Z_{LR(–}k_)) ‖ Ax^k − b ‖^2 ; čďě ^^k { áłăńïà, 0 < ^^k ≤ 2, ĺ Z^? { ćěàåŋïï čàăŋĺæă ďńï Z_D. Ć łăçěáâćě Z^? ąěàěâáï ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ P ŋă ŋěłőâőàőň ďőŕãáâĺňőň àěèěŋĺĺ. Ŕőááńěďőćăâěńìŋőáâì ^^k, łăł ŕàăćĺńő, ŋăçĺŋăěâáï á ^^∘ = 2 ĺ ğăâěň ďěńĺâáï ŕőŕőńăň, çěàěğ äĺłáĺàőćăŋŋőě çĺáńő ĺâěàăæĺľ, ğăćĺáïéěě őâ àăğňěàŋőáâĺ ğăďăçĺ.

Ěáńĺ ŋă ŋěłőâőàőň èăčě ŋěćïğłă Ax^k − b àăćŋă 0, âő x^k ąãďěâ àěèěŋĺěň ĺáåőďŋőľ ğăďăçĺ P . Ł áőęăńěŋĺî, âăłőě àăćěŋáâćő ćőğňőęŋő âőńìłő ŕàĺ őâáãâáâćĺĺ àăğàëćă ďćőľáâćěŋŋőáâĺ. Šěň ŋě ňěŋěě, ěáńĺ ŋěćïğłă ďőáâăâőçŋő ňăńă, âő ćěłâőà x^k ïćńïěâáï àěèěŋĺěň ďőáâăâőçŋő "ąńĺğłőľ" ğăďăçĺ P^k, őâńĺçăîéěľáï őâ ĺáåőďŋőľ âěň, çâő ćěłâőà b ğăňěŋïěâáï ŋă ćěłâőà Ax^k. Řěèěŋĺě x^k çăáâő ãďăěâáï ďőáâàőĺâì ďő ďőŕãáâĺňőčő àěèěŋĺï ĺáåőďŋőľ ğăďăçĺ á ŕőňőéìî àăğńĺçŋëå íćàĺáâĺçěáłĺå ŕàőæěďãà. İâő ŕőğćőńïěâ áâàőĺâì ŕàĺąńĺęěŋŋëě ăńčőàĺâňë á ăŕőáâěàĺőàŋőľ őæěŋłőľ âőçŋőáâĺ.

Ŕàĺ ĺáŕőńìğőćăŋĺĺ ńăčàăŋęěćëå àěńăłáăæĺľ àăğąĺěŋĺě ňŋőęěáâćă őčàăŋĺçěŋĺľ őáãéěáâćńïěâáï âăłĺň őąàăğőň, çâőąë, ćő-ŕěàćëå, àěńăłáĺàőćăŋŋăï ğăďăçă ńěčłő àěèăńăáì, ă ćő-ćâőàëå, ňŋőęěáâćő àěńăłáĺàőćăŋŋëå őčàăŋĺçěŋĺľ ąëńő ąőńěě ãğłĺň, âăł łăł őâ íâőčő áãéěáâćěŋŋő ğăćĺáĺâ áłőàőáâì áåőďĺňőáâĺ áãąčàăďĺěŋâŋőľ ŕàőæěďãàë. Őâňěâĺň, çâő ŕàĺ ĺáŕőńìğőćăŋĺĺ ńăčàăŋęěćëå àěńăłáăæĺľ ąëćăěâ ŕőńěğŋő ććěáâĺ ďőŕőńŋĺâěńìŋëě, ĺğąëâőçŋëě őčàăŋĺçěŋĺï, łőâőàëě ŋě ćńĺïîâ ŋă ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ĺáåőďŋőľ ğăďăçĺ, ŋő őłăğëćăîâáï áãéěáâćěŋŋëňĺ, łőčďă çăáâì őčàăŋĺçěŋĺľ ğăŋőáĺâáï ć æěńěćãî äãŋłæĺî. İâĺ ĺğąëâőçŋëě őčàăŋĺçěŋĺï ŕőğćőńïîâ ŋăåőďĺâì ńãçèĺě őæěŋłĺ ŕàĺ âěå ęě ğŋăçěŋĺïå ňŋőęĺâěńěľ Ńăčàăŋęă ĺ, ć ŋěłőâőàëå áńãçăïå, őąńěčçăîâ àěèěŋĺě àěńăłáĺàőćăŋŋëå ğăďăç.

Ňŋőčĺě ğăďăçĺ ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë ňőčãâ ĺŋâěàŕàěâĺàőćăâìáï łăł ğăďăçĺ àăğňěéěŋĺï ŕàőĺğćőďáâćă. Ďĺŋăňĺçěáłĺě ğăďăçĺ àăğňěéěŋĺï ŕàőĺğćőďáâćă ćŕěàćëě ąëńĺ áäőàňãńĺàőćăŋë Ballou ć 1968 čőďã [22]. Ć àăąőâě Wesolowssky [57] àăááňăâàĺćăńăáì ňőďěńì őŕâĺňăńìŋőčő àăğňěéěŋĺï őďŋőčő ŕàěďŕàĺïâĺï ĺ ěčő ŕěàěňěéěŋĺï ć âěçěŋĺĺ ŕńăŋőćőčő ŕěàĺőďă . Ğăďăçĺ á ŋěáłőńìłĺňĺ ŕàěďŕàĺïâĺïňĺ ćŕěàćëě àăááňőâàěń Scott ć [51]. Ć íâĺå ňőďěńïå ŕàěďãáňăâàĺćăńăáì ćőğňőęŋőáâì ğăłàëâĺï áãéěáâćãîéĺå ŕàěďŕàĺïâĺľ ĺ őâłàëâĺï ŋőćëå ąěğ ãçěâă őčàăŋĺçěŋĺľ ŋă ňőéŋőáâĺ ĺ łőńĺçěáâćő àăąőâăîéĺå ŕàěďŕàĺïâĺľ. Ŕěàćëě ňőďěńĺ ďĺŋăňĺçěáłĺå ğăďăç ő "p-ňěďĺăŋě" (ĺńĺ ğăďăç àăğňěéěŋĺï á őčàăŋĺçěŋĺïňĺ ŋă çĺáńő àăąőâăîéĺå ŕàěďŕàĺïâĺľ) ŕàěďáâăćńěŋŋë ć [58]. Ŕőáńěďãîéĺě ĺááńěďőćăŋĺï ďăŋŋëå ňőďěńěľ àăğňěéěŋĺï ŕàőĺğćőďáâćă áćïğăŋë á ăďăŕâăæĺěľ ăńčőàĺâňőć, åőàőèő ğăàěłőňěŋďőćăćèĺå áěąï ŋă áâăâĺçěáłĺå ňőďěńïå [56, 49]. Ć çăáâŋőáâĺ, ć [56] ŕàěďáâăćńěŋ ćăàĺăŋâ ňěâőďă ćěâćěľ ĺ čàăŋĺæ ďńï ŋěáłőńìłĺå ŕőáâăŋőćőł ďĺŋăňĺçěáłĺå ğăďăç, łőâőàëľ äăłâĺçěáłĺ ïćńïěâáï ćăàĺăŋâőň ŋăĺńãçèěčő ŋă áěčőďŋïèŋĺľ ďěŋì ăńčőàĺâňă Erlenkotter [29] ďńï ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï ŕàőĺğćőďáâćă. Ňěâőď Ńăčàăŋęěćëå àěńăłáăæĺľ ŕàĺňěŋïěâáï ć [37] ďńï ŕőĺáłă ŕàĺąńĺęěŋŋőčő àěèěŋĺï ğăďăçĺ ő "p-ňěďĺăŋě". Ć àăąőâě ĺááńěďãîâáï ďćě àěńăłáăæĺĺ, ĺ ĺå ŕőćěďěŋĺě áàăćŋĺćăěâáï ŋă âěáâőćëå ğăďăçăå áàěďŋěľ àăğňěàŋőáâĺ. Ć àăąőâăå [50, 24] ŕàĺňěŋïńĺáì ňěâőďë ńőłăńìŋőčő ŕőĺáłă. Śàăćŋěŋĺě íääěłâĺćŋőáâĺ ňěâőďă Ńăčàăŋęěćëå àěńăłáăæĺľ ĺ őďŋőľ ĺğ âăł ŋăğëćăěňëå ňěâă-íćàĺáâĺł (simulating anniling) ŕàőćěďěŋő ć [24]. Ąőńěě ŕőďàőąŋő á őąğőàőň àěğãńìâăâőć ć ďăŋŋőľ őąńăáâĺ ňőęŋő ŕőğŋăłőňĺâìáï ć [45].

Ąőńìèőě łőńĺçěáâćő àăąőâ ŕőáćïéěŋő áâăâĺçěáłőľ ğăďăçě àăğňěéěŋĺï á őčàăŋĺçěŋĺïňĺ ŋă őąêěňë. Ďńï ěě àěèěŋĺï àăğàăąőâăŋë łăł âőçŋëě ăńčőàĺâňë ćěâćěľ ĺ čàăŋĺæ, âăł ĺ àăğńĺçŋëě íćàĺáâĺçěáłĺě ăńčőàĺâňë, ć âőň çĺáńě ĺ ĺáŕőńìğãîéĺě ńăčàăŋęěćë àěńăłáăæĺĺ. Ć 1995 č. ćëèěń őąğőà Sridharan [54] ŕőáćïéěŋŋëľ ăńčőàĺâňăň àěèěŋĺï őčàăŋĺçěŋŋőľ ğăďăçĺ àăğňěéěŋĺï ŕàőĺğćőďáâćă, ć łőâőàőň ŕàĺćőďĺâáï őąèĺàŋăï ąĺąńĺőčàăäĺï.

Űěńìî ďăŋŋőľ àăąőâë ïćńïěâáï ŕőáâàőěŋĺě ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć àěèěŋĺï ďĺŋăňĺçěáłĺå ğăďăç ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěň á ăŕőáâěàĺőàŋőľ őæěŋłőľ âőçŋőáâĺ. Őáŋőćŋőě ćŋĺňăŋĺě ãďěńïěâáï ŕőáâàőěŋĺî íääěłâĺćŋëå ăńčőàĺâňőć àěèěŋĺï àěńăłáĺàőćăŋŋëå ğăďăç.

Ć ŕěàćőľ čńăćě àăááňăâàĺćăěâáï ğăďăçă ćëąőàă áőáâăćă áĺáâěňë ŕàĺ ňŋőčőíâăŕŋőň ŕàőæěááě ćëŕőńŋěŋĺï àăąőâ. Ć íâőľ ňőďěńĺ ćëąőà łăçěáâćěŋŋőčő ĺ łőńĺçěáâćěŋŋőčő áőáâăćă áĺáâěňë ŕàőĺáåőďĺâ őďŋőłàăâŋő. Ŕàőæěáá ćëŕőńŋěŋĺï àăąőâ àăğąĺâ ŋă íâăŕë, őŕàěďěńěŋŋăï çăáâì àăąőâ ćëŕőńŋïěâáï ŋă ŕěàćőň íâăŕě, çăáâì | ŋă ćâőàőň ĺ â.ď. Ŋă łăęďőň íâăŕě ĺğćěáâŋăï ďőńï łőňŕńěłâőć ćëåőďĺâ ĺğ áâàőï ĺ ć ďăńìŋěľèěň ŕàőæěááě ćëŕőńŋěŋĺï àăąőâ ŋě ãçăáâćãěâ. Ŕàěďńőęěŋë ďćě àěńăłáăæĺĺ ĺ áőőâćěâáâćãîéĺě ĺň ďćőľáâćěŋŋëě ğăďăçĺ. Ŕőłăğăŋő, çâő őďŋă ĺğ ŋĺå ŕőńĺŋőňĺăńìŋő àăğàěèĺňă. Ŕàěďńăčăěâáï łőňąĺŋĺàőćăŋŋëľ ăńčőàĺâň àěèěŋĺï ğăďăçĺ, ĺáŕőńìğãîéĺľ ŕőáńěďőćăâěńìŋő őąě àěńăłáăæĺĺ ĺ ĺňěîéĺľ őâŋőáĺâěńìŋãî ŕőčàěèŋőáâì ć áàěďŋěň őłőńő őďŋőčő ŕàőæěŋâă. Ŕàĺćőďïâáï àěğãńìâăâë çĺáńěŋŋőčő íłáŕěàĺňěŋâă.

Ćő ćâőàőľ čńăćě àăááňăâàĺćăěâáï ğăďăçă ćëąőàă ďćãåãàőćŋěćőľ áĺáâěňë âěåŋĺçěáłĺå áàěďáâć. Őáőąěŋŋőáâìî ŕàěďńăčăěňőľ ŕőáâăŋőćłĺ ŕő áàăćŋěŋĺî á ğăďăçěľ, àăááňőâàěŋŋőľ ć ŕěàćőľ čńăćě, ïćńïěâáï âő, çâő âěåŋĺçěáłĺě áàěďáâćă, őąàăğãîéĺě áĺáâěňã, áőáâőïâ ĺğ ŋěłőâőàëå áőáâăćŋëå çăáâěľ (ãğńőć). Ŕàĺ íâőň ãğńë őďŋőčő ćĺďă ňőčãâ ąëâì ĺáŕőńìğőćăŋë ďńï łőňŕńěłâăæĺĺ âěåŋĺçěáłĺå áàěďáâć àăğńĺçŋëå őąàăğæőć.

Ŕěàćëě ňăâěňăâĺçěáłĺě ňőďěńĺ ćëąőàă áőáâăćă ďćãåãàőćŋěćëå áĺáâěň âěåŋĺçěáłĺå áàěďáâć ąëńĺ àăááňőâàěŋë ć [2]. Ŋăĺąőńěě ŕőńŋő âăłĺě áĺáâěňë ĺğãçăńĺáì ć ňőŋőčàăäĺĺ [3], čďě, ć çăáâŋőáâĺ, ãáâăŋőćńěŋă áćěďĺňőáâì ŋăĺąőńěě ŕàőáâőľ ńĺŋěľŋőľ ğăďăçĺ ćëąőàă áőáâăćă ďćãåãàőćŋěćëå áĺáâěň ł ğăďăçě ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňă őâ ąãńěćëå ŕěàěňěŋŋëå. Ć [6] ŕàĺćőďĺâáï őŕĺáăŋĺě ňěâőďă ćěâćěľ ĺ čàăŋĺæ ďńï áâăâĺçěáłőčő áńãçăï á ňőďĺäĺæĺàőćăŋŋëň ăńčőàĺâňőň ćëçĺáńěŋĺï ŋĺęŋěľ őæěŋłĺ æěńěćőľ äãŋłæĺĺ. Ąőńìèĺŋáâćő áâăâěľ (áň., ŋăŕàĺňěà, [15, 48, 55, 23]) ŕőáćïéěŋő ĺááńěďőćăŋĺî çăáâŋőčő áńãçăï àăááňăâàĺćăěňőľ ğăďăçĺ, âăł ŋăğëćăěňőľ ďćãåãàőćŋěćőľ ğăďăçĺ àăğňěéěŋĺï ŕàőĺğćőďáâćă. Ďńï ďćãåãàőćŋěćëå ğăďăç àăğňěéěŋĺï ŕàőĺğćőďáâćă ćőŕàőá ŕőáâàőěŋĺï ŋĺęŋĺå čàăŋĺæ ĺ ĺå ćğăĺňőáćïğì ĺğãçăńĺáì ć [23].

Ć íâőľ čńăćě àăááňăâàĺćăîâáï ďćě őæěŋłĺ, ŕőńãçăěňëě ć àěğãńìâăâě àěńăłáăæĺĺ ďćãå àăğńĺçŋëå čàãŕŕ őčàăŋĺçěŋĺľ. Ŕőłăğăŋő, çâő íâĺ őæěŋłĺ ŋěáàăćŋĺňë ňěęďã áőąőľ ĺ ňőčãâ ąëâì ćëçĺáńěŋë ğă ŕőńĺŋőňĺăńìŋőě ćàěňï. Ďńï ŕőńãçěŋŋëå őæěŋőł ćëďěńïîâáï őąńăáâĺ ďőňĺŋĺàőćăŋĺï.

Ć âàěâìěľ čńăćě àăááňăâàĺćăîâáï ďĺŋăňĺçěáłĺě ğăďăçĺ ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë âěåŋĺçěáłĺå áàěďáâć ĺ ŕàĺćőďïâáï ăńčőàĺâňë ĺå àěèěŋĺï, őáŋőćăŋŋëě ŋă ńăčàăŋęěćőľ àěńăłáăæĺĺ. Ďńï àěèěŋĺï àěńăłáĺàőćăŋŋëå ğăďăç ŕàĺćőďĺâáï âőçŋëľ íääěłâĺćŋëľ ăńčőàĺâň ĺ ďőłăğëćăěâáï, çâő àăğàëć ďćőľáâćěŋŋőáâĺ ňőęěâ ąëâì áłőńì ãčőďŋő ąőńìèĺň. Ćëďěńïěâáï ŕőďłńăáá ğăďăç, ďńï łőâőàëå ďćőľáâćěŋŋăï ğăďăçă ŕőńĺŋőňĺăńìŋő àăğàěèĺňă. Řăááňăâàĺćăîâáï őąőąéěŋĺï ĺáåőďŋőľ ğăďăçĺ ŋă áńãçăľ ŋěńĺŋěľŋőľ ğăćĺáĺňőáâĺ áâőĺňőáâĺ ĺğďěńĺľ őâ őąêěňőć ŕàőĺğćőďáâćă ĺ ďőŕőńŋĺâěńìŋëå őčàăŋĺçěŋĺľ ŋă ŋőňěŋłńăâãàã âěåŋĺçěáłĺå áàěďáâć. Ŕàĺćőďïâáï àěğãńìâăâë àăáçěâőć.

Ć çěâćěàâőľ čńăćě ćŕěàćëě äőàňãńĺàãěâáï ňăâěňăâĺçěáłăï ňőďěńì, àăááňăâàĺćăîéăï àăğćĺâĺě ďćãåãàőćŋěćőľ áĺáâěňë âěåŋĺçěáłĺå áàěďáâć ć âěçěŋĺĺ ŕńăŋőćőčő ŕěàĺőďă. Ĺááńěďãîâáï âàĺ ŋĺęŋĺě őæěŋłĺ, ŕőńãçăěňëě á ĺáŕőńìğőćăŋĺěň àăğńĺçŋëå ńăčàăŋęěćëå àěńăłáăæĺľ. Ŕàĺćőďïâáï âőçŋëě íääěłâĺćŋëě ăńčőàĺâňë àěèěŋĺï àěńăłáĺàőćăŋŋëå ğăďăç, ĺáŕőńìğãîéĺě, ć çăáâŋőáâĺ, áćěďěŋĺě ł ğăďăçě ő ňĺŋĺňăńìŋőň àăğàěğě.

Řěğãńìâăâë ŕàĺćěďěŋŋëě ć âěőàěňăå 2, 4, 8 ĺ 9 ŕőńãçěŋë áőćňěáâŋő á Łőçěâőćëň đàĺěň Ăŋďàěěćĺçěň.

Őáŋőćŋëě àěğãńìâăâë ďĺááěàâăæĺĺ őŕãąńĺłőćăŋë ć àăąőâăå [16, 12, 14, 13, 17] ĺ ďőłńăďëćăńĺáì ŋă III Ćáěáőîğŋőľ èłőńě-áěňĺŋăàě "Ďĺáłàěâŋăï őŕâĺňĺğăæĺï ĺ łőňŕìîâěàë" (Šăèâăčőń, 1987), Ćáěáőîğŋőľ èłőńě-áěňĺŋăàě ŕő łőňąĺŋăâőàŋőľ őŕâĺňĺğăæĺĺ (Ăńãèâă, 1991), X Ąăľłăńìáłőľ èłőńě-áěňĺŋăàě "Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï" (Ĺàłãâáł, 1995), ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺï "Ŕàőąńěňë őŕâĺňĺğăæĺĺ ĺ íłőŋőňĺçěáłĺě ŕàĺńőęěŋĺï" (Őňáł, 1997), 16 Ěćàőŕěľáłőľ łőŋäěàěŋæĺĺ ŕő ĺááńěďőćăŋĺî őŕěàăæĺľ (Ąàîááěńì, 1998). Ŕőńãçěŋŋëě àěğãńìâăâë ĺáŕőńìğőćăńĺáì ŕàĺ ćëŕőńŋěŋĺĺ àăğńĺçŋëå ŊĹŘ.

Ăćâőà ćëàăęăěâ ĺáłàěŋîî ŕàĺğŋăâěńìŋőáâì ŋăãçŋőňã àãłőćőďĺâěńî Ć.Ń.Ąěàěáŋěćã ĺ đ.Ă.Łőçěâőćã ğă ŕőáâőïŋŋőě ćŋĺňăŋĺě ĺ ćáěáâőàőŋŋîî ŕőďďěàęłã ŕàĺ ćëŕőńŋěŋĺĺ ďăŋŋőľ àăąőâë.

Čńăćă 1 Ňŋőčőíâăŕŋăï ğăďăçă

1.1 Ŕőáâăŋőćłă ğăďăçĺ

Ŕãáâì ňŋőęěáâćő I = {1; 2; :::; I} ğăďăěâ ĺáåőďŋëľ àïď őąàăğæőć âěåŋĺçěáłĺå áàěďáâć. Ĺáåőďŋëľ àïď ćłńîçăěâ ć áěąï ŋőňěàă őąàăğæőć, łőâőàëě ćëŕãáłăîâáï áěàĺľŋő, ńĺąő ňőčãâ ąëâì ćëŕãéěŋë ć ąńĺęăľèěň ąãďãéěň. Őąńăáâì ŕàĺňěŋěŋĺï áĺáâěňë ąãďěň őąőğŋăçăâì ňŋőęěáâćőň J = {1; 2; :::; J}: Śçĺâăěň, çâő ďńï łăęďőľ àăąőâë őąńăáâĺ ŕàĺňěŋěŋĺï áãéěáâćãîâ âěåŋĺçěáłĺě áàěďáâćă, ŕàěďŋăğŋăçěŋŋëě ďńï ěě ćëŕőńŋěŋĺï, ĺ łăęďőě âěåŋĺçěáłőě áàěďáâćő ňőęěâ ĺáŕőńìğőćăâìáï âőńìłő ďńï ćëŕőńŋěŋĺï àăąőâ őąńăáâĺ ŕàĺňěŋěŋĺï. Ŕàőæěáá ćëŕőńŋěŋĺï àăąőâ àăğąĺâ ŋă L íâăŕőć. Ŋă ŕěàćőň íâăŕě ćëŕőńŋïîâáï àăąőâë ĺğ ňŋőęěáâćă J_1; J_1 ⊂ J, ŋă ćâőàőň - J_2; J_2 ⊂ J, ĺ â.ď. Ŋă łăęďőň íâăŕě ĺğćěáâŋăï ďőńï ĺáŕőńìğãîéĺåáï âěåŋĺçěáłĺå áàěďáâć ćëåőďĺâ ĺğ áâàőï ĺ ć ďăńìŋěľèěň ŕàőæěááě ćëŕőńŋěŋĺï àăąőâ ŋě ãçăáâćãěâ. Ąãďěň áçĺâăâì, çâő J = ∪(J_l; l ∈ L); J_l ∩ J_k = ∅; ěáńĺ k ≠ l: Ğăďăçă áőáâőĺâ ć âőň, çâőąë ŋăľâĺ âăłőľ áőáâăć áĺáâěňë, łőâőàëľ ŕőğćőńĺń ąë ćëŕőńŋĺâì ćáě àăąőâë á ňĺŋĺňăńìŋëňĺ áãňňăàŋëňĺ ğăâàăâăňĺ. Ňăâěňăâĺçěáłăï ŕőáâăŋőćłă ğăďăçĺ ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě ğăďăçĺ ńĺŋěľŋőčő çăáâĺçŋő-æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï. Ŕãáâì ďńï łăęďőčő i ∈ I:

v^∘_i | çĺáńő ĺğďěńĺľ, ãęě ĺňěîéĺåáï ć áőáâăćě áĺáâěňë;

c^∘_i | ğăâàăâë ŋă ŊĹŐŁŘ ĺ ŕőďčőâőćłã ŕàőĺğćőďáâćă; c_i | ğăâàăâë ŋă ŕàőĺğćőďáâćő őďŋőčő ĺğďěńĺï; s_{il} | ďőńï ŕőâěàì ŋă l-őň íâăŕě;

V_i | ňăłáĺňăńìŋő ćőğňőęŋëľ őąêěň ŕàőĺğćőďáâćă ĺğďěńĺľ; p_{ij} | çĺáńő ĺğďěńĺľ, âàěąãîéĺåáï ďńï ćëŕőńŋěŋĺï j-ľ àăąőâë; c_{ij} | áâőĺňőáâì ćëŕőńŋěŋĺï j-ľ àăąőâë;

Ŕěàěňěŋŋëě ğăďăçĺ (z_i); (v_i); (x_{ij}) ĺňěîâ áńěďãîéĺľ áňëáń: z_i =

1; ěáńĺ i-ľ őąàăğěæ ćłńîçěŋ ć áőáâăć áĺáâěňë; 0 ć ŕàőâĺćŋőň áńãçăě;

v_i ≥ 0 | őąêěň ŕàőĺğćőďáâćă i-čő ĺğďěńĺï;

x_{ij} ≥ 0 | ďőńï j-ľ àăąőâë, ćëŕőńŋïěňăï ĺğďěńĺïňĺ i-čő őąàăğæă. Ś ĺáŕőńìğőćăŋĺěň ććěďěŋŋëå őąőğŋăçěŋĺľ áäőàňãńĺàőćăŋŋăï ğăďăçă (őąőğŋăçĺň ěě P ) ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň:

Z_P = min^∑_{i∈I}(c^∘_i z_i + c_i v_i +^∑_{j∈J} c_{ij} x_{ij} ) (1.1)

ŕàĺ őčàăŋĺçěŋĺïå: ∑ i∈I x_{ij} = 1; j ∈ J; (1.2) ∑ i∈I z_i ≤ K; (1.3) ∑ j∈J_l p_{ij} x_{ij} ≤ v^∘_i + v_i −^{l−1∑}_{l0=1} s_{il}0^∑_{j∈Jl0} p_{ij} x_{ij}; i ∈ I; l ∈ L; (1.4)

0 ≤ v_i ≤ V_i; i ∈ I; (1.5)

0 ≤ x_{ij} ≤ z_i; i ∈ I; j ∈ J; (1.6)

z_i ∈ {0; 1}; i ∈ J: (1.7)

Űěńěćăï äãŋłæĺï ćëàăęăěâ áãňňăàŋëě ğăâàăâë ŋă áőğďăŋĺě ĺ äãŋłæĺőŋĺàőćăŋĺě áĺáâěňë. Řăćěŋáâćă (1.2) čăàăŋâĺàãîâ ćëŕőńŋěŋĺě ćáěå àăąőâ őąńăáâĺ ŕàĺňěŋěŋĺï. Őčàăŋĺçěŋĺě (1.3) ãáâăŋăćńĺćăěâ ŕőâőńőł ŋă çĺáńő âĺŕőć ĺáŕőńìğãěňëå âěåŋĺçěáłĺå áàěďáâć ( ŋě ąőńěě K âĺŕőć, K| æěńőě çĺáńő). Ć ńěćőľ çăáâĺ ŋěàăćěŋáâćă (1.4) áâőĺâ ćëàăęěŋĺě ďńï őąêěňă áàěďáâć i-čő őąàăğæă, âàěąãîéěčőáï ŋă l-ň íâăŕě, ă ć ŕàăćőľ çăáâĺ - ćëàăęěŋĺě ďńï ĺňěîéěčőáï ć ŋăńĺçĺĺ őąêěňă á ãçěâőň ŕőâěàì áàěďáâć ŋă ŕàěďèěáâćãîéĺå íâăŕăå. Őčàăŋĺçěŋĺě (1.5) ãáâăŋăćńĺćăěâ ćěàåŋîî čàăŋĺæã ŋă ćőğňőęŋëě őąêěňë ŕàőĺğćőďáâćă ĺğďěńĺľ, ă ŋěàăćěŋáâćő (1.6) ğăŕàěéăěâ ĺáŕőńìğőćăŋĺě âěåŋĺçěáłĺå áàěďáâć, ŋě ćłńîçěŋŋëå ć áőáâăć áĺáâěňë.

1.2 Ŋĺęŋĺě őæěŋłĺ

Šàăďĺæĺőŋŋő ďńï ŕőńãçěŋĺï ŋĺęŋĺå őæěŋőł ć ğăďăçăå çăáâĺçŋőæěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï ĺáŕőńìğãěâáï ńĺŋěľŋăï àěńăłáăæĺï, ŕàĺ łőâőàőľ ãáńőćĺě ąãńěćőáâĺ ŕěàěňěŋŋëå ğăňěŋïěâáï ŋă âàěąőćăŋĺě ĺå ŕàĺŋăďńěęŋőáâĺ ěďĺŋĺçŋőňã őâàěğłã:

0 ≤ z_i ≤ 1; i ∈ I; (1.8) Őąőğŋăçĺň âăłãî ğăďăçã çěàěğ P ; ă ğŋăçěŋĺě ěě æěńěćőľ äãŋłæĺĺ çěàěğ Z_P . Őçěćĺďŋő, çâő Z_P ≤ Z_P : Ğăďăçă P ïćńïěâáï ğăďăçěľ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï ĺ ğŋăçěŋĺě Z_P ňőęěâ ąëâì ŋăľďěŋő ğă ŕőńĺŋőňĺăńìŋőě ćàěňï. Z_P , łăł ŕàăćĺńő, ŋě áőćŕăďăěâ á Z_P ĺ ćěńĺçĺŋă àăğŋőáâĺ Z_P − Z_P , ŋăğëćăěňăï àăğàëćőň ďćőľáâćěŋŋőáâĺ, ňőęěâ ďőáâĺčăâì ğŋăçĺâěńìŋëå àăğňěàőć [46]. Ĺáŕőńìğãï àăğńĺçŋëě íłćĺćăńěŋâŋëě ŕěàěäőàňãńĺàőćłĺ ğăďăçĺ, ňőęŋő ãńãçèĺâì őæěŋłã Z_P . Ğăňěŋĺň ć ĺáåőďŋőľ ğăďăçě őčàăŋĺçěŋĺï (1.4),(1.5) ŋă ãáńőćĺï ∑ j∈J_l p_{ij} x_{ij} ≤ v^∘_i z_i + v_i −^{l−1∑}_{l0=1} s_{il}0^∑_{j∈Jl0} p_{ij} x_{ij}; i ∈ I; l ∈ L; (1.9)

0 ≤ v_i ≤ V_i z_i; i ∈ I; (1.10) ĺ őąőğŋăçĺň ŕőńãçěŋŋãî ğăďăçã çěàěğ P_X . Őçěćĺďŋő, çâő ğăďăçĺ P ĺ P_X íłćĺćăńěŋâŋë, ŋő Z_P ≤ Z_{PX} , â.ł. őąńăáâì ďőŕãáâĺňëå ğŋăçěŋĺľ ć ğăďăçě P_X ãęě, çěň ć ğăďăçě P :

Šěőàěňă 1 Ďńï ńîąőčő ŋăâãàăńìŋőčő N áãéěáâćãěâ áěňěľáâćő ĺáåőďŋëå ďăŋŋëå, ŋă łőâőàőň őďŋőćàěňěŋŋő Z_{PX} > Z_P ·N ĺ Z_P > Z_{PX} ·N:

Ďőłăğăâěńìáâćő. Řăááňőâàĺň áńěďãîéěě áěňěľáâćő ďăŋŋëå: I = 4N^2; J = C^{2N 2}_{4N} 2 ; L = 1; K = I. Ďńï ćáěå i ∈ I ĺ j ∈ J c^∘_i = 1; p_{ij} = 1; c_i = 0; v^∘_i = 0; V_i = J=(2N), ĺ, ŋăłőŋěæ, áâőńąæăňĺ ňăâàĺæë (c_{ij}) ïćńïîâáï ćáě ćőğňőęŋëě ćěłâőàă, ć łőâőàëå àőćŋő 2N^2 ŋãńěľ. Ćáě őáâăńìŋëě ğŋăçěŋĺï ňăâàĺæë ŕőńőęĺň àăćŋëňĺ 2N^2: Šőčďă ğăďăçă P ğăŕĺáëćăěâáï ć ćĺďě

Z_P = min^∑_{i∈I}(z_i +^∑_{j∈J} c_{ij} x_{ij}) ∑ i∈I x_{ij} = 1, j ∈ J; ∑ j∈J x_{ij} ≤ J 2N i ∈ I; 0 ≤ x_{ij} ≤ z_i, i ∈ I; j ∈ J;

z_i ∈ {0; 1}, i ∈ I.

Őçěćĺďŋő, çâő Z_P ≥ 2N^2. Ďěľáâćĺâěńìŋő, ěáńĺ ć őŕâĺňăńìŋőě àěèěŋĺě ćåőďĺâ ňěŋìèě 2N^2 ĺğďěńĺľ, âő ŋăľďěâáï àăąőâă ŋě ĺňěîéăï ŋãńěľ ć ćëąàăŋŋëå áâàőłăå. Ďńï ďőłăğăâěńìáâćă âěőàěňë ďőáâăâőçŋő ŕőłăğăâì, çâő Z_P ≤ 2 ĺ Z_{PX} = 2N.

Řăááňőâàĺň àěèěŋĺě ğăďăçĺ P áńěďãîéěčő ćĺďă

z_i = 1 2N^2

; x_{ij} = 1 2N^2

; ěáńĺ c_{ij} = 0;

0 ć ŕàőâĺćŋőň áńãçăě: Ďńï ńîąőčő i ∈ I ĺňěěň ∑ j∈J x_{ij} = 1 I ∑ i∈I ∑ j∈J x_{ij} = J I < J 2N :

Ńěčłő ãąěďĺâìáï, çâő őáâăńìŋëě őčàăŋĺçěŋĺï âăłęě ćëŕőńŋïîâáï ĺ ŕőáâàőěŋŋőě àěèěŋĺě ďőŕãáâĺňő. Šőčďă Z_P ≤^∑_{i∈I}(z_i +^∑_{j∈J} c_{ij} x_{ij}) =^∑_{i∈I} z_i = m 2N^2

= 2:

Őâňěâĺň, çâő ŕőáâàőěŋŋőě àěèěŋĺě ŋěďőŕãáâĺňő ć ğăďăçě P_Ţ, âăł łăł ∑ j∈J x_{ij} = J I > J 2N · 1 2N^2 : Řăááňőâàĺň ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P_Ţ

z_i = 1 2N ; x_{ij} = 1 2N^2

; ěáńĺ c_{ij} = 0;

0 ć ŕàőâĺćŋőň áńãçăě:

Ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă íâőň àěèěŋĺĺ őŕàěďěńïěâáï àăćěŋáâćőň ∑ i∈I (z_i +^∑_{j∈J} c_{ij} x_{ij} ) = I 2N = 2N:

Ŕőłăęěň, çâő ŕőáâàőěŋŋőě àěèěŋĺě őŕâĺňăńìŋő. Ďńï íâőčő ďőáâăâőçŋő ãłăğăâì àěèěŋĺě ďćőľáâćěŋŋőľ ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňĺàőćăŋĺï á âăłĺň ęě ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ.

Ğăďăçă DP_X, ďćőľáâćěŋŋăï ł P_X , ĺňěěâ ćĺď:

Z_{DPX} = max^∑_{j∈J} ”_j ∑ j∈J !_{ij} + J 2N “_i ≤ 1; i ∈ I;

”_j ≤ c_{ij} + !_{ij} + “_i, i ∈ I; j ∈ J;

“_i; !_{ij} ≥ 0, i ∈ I; j ∈ J.

Ďńï ďőŕãáâĺňőčő àěèěŋĺï ”_j = 2N=J; “_i = 2N=J; !_{ij} = 0, ŕàĺ ćáěå i ∈ I; j ∈ J, ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ àăćŋő ∑ j∈J ”_j = J · 2N J = 2N:

Šěőàěňă ďőłăğăŋă.

Ąőńěě èĺàőłĺě ćőğňőęŋőáâĺ ďńï ŕőńãçěŋĺï ŋĺęŋĺå őæěŋőł őâłàëćăîâáï ŕàĺ ĺáŕőńìğőćăŋĺĺ Ńăčàăŋęěćëå àěńăłáăæĺľ [53]. Řăááňőâàĺň ďćě àěńăłáăæĺĺ ğăďăçĺ, ŕàĺ łőâőàëå ć æěńěćãî äãŋłæĺî ğăŋőáïâáï őčàăŋĺçěŋĺï (1.2) ĺ (1.9),(1.10), áőőâćěâáâćěŋŋő. Őąőğŋăçĺň çěàěğ –_j, j ∈ J, ňŋőęĺâěńĺ Ńăčàăŋęă, áőőâćěâáâćãîéĺě őčàăŋĺçěŋĺïň (1.2), çěàěğ ’_{il} ≥ 0, i ∈ I, l ∈ L | ňŋőęĺâěńĺ, áőőâćěâáâćãîéĺě őčàăŋĺçěŋĺïň (1.9), ă çěàěğ _i ≥ 0, i ∈ I, | ňŋőęĺâěńĺ, áćïğăŋŋëě á őčàăŋĺçěŋĺïňĺ (1.10). Ć ŕěàćőň áńãçăě ŕőńãçăěň ğăďăçã, łőâőàãî ąãďěň őąőğŋăçăâì çěàěğ L(–) ĺńĺ ŕàőáâő L, ěáńĺ íâő ŋě ćëğőćěâ ŕãâăŋĺæë:

Z_L = min^∑_{i∈I}{c^∘_i z_i + c_i v_i −^∑_{j∈J}(–_j − c_{ij}) x_{ij}} +^∑_{j∈J} –_j;

ŕàĺ őčàăŋĺçěŋĺïå (1.3),(1.9),(1.10),(1.6), (1.7). Ćő ćâőàőň áńãçăě - ğăďăçã LR(’; ) (LR):

Z_{LR} = min^∑_{i∈I}{(c^∘_i −^∑_{l∈L} v^∘_i ’_{il} − _iV_i) z_i +

(c_i −^∑_{l∈L} ’_{il} + _i) v_i +^∑_{l∈L}^∑_{j∈Jl}(c_{ij} + p_{ij} (’_{il} +^{L∑}_{l0=l+1} S_{il}0 ’_{il}0))x_{ij}}

ŕàĺ őčàăŋĺçěŋĺïå (1.2),(1.3),(1.6),(1.7).

Ĺğćěáâŋő [53], çâő ŕàĺ ńîąőň ćëąőàě ňŋőęĺâěńěľ Ńăčàăŋęă –; ’ > 0; > 0; ğŋăçěŋĺï Z_L ĺ Z_{LR} ïćńïîâáï ŋĺęŋĺňĺ őæěŋłăňĺ ďńï ćěńĺçĺŋë Z_P . Řěèěŋĺï ďćőľáâćěŋŋëå ğăďăç

(D) Z_D = max_– Z_L

(C) Z_C = max_{’>0; >0} Z_{LR}

ŕőğćőńïîâ ŕőńãçăâì ŋăĺńãçèĺě ĺğ âăłĺå őæěŋőł.

Šěőàěňă 2 Z_P ≤ Z_{PX} = Z_D ≤ Z_C ≤ Z_P :

Ďőłăğăâěńìáâćő. Ŕěàćőě ĺ ŕőáńěďŋěě ŋěàăćěŋáâćă őçěćĺďŋë. Şąěďĺňáï ć âőň, çâő Z_{PX} = Z_D: Ĺğ áőőâŋőèěŋĺľ ďćőľáâćěŋŋőáâĺ ďńï ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï Z_{PX} = Z_D ĺ ŋãęŋő ŕàőćěàĺâì, çâő Z_D = Z_D: Ŕőłăęěň, çâő ŕàĺ äĺłáĺàőćăŋŋëå ňŋőęĺâěńïå Ńăčàăŋęă Z_L ≥ Z_L; őâłãďă ĺ ąãďěâ áńěďőćăâì âàěąãěňőě àăćěŋáâćő.

Őąőğŋăçĺň çěàěğ ¸_i őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ć ğăďă- çě: ¸_i = max {^∑_{j∈J}(–_j − c_{ij}) x_{ij} − c_i v_i − c^∘_i };

ŕàĺ őčàăŋĺçěŋĺïå (1.9),(1.10) ĺ

0 < x_{ij} < 1; j ∈ J; i ∈ I: (1.11)

Őąőğŋăçĺň çěàěğ RN(¸) áńěďãîéãî ğăďăçã ő àăŋæě:

Z_{RN (¸)} = max^∑_{i∈I} ¸_iz_i; ∑ i∈I z_i ≤ K;

z_i ∈ {0; 1} i ∈ I:

Šőčďă Z_L =^∑_{j∈J} –_j − Z_{RN (¸)}:

Ŕãáâì (z^∗_i ) (v^∗_i ) (x^∗_{ij}) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ Z_L. Ŕőáâàőĺň ŕő ďăŋŋőňã àěèěŋĺî ďőŕãáâĺňőě àěèěŋĺě (z^′_i) (v^′_i) (x^′_{ij}) ğăďăçĺ Z_L: Őŕàěďěńĺň ćěńĺçĺŋë ¸^′_i àăćěŋáâćăňĺ:

¸^′_i =^∑_{j∈Jt}(–_j − c_{ij}) x_{ij} − c_i v_i − c^∘_i ; čďě v_i =

0; ěáńĺ z^∗_i = 0; v^∗_i =z^∗_i ; ěáńĺ z^∗_i > 0;

x_{ij} =

0; ěáńĺ z^∗_i = 0; x^∗_{ij}=z^∗_i ; ěáńĺ z^∗_i > 0;

Ćőğìňěň ć łăçěáâćě z^′_i őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ RN(¸^′) ĺ ŕőńőęĺň v^′_i = z^′_iv_i; x^′_{ij} = z^′_ix_{ij}; i ∈ I; j ∈ J: Ńěčłő ŕàőćěàĺâì, çâő ŕőáâàőěŋŋőě àěèěŋĺě ďőŕãáâĺňő ć L.

Ŕãáâì Z^′ | ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ďăŋŋőň àěèěŋĺĺ Z^′ =^∑_{j∈J} –_j +^∑_{i∈I}{c^∘_i z^′_i + c_i v^′_i −^∑_{j∈J}(–_j − c_{ij}) x^′_{ij}} = ∑ j∈J –_j +^∑_{i∈I} z^′_i {c^∘_i + c_i v_i −^∑_{j∈J}(–_j − c_{ij}) x_{ij} } =^∑_{j∈J} –_j −^∑_{i∈I} ¸^′_iz^′_i:

Šăł łăł^∑_{i∈I} z^∗_i ≤ K ĺ 0 ≤ z^∗_i ≤ 1; i ∈ I, âő (z^∗_i ); i ∈ I | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ RN(¸^′); ŋő Z_{RN (¸}0_) = Z_{RN (¸}0_) ŕàĺ æěńëå K; őâłãďă ∑ i∈I ¸^′_i(–)z^′_i ≥^∑_{i∈I} ¸^′_i(–)z^∗_i ĺ, áńěďőćăâěńìŋő, Z^′ ≤^∑_{j∈J} –_j −^∑_{i∈I} ¸^′_iz^∗_i = Z_L:

Ŕőłăęěň, çâő Z_D ≤ Z_C: Šăł łăł Z_{PX} = Z_D; ă ďńï ğăďăç ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï P_X ĺ C áŕàăćěďńĺćő àăćěŋáâćő Z_{PX} = Z_C; âő Z_D = Z_{PX} = Z_C ≤ Z_C: Šěőàěňă ďőłăğăŋă.

Śńěďáâćĺě 1 Ğăďăçă D àăğàěèĺňă ğă ŕőńĺŋőňĺăńìŋőě ćàěňï őâ ďńĺŋë ğăŕĺáĺ ĺáåőďŋëå ďăŋŋëå.

Ĺğ ďőłăğăâěńìáâćă âěőàěňë áńěďãěâ, çâő ğă ŕőńĺŋőňĺăńìŋőě ćàěňï ňőęŋő ŋě âőńìłő ćëçĺáńĺâì ćěńĺçĺŋã Z_D , ŋő ĺ ŋăľâĺ ňŋőęĺâěńĺ Ńăčàăŋęă –^∗; ďńï łőâőàëå Z_D = Z_L: Ŕãáâì — { őŕâĺňăńìŋëě ďćőľáâćěŋŋëě őæěŋłĺ, áőőâćěâáâćãîéĺě ć ğăďăçě P_X àăćěŋáâćăň (1.2). Šőčďă Z_{PX} = Z_L(—) ≤ Z_D;

ŋő Z_{PX} = Z_D , őâłãďă –^∗ = —.

Ğăňěçăŋĺě. Ěáńĺ ŕàĺ äőàňãńĺàőćłě ğăďăçĺ L ćňěáâő ãáńőćĺľ (1.9), (1.10) ĺáŕőńìğőćăâì őčàăŋĺçěŋĺï (1.4)(1.5), âő ŕőńãçăěňăï âăłĺň őąàăğőň ğăďăçă ąãďěâ íłćĺćăńěŋâŋă ğăďăçě L:

Řěèěŋĺě ďćőľáâćěŋŋëå ğăďăç C ĺ D, łăł ŕàăćĺńő, őáãéěáâćńïěâáï ňěâőďăňĺ áãąčàăďĺěŋâŋőľ őŕâĺňĺğăæĺĺ [43], ć łőâőàëå ŋă łăęďőľ ĺâěàăæĺĺ àěèăěâáï àěńăłáĺàőćăŋŋăï ğăďăçă ĺ ŕő ěě őŕâĺňăńìŋőňã àěèěŋĺî łőààěłâĺàãîâáï ňŋőęĺâěńĺ Ńăčàăŋęă. Řěèěŋĺě ğăďăçĺ L; łăł áńěďãěâ ĺğ ďőłăğăâěńìáâćă âěőàěňë, áćőďĺâáï ł ćëçĺáńěŋĺî ćěńĺçĺŋ ¸_i(–); i ∈ I; çâő àăćŋőáĺńìŋő àěèěŋĺî ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï.

Ğăďăçă LR ŕőáńě őçěćĺďŋëå ŕàěőąàăğőćăŋĺľ áćőďĺâáï ł łńăááĺçěáłőľ NP{âàãďŋőľ ğăďăçě àăğňěéěŋĺï ŕàőĺğćőďáâćă, ďńï àěèěŋĺï łőâőàőľ ŕàĺåőďĺâáï ĺáŕőńìğőćăâì ćëçĺáńĺâěńìŋëě áåěňë âĺŕă ćěâćěľ ĺ čàăŋĺæ [3].

Ś âőçłĺ ğàěŋĺï âěőàĺĺ NP{ŕőńŋőâë, ğăďăçĺ LR ĺ P őďĺŋăłőćő âàãďŋë, ŋő ŕàăłâĺçěáłĺ ğăďăçã LR àěèăâì ŕàőéě, ĺ, ć ŕěàćãî őçěàěďì, ŕőâőňã, çâő ŕàĺ äĺłáĺàőćăŋŋëå ąãńěćëå ŕěàěňěŋŋëå z ğŋăçěŋĺï ŋěŕàěàëćŋëå ŕěàěňěŋŋëå ć ğăďăçě LR őŕàěďěńïîâáï ğă ńĺŋěľŋőě ćàěňï, ă ć ğăďăçě P ďńï íâőčő ŕàĺåőďĺâáï àěèăâì ğăďăçã ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, ďńï łőâőàőľ ŋěĺğćěáâŋő áâàőčő ŕőńĺŋőňĺăńìŋőčő ăńčőàĺâňă. Łàőňě âőčő, ďńï ğăďăçĺ LR ãęě áőğďăŋ [3] ăńčőàĺâň ćěâćěľ ĺ čàăŋĺæ, åőàőèő àăąőâăîéĺľ ŋă áàěďŋĺå àăğňěàŋőáâïå (J; I ≤ 100); ć âő ćàěňï łăł ďńï ĺáåőďŋőľ ğăďăçĺ áőğďăŋĺě âăłőčő ăńčőàĺâňă áćïğăŋő á őŕàěďěńěŋŋëňĺ âàãďŋőáâïňĺ.

1.3 Ăńčőàĺâň àěèěŋĺï àěńăłáĺàőćăŋŋőľ ğăďăçĺ

Ŕãáâì, łăł ĺ ŕàěęďě,

¸_i(–) = max {^∑_{j∈J}(–_j − c_{ij}) x_{ij} − c_i v_i − c^∘_i };

ŕàĺ őčàăŋĺçěŋĺïå (1.4),(1.5) ĺ (1.11). Ŕàĺ ğăďăŋŋëå ğŋăçěŋĺïå ¸_i(–); i ∈ J; ğăďăçă L; łăł ãęě őâňěçăńőáì, áćőďĺâáï ł ŕàőáâěľèěľ ğăďăçě ő àăŋæě RN(¸); łőâőàăï àěèăěâáï á âàãďőěňłőáâìî O(I log I); ĺ ďńï àěèěŋĺï ğăďăçĺ L őáâăěâáï ãłăğăâì ăńčőàĺâň ćëçĺáńěŋĺï ćěńĺçĺŋ ¸_i; i ∈ I: Šăł łăł ğŋăçěŋĺï ¸_i őŕàěďěńïîâáï ŋěğăćĺáĺňő ďàãč őâ ďàãčă, âő ĺŋďěłá i ć ďăńìŋěľèěň ąãďěň őŕãáłăâì. Őŕàěďěńĺň äãŋłæĺĺ F_l(v); 0 ≤ v ≤ V + v^∘; l ∈ L àăćěŋáâćăňĺ:

F_l(v) = max^{L∑}_{l0=l}^∑_{j∈Jl0} c_jx_j ∑ j∈J_l0

p_j x_j ≤ v −^l 0−1∑ t=l s_t^∑_{j∈Jt} p_j x_j; l^′ ≥ l;

0 ≤ x_j ≤ 1; j ∈ J;

čďě c_j = –_j − c_{ij} ĺ ŕàěďáâăćĺň ¸ ć áńěďãîéěň ćĺďě:

¸ = ( max

0≤v≤V +V^ffi

{F_1(v) − c(v − v^∘)^+} − c^∘)^+;

čďě (∗)^+ = max(0; ∗):

Ťãŋłæĺĺ F_l(v); l ∈ L ïćńïîâáï ćőčŋãâëňĺ łãáőçŋő-ńĺŋěľŋëňĺ äãŋłæĺïňĺ. Ŋĺęě ąãďěâ ŕőłăğăŋő, çâő őŋĺ ĺňěîâ ŋě ąőńěě 2J âőçěł ĺğńőňă ĺ, ğŋăçĺâ, ćěńĺçĺŋă ¸ ňőęěâ ąëâì ŋăľďěŋă ŕő ĺğćěáâŋőľ äãŋłæĺĺ F_1(v) ğă O(log J) őŕěàăæĺľ.

Ńěňňă 1 Ďńï äãŋłæĺľ F_l(v); l ∈ L áŕàăćěďńĺćë àěłãààěŋâŋëě áőőâŋőèěŋĺï:

F_L(v) = G_L(v)

F_l(v) = max_{0≤u≤v}{G_l(u) + F_{l+1}(v − s_lu)} l ∈ L \ {L}; čďě äãŋłæĺĺ G_l(v); l ∈ L; őŕàěďěńïîâáï àăćěŋáâćăňĺ:

G_l(v) = max^∑_{j∈Jl} c_jx_j; ∑ j∈J_l p_j x_j ≤ v

0 ≤ x_j ≤ 1 ; j ∈ J_l:

Ďőłăğăâěńìáâćő. Ŕãáâì l < L. Őąőğŋăçĺň F_l(v; u) áńěďãîéãî äãŋł- æĺî F_l(v; u) = max {^∑_{j∈Jl cjxj} +^{L∑}_{l0=l+1}^∑_{j∈Jl0} c_jx_j} (1.12) ∑ j∈J_l p_j x_j = u; (1.13) ∑ j∈J_l0

p_j x_j ≤ v − s_l u −^l 0−1∑ t=l+1

s_t^∑_{j∈Jt} p_j x_j; l^′ > l; (1.14) 0 ≤ x_j ≤ 1; j ∈ J: (1.15) Ğăňěâĺň, çâő ğăďăçă (1.12){(1.15) àăáŕăďăěâáï ŋă ďćě ŋěğăćĺáĺňëå ŕőďğăďăçĺ. Ğăďăçã

G_l(u) = max^∑_{j∈Jl} c_jx_j;

ŕàĺ őčàăŋĺçěŋĺïå (1.13), (1.15) ĺ ğăďăçã

F_{l+1}(v) = max^{L∑}_{l0=l+1}^∑_{j∈Jl0} c_jx_j ŕàĺ őčàăŋĺçěŋĺïå (1.14), (1.15).

Ŕàĺ íâőň F_l(v; u) = G_l(u) + F_{l+1}(v − s_l u): Ďńï ğăćěàèěŋĺï ďőłăğăâěńìáâćă ńěňňë őáâăńőáì ğăňěâĺâì, çâő F_l(v) = max_{0≤u≤v} F_l(v; u):

Ŕàĺćěďěŋŋëě àěłãààěŋâŋëě áőőâŋőèěŋĺï ŕőğćőńïîâ ďńï łăęďőčő v ≥ 0 őŕàěďěńĺâì ğŋăçěŋĺě äãŋłæĺĺ F_l(v) ŕő ĺğćěáâŋëň äãŋłæĺïň F_{l+1}(v) ĺ G(v): Šăł łăł ŕăàăňěâà v ïćńïěâáï ŋěŕàěàëćŋëň, âő ćëçĺáńĺâì âăłĺň áŕőáőąőň ćáě ğŋăçěŋĺï äãŋłæĺĺ F_l(v) ŋě ŕàěďáâăćńïěâáï ćőğňőęŋëň. Šěň ŋě ňěŋěě, áŕěæĺăńìŋëľ ćĺď äãŋłæĺľ F_l(v); ă ĺňěŋŋő ĺå łãáőçŋő-ńĺŋěľŋőáâì, ŕőğćőńïěâ ğăďăćăâì äãŋłæĺĺ ĺå ğŋăçěŋĺïňĺ ć âőçłăå ĺğńőňă ĺ âěň áăňëň ćëçĺáńïâì F_l(v) âőńìłő łőŋěçŋőě çĺáńő àăğ.

Ńěňňă 2 Ěáńĺ F_l(v^′) = G_l(u^′) + F_{l+1}(v^′ − s_lu^′) ĺ t_l = 1 − s_l ≠ 1; âő ďńï ďőáâăâőçŋő ňăńëå ‹ > 0

F_l(v^′ + ‹) = F_l(v^′) + ‚‹

‚ = ¸; ěáńĺ s_l¸ ≥ ˛;

˛ + ¸t_l; ěáńĺ s_l¸ < ˛ ĺ v^′ = u^′; ˛=s_l; ěáńĺ s_l¸ < ˛ ĺ v^′ < u^′;

čďě ¸; ˛ | ŕàăćëě ŕàőĺğćőďŋëě äãŋłæĺľ F_{l+1}(—); G_l(u) ć âőçłăå —^′ = (v^′ − S_lu^′) ĺ u^′:

Ďőłăğăâěńìáâćő. Ŕàěďáâăćĺň äãŋłæĺî F_l(v) ć ćĺďě

F_l(v) = max_{u;—≥0}(G_l(u) + F_{l+1}(—));

s_lu + — ≤ v; 0 ≤ u ≤ v;

ĺ ćëďěńĺň ďćă áńãçăï u^′ = v^′ ĺ u^′ < v^′:

ă) Ŕãáâì u^′ < v^′ ĺ F_l(v^′ +‹) = G_l(u^∗) + F_{l+1}(—^∗): Řăááňőâàĺň őąńăáâì ĺğňěŋěŋĺï ŕěàěňěŋŋëå (—; u) ŕàĺ ãćěńĺçěŋĺĺ v^′ ŋă ‹ (àĺá. 1.1). Őçěćĺďŋő, çâő âőçłă (—^∗; u^∗) ńěęĺâ ŋă ŕàïňőľ s_lu + — = v^′ + ‹: Ć áĺńã ćőčŋãâőáâĺ äãŋłæĺľ G_l(u) ĺ F_{l+1}(—) âőçłă (—^∗; u^∗) ŋě ćëåőďĺâ ĺğ őâàěğłă AC: Ŕàĺ ďőáâăâőçŋő ňăńëå ‹ > 0 äãŋłæĺĺ G_l(u) ĺ F_{l+1}(—) ňőęŋő áçĺâăâì ńĺŋěľŋëňĺ ŋă DA ĺ DC: Śãňňă ďćãå ńĺŋěľŋëå äãŋłæĺľ âőęě ńĺŋěľŋă. Ňăłáĺňãň ńĺŋěľŋőľ äãŋłæĺĺ ďőáâĺčăěâáï ŋă čàăŋĺæě ĺ ňőęŋő áçĺâăâì, çâő (—^∗; u^∗) áőćŕăďăěâ ńĺąő á âőçłőľ Ă, ńĺąő á âőçłőľ Ś. Ŕàĺàăéěŋĺě F_l(v) ŕàĺ ŕěàěåőďě őâ âőçłĺ D ł âőçłě C àăćŋő:

´F_C = G_l(u^′) + F_{l+1}(—^′ + ‹) − G_l(u^′) − F_{l+1}(—^′) = ¸‹ Ăŋăńőčĺçŋő

´F_A = G_l(u^′ + ‹=s_l) + F_{l+1}(—^′) − G_l(u^′) − F_{l+1}(—^′) = ˛‹=s_l Šăłĺň őąàăğőň, ěáńĺ ¸ > ˛=s_l , âő (—^∗; u^∗) áőćŕăďăěâ á âőçłőľ C ĺ ‚ = ¸. Ć ŕàőâĺćŋőň áńãçăě (—^∗; u^∗) áőćŕăďăěâ A ĺ ‚ = ˛=s_l: ą) Ŕãáâì u^′ = v^′. Ć íâőň áńãçăě âőçłă A ńěęĺâ ćëèě ŕàïňőľ u = v^′ + ‹, âőçłă (—^∗; u^∗) ŕàĺŋăďńěęĺâ őâàěğłã BC (àĺá. 1.2) ĺ

´F_B = G_l(v^′ + ‹) + F_{l+1}(—^′ + T_l‹) − G_l(u^′) + F_{l+1}(—^′) = (˛ + T_l¸)‹:

            -

6
 ll
  ll
    ll
      ll
        ll
         l

u

v^0 + ‹

v^0

—^0 — D C B A — + slu = v^0 + ‹

Řĺá.1.2

            -

6

 QQ
  QQ
    QQ
      QQ
       Q

— + slu = v^0 + ‹ u v^0 + ‹

v^0

u^0

—^0 — D C

A

Řĺá.1.1

Ńěňňă 3 Ťãŋłæĺĺ F_l(v) ĺňěîâ ŋě ąőńěě 2J âőçěł ĺğńőňă.

Ďőłăğăâěńìáâćő. Ŕãáâì äãŋłæĺĺ G_l(u) ĺ F_{l+1}(—) ĺňěîâ áőőâćěâáâćěŋŋő n_l ĺ Q_{l+1} âőçěł ĺğńőňă. Ąãďěň čőćőàĺâì, çâő âőçłă ĺğńőňă äãŋłæĺĺ F_l(v) ïćńïěâáï:

| âőçłőľ ĺğńőňă 1-čő âĺŕă, ěáńĺ ďńï ŕàăćőľ ŕàőĺğćőďŋőľ äãŋłæĺĺ F_l(v) ć íâőľ âőçłě ćěàŋő àăćěŋáâćő ‚ = ¸;

| âőçłőľ ĺğńőňă 2-čő âĺŕă, ěáńĺ ‚ = ˛ + ¸t_l; | âőçłőľ ĺğńőňă 3-čő âĺŕă, ěáńĺ ‚ = ˛=s_l.

Řăááňőâàĺň âàĺ áńãçăï.

ă) Ŕãáâì v^′ | âőçłă ĺğńőňă 1-čő âĺŕă. Šőčďă s_l¸ ≥ ˛,

F_l(v^′ + ‹) = G_l(u^′) + F_{l+1}(—^′ + ‹)

ĺ áńěďãîéěľ âőçłě ĺğńőňă v^1 áőőâćěâáâćãěâ âőçłă ĺğńőňă äãŋłæĺĺ F_{l+1}(v). Šőçłă v^1 ňőęěâ ąëâì âőçłőľ 1-čő ĺńĺ 3-čő âĺŕă, ŋő ŋě ňőęěâ ąëâì âőçłőľ 2-čő âĺŕă, â.ł. v^1 = v^′ + ‹ > u^′ = u^1 .

ą) Ŕãáâì v^′ | âőçłă ĺğńőňă 2-čő âĺŕă. Šőčďă u^′ = v^′; s_l¸ < ˛ ĺ

F_l(v^′ + ‹) = G_l(v^′ + ‹) + F_{l+1}(—^′ + t_l‹):

Šőçłă v^1 őŕàěďěńïěâáï ŕő âőçłăň ĺğńőňă ńĺąő äãŋłæĺĺ G_l(u); ńĺąő äãŋłæĺĺ F_{l+1}(v) ĺ ňőęěâ ąëâì âőçłőľ ĺğńőňă 1-čő ĺńĺ 2-čő âĺŕă, ŕàĺçěň ŕěàěåőďã ć âőçłã 1-čő âĺŕă áőőâćěâáâćãěâ âőçłă ĺğńőňă äãŋłæĺĺ G_l(u):

ć) Ŕãáâì v^′ | âőçłă ĺğńőňă 3-čő âĺŕă.Šőčďă u^′ < v^′; s_l¸ < ˛ ĺ

F_l(v^′ + ‹) = G_l(u^′ + ‹=s_l) + F_{l+1}(—^′)

Šőçłă v_1 őŕàěďěńïěâáï ńĺąő âőçłőľ ĺğńőňă äãŋłæĺĺ G_l(u); ńĺąő àăćěŋáâćőň

v^′ + ‹ = u^′ + ‹=s_l: (1.16) Ć ŕěàćőň áńãçăě âőçłă v^1 ňőęěâ ąëâì âőçłőľ ĺğńőňă 1-čő ĺńĺ 3-čő âĺŕă, ćő ćâőàőň áńãçăě | 2-čő âĺŕă. Őâňěâĺň, çâő ěáńĺ àăŋìèě âőçłĺ ĺğńőňă äãŋłæĺĺ F_l(v) őŕàěďěńïńĺáì âőçłăňĺ ĺğńőňă äãŋłæĺľ F_{l+1}(v) ĺ G_l(u), âő ć ŕőáńěďŋěň áńãçăě ŕőïćńïěâáï ďőŕőńŋĺâěńìŋăï âőçłă ĺğńőňă, őŕàěďěńïěňăï àăćěŋáâćőň (1.16). Şąěďĺňáï, çâő çĺáńő ďőŕőńŋĺâěńìŋëå âőçěł ĺğńőňă ŋě ŕàěćőáåőďĺâ n_l .

Ďěľáâćĺâěńìŋő, ďőŕőńŋĺâěńìŋăï âőçłă ĺğńőňă ŕőïćńïěâáï ŕàĺ ŕěàěåőďě őâ âőçłĺ 3-čő âĺŕă ł âőçłě 2-čő âĺŕă. Ďńï âőčő, çâőąë áŋőćă

                   -

¸¸¸¸¸

    ¸¸¸¸¸

         ¸¸¸¸¸

             ¸¸¸¸¸

                 ¸¸¸:-

ΦΦΦ

   ΦΦΦ

     ΦΦΦ

        ΦΦΦ

          ΦΦΦ

             ΦΦΦ

                ΦΦΦ

                  ΦΦ*

¸¸¸¸¸

    ¸¸¸¸¸

         ¸¸¸¸¸

             ¸¸¸¸¸

                 ¸¸¸:-

HHH
   HHH
     HHH
        HHH
          HHH
             HHH
                HHH
                  HHj

e

e

e e e e âőçłă v0 âőçłă v^1 â. 1-čő âĺŕă

â. 2-čő âĺŕă

â. 3-čő âĺŕă â. 1-čő âĺŕă

â. 2-čő âĺŕă

â. 3-čő âĺŕă

Gl

1.16

Řĺá. 1.3

őłăğăâìáï ć âőçłě 3-čő âĺŕă ŋăďő ŕàőľâĺ çěàěğ âőçłã 1-čő âĺŕă, ă áďěńăâì íâő ĺğ âőçłĺ 2-čő âĺŕă ňőęŋő âőńìłő ŕàőľďï çěàěğ âőçłã ĺğńőňă äãŋłæĺĺ G_l(u) (àĺá.1.3). Šăłĺň őąàăğőň, çĺáńő âőçěł ĺğńőňă äãŋłæĺĺ F_l(v) ŋě ŕàěćőáåőďĺâ n_l + n_l + Q_{l+1}, őâłãďă

Q_1 ≤ 2n_1 + Q_2 ≤ 2n_1 + 2n_2 + Q_3 ≤ :: ≤ 2^∑_{l∈L} n_l:

Ŋő n_l őçěćĺďŋő ŋě ŕàěćőáåőďĺâ ňőéŋőáâĺ ňŋőęěáâćă J_l, ŕőíâőňã Q_1 ≤ 2J. Ńěňňă 3 ďőłăğăŋă.

Ğăňěçăŋĺě. Ěáńĺ s_l = 0 ďńï ŋěłőâőàőčő l, âő ć ãáńőćĺïå Ńěňňë 2 ćěńĺçĺŋă ‚ ćáěčďă àăćŋă ¸ + ˛ ĺ ďőŕőńŋĺâěńìŋëě âőçłĺ ĺğńőňă ŋě ŕőïćńïîâáï.

Łőŋáâàãłâĺćŋőě ďőłăğăâěńìáâćő ŕőáńěďŋěčő ãâćěàęďěŋĺï ŕőğćőńïěâ ŕőáâàőĺâì ăńčőàĺâň ćëçĺáńěŋĺï äãŋłæĺĺ F_l(v): Ăńčőàĺâň áőáâőĺâ ĺğ L èăčőć, ŋă łăęďőň ĺğ łőâőàëå ŕő ãęě ĺğćěáâŋëň äãŋłæĺïň F_{l+1}(v) ĺ G_l(u) áâàőĺâáï äãŋłæĺï F_l(v): Ÿăč ŋăçĺŋăěâáï á ŕőáâàőěŋĺï äãŋłæĺĺ G_l(u): Ŋăŕőňŋĺň, çâő G_l(u) ïćńïěâáï ğăďăçěľ ő àăŋæě á ŋěŕàěàëćŋëňĺ ŕěàěňěŋŋëňĺ ( u | őąêěň àăŋæă), âőçłĺ ĺğńőňă äãŋłæĺĺ G_l(u) őŕàěďěńïîâáï á âàãďőěňłőáâìî O(n_l); ă ŕőáâàőěŋĺě áăňőľ äãŋłæĺĺ G_l(u); u > 0 âàěąãěâ ŋě ąőńěě O(n_l log n_l) őŕěàăæĺľ. Ŕő ĺğćěáâŋëň F_{l+1}(v) ĺ G_l(u) äãŋłæĺï F_l(v) áâàőĺâáï ğă ńĺŋěľŋőě ćàěňï O(n_l + Q_{l+1}) ĺ âăł łăł ďńï őŕàěďěńěŋĺï F_1(v) ŋěőąåőďĺňő ćëçĺáńĺâì ćáě äãŋłæĺĺ F_l(v); l ∈ L, âő áãňňăàŋăï âàãďőěňłőáâì ŕőáâàőěŋĺï F_1(v) őæěŋĺćăěâáï ćěńĺçĺŋőľ ∑ l∈L O(n_l log n_l + n_l + Q_{l+1}) ≤ O(J log J + LJ):

Šăłĺň őąàăğőň ďőłăğăŋă áńěďãîéăï âěőàěňă Šěőàěňă 3 Ŕàĺ äĺłáĺàőćăŋŋëå ňŋőęĺâěńïå –_j; j ∈ J; őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ L ňőęěâ ąëâì ŋăľďěŋő á âàãďőěňłőáâìî O(I log I + IJ(L + log J)):

1.4 Ŕőáâàőěŋĺě ďőŕãáâĺňőčő àěèěŋĺï ňŋőčőíâăŕŋőľ ğăďăçĺ

Ŕãáâì (z^∗)(v^∗)(x^∗) | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ L(–) ĺ

´_j(–) =^∑_{i∈I} x^∗_{ij} − 1; j ∈ J;

Ěáńĺ ´_j(–) = 0; â.ě. àăćěŋáâćă (1.2) ćěàŋë ďńï (x^∗), âő (z^∗)(v^∗)(x^∗) | őŕâĺňăńìŋőě àěèěŋĺě ĺáåőďŋőľ ğăďăçĺ ĺ Z_L(–) áőćŕăďăěâ á Z_P . Ćëŕőńŋěŋĺě ãáńőćĺľ (1.2) őğŋăçăěâ, çâő ć ğăďăçě P őâáãâáâćãěâ àăğàëć ďćőľáâćěŋŋőáâĺ. Ůăéě őłăğëćăěâáï, çâő Z_L(–^∗) = Z_D < Z_P , ŋő ćěńĺçĺŋă ‹ =^∑_{j∈J} | ´_j(–) |

ďőáâăâőçŋő ňăńă ĺ àěèěŋĺě (z^∗)(v^∗)(x^∗) ãďăěâáï ďőáâàőĺâì ďő ďőŕãáâĺňőčő àěèěŋĺï ĺáåőďŋőľ ğăďăçĺ á ŕőňőéìî ŕàőæěďãà łőőàďĺŋăâŋőčő áŕãáłă. Ŕàĺ – ąńĺğłĺå ł –^∗ àăćěŋáâćă (2) ŋăàãèăîâáï âőńìłő ďńï ŋěłőâőàëå j ∈ J ĺ âàãďőěňłőáâì âăłőľ ŕàőæěďãàë ŕàăłâĺçěáłĺ őłăğëćăěâáï őçěŋì ŋĺğłőľ. Őąőğŋăçĺň çěàěğ H_D ăńčőàĺâň, ĺáŕőńìğãîéĺľ íâã ŕàőæěďãàã ć åőďě áãąčàăďĺěŋâŋőľ őŕâĺňĺğăæĺĺ ĺ ćëąĺàăîéĺľ ĺğ ŕőńãçěŋŋëå àěèěŋĺľ ŋăĺńãçèěě. Ąńĺğłĺľ ŕő áňëáńã ăńčőàĺâň àăááňăâàĺćăńáï ć [26].

Őąőğŋăçĺň çěàěğ P (´), ğăďăçã, łőâőàăï őâńĺçăěâáï őâ ĺáåőďŋőľ âěň, çâő àăćěŋáâćă (2) ğăňěŋěŋë ŋă ∑ i∈I x_{ij} = 1 − ´_j(–); j ∈ J;

Ńěčłő ŕàőćěàĺâì, çâő őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ L(–) ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ĺ ć ğăďăçě P (´). Ăńčőàĺâň H_D ŕàőáňăâàĺćăěâ őŕâĺňăńìŋëě àěèěŋĺï ğăďăç P (´) ŕàĺ àăğŋëå ´ ĺ ďőáâàăĺćăěâ ĺå ďő ďőŕãáâĺňőčő àěèěŋĺï ğăďăçĺ P . Ěáńĺ ğăďăçĺ P ĺ P (´) "ąńĺğłĺ"ďàãč ł ďàãčã, âő őŕâĺňăńìŋőě àěèěŋĺě őďŋőľ ĺğ ŋĺå ïćńïěâáï åőàőèĺň ŕàĺąńĺęěŋĺěň ďńï ďàãčőľ.

Ăńčőàĺâň H_D àăááňăâàĺćăěâ àăğńĺçŋëě ŋăąőàë (z^∗), çâő, àăğãňěěâáï, ŋě čăàăŋâĺàãěâ ŕőńãçěŋĺï őŕâĺňăńìŋőčő ŋăąőàă ğăďăçĺ P . Ąőńěě őáâőàőęŋőľ áâàăâěčĺěľ, çěň ć ăńčőàĺâňě H_D , ïćńïěâáï áåěňă ŕőłőňŕőŋěŋâŋőčő áőáâăćńěŋĺï ŋăąőàă (z^∗), ŋă łăęďőň èăčě łőâőàőľ őďŋă ĺğ ŕěàěňěŋŋëå z^∗_i ŕőńăčăěâáï àăćŋőľ 1. Ŋĺęě ŕàĺćőďĺâáï çěâëàě ŕàăćĺńă ćëąőàă âăłőľ ŕěàěňěŋŋőľ:

1. Ŕőńőęĺâì z_i = 1, ěáńĺ ¸_i(–^∗) = max_{k∈I} ¸_k(–^∗). 2. Őŕàěďěńĺâì àăąőâã r, ďńï łőâőàőľ ∑ i∈I x^∗_{ir} = max_{j∈J}^∑_{i∈I} x^∗_{ij}

ĺ ŕőńőęĺâì z_i = 1, ěáńĺ ∑ j∈J x^∗_{ij} = max{^∑_{j∈J} x^∗_{kj} | k ∈ I; x^∗_{kr} > 0}:

3. Ŕőńőęĺâì z_i = 1, ěáńĺ ∑ j∈J x^∗_{ij} = max_{k∈I}^∑_{j∈J} x^∗_{kj}

4. Ŕőńőęĺâì z_i = 1, ěáńĺ ŋőňěà i ŋăĺąőńěě çăáâő ćåőďĺń ć áőáâăć őŕâĺňăńìŋőčő ŋăąőàă (x) ğăďăçĺ L(–) ć åőďě áãąčàăďĺěŋâŋőľ őŕâĺňĺğăæĺĺ.

Ŕàăćĺńő 1 ŋăĺąőńěě èĺàőłő ŕàĺňěŋïěâáï ć ňěâőďăå ćěâćěľ ĺ čàăŋĺæ ďńï ğăďăçĺ àăğňěéěŋĺï á őčàăŋĺçěŋĺïňĺ ŋă őąêěňë ŕàőĺğćőďáâćă [25]. Ăŋăńőč Ŕàăćĺńă 2 ĺáŕőńìğãěâáï ć ŋăĺąőńěě ąëáâàőň âőçŋőň ăńčőàĺâňě ďńï ğăďăç ő ŕőłàëâĺĺ ĺ àăğąĺěŋĺĺ [36]. Ŕàăćĺńő 3 åőàőèő ğăàěłőňěŋďőćăńő áěąï ć ŕàőáâěľèěľ ğăďăçě àăğňěéěŋĺï ŕàőĺğćőďáâćă.

Őąőğŋăçĺň çěàěğ H_q ăńčőàĺâň, ĺáŕőńìğãîéĺľ q{őě ŕàăćĺńő ćëąőàă ĺ ďěńăîéĺľ ŋě ąőńěě K èăčőć. Ŋă łăęďőň èăčě ćëąĺàăěâáï ŕěàěňěŋŋăï z_i ĺ ŕőńăčăěâáï àăćŋőľ 1. Ğăâěň ŕàőĺğćőďĺâáï łőààěłâĺàőćłă ňŋőęĺâěńěľ Ńăčàăŋęă ĺ ł łăęďőňã àěèěŋĺî ğăďăçĺ L(–) ŕàĺňěŋïěâáï ăńčőàĺâň H_d. Řěğãńìâăâőň àăąőâë ăńčőàĺâňă H_q ïćńïěâáï ŋăĺńãçèěě ĺğ ŕőáâàőěŋŋëå ďőŕãáâĺňëå àěèěŋĺľ.

Ŕàĺćěďěŋŋëě ăńčőàĺâňë ąăğĺàãîâáï ŋă àěèěŋĺĺ ğăďăçĺ L(–), åőâï ŋěâàãďŋő ŕőáâàőĺâì ăŋăńőčĺçŋëě łőŋáâàãłæĺĺ ĺ ďńï àěńăłáăæĺĺ LR(’; ). Őąőğŋăçĺň çěàěğ H_C ăŋăńőč ăńčőàĺâňă H_D, őáŋőćăŋŋëľ ŋă àěńăłáăæĺĺ LR(’; ). Ŕőŋïâŋő, çâő ăńčőàĺâň H_C ãęě ŋě ąãďěâ ĺňěâì ŕőńĺŋőňĺăńìŋãî âàãďőěňłőáâì, ŋő â.ł. Z_C ≥ Z_D, âő ŕàőĺčàëćăï ćő ćàěňěŋĺ, őŋ ňőęěâ ćëĺčàëćăâì ć âőçŋőáâĺ.

1.5 Ůĺáńěŋŋëľ íłáŕěàĺňěŋâ

Ŕàěďńőęěŋŋëě ăńčőàĺâňë âěáâĺàőćăńĺáì ŋă łńăááě ğăďăç áńěďãîéěľ àăğňěàŋőáâĺ:

m = 30; n = 30; n_l = 5; l ∈ L; k = 6:

Ĺáåőďŋëě ďăŋŋëě äőàňĺàőćăńĺáì ďăâçĺłőň áńãçăľŋëå çĺáěń á àăćŋőňěàŋëň àăáŕàěďěńěŋĺěň. Ŕăàăňěâàë ğăďăçĺ ćëąĺàăńĺáì ĺğ áńěďãîéĺå ĺŋâěàćăńőć:

c^∘_i = 100 c_i ∈ [1; 5]; c_{ij} ∈ [1; 105]; p_{ij} ∈ [1; 5]; S_{il} = 0:1; v^∘_i = 2: Ňăâàĺæë (c_{ij}) ĺ (p_{ij}) ŋă 30% ğăŕőńŋïńĺáì çĺáńőň 10^6. Řăáçěâë ŕàő-

Šăąńĺæă 1 V = 1000; K = 30;

N ZC ZD HC HD H1 H2 H3 H4 1 925.5 97.7 0.0 2.2 0.0 0.0 0.0 0.0 2 957.2 96.6 0.0 3.4 0.0 0.0 0.0 0.0 3 989.6 96.9 0.1 0.1 0.1 0.1 0.1 0.1 4 921.3 99.2 0.2 0.2 0.2 0.2 0.2 0.2 5 952.9 95.9 0.1 3.3 4.0 0.4 1.1 0.4 6 969.1 97.2 0.0 2.4 0.7 0.7 1.2 0.7 7 927.6 95.4 0.1 1.1 3.0 1.1 1.1 1.1 8 962.9 96.1 0.1 4.3 0.7 4.9 1.4 1.8 9 974.4 95.3 0.1 2.6 0.4 1.5 1.5 1.5 10 944.3 98.3 0.2 1.7 4.0 5.9 7.3 0.2 áàěďŋěě 96.9 0.1 3.1 1.3 1.5 1.4 0.6

ćőďĺńĺáì ŕàĺ àăğŋëå ğŋăçěŋĺïå ŕăàăňěâàőć K ĺ V (V_i = V; i ∈ I). Řěğãńìâăâë àăáçěâőć áćěďěŋë ć çěâëàě âăąńĺæë. Ć łăęďőľ âăąńĺæě áőďěàęĺâáï àěèěŋĺě ďěáïâĺ âěáâőćëå ğăďăç ďńï äĺłáĺàőćăŋŋőľ ŕăàë ŕăàăňěâàőć (K; V ). Łőńőŋłă (Z_C) áőďěàęĺâ ğŋăçěŋĺě Z_C ć ăąáőńîâŋëå ćěńĺçĺŋăå. Łőńőŋłă (Z_D) ŕőğćőńïěâ áãďĺâì ő ćěńĺçĺŋě àăğàëćă ďćőľáâćěŋŋőáâĺ ć àěèăěňëå ğăďăçăå. Ć ŋěľ ŕàĺćěďěŋë ğŋăçěŋĺï őâŋőáĺâěńìŋőčő ãłńőŋěŋĺï " = (Z_D=Z_C) ∗ 100%. Ć őáâăńìŋëå łőńőłăå áőďěàęăâáï ğŋăçěŋĺï őâŋőáĺâěńìŋőčő ãłńőŋěŋĺï ďńï áőőâćěâáâćãîéĺå íćàĺáâĺçěáłĺå ăńčőàĺâňőć: " = (H_∗=Z_C − 1) ∗ 100%.

Řěèěŋĺě âěáâőćëå ğăďăç ąěğ őčàăŋĺçěŋĺľ (1.3), (1.5) áőďěàęĺâ ć őŕâĺňăńìŋőň ŋăąőàě (z^∗) őâ 5 ďő 6 ŋěŋãńěćëå íńěňěŋâőć, őąêěňë ŕàőĺğćőďáâćă ňěŋïîâáï őâ 2 ďő 11 ěďĺŋĺæ, ĺ àăğàëć ďćőľáâćěŋŋőáâĺ ć áàěďŋěň áőáâăćńïěâ őłőńő 3% őâ Z_C. Ŋăĺńãçèĺě àěğãńìâăâë ŕő âőçŋőáâĺ ŋă ãłăğăŋŋëå łńăááăå ğăďăç ŕàĺŋăďńěęăâ ăńčőàĺâňã H_C. Ŕàĺ àěèěŋĺĺ ğăďăçĺ C őŕâĺňăńìŋëě ŋăąőàë (z^∗) çăáâő ŕőćâőàïîâáï, çĺáńő àăğńĺçŋëå ŋăąőàőć ć áàěďŋěň ŋě ŕàěćőáåőďĺâ âàěå, ă ć ŕőńőćĺŋě áńãçăěć âăłőľ ŋăąőà ěďĺŋáâćěŋŋëľ. Ĺŋâěàěáŋő őâňěâĺâì, çâő ŕàĺ àěèěŋĺĺ ğăďăçĺ D

Šăąńĺæă 2 V = 5; K = 30;

N ZC ZD HC HD H1 H2 H3 H4 1 989.4 96.8 0.1 0.1 0.1 0.1 0.1 0.1 2 947.1 98.9 0.3 8.6 0.3 0.3 0.3 0.3 3 954.8 96.3 0.3 7.0 0.3 0.6 0.3 0.3 4 931.8 97.6 2.1 8.4 1.1 1.1 1.1 1.1 5 973.8 96.7 1.2 5.2 4.2 1.2 1.2 1.2 6 939.4 98.2 1.4 1.4 1.4 1.4 1.4 1.4 7 975.5 96.8 1.5 3.7 2.7 2.7 3.7 2.6 8 962.2 96.1 1.0 4.4 2.1 6.0 4.0 2.1 9 932.5 95.5 2.5 2.6 2.6 4.6 5.6 5.6 10 969.9 96.0 0.6 6.9 0.6 0.6 4.8 4.8 áàěďŋěě 96.9 1.1 4.8 1.5 1.8 2.2 2.0

ŋăąńîďăěâáï áőćěàèěŋŋő ďàãčăï łăàâĺŋă. Ĺğ ňŋőęěáâćă I ćëďěńïěâáï čàãŕŕă ŋőňěàőć ( őâ 10 ďő 15 íńěňěŋâőć ) á ŕàĺňěàŋő àăćŋëňĺ ğŋăçěŋĺïňĺ ¸_i(–), ł łőâőàëň íćàĺáâĺłĺ H_q ŕàĺňěŋïîâ ŕàăćĺńă ćëąőàă. Őŕâĺňăńìŋëě ŋăąőàë (z^∗) ŕőçâĺ ŋě ŕőćâőàïîâáï ĺ ŋăĺńãçèěě àěèěŋĺě íćàĺáâĺłĺ H àěďłő áőćŕăďăěâ á ŋăąőàőň ŋőňěàőć, ćëąàăŋŋëň ŕő q{ňã ŕàăćĺńã. Ďàãčĺňĺ áńőćăňĺ, àěłőàďŋőě ğŋăçěŋĺě ŋăåőďĺâáï ăńčőàĺâňőň ŋă ŕàőňěęãâőçŋőň èăčě á ŕőňőéìî ŕàőæěďãàë H_D . Ăńčőàĺâňë H_q ć áàěďŋěň ďăîâ ŋěąőńìèőě ãłńőŋěŋĺě őâ őŕâĺňãňă ŋă ğăďăçăå, čďě őąă ĺńĺ őďŋő ĺğ őčàăŋĺçěŋĺľ (1.3), (1.5) ïćńïîâáï ŋěáãéěáâćěŋŋëňĺ (âăąń. 1{3). Ŋĺ őďŋă ĺğ íćàĺáâĺł H_q ŋě ïćńïěâáï ďőňĺŋĺàãîéěľ ĺ ćáě őŋĺ ňőčãâ áĺńìŋő őèĺąăâìáï, łőčďă őčàăŋĺçěŋĺï (1.3),(1.5) őďŋőćàěňěŋŋő ïćńïîâáï "ęěáâłĺňĺ"(âăąń. 4). Šăłőľ łńăáá ğăďăç ïćńïěâáï ŋăĺąőńěě âàãďŋëň ďńï ďăŋŋëå íćàĺáâĺł ĺ ŋă ŋěň æěńěáőőąàăğŋő ĺáŕőńìğőćăâì łőňąĺŋăæĺî ăńčőàĺâňőć H_D ĺ H_C . Őąőğŋăçĺň çěàěğ H_{DC} ăńčőàĺâň, àăąőâăîéĺľ ŕő áńěďãîéěľ áåěňě:

1. Řěèĺâì ğăďăçã D ĺ őŕàěďěńĺâì ňŋőęěáâćő

I_" = {i ∈ I | ¸_i(–^∗) + " ≥ max_{k∈} I ¸_k(–^∗)}:

2. Řěèĺâì ğăďăçã C ŋă ňŋőęěáâćě I , ĺáŕőńìğãï ăńčőàĺâň H_C ďńï ŕőáâàőěŋĺï ďőŕãáâĺňőčő àěèěŋĺï.

Ăńčőàĺâň H_{DC} ŋă ŕěàćőň èăčě äőàňĺàãěâ ňŋőęěáâćő ŋőňěàőć, á łőâőàëňĺ àăąőâăîâ íćàĺáâĺłĺ H_q , ă ŋă ćâőàőň èăčě ćňěáâő ŕàăćĺń ćëąőàă ĺáŕőńìğãěâ àěńăłáăæĺî LR ďńï ŕőáâàőěŋĺï ŋăąőàă (z^∗). Šăłăï łőňąĺŋăæĺï àěńăłáăæĺľ ŕőğćőńïěâ ĺáŕőńìğőćăâì ďőáâőĺŋáâćă őąőĺå ŕőďåőďőć ĺ áčńăęĺćăěâ ĺå ŋěďőáâăâłĺ. Ŕàĺ " = 0:01 ∗ Z_D ăńčőàĺâň H_{DC} ĺňěěâ âě ęě àěğãńìâăâë ŕő âőçŋőáâĺ, çâő ĺ ăńčőàĺâň H_C ĺ âàăâĺâ ć áàěďŋěň őłőńő ňĺŋãâë ŋă àěèěŋĺě őďŋőľ âěáâőćőľ ğăďăçĺ. Śàěďŋěě ćàěňï àăąőâë ăńčőàĺâňă H_q áőáâăćńïěâ 40{50 áěłãŋď, ăńčőàĺâňă H_C | 2{3 ňĺŋãâë ŋă IBM PC\AT-386.

Šăąńĺæă 3 V = 1000; K = 3;

N ZC ZD HC HD H1 H2 H3 H4 1 1013.0 95.3 0.0 0.0 6.3 0.0 0.0 0.0 2 1074.2 93.2 0.0 0.0 0.0 3.2 0.0 0.0 3 1011.0 97.1 0.0 0.0 0.0 8.9 7.2 0.0 4 988.0 95.6 0.4 0.4 0.4 0.4 4.6 0.4 5 1061.8 91.7 0.1 9.6 2.9 0.1 3.5 3.5 6 1050.9 94.0 0.1 1.8 0.2 1.8 0.2 1.8 7 972.0 95.2 0.7 3.0 3.0 6.4 3.0 0.7 8 1142.9 91.7 0.0 7.6 4.2 2.0 1.3 0.7 9 1014.3 93.5 0.0 4.4 2.3 6.9 2.3 2.3 10 1072.8 93.4 0.0 7.1 3.3 5.4 3.7 3.7 áàěďŋěě 94.1 0.1 3.4 2.3 3.5 2.6 1.3

Šăąńĺæă 4 V = 7; K = 3;

N ZC ZD HC HD H1 H2 H3 H4 1 1075.3 94.3 0.0 0.0 0.0 0.0 6.2 0.0 2 1051.3 94.5 0.1 15.1 5.0 0.1 0.1 0.1 3 1023.9 96.1 0.1 0.1 0.3 0.3 0.1 0.1 4 994.1 96.4 0.8 0.8 0.8 0.8 16.4 0.8 5 1156.2 91.9 1.9 6.7 7.7 5.1 2.0 6.7 6 1014.5 95.3 0.4 5.1 5.1 7.2 3.3 3.3 7 971.5 96.1 0.1 3.9 3.9 3.9 3.9 3.9 8 1075.2 91.6 3.2 14.2 15.7 14.2 6.5 10.1 9 1090.8 92.7 1.2 24.8 5.9 4.2 14.3 19.0 10 1035.7 98.3 0.7 27.5 27.5 12.7 27.5 27.5 áàěďŋěě 94.7 0.8 9.8 7.2 4.8 8.0 7.2

Čńăćă 2 Ďćãåãàőćŋěćăï ňŋőčőíâăŕŋăï ğăďăçă

2.1 Ŕőáâăŋőćłă ğăďăçĺ

Őáőąěŋŋőáâìî ŕàěďńăčăěňőľ ŕőáâăŋőćłĺ ŕő áàăćŋěŋĺî á ğăďăçěľ, àăááňőâàěŋŋőľ ć ŕěàćőľ čńăćě, ïćńïěâáï âő, çâő âěåŋĺçěáłĺě áàěďáâćă, őąàăğãîéĺě áĺáâěňã, áőáâőïâ ĺğ ŋěłőâőàëå áőáâăćŋëå çăáâěľ (ãğńőć). Ŕàĺ íâőň ãğńë őďŋőľ àăğŋőćĺďŋőáâĺ ňőčãâ ąëâì ĺáŕőńìğőćăŋë ďńï łőňŕńěłâăæĺĺ âěåŋĺçěáłĺå áàěďáâć àăğńĺçŋëå őąàăğæőć. Ć âăłĺå ãáńőćĺïå ćëąőà őąàăğæőć áàěďáâć ĺ ćëąőà ňŋőęěáâćă àăğŋőćĺďŋőáâěľ ãğńőć, ĺáŕőńìğãěňëå ďńï ĺå łőňŕńěłâőćăŋĺï, áâăŋőćïâáï ćğăĺňőğăćĺáĺňëňĺ, çâő ŕàĺćőďĺâ ł ŕőáâăŋőćłăň ğăďăçĺ ćëąőàă áőáâăćă ďćãåãàőćŋěćőľ áĺáâěňë.

Ŕãáâì łăł ĺ àăŋìèě ňŋőęěáâćő I = {1; 2; :::; I} ğăďăěâ ĺáåőďŋëľ àïď őąàăğæőć âěåŋĺçěáłĺå áàěďáâć, ă ŋěŕěàěáěłăîéĺěáï ňŋőęěáâćă J_l; l ∈ L ğăďăîâ ňŋőęěáâćă àăąőâ, ŕőďńěęăéĺå ćëŕőńŋěŋĺî ŋă łăęďőň ĺğ íâăŕőć.

Őąőğŋăçĺň çěàěğ K = {1; : : : ; K} | ňŋőęěáâćő àăğńĺçŋëå ćĺďőć ãğńőć, ĺáŕőńìğãěňëå ďńï łőňŕńěłâăæĺĺ áàěďáâć àăááňăâàĺćăěňëå őąàăğæőć. Ďńï i ∈ I őąőğŋăçĺň çěàěğ K_i ŕěàěçěŋì ćĺďőć ãğńőć, ćåőďïéĺå ć áőáâăć i-čő őąàăğæă. Ďńï k ∈ K őąőğŋăçĺň çěàěğ I_k ŕěàěçěŋì őąàăğæőć âěåŋĺçěáłĺå áàěďáâć, ć áőáâăć łőâőàëå ćåőďïâ ãğńë k-čő ćĺďă.

Ććěďěň áńěďãîéĺě őąőğŋăçěŋĺï:

v^∘_i | łőńĺçěáâćő ĺğďěńĺľ i-čő őąàăğæă, ĺňěîéĺåáï ć áőáâăćě áĺáâě- ňë; c^∘_i | áâőĺňőáâì àăğàăąőâłĺ ĺğďěńĺľ i-čő őąàăğæă; d^∘_k | áâőĺňőáâì àăğàăąőâłĺ ãğńă k-čő ćĺďă;

c_i | áâőĺňőáâì ŕàőĺğćőďáâćă őďŋőčő ĺğďěńĺľ i-őčő őąàăğæă, ćłńîçăï áâőĺňőáâì ćåőďïéĺå ć ěčő áőáâăć ãğńőć;

V_i | ňăłáĺňăńìŋëľ őąêěň ŕàőĺğćőďáâćă ĺğďěńĺľ i-čő őąàăğæă; p_{ij} | çĺáńő ĺğďěńĺľ i-čő őąàăğæă, âàěąãîéĺåáï ďńï ćëŕőńŋěŋĺï j-ľ àăąőâë;

c_{ij} | áâőĺňőáâì ćëŕőńŋěŋĺï j-ľ àăąőâë;

s_{il} | ďőńï ŕőâěàì ĺğďěńĺľ ŕàĺ ćëŕőńŋěŋĺĺ àăąőâ ŋă l-ň íâăŕě. Ććěďěň ć àăááňőâàěŋĺě áńěďãîéĺě ŕěàěňěŋŋëě: z_i =

1; ěáńĺ ĺğďěńĺï i-čő őąàăğæă ćłńîçěŋë ć áőáâăć áĺáâěňë; 0 ć ŕàőâĺćŋőň áńãçăě;

y_k =

1; ěáńĺ ãğńë k-čő ćĺďă ćłńîçěŋë ć áőáâăć áĺáâěňë ; 0 ć ŕàőâĺćŋőň áńãçăě;

v_i ≥ 0 | őąêěň ŕàőĺğćőďáâćă ĺğďěńĺľ i-čő őąàăğæă; x_{ij} ≥ 0 | ďőńï j-ľ àăąőâë, ćëŕőńŋïěňăï ĺğďěńĺïňĺ i-čő őąàăğæă. Ś ĺáŕőńìğőćăŋĺěň ććěďěŋŋëå őąőğŋăçěŋĺľ ďćãåãàőćŋěćăï ğăďăçă ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë ňőęěâ ąëâì ğăŕĺáăŋă áńěďãîéĺň őąàăğőň. Ŋăľâĺ

Z_P = min{^∑_{i∈I}(c^∘_i z_i + c_i v_i +^∑_{j∈J} c_{ij} x_{ij} ) +^∑_{k∈K} d^∘_k y_k} (2.1)

ŕàĺ őčàăŋĺçěŋĺïå: ∑ i∈I x_{kj} = 1; j ∈ J; (2.2) ∑ j∈J_l p_{ij} x_{ij} ≤ v^∘_i z_i + v_i −^{l−1∑}_{l0=1} s_{il}0^∑_{j∈Jl0} p_{ij} x_{ij}; i ∈ I; l ∈ L; (2.3)

0 ≤ v_i ≤ V_iz_i; i ∈ I; (2.4)

0 ≤ x_{ij} ≤ z_i; i ∈ I; j ∈ J; (2.5)

y_k ≥ z_i; i ∈ I_k; k ∈ K; (2.6)

y_k; z_i ∈ {0; 1}; i ∈ I; k ∈ K: (2.7)

Śäőàňãńĺàőćăŋŋãî ğăďăçã őąőğŋăçĺň çěàěğ P . Űěńěćăï äãŋłæĺï (2.1) ğăďăçĺ ĺňěěâ áňëáń áãňňăàŋëå ğăâàăâ ŋă àăğàăąőâłã, ŕàőĺğćőďáâćő ĺ íłáŕńãăâăæĺî âěåŋĺçěáłĺå áàěďáâć ĺ ćåőďïéĺå ć ĺå áőáâăć ãğńőć. Řăćěŋáâćă (2.2) čăàăŋâĺàãîâ ćëŕőńŋěŋĺě ćáěå àăąőâ. Ŋěàăćěŋáâćă (2.3) ãáâăŋăćńĺćăîâ ğăćĺáĺňőáâì őąêěňőć ŕàőĺğćőďáâćă ĺğďěńĺľ őâ őąêěňőć ćëŕőńŋïěňëå ĺňĺ àăąőâ. Ć ńěćőľ çăáâĺ íâĺå ŋěàăćěŋáâć áâőĺâ ćëàăęěŋĺě ďńï âàěąãîéěčőáï łőńĺçěáâćă ĺğďěńĺľ i-čő őąàăğæă ŋă l-ň íâăŕě ćëŕőńŋěŋĺï àăąőâ. Ŕàăćăï çăáâì ĺňěěâ áňëáń łőńĺçěáâćă ĺğďěńĺľ i-čő őąàăğæă ĺňěîéĺåáï ć ŋăńĺçĺĺ ł ŋăçăńã l-čő íâăŕă á ãçěâőň ŕőâěàì ŋă ŕàěďëďãéĺå íâăŕăå. Ŋěàăćěŋáâćă (2.4) ãáâăŋăćńĺćăîâ ćěàåŋîî čàăŋĺæã ŋă ćőğňőęŋëě őąêěňë ŕàőĺğćőďáâćă ĺğďěńĺľ, ă ŋěàăćěŋáâćă (2.5) ĺ (2.6) âàěąãîâ ćŋěáěŋĺï ğăâàăâ ŋă àăğàăąőâłã ŋőćëå ãğńőć ĺ őąàăğæőć âěåŋĺçěáłĺå áàěďáâć ŕàĺ ćłńîçěŋĺĺ ĺå ć áőáâăć áĺáâěňë.

2.2 Ŋĺęŋĺě őæěŋłĺ

Řăááňőâàĺň ďćě őæěŋőçŋëě ğăďăçĺ LW ĺ LS, łőâőàëě ŕőńãçăîâáï ŕãâěň ćŋěáěŋĺï ć æěńěćãî äãŋłæĺî çăáâĺ őčàăŋĺçěŋĺľ ĺáåőďŋőľ ğăďăçĺ. Ŕãáâì ďćőľáâćěŋŋëě ŕěàěňěŋŋëě ¸_j; j ∈ J áőőâćěâáâćãîâ čàãŕŕě őčàăŋĺçěŋĺľ (2.2). Őąőğŋăçĺň çěàěğ LW áńěďãîéãî őŕâĺňĺğăæĺőŋŋãî ğăďăçã. Ŋăľâĺ

Z_{LW} [(¸_j)] = min{^∑_{i∈I}(c^∘_i z_i + c_i v_i +^∑_{j∈J}(c_{ij} − ¸_j) x_{ij} ) +^∑_{i∈I} d^∘_k y_k} ŕàĺ őčàăŋĺçěŋĺïå (2.3) { (2.7). Śőőâćěâáâćãîéăï ďćőľáâćěŋŋăï ğăďăçă DLW Z_{DLW} = max_¸ {Z_{LW} [(¸_j)] +^∑_{j∈J} ¸_j}

ŕőğćőńïěâ ŋăåőďĺâì ŋĺęŋîî őæěŋłã őŕâĺňăńìŋőčő ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ. Ďńï ŕőáâàőěŋĺï őæěŋőçŋőľ ğăďăçĺ LS ğăňěŋĺň ć áĺáâěňě őčàăŋĺçěŋĺľ ĺáåőďŋőľ ğăďăçĺ ŋěàăćěŋáâćă (2.6) ŋă ãáńőćĺï:

y_k ≥^∑_{i∈ik} x_{ij}; k ∈ K; j ∈ J: (2.8) Ńěčłő ŕàőćěàĺâì, çâő ŕàĺ âăłőľ ğăňěŋě őąńăáâì ďőŕãáâĺňëå ğŋăçěŋĺľ ĺáåőďŋőľ ğăďăçĺ ŋě ňěŋïěâáï. Ŕãáâì ďćőľáâćěŋŋëě ŕěàěňěŋŋëě ˛_{kj} ≥ 0; k ∈ K; j ∈ J áőőâćěâáâćãîâ ŋěàăćěŋáâćăň (2.8). Ůěàěğ LS őąőğŋăçĺň áńěďãîéãî ğăďăçã. Ŋăľâĺ

Z_{LS}[(¸_j); (˛_kj)] = min{^∑_{i∈I}(c^∘_i z_i + c_i v_i +^∑_{j∈J}(c_{ij} − ¸_j +^∑_{k∈Ki} ˛_{kj}) x_{ij}) +^∑_{k∈K}(d^∘_k −^∑_{j∈J} ˛_{kj})y_k}

ŕàĺ őčàăŋĺçěŋĺïå (2.3) { (2.5),(2.7). Řěèěŋĺě ďćőľáâćěŋŋőľ ğăďăçĺ DLS Z_{DLS} = max_{¸˛} {Z_{LS}[(¸_j); (˛_kj)] +^∑_{j∈J} ¸_j} âăłęě ďőáâăćńïěâ ŋĺęŋîî őæěŋłã æěńěćőľ äãŋłæĺĺ (2.1).

Šěőàěňă 4 Ğăďăçĺ DLW ĺ DLS ŕőńĺŋőňĺăńìŋő àăğàěèĺňë. Ďőłăğăâěńìáâćő. 1. Ŕőłăęěň, çâő ğăďăçă DLW áćőďĺâáï ł ğăďăçě ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï P .

Ĺáŕőńìğãï áőőâŋőèěŋĺï ďćőľáâćěŋŋőáâĺ ďńï ğăďăç ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, ŕàěďáâăćĺň ğăďăçã P ć ćĺďě:

Z_P = max_¸ {Z_{LW} (¸) +^∑_{j∈J} ¸_j};

čďě Z_{LW} (¸) | őŕâĺňăńìŋőě ğŋăçěŋĺě ńĺŋěľŋőľ àěńăłáăæĺĺ LW .

Ŕőłăęěň, çâő ğăďăçă LW ĺňěěâ őŕâĺňăńìŋőě àěèěŋĺě á ąãńěćëňĺ ğŋăçěŋĺïňĺ ŕěàěňěŋŋëå (z_k)(y_i), őâłãďă ĺ ąãďěâ áńěďőćăâì âàěąãěňőě.

Ďńï łăęďőčő i ∈ I àăááňőâàĺň ćáŕőňőčăâěńìŋãî ŕőďğăďăçã ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï S_i. Ŋăľâĺ

g_i(¸) = max{^∑_{j∈J}(¸_j − c_{ij}) x_{ij} − c_i v_i − c^∘_i } (2.9) ŕàĺ őčàăŋĺçěŋĺïå (2.3),(2.4) ĺ

0 ≤ x_{ij} ≤ 1; k ∈ I; j ∈ J: (2.10) Şąěďĺňáï ć âőň, çâő ğăďăçă LW íłćĺćăńěŋâŋă áńěďãîéěľ ğăďăçě G. Ŋăľâĺ

Z_G = min{^∑_{k∈K} d^∘_k y_k −^∑_{i∈i} g_i(¸)z_i} ŕàĺ őčàăŋĺçěŋĺïå (2.6) ĺ

y_k; z_i ∈ [0; 1]; i ∈ I; k ∈ K: (2.11) Ďěľáâćĺâěńìŋő, ŕãáâì (y^∗_k)(z^∗_i ) | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ G ĺ (x^∗_{ij})(v^∗_i ) | őŕâĺňăńìŋőě àěèěŋĺě ć ŕőďğăďăçăå S_i; i ∈ I. Šőčďă àăćěŋáâćă:

z_i = z^∗_i ; y_k = y^∗_k; x_{ij} = x^∗_{ij}z^∗_i ; v_i = v^∗_i z^∗_i ; i ∈ I; k ∈ K; j ∈ J ćőááâăŋăćńĺćăîâ őŕâĺňăńìŋőě àěèěŋĺě (y_k)(z_i)(x_{ij})(v_i) ğăďăçĺ LW ĺ Z_{LW} = Z_G.

Ŕãáâì âěŕěàì (y_k); (z_i); (x_{ij}); (v_i) őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ LW . Őŕàěďěńĺň àěèěŋĺě ŕőďğăďăç S_i; i ∈ I àăćěŋáâćăňĺ:

v^∗_i = v_i=z_i; ěáńĺ z_i > 0; 0 ěáńĺ z_i = 0;

x^∗_{ij} = x_{ij}=z_i; ěáńĺ z_i > 0; 0 ěáńĺ z_i = 0:

Ńěčłő ŕàőćěàĺâì, çâő ŕőáâàőěŋŋőě àěèěŋĺě ďőŕãáâĺňő ć S_i; i ∈ I ĺ g_i(¸)z_i = {^∑_{j∈J}(¸_j − c_{ij}) x_{ij} − c_i v_i − c^∘_i z_i}:

Őŕàěďěńïï àěèěŋĺě ğăďăçĺ G àăćěŋáâćăňĺ z^∗_i = z_i; y^∗_k = y_k; ŕőńãçăěň áćěďěŋĺě ğăďăçĺ G ł ğăďăçě LW .

Ŕőłăęěň, çâő ďńï ğăďăçĺ G ńěčłő ŕőáâàőĺâì őŕâĺňăńìŋőě æěńőçĺáńěŋŋőě àěèěŋĺě. Ŕãáâì (y^∗_k)(z^∗_i ) | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ G. Őçěćĺďŋő, çâő ěáńĺ g_i(¸) ≤ 0, âő z^∗_i = 0. Ěáńĺ ęě g_i(¸) > 0, âő z^∗_i = min_{k∈Ki} y^∗_k. Ŕőńőęĺň

‹ = min{y^∗_k > 0; k ∈ K}; I_‹ = {i ∈ I | z^∗_i = ‹}; K_‹ = {k ∈ K | y^∗_k = ‹};

"_1 =^∑_{k∈Kδ} d^∘_k; "_2 =^∑_{i∈Iδ} g_i(¸):

Ěáńĺ ‹ = 1, âő àěèěŋĺě (y^∗_i )(z^∗_k) | æěńőçĺáńěŋŋőě.

Ŕàěďŕőńőęĺň, çâő ‹ < 1. Ěáńĺ "_1 > "_2, âő ãňěŋìèăï ğŋăçěŋĺï ŕěàěňěŋŋëå y^∗_k; K ∈ K_‹; z^∗_i ; i ∈ i_‹ ŕőńãçăěň ňěŋìèěě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ. Ěáńĺ ęě "_1 < "_2, âő ãćěńĺçěŋĺě ğŋăçěŋĺľ íâĺå ŕěàěňěŋŋëå ŕàĺćőďĺâ ł âőňã ęě íääěłâã. Ğŋăçĺâ "_1 = "_2, ŋő âőčďă ŕőńăčăï y_k = 0; k ∈ K_‹ ĺ z_i = 0; i ∈ I_‹, ŕőńãçăěň ŋőćőě őŕâĺňăńìŋőě àěèěŋĺě á ąőńìèĺň ğŋăçěŋĺěň ŕăàăňěâàă ‹. Śńěďőćăâěńìŋő, ŕőáńěďőćăâěńìŋő ŕőńőęĺć ŋãńî ćáě ďàőąŋëě łőňŕőŋěŋâë őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ G, ŕőńãçăěň őŕâĺňăńìŋőě æěńőçĺáńěŋŋőě àěèěŋĺě, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

2. Řăááňőâàĺň ğăďăçã ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï P S, ŕőńãçăîéãîáï ĺğ ğăďăçĺ P ğăňěŋőľ ãáńőćĺľ (2.6) ŋă ãáńőćĺï (2.8). Ŕőłăęěň, çâő ğăďăçă DLS áćőďĺâáï ł ğăďăçě P S. Ŕàěďáâăćĺň ğăďăçã P S ć ćĺďě:

Z_{P S} = max_{¸˛} {Z_{LS}(¸˛) +^∑_{j∈J} ¸_j}; (2.12)

čďě Z_{LS}(¸˛) | őŕâĺňăńìŋőě ğŋăçěŋĺě ńĺŋěľŋőľ àěńăłáăæĺĺ LS.

Z_{LS}(¸˛) = min{^∑_{k∈K}(d^∘_k −^∑_{j∈J} ˛_{kj}) y_k −^∑_{i∈i} g_i(¸˛)z_i}

ĺ ćěńĺçĺŋë g_k(¸˛) ŋăåőďïâáï ĺğ àěèěŋĺï őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ:

g_i(¸˛) = max{^∑_{j∈J}(¸_j − c_{ij} +^∑_{k∈Ki} ˛_{kj}) x_{ij} − c_i v_i − c^∘_i } ŕàĺ őčàăŋĺçěŋĺïå (2.3),(2.4) ĺ (2.10).

Ć őâńĺçĺě őâ ğăďăçĺ G ŋěŕàěàëćŋëě ŕěàěňěŋŋëě (y_i); (z_k) ãęě ŋě áćïğăŋë ňěęďã áőąőľ ĺ ĺå őŕâĺňăńìŋëě ğŋăçěŋĺï őŕàěďěńïîâáï âőńìłő ğŋăłőň áőőâćěâáâćãîéĺå łőíääĺæĺěŋâőć, őâłãďă Z_{LS}(¸˛) = Z_{LS}(¸˛). Šěőàěňă 1 ďőłăğăŋă.

Ğăďăçĺ P ĺ P S ĺňěîâ ąőńìèãî àăğňěàŋőáâì ĺ àěèěŋĺě ĺå ňěâőďăňĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï âàěąãěâ ğŋăçĺâěńìŋëå ãáĺńĺľ. Ďńï ćëçĺáńěŋĺï ŋĺęŋĺå őæěŋőł ŕàőéě ĺáŕőńìğőćăâì ğăďăçĺ DLW ĺńĺ DLS, ŕàĺňěŋïï ł ŋĺň ňěâőďë áãąčàăďĺěŋâŋőľ őŕâĺňĺğăæĺĺ [43].

Ŋă łăęďőľ ĺâěàăæĺĺ íâőčő ňěâőďă àěèăîâáï ğăďăçĺ LS ĺńĺ LW , ĺ ŕő ŋěćïğłě ć őčàăŋĺçěŋĺïå (2.2) ĺ (2.8) ŕàőĺğćőďĺâáï łőààěłâĺàőćłă ňŋőęĺâěńěľ (¸_j); (˛_{ij}). Šàãďőěňłőáâì àěèěŋĺï ğăďăçĺ LS őŕàěďěńïěâáï âàãďőěňłőáâìî ćëçĺáńěŋĺï łőíääĺæĺěŋâőć æěńěćőľ äãŋłæĺĺ (2.12). Ćěńĺçĺŋë g_i(¸˛); i ∈ I á âőçŋőáâìî ďő łőíääĺæĺíŋâőć áőćŕăďăîâ á ćěńĺçĺŋăňĺ a_i; i ∈ I őŕàěďěńěŋŋëňĺ ć ŕăàăčàăäě 1.3 ĺ, áńěďőćăâěńìŋő ňőčãâ ąëâì ŋăľďěŋë á âàãďőěňłőáâìî O(IJ(L + log J)). Ćëçĺáńěŋĺě łőíääĺæĺěŋâőć âàěąãěâ ŋě ąőńěě O(KIJ) ĺ őąéăï âàãďőěňłőáâì àěèěŋĺï ğăďăçĺ LS ĺňěěâ ŕőàïďőł O(KIJ + IJ(L + log J)).

Šěőàěňă 5 Ğăďăçă LW àěèăěâáï á âàãďőěňłőáâìî O(I^2K + JI(L + logJ)).

Ďőłăğăâěńìáâćő. Ćëèě ąëńő ŕőłăğăŋő, çâő ğăďăçã LW ňőęŋő ŕàěďáâăćĺâì ć ćĺďě:

Z_{LW} (¸) = min{^∑_{k∈K} d^∘_k y_k −^∑_{i∈I} g_i(¸)z_i}

ŕàĺ őčàăŋĺçěŋĺïå (2.6),(2.7) ĺ ŋě őčàăŋĺçĺćăï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő g_i(¸) ≥ 0; i ∈ I. Ğăŕĺèěň ãáńőćĺï (2.6) ć ćĺďě àăćěŋáâćă:

z_i =^∏_{k∈Ki} y_k; i ∈ I;

ĺ ĺáłńîçĺň ŕěàěňěŋŋëě z_i ĺğ àăááňőâàěŋĺï. Šőčďă ğăďăçă LW ňőęěâ ąëâì ŕàěďáâăćńěŋă łăł ğăďăçă ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňă őâ ąãńěćëå ŕěàěňěŋŋëå:

˘(y) =^∑_{k∈K} d^∘_k y_k −^∑_{i∈i} g_i(¸)^∏_{k∈Ki} y_k:

Řěèěŋĺě íâőľ ğăďăçĺ ňőęěâ ąëâì ŕőńãçěŋő [1] ŕãâěň áćěďěŋĺï ěě ł ğăďăçě ő ňĺŋĺňăńìŋőň àăğàěğě ŋă ďćãďőńìŋőľ áěâĺ. Ŕãáâì G = (V; E) | ďćãďőńìŋăï áěâì á ĺáâőçŋĺłőň s, áâőłőň t, ňŋőęěáâćőň ćěàèĺŋ V = I^⋃ K^⋃{s; t} ĺ ňŋőęěáâćőň ďãč E = E_1^⋃ E_2^⋃ E_3; E_1 = {(s; k) : k ∈ K}; E_2 = {(k; i) : k ∈ K_i; i ∈ I}; E_3 = {(i; t) : i ∈ I}. Łăęďăï ďãčă e ∈ E ĺňěěâ ŕàőŕãáłŋãî áŕőáőąŋőáâì w(e) ≥ 0, őŕàěďěńïěňãî àăćěŋáâćőň

w(e) = d^∘_k; ěáńĺ e = (s; k) ∈ E_1;

W; ěáńĺ e ∈ E_2; (W >^∑_{k∈K} d^∘_k); g_i(¸); ěáńĺ e = (i; t) ∈ E_3:

Ŕãáâì ’ | ćěńĺçĺŋă ňĺŋĺňăńìŋőčő àăğàěğă. Őçěćĺďŋő, çâő ňĺŋĺňăńìŋëľ àăğàěğ ŋě áőďěàęĺâ ďãč ĺğ ňŋőęěáâćă E_2. Ąőńěě âőčő, ďńï ńîąőčő àěèěŋĺï y_i ∈ {0; 1} ńěčłő ŕőáâàőĺâì àăğàěğ áěâĺ G, ãďőćńěâćőàïîéĺľ ãáńőćĺî:

’ = ˘(y) +^∑_{i∈I} g_i(¸): (2.13)

Ďńï íâőčő ďőáâăâőçŋő ćğïâì ćáě ďãčĺ (s; k), ďńï łőâőàëå y_k = 1 ĺ ćáě ďãčĺ (i; t), ďńï łőâőàëå^∏_{k∈Ki} y_k = 0. Şąěďĺňáï ć áŕàăćěďńĺćőáâĺ őąàăâŋőčő ãâćěàęďěŋĺï, çâő ďńï ńîąőčő ňĺŋĺňăńìŋőčő àăğàěğă áěâĺ G áãéěáâćãěâ àěèěŋĺě y_k ∈ {0; 1}, ãďőćńěâćőàïîéěě àăćěŋáâćã (2.13). Ŕãáâì ňŋőęěáâćő ďãč E = E_1^⋃ E_3 ïćńïěâáï ňĺŋĺňăńìŋëň àăğàěğőň áěâĺ G.

Ŕőńőęĺň y_k = 1, ěáńĺ e = (s; k) ∈ E_1 ĺ ŕàőćěàĺň áŕàăćěďńĺćőáâì àăćěŋáâćă (2.13). Ďńï íâőčő ďőáâăâőçŋő ãąěďĺâìáï ć âőň, çâő ňŋőęěáâćő E_3 áőćŕăďăěâ á ňŋőęěáâćőň ďãč E_y = {e = (i; t) |^∏_{k∈Ki} y_k = 0}.

Ŕőłăęěň, çâő E_3 ⊇ E_y. Ŕàěďŕőńőęĺň, çâő áãéěáâćãěâ ďãčă e ∈ E_y âăłăï, çâő e ∉ E_3, â.ě. ďńï ŋěłőâőàőčő ŋőňěàă i áŕàăćěďńĺćő^∏_{k∈Ki} y_k = 0 ĺ (i; t) ∉ E_3. Ćëąěàěň ć ňŋőęěáâćě K_i ŋőňěà k, ďńï łőâőàőčő y_k = 0. Šőčďă ďãčă (s; k) ∉ E_1 ĺ ŕőáńěďőćăâěńìŋőáâì ďãč (s; k)(k; i)(i; t) áőáâăćńïîâ ŕãâì ĺğ s ć t, çâő ŋěćőğňőęŋő.

Ŕőłăęěň, çâő E_3 ⊆ E_y. Ŕàěďŕőńőęĺň, çâő áãéěáâćãěâ ďãčă e = (i; t) ∈ E_3 âăłăï, çâő e ∉ E_y, â.ě. y_k = 1; k ∈ K_i. Ŕő ŕőáâàőěŋĺî, ńîąőľ ŕãâì ĺğ s ć i ŕàőåőďĺâ âőńìłő çěàěğ ćěàèĺŋë ňŋőęěáâćă K_i, ŋő âăł łăł ćáě àěąàă (s; k); k ∈ K_i ŕàĺŋăďńěęăâ E_1, âő ãďăńěŋĺě àěąàă (i; t) őáâăćńïěâ ňŋőęěáâćő E \ {(k; t)} àăğàěğőň, çâő ŕàőâĺćőàěçĺâ ňĺŋĺňăńìŋőáâĺ E.

Šăłĺň őąàăğőň, àěèěŋĺě ğăďăçĺ LW áćőďĺâáï ł ŋăåőęďěŋĺî ňĺŋĺňăńìŋőčő àăğàěğă ŋă ďćãďőńìŋőľ áěâĺ G, çâő âàěąãěâ O(I^2K); őŕěàăæĺľ [41]. Ć ŕăàăčàăäě 1.3 ŕőłăğăŋő, çâő ćëçĺáńěŋĺě łőíääĺæĺěŋâőć g_i(¸); i ∈ I őáãéěáâćńïěâáï á âàãďőěňłőáâìî O(JI(L + logJ)) ĺ őąéăï âàãďőěňłőáâì àěèěŋĺï ğăďăçĺ LW őæěŋĺćăěâáï ćěńĺçĺŋőľ O(I^2K + JI(L + logJ)). Šěőàěňă 2 ďőłăğăŋă.

2.3 Śőőâŋőèěŋĺě őæěŋőł DLW ĺ DLS

Ŋĺęŋĺě őæěŋłĺ DLW ĺ DLS ŋěáàăćŋĺňë ňěęďã áőąőľ. Ć çăáâŋőáâĺ, ŕàĺ v^∘_i ≥^∑_{j∈J} p_{ij} ; i ∈ I ĺáåőďŋăï ğăďăçă ŕàĺŋĺňăěâ ćĺď ďćãåãàőćŋěćőľ ğăďăçĺ áâăŋďăàâĺğăæĺĺ (áň. [3], c.262)

min{^∑_{i∈I}(c^∘_i z_i +^∑_{j∈J} c_{ij} x_{ij}) +^∑_{k∈K} d^∘_k y_k} ŕàĺ őčàăŋĺçěŋĺïå: ∑ i∈I x_{ij} = 1; j ∈ J;

0 ≤ x_{ij} ≤ z_i; i ∈ I; j ∈ J; y_k ≥ z_i; i ∈ I_k; k ∈ K; y_k; z_i ∈ {0; 1}; i ∈ I; k ∈ K:

Ŕőłăęěň, çâő ć íâőň áńãçăě Z_{DLS} ≥ Z_{DLW} . Ŕãáâì (y_k)(z_i)(x_{ij})(v_i) ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P S. Ĺğ (2.8) ĺ (2.5) ĺňěěň

y_k ≥ max_{j∈J}^∑_{i∈Ik} x_{ij} ≥ max_{i∈Ik} max_{j∈J} x_{ij} = max_{i∈Ik} z_i ≥ z_i; i ∈ I_k; k ∈ K; â.ě. ńîąőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P S ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ć ğăďăçě P , őâłãďă Z_{DLS} ≥ Z_{DLW} .

Ŕàĺćěďěň ŕàĺňěà ĺáåőďŋëå ďăŋŋëå, ŋă łőâőàëå áŕàăćěďńĺćő őąàăâŋőě ŋěàăćěŋáâćő, âőçŋěě Z_{DLW} ≥ NZ_{DLS} ďńï ńîąőčő æěńőčő N > 0. Ŕőńőęĺň

I = K = {1; 2; : : : ; N}; K_i = {i}; i ∈ I; J = L = {1}; c^∘_i = c_i = c_{ij} = i_k = 0; p_{ij} = d^∘_k = 1; v^∘_i = 1=N; k ∈ K; j ∈ J; i ∈ I:

Šőčďă ğăďăçă DLW ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě:

max_¸ {¸ + min_{x;y} {^∑_{k∈K} y_k −^∑_{i∈I} ¸ x_i}} ŕàĺ őčàăŋĺçěŋĺïå:

x_i ≤ v^∘_i ; 0 ≤ x_i ≤ y_i; y_i ∈ {0; 1}; i ∈ I: Ďăŋŋăï ğăďăçă àăáŕăďăěâáï ŕő i ŋă ŋěğăćĺáĺňëě ŕőďğăďăçĺ ćĺďă: g(¸) = min_{x;y} {y − ¸x} ŕàĺ őčàăŋĺçěŋĺïå:

Nx ≤ 1; 0 ≤ x ≤ y; y ∈ {0; 1};

ĺ Z_{DLW} = max_¸{¸ + Ng(¸)}: Ğăňěâĺň, çâő g(¸) = min(0; 1 − ¸=N), őâłãďă Z_{DLW} = max_¸ {¸ + min(0; N − ¸)} = N:

Ćëçĺáńĺň ŋă ãłăğăŋŋëå ĺáåőďŋëå ďăŋŋëå ğŋăçěŋĺě Z_{DLS} . Ğăďăçă DLS ŕàĺŋĺňăěâ ćĺď:

Z_{DLW} = max_{¸˛} {¸ + min_{x;y} {^∑_{i∈I}(1 − ˛_i)y_i +^∑_{i∈I}(˛_i − ¸)x_i}}

ŕàĺ őčàăŋĺçěŋĺïå:

0 ≤ Nx_i ≤ 1; y_i ∈ {0; 1}; i ∈ I:

Őŕâĺňăńìŋëě ğŋăçěŋĺï ŕěàěňěŋŋëå ˛_i àăćŋë ěďĺŋĺæě ĺ

Z_{DLW} = max_¸ {¸ + min(0; 1 − ¸)} = 1:

2.4 Řěğãńìâăâë âěáâőćëå àăáçěâőć

Ć ŕàěďëďãéěň ŕăàăčàăäě àăááňăâàĺćăńáï ŕàĺňěà ĺáåőďŋëå ďăŋŋëå, ŋă łőâőàőň őŕâĺňăńìŋëě ğŋăçěŋĺï ćáěå ŕěàěňěŋŋëå x_{ij}; i ∈ I; j ∈ J; ąëńĺ ďőáâăâőçŋő ąńĺğłĺ ł ŋãńî. Šăłĺě ŕàĺňěàë ïćńïîâáï íłğőâĺłőľ. Łăł ŕàăćĺńő, ŕàĺ äĺłáĺàőćăŋŋëå æěńőçĺáńěŋŋëå ŕěàěňěŋŋëå ćáěčďă áãéěáâćãěâ ěďĺŋáâćěŋŋëľ ŋőňěà i ∈ I, ďńï łőâőàőčő ğăâàăâë ŋă ćëŕőńŋěŋĺě j{ľ àăąőâë ňĺŋĺňăńìŋë. Ďàőąŋëě ğŋăçěŋĺï ŕěàěňěŋŋëå x_{ij}; i ∈ I; j ∈ J; ňőčãâ ŕőïćńïâìáï ŕàĺ ęěáâłĺå őčàăŋĺçěŋĺïå (2.4) ĺńĺ ňăńëå ğŋăçěŋĺïå v^∘_i ; i ∈ I. Ŋĺęě ŕàĺćőďïâáï àěğãńìâăâë âěáâőćëå àăáçěâőć, ŕőłăğëćăîéĺě ğăćĺáĺňőáâì ŕăàăňěâàă ‹ = Z_{DLS} =Z_{DLW} őâ ęěáâłőáâĺ őčàăŋĺçěŋĺľ (2.3), (2.4).

Řěèăěňëě ğăďăçĺ ĺňěńĺ àăğňěàŋőáâì K = 20; J = 20; I = 30; L = 4: Ğŋăçěŋĺï ćěńĺçĺŋ ćëąĺàăńĺáì áńěďãîéĺň őąàăğőň: á^∘_i = 50; c_i = 1; c_{ij} = s_{il} = 0; d^∘_k = 100; v^∘_i = 0:25–; V_i = –; čďě – ŋěłőâőàëľ ďěľáâćĺâěńìŋëľ ŕăàăňěâà. Ćěńĺçĺŋë p_{ij} ćëąĺàăńĺáì á ŕőňőéìî ďăâçĺłă ŕáěćďőáńãçăľŋëå çĺáěń á àăćŋőňěàŋëň àăáŕàěďěńěŋĺěň. Ňŋőęěáâćă K_i; i ∈ I á ćěàőïâŋőáâìî 0.2 ćłńîçăńĺ ć áćőľ áőáâăć łăęďëľ íńěňěŋâ ňŋőęěáâćă K. Ňăâàĺæă (p_{ij}) ŋă 30% ğăŕőńŋïńăáì çĺáńőň 10^6. Řěğãńìâăâë àăáçěâőć ĺğőąàăęěŋë ŋă àĺáãŋłě 2.1. Ŋãňěàăæĺï łàĺćëå

  """

     ȷȷ

       ȷȷ

        ȷȷ!

           !!!

             !!!!

                 !!!!

,,

  ,ȷ

   ȷȷ

     ΦΦΦ

        ΦΦΦ

          ¸¸¸¸¸

              ¸¸¸¸¸

                  ¸¸

%%

 %Φ

   ΦΦ(

      (((((

                (((

                 (((

‹6 b b b b b

1.75

1 -^–b b b b b b 9 7 5 3 ‹2 ‹^3

‹1

Řĺá. 2.1:

áőőâćěâáâćãěâ áńěďãîéĺň ğŋăçěŋĺïň ćěńĺçĺŋ p_{ij}:

‹_1 ŕàĺ p_{kj} ∈ [1; 10]; ‹_2 ŕàĺ p_{kj} ∈ [2; 4]; ‹_3 ŕàĺ p_{kj} = 3: Łăęďăï âőçłă ĺğńőňă ŋă čàăäĺłě áőőâćěâáâćãěâ áàěďŋěňã čěőňěâàĺçěáłőňã ğŋăçěŋĺî ćěńĺçĺŋë ‹ ďńï 10 âěáâőćëå ğăďăç. Őâňěâĺň, çâő ŕàĺ – < 1 áĺáâěňă őčàăŋĺçěŋĺľ ĺáåőďŋőľ ğăďăçĺ őłăğëćăěâáï ŋěáőćňěáâŋőľ. Ŕàĺ – > 9 őčàăŋĺçěŋĺï (2.3), (2.4) áâăŋőćïâáï ŋěáãéěáâćěŋŋëňĺ ĺ ĺáåőďŋăï ğăďăçă âàăŋáäőàňĺàãěâáï ć ďćãåãàőćŋěćãî ğăďăçã áâăŋďăàâĺğăæĺĺ [3]. Ć æěńőň ňőęŋő ãâćěàęďăâì, çâő őæěŋłă DLW ĺňěěâ ŋěłőâőàëě ŕàěĺňãéěáâćă ŕàĺ ęěáâłĺå őčàăŋĺçěŋĺïå (2.3), (2.4) ĺ åãęě őæěŋłĺ DLS ć őáâăńìŋëå áńãçăïå.

Čńăćă 3 Ďĺŋăňĺçěáłĺě ğăďăçĺ

3.1 Ŕőáâăŋőćłă ğăďăçĺ

Ďńï äőàňãńĺàőćłĺ ğăďăçĺ ććěďěň áńěďãîéĺě őąőğŋăçěŋĺï. Őąőğŋăçĺň çěàěğ T = {1; : : : ; T } ňŋőęěáâćő ěďĺŋĺçŋëå őâàěğłőć, őąàăğãîéĺå ŕńăŋőćëľ ŕàőňěęãâőł ćàěňěŋĺ, ŋă łőâőàőň àăááňăâàĺćăěâáï ŕàőæěáá àăğćĺâĺï áĺáâěňë âěåŋĺçěáłĺå áàěďáâć. Ďńï őŕàěďěńěŋŋőáâĺ áçĺâăěň, çâő ěďĺŋĺçŋëľ őâàěğőł ĺňěěâ ďńĺâěńìŋőáâì 1 čőď, ă t-ëľ őâàěğőł ąãďěň ŋăğëćăâì t-ëň čőďőň. Ŋă ŕàőâïęěŋĺĺ ŕńăŋőćőčő ŕàőňěęãâłă ňőęěâ ĺğňěŋïâìáï łăł łăçěáâćěŋŋëľ, âăł ĺ łőńĺçěáâćěŋŋëľ áőáâăć áĺáâěňë Ŕãáâì J = {1; : : : ; J} | ňŋőęěáâćő àăąőâ, ćëŕőńŋěŋĺě łőâőàëå ďőńęŋő ąëâì őąěáŕěçěŋő àăááňăâàĺćăěňőľ áĺáâěňőľ âěåŋĺçěáłĺå áàěďáâć. Ŕàĺ íâőň ąãďěň ŕàěďŕőńăčăâì, çâő ňŋőęěáâćő J àăğąĺâő ŋă ŋěŕěàěáěłăîéĺěáï ŕőďňŋőęěáâćă J_t; t ∈ T , ĺ áçĺâăâì, çâő J_t | ňŋőęěáâćő àăąőâ, łőâőàëě ďőńęŋë ąëâì ćëŕőńŋěŋë ć t-őň čőďã. Ďńï j ∈ J çěàěğ t(j) őąőğŋăçĺň âăłőľ ŋőňěà, t ∈ T çâő j ∈ J_t. Őąőğŋăçĺň çěàěğ I = {1; : : : ; I} ŋăąőà àăááňăâàĺćăěňëå àăğŋőćĺďŋőáâěľ (őąàăğæőć) âěåŋĺçěáłĺå áàěďáâć.

Ććěďěň âăłęě áńěďãîéĺě őąőğŋăçěŋĺï:

c^∘_{it} | ğăâàăâë ŋă àăğàăąőâłã áàěďáâć i-čő őąàăğæă, ěáńĺ àăğàăąőâłă ğăćěàèăěâáï ć t-ň čőďã;

g_{it} | áâőĺňőáâì ŕàőĺğćőďáâćă őďŋőčő áàěďáâćă i-čő őąàăğæă ć t-ň čőďã;

c_{ij} | ğăâàăâë ŋă ćëŕőńŋěŋĺě áàěďáâćăňĺ i-čő őąàăğæă j-őľ àăąőâë; p_{ij} | łőńĺçěáâćő áàěďáâć i-čő őąàăğæă őďŋőćàěňěŋŋő ŋěőąåőďĺňëå ďńï ćëŕőńŋěŋĺï j-őľ àăąőâë;

ȷ_i | ďńĺâěńìŋőáâì íłáŕńãăâăæĺĺ őďŋőčő ĺğďěńĺï;

v^∘_{it} | łőńĺçěáâćő áàěďáâć i-čő őąàăğæă ĺğ ŋăçăńìŋőčő áőáâăćă áĺáâěňë, â.ě. áőáâăćă ŋă ŋăçăńő àăááňăâàĺćăěňőčő ŕàőňěęãâłă ŕńăŋĺàőćăŋĺï, ŕàĺčőďŋőě ďńï íłáŕńãăâăæĺĺ ć t-ň čőďã;

V_{it} | őčàăŋĺçěŋĺï áćěàåã ŋă ćőğňőęŋëľ őąêěň ŕàőĺğćőďáâćă áàěďáâć i-čő őąàăğæă ć t-ň čőďã.

Ććěďěň áńěďãîéĺě ŕěàěňěŋŋëě:

z_{it} ∈ {0; 1}; i ∈ I; t ∈ T . Ŕěàěňěŋŋăï z_{it} ŕàĺŋĺňăěâ ğŋăçěŋĺě 1, ěáńĺ ć t-ň čőďã ğăłőŋçěŋă àăğàăąőâłă áàěďáâćă i-čő őąàăğæă, ĺ z_{it} = 0 ć ŕàőâĺćŋőň áńãçăě.

v_{it} ≥ 0; i ∈ I; t ∈ T . Ćěńĺçĺŋă v_{it} àăćŋïěâáï łőńĺçěáâćã áàěďáâć i-čő őąàăğæă, ŕàőĺğćőďĺňëå ďńï ŕőŕőńŋěŋĺï áőáâăćă áĺáâěňë ć t-ň čőďã; x_{ij} ≥ 0; i ∈ I; j ∈ J. Ćěńĺçĺŋă x_{ij} àăćŋïěâáï ďőńě j-ľ àăąőâë, ćëŕőńŋïěňőľ áàěďáâćăňĺ i-čő őąàăğæă.

Ś ĺáŕőńìğőćăŋĺěň ććěďěŋŋëå őąőğŋăçěŋĺľ ďĺŋăňĺçěáłăï ğăďăçă ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň:

Ŋăľâĺ

Z_P = min^∑_{t∈T}^∑_{i∈I}{c^∘_{it} z_{it} + g_{it} v_{it} +^∑_{j∈Jt} c_{ij} x_{ij}}; (3.1) ŕàĺ áńěďãîéĺå őčàăŋĺçěŋĺïå: ∑ i∈I x_{ij} = 1; j ∈ J; (3.2) ∑ j∈J_t p_{ij} x_{ij} ≤ v^∘_{it} +^{t∑}_{fi =t−ȷi+1} v_{ifi} ; i ∈ I; t ∈ T ; (3.3)

0 ≤ v_{it} ≤ V_{it} max_{fi ≤t} z_{ifi} ; i ∈ I; t ∈ T ; (3.4)

0 ≤ x_{ij} ≤ max_{fi ≤t(j)} z_{ifi} ; i ∈ I; j ∈ J; (3.5) z_{it} ∈ {0; 1}; i ∈ I; t ∈ T : (3.6) Ďăŋŋãî ğăďăçã őąőğŋăçĺň çěàěğ P . Űěńěćăï äãŋłæĺï ğăďăçĺ ĺňěěâ áňëáń áãňňăàŋëå ğăâàăâ ŋă àăğàăąőâłã, ŕàőĺğćőďáâćő ĺ íłáŕńãăâăæĺî âěåŋĺçěáłĺå áàěďáâć ć âěçěŋĺě ŕńăŋőćőčő ŕěàĺőďă. Řăćěŋáâćă (3.2) čăàăŋâĺàãîâ ćëŕőńŋěŋĺě ćáěå àăąőâ. Ŋěàăćěŋáâćă (3.3) őčàăŋĺçĺćăîâ ćőğňőęŋőáâĺ ćëŕőńŋěŋĺï àăąőâ ĺňěîéĺňĺáï ć ŋăńĺçĺĺ ĺğďěńĺïňĺ. Őčàăŋĺçěŋĺï (3.4) ãáâăŋăćńĺćăîâ ćěàåŋîî čàăŋĺæã ŋă ćőğňőęŋëě őąêěňë ŕàőĺğćőďáâćă, ă ŋěàăćěŋáâćă (3.5) âàěąãîâ ćŋěáěŋĺï ğăâàăâ ŋă àăğàăąőâłã ŋőćëå őąàăğæőć ŕàĺ ćłńîçěŋĺĺ ĺå ć áőáâăć áĺáâěňë.

3.2 Ŋĺęŋĺě őæěŋłĺ

Ğăňěŋĺň ĺáåőďŋãî ğăďăçã áńěďãîéěľ íłćĺćăńěŋâŋőľ ğăďăçěľ P_y. Ŋăľâĺ Z_{Py} = min^∑_{i∈I}^∑_{t∈T}{c^∘_{it} z_{it} + g_{it} v_{it} +^∑_{j∈Jt} c_{ij} x_{ij}} (3.7) ŕàĺ áńěďãîéĺå őčàăŋĺçěŋĺïå ∑ i∈I x_{ij} = 1; j ∈ J; (3.8) ∑ j∈J_t p_{ij} x_{ij} ≤ v^∘_{it} y_{it} +^{t∑}_{fi =t−ȷi+1} v_{ifi} ; i ∈ I; t ∈ T ; (3.9) y_{it} ≤^∑_{fi ≤t} z_{ifi} ≤ 1; i ∈ I; t ∈ T ; (3.10) 0 ≤ v_{it} ≤ V_{it} y_{it}; i ∈ I; t ∈ T ; (3.11) 0 ≤ x_{ij} ≤ y_{it(j)}; i ∈ I; j ∈ J; (3.12) y_{it}; z_{it} ∈ {0; 1}; i ∈ I; t ∈ T : (3.13) Řăááňőâàĺň őæěŋőçŋãî ğăďăçã LR(–).

Ŋăľâĺ Z_{LR}(–) = min^∑_{i∈I}^∑_{t∈T} {c^∘_{it} z_{it} + g_{it} v_{it} +^∑_{j∈Jt}(c_{ij} − –_j) x_{ij} } +^∑_{j∈J} –_j;

ŕàĺ őčàăŋĺçěŋĺïå (3.9){(3.13), čďě –_j; j ∈ J | ňŋőęĺâěńĺ Ńăčàăŋęă, áőőâćěâáâćãîéĺě àăćěŋáâćăň (3.8). Řěèěŋĺě ďćőľáâćěŋŋőľ ğăďăçĺ D Z_D = max_– Z_{LR}(–) ďőáâăćńïěâ ŋĺęŋîî őæěŋłã őŕâĺňăńìŋőčő ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ (3.1):

Z_P ≥ Z_D ≥ Z_{LR}(–):

Šěőàěňă 6 Őæěŋőçŋăï ğăďăçă LR(–) ŕőńĺŋőňĺăńìŋő àăğàěèĺňă. Ďőłăğăâěńìáâćő. Ŕàĺ äĺłáĺàőćăŋŋëå ğŋăçěŋĺïå –_j; j ∈ J ğăďăçă LR(–) àăáŕăďăěâáï ŕő i ŋă ŋěğăćĺáĺňëě ŕőďğăďăçĺ S_i ćĺďă: Ŋăľâĺ Z_i =^∑_{t∈T} {c^∘_{it} z_{it} + g_{it} v_{it} +^∑_{j∈Jt}(c_{ij} − –_j) x_{ij}} ŕàĺ áőőâćěâáâćãîéĺå ãáńőćĺïå (3.9) { (3.13).

Ďńï àěèěŋĺï ğăďăçĺ S_i, i ∈ I, àăááňőâàĺň áěàĺî ğăďăç ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï S_{i„}, „ ∈ T , čďě ğăďăçă S_{i„} ĺňěěâ ćĺď: Ŋăľâĺ

Z_{i„} = min^{T∑}_{t=„}{g_{it} v_{it} +^∑_{j∈Jt}(c_{ij} − –_j) x_{ij}} (3.14) ŕàĺ őčàăŋĺçěŋĺïå ∑ j∈J_t p_{ij} x_{ij} ≤ v^∘_{it} +^{t∑}_{fi =t−ȷ+1} v_{ifi} ; t = „; : : : ; T ; (3.15) 0 ≤ v_{it} ≤ V_{it}; t = „; : : : ; T ; (3.16) 0 ≤ x_{ij} ≤ 1; j ∈ J_t; t = „; : : : ; T: (3.17) Ŕőŋïâŋő, çâő ğăďăçă S_{i„} íłćĺćăńěŋâŋă ğăďăçě S_i ŕàĺ ďőŕőńŋĺâěńìŋőň ãáńőćĺĺ z_{i„} = 1. Ć őŕâĺňăńìŋőň àěèěŋĺĺ ğăďăçĺ S_i áãéěáâćãěâ ŋě ąőńěě őďŋőčő „ ∈ T , ďńï łőâőàőčő z_{i„} = 1. Šăłĺň őąàăğőň Z_i = min(0; min_{„∈T} (Z_{i„} + c^∘_{i„})) őâłãďă ĺ áńěďãěâ ãâćěàęďěŋĺě âěőàěňë 6.

Šěőàěňă 7 Ěáńĺ ȷ_i ≥ T; i ∈ I, âő ğăďăçă LR(–) àăğàěèĺňă á âàãďőěňłőáâìî O(IJ(T^2 + log J)).

Ďőłăğăâěńìáâćő. Ĺğ âěőàěňë 6, áńěďãěâ çâő ŕőáâàőěŋĺě ăńčőàĺâňă àěèěŋĺï ğăďăçĺ LR(–) áćőďĺâáï ł ŕőáâàőěŋĺî ăńčőàĺâňă àěèěŋĺï ğăďăçĺ S_{i„}. Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ ňőęŋő áçĺâăâì łőíääĺæĺěŋâë c_{ij} −–_j ğăďăçĺ S_{i„} őâàĺæăâěńìŋëňĺ ćěńĺçĺŋăňĺ, ŕőáłőńìłã ć ŕàőâĺćŋőň áńãçăě ğŋăçěŋĺï áőőâćěâáâćãîéĺå ŕěàěňěŋŋëå ć őŕâĺňăńìŋőň àěèěŋĺĺ àăćŋë 0.

Ŕàĺ äĺłáĺàőćăŋŋëå ğŋăçěŋĺïå ŕěàěňěŋŋëå v_{it}; i ∈ I; t ∈ T ğăďăçă S_{i„} àăáŕăďăěâáï ŋă T − („ − 1) ğăďăç ő àîłğăłě á ćěéěáâćěŋŋëňĺ ŕěàěňěŋŋëňĺ. Őŕâĺňăńìŋőě àěèěŋĺě âăłőľ ğăďăçĺ ňőęěâ ąëâì ćëŕĺáăŋő ć ïćŋőň ćĺďě. Ďěľáâćĺâěńìŋő, àăááňőâàĺň ğăďăçã, áőőâćěâáâćãîéãî ŋőňěàã t_∘ ≥ „, ĺ ŕãáâì J_{t0} ãŕőàïďőçěŋő ŕő ŋěãąëćăŋĺî ćěńĺçĺŋ

c^′_j = c_{ij} − –_j p_{ij} ; Őąőğŋăçĺň çěàěğ j(t_∘); ňĺŋĺňăńìŋëľ ŋőňěà j ∈ J_{t0} ďńï łőâőàőčő ∑ j^0∈J_{tffi}; j^0≤j

p_{ij}0 > v^∘_{it} +^{t0∑}_{fi =„} v_{ifi} :

Ěáńĺ âăłőčő ŋőňěàă ŋě áãéěáâćãěâ, âő ŕőńőęĺň j(t_∘) = J + 1:

Őŕâĺňăńìŋőě àěèěŋĺě (x_{ij}) àăááňăâàĺćăěňőľ ğăďăçĺ ő àîłğăłě őŕàěďěńïěâáï ŕő äőàňãńě

x_{ij} =

0; ěáńĺ j > j(t_∘); 1; ěáńĺ j < j(t_∘); (v^∘_{it} +^{tffi∑}_{fi =„} v_{ifi} −^∑_{j0∈Jt}

0 j^0<j

p_{ij}0 )=p_{ij} ěáńĺ j = j(t_∘):

Ğăňěâĺň, çâő ěáńĺ ȷ ≥ T , âő ŕàĺ ãćěńĺçěŋĺĺ ğŋăçěŋĺï ŕěàěňěŋŋőľ v_{itffi} ŋă ďőáâăâőçŋő ňăńãî ćěńĺçĺŋã " ĺğňěŋěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ S_{i„} àăćŋő (g_{it0} +^{T∑}_{t=t0} c^′_{j(t)}) ∗ ":

Őŕâĺňăńìŋëě ğŋăçěŋĺï ŕěàěňěŋŋëå v_{it} őŕàěďěńïîâáï á ŕőňőéìî ŕàőæěďãàë łőőàďĺŋăâŋőčő áŕãáłă, ŋăçĺŋăï á ŋãńěćëå ğŋăçěŋĺľ. Ŋă łăęďőň èăčě íâőľ ŕàőæěďãàë ĺéěâáï âăłőľ ŋőňěà t_∘ ≥ „, ďńï łőâőàőčő őâŋőáĺâěńìŋőě ãňěŋìèěŋĺě æěńěćőľ äãŋłæĺĺ ŕàĺ ćőğàăáâăŋĺĺ ŕěàěňěŋŋőľ v_{itffi} ďőáâĺčăěâ ŋăĺąőńìèěčő ğŋăçěŋĺï. Ğăâěň őŕàěďěńïěâáï ŕàĺàăéěŋĺě ŕěàěňěŋŋőľ v_{itffi} ĺ ĺğňěŋïîâáï áőőâćěâáâćãîéĺň őąàăğőň ğŋăçěŋĺï ŕěàěňěŋŋëå x_{ij}. Ěáńĺ ŋă ŋěłőâőàőň èăčě ŋĺ ŕő őďŋőľ ĺğ łőőàďĺŋăâ ŋěńìğï ďőąĺâìáï ãňěŋìèěŋĺï æěńěćőľ äãŋłæĺĺ, âő ŕőńãçěŋŋőě àěèěŋĺě ïćńïěâáï őŕâĺňăńìŋëň [16].

Şŕőàïďőçĺćăŋĺě ňŋőęěáâć J_t őáãéěáâćńïěâáï á âàãďőěňłőáâìî O(J lg J). Ćëçĺáńěŋĺě ŕàĺàăéěŋĺľ ĺ ćëąőà ŋăĺńãçèěčő ŋőňěàă t_∘ ∈ T âàěąãěâ O(T ) őŕěàăæĺľ. Ś âăłőľ ęě âàãďőěňłőáâìî ŋăåőďĺâáï ĺ ďńĺŋă èăčă. Ůĺáńő èăčőć őŕàěďěńïěâáï łőńĺçěáâćőň őčàăŋĺçěŋĺľ (3.16), (3.17) ĺ ŋě ŕàěćőáåőďĺâ ćěńĺçĺŋë (T + J), ă âăł łăł T < J, âő âàãďőěňłőáâì àěèěŋĺï S_{i„} ŕàĺ ãŕőàïďőçěŋŋëå ňŋőęěáâćăå J_t àăćŋă O(JT ). Ůâőąë ŋăľâĺ min_{„∈T} (Z_{i„} + c^∘_{i„}) ğăďăçă S_{i„} àěèăěâáï ďńï łăęďőčő „ ∈ T . Őąéăï âàãďőěňłőáâì ăńčőàĺâňă

I(T ∗ O(JT ) + O(J lg J)) = O(IJ(T^2 + lg J)):

Šěőàěňă 8 Ěáńĺ ȷ_i = 1; i ∈ I, âő ďćőľáâćěŋŋăï ğăďăçă D ŕőńĺŋőňĺăńìŋő àăğàěèĺňă.

Ďőłăğăâěńìáâćő. Şąěďĺňáï ć âőň, çâő Z_i = Z_i. Ŕãáâì (z^∗_t ) (y^∗_t ) (v^∗_t ) (x^∗_j ) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ S_i . Ďńï łăęďőčő k ∈ T ŕőáâàőĺň àěèěŋĺě ğăďăçĺ S_i ŕő áńěďãîéěňã ŕàăćĺńã:

z_t(k) =

1; ěáńĺ t = k ;

0 ć ŕàőâĺćŋőň áńãçăě;

t ∈ T ;

y_t(k) =

1; ěáńĺ t ≥ k ;

0 ć ŕàőâĺćŋőň áńãçăě;

t ∈ T ;

v_t(k) =

0; ěáńĺ t < k ;

v^∗_t =y^∗_t ć ŕàőâĺćŋőň áńãçăě;

t ∈ T ;

x_j(k) =

0; ěáńĺ t < k ;

x^∗_j =y^∗_{t(j)} ć ŕàőâĺćŋőň áńãçăě; j ∈ J . Ěáńĺ z^∗_k = 0; âő ŕőńăčăěň z_t(k) = y_t(k) = v_t(k) = 0; t ∈ T ; x_j(k) = 0; j ∈ J .

Ńěčłő ŕàőćěàĺâì, çâő ďńï łăęďőčő k ∈ T ŕőáâàőěŋŋőě àěèěŋĺě ïćńïěâáï ďőŕãáâĺňëň ć ğăďăçě S_i ĺ łàőňě âőčő

Z_i ≥^∑_{t∈T} {^∑_{j∈Jt} (c_j − –_j)^∑_{k∈T} z^∗_kx_j(k) + g_t^∑_{k∈T} z^∗_kv_t(k) + c^∘_t^∑_{k∈T} z^∗_kz_t(k)} =^∑_{k∈T} z^∗_k^∑_{t∈T} {^∑_{j∈Jt} (c_j − –_j)x_j(k) + g_tv_t(k) + c^∘_t z_t(k)} =^∑_{k∈T} z^∗_kZ_i(k) ≥ max_k Z_i(k):

Šăłĺň őąàăğőň, Z_i ≥ Z_i ĺ âăł łăł Z_i ≤ Z_i, âő Z_i = Z_i ĺ Z_{LR}(–) = Z_{LR}(–); â.ě. Z_D = Z_D = Z_{PY} . Śńěďőćăâěńìŋő, ďńï àěèěŋĺï ğăďăçĺ D ďőáâăâőçŋő ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï P_y ĺ ŕő ŋěňã ćőááâăŋőćĺâì çăáâĺçŋő{æěńőçĺáńěŋŋőě àěèěŋĺě ďćőľáâćěŋŋőľ ğăďăçĺ. Šěőàěňă 8 ďőłăğăŋă.

Őâňěâĺň, çâő ěáńĺ ãáńőćĺï âěőàěňë 8 ŋě ćëŕőńŋěŋë, ĺ ȷ_i > 1 ďńï ŋěłőâőàőčő i ∈ I, âő ăąáőńîâŋëľ àăğàëć ďćőľáâćěŋŋőáâĺ ´ = Z_i − Z_i ňőęěâ ďőáâĺčăâì ğŋăçĺâěńìŋëå àăğňěàőć.

Šěőàěňă 9 Ďńï ńîąőčő N > 0 áãéěáâćãîâ ĺáåőďŋëě ďăŋŋëě ğăďăçĺ S_i, ŋă łőâőàëå ´ > N.

Ďőłăğăâěńìáâćő. Ŕőńőęĺň

T = {1; 2}; J = {1; 2}; J_1 = {1}; J_2 = {2};

p_j = 1; c_j = 0; j ∈ J; V_t = 2N; v^∘_t = 0; t ∈ T ;

– = (0; N + 2); c^∘ = (2N; 0); g = (0; 2N); ȷ = 2:

Ńěčłő ŕàőćěàĺâì, çâő ć ğăďăçě S_i ŋãńěćőě àěèěŋĺě ïćńïěâáï őŕâĺňăńìŋëň, Z_i = 0; ă ŋă ďőŕãáâĺňőň àěèěŋĺĺ

z = ( 1 2N ; 1 − 1 2N ); y = ( 1 2N ; 1); v = (1; 0); x = (0; 1) ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ S_i àăćŋő −N − 1. Šěőàěňă 9 ďőłăğăŋă.

3.3 Őąéăï áåěňă ăńčőàĺâňă

Ăńčőàĺâň àěèěŋĺï ĺáåőďŋőľ ğăďăçĺ őáŋőćăŋ ŋă ŕőńĺŋőňĺăńìŋőľ àăğàěèĺňőáâĺ őæěŋőçŋőľ ğăďăçĺ LR(–). Řăąőâă ăńčőàĺâňă ŋăçĺŋăěâáï á ćëçĺáńěŋĺï ŋĺęŋěľ őæěŋłĺ Z_D. Ŕãáâì (z^k_{it}) (y^k_{it}) (v^k_{it}) (x^k_{ij}) | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ LR(–^k) ŕàĺ äĺłáĺàőćăŋŋëå ğŋăçěŋĺïå ŕăàăňěâàőć –_j = –^k_j ; j ∈ J. Ěáńĺ àăćěŋáâćă (3.2) ćëŕőńŋïîâáï, âő ŕőńãçěŋő âőçŋőě àěèěŋĺě ĺáåőďŋőľ ğăďăçĺ. Ć ŕàőâĺćŋőň áńãçăě ćěłâőà S^k_j = 1 −^∑_{i∈I} x^k_{ij}; j ∈ J;

ïćńïïáì áãąčàăďĺěŋâőň äãŋłæĺĺ Z_{LR}(–) ć âőçłě –^k_j ; j ∈ J, ğăďăěâ ŋăŕàăćńěŋĺě ĺğňěŋěŋĺï ňŋőęĺâěńěľ Ńăčàăŋęă. Ŕőńăčăěň –^{k+1}_j = –^k_j + ˛^k S^k_j ; j ∈ J ĺ ćőğćàăéăěňáï ł àěèěŋĺî ğăďăçĺ LR(–) á ŋőćëňĺ ğŋăçěŋĺïňĺ ŕăàăňěâàőć – [43].

Ăńčőàĺâň ŕőáâàőěŋĺï ćěàåŋěľ őæěŋłĺ Z_0 äőàňĺàãěâ ňŋőęěáâćő ŋőňěàőć I_0 = {i ∈ I |^∑_k^∑_{t∈T} z^k_{it} > 0} ĺ ďńï łăęďőčő i_0 ∈ I_0 ćëŕőńŋïěâ áńěďãîéĺě ďěľáâćĺï.

Ÿăč 0. Ŕőńőęĺâì I_1 = {i_0}.

Ÿăč 1. Řěèĺâì ďćőľáâćěŋŋãî ğăďăçã D á ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ

∑ t∈T z_{it} = 1; i ∈ I_1: Ŋă łăęďőľ ĺâěàăæĺĺ àěèěŋĺï ďăŋŋőľ ğăďăçĺ őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ LR(–) ďőáâàőĺâì ďő ďőŕãáâĺňőčő àěèěŋĺï ĺáåőďŋőľ ğăďăçĺ. Ŋăĺńãçèěě àěèěŋĺě ğăŕőňŋĺâì ć łăçěáâćě àěłőàďă Z_0.

Ÿăč 2. Ŋăľâĺ ŋőňěà i_1 ∈ I \ I_1, ďńï łőâőàőčő ‚_{i1} =^∑_k^∑_{t∈T} z^k_{i1t} | çăáâőâă ćåőęďěŋĺï ć őŕâĺňăńìŋőě àěèěŋĺě ąëńă ňăłáĺňăńìŋőľ. Ěáńĺ ‚_{i1} = 0, âő ŕěàěľâĺ ł áńěďãîéěňã íńěňěŋâã ňŋőęěáâćă I_0. Ć ŕàőâĺćŋőň áńãçăě ŕőńőęĺâì I_1 = I_1 ∪ {i_1} ĺ ćěàŋãâìáï ŋă èăč 1.

Šàãďőěňłőáâì ŕàĺćěďěŋŋőčő ăńčőàĺâňă ŋě ŕàěćőáåőďĺâ ćěńĺçĺŋë O(m^2Q), čďě Q { âàãďőěňłőáâì àěèěŋĺï ďćőľáâćěŋŋőľ ğăďăçĺ. Ő łăçěáâćě ŕőńãçăěňőčő àěèěŋĺï ňőęŋő áãďĺâì, ŋăŕàĺňěà, ŕő őæěŋłě őâŋőáĺâěńìŋőčő ãłńőŋěŋĺï " = (Z_0=Z_D − 1), łőâőàăï ŋăàïďã á ŕőčàěèŋőáâìî áăňőčő ăńčőàĺâňă ‹ = (Z_0=Z − 1) ćłńîçăěâ ěéě ĺ ŕőčàěèŋőáâì, áćïğăŋŋãî á àăğàëćőň ďćőľáâćěŋŋőáâĺ.

3.4 Ďĺŋăňĺçěáłĺě ğăďăçĺ á őčàăŋĺçěŋĺïňĺ ŋă ŋőňěŋłńăâãàã ĺğďěńĺľ

Ŕàěďŕőńőęĺň, çâő ŋă àăğćĺâĺě áĺáâěňë ć âěçěŋĺě ŕńăŋőćőčő ŕěàĺőďă ŋăńőęěŋë ďőŕőńŋĺâěńìŋëě őčàăŋĺçěŋĺï, áćïğăŋŋëě á ŋőňěŋłńăâãàőľ âěåŋĺçěáłĺå áàěďáâć. Ŕãáâì ćěńĺçĺŋë b_{it}; i ∈ I; t ∈ T ğăďăîâ àăáåőď ŋěłőâőàőčő őąőąéěŋŋőčő àěáãàáă, áćïğăŋŋőčő á ććěďěŋĺěň ć áőáâăć áĺáâěňë ŋőćëå őąàăğæőć, ă ćěńĺçĺŋă B | áãňňăàŋëľ àěáãàá, ćëďěńïěňëľ ŋă àăğćĺâĺě áĺáâěňë ć âěçěŋĺě ćáěčő ŕńăŋőćőčő ŕěàĺőďă. Ďőŕőńŋĺâěńìŋăï čàãŕŕă őčàăŋĺçěŋĺľ, áćïğăŋŋăï á ŋőňěŋłńăâãàőľ âěåŋĺçěáłĺå áàěďáâć, ňőęěâ ąëâì ğăŕĺáăŋă áńěďãîéĺň őąàăğőň: ∑ t∈T ∑ i∈I b_{it} z_{it} ≤ B: (3.18)

Ć áńãçăě b_{it} = 1; i ∈ I; t ∈ T , ŋěàăćěŋáâćő (3.18), ňőęŋő ĺŋâěàŕàěâĺàőćăâì łăł őčàăŋĺçěŋĺě ŋă áãňňăàŋőě çĺáńő őąàăğæőć, ŕàĺňěŋïěňëå ďńï ćëŕőńŋěŋĺï àăąőâ ć âěçěŋĺě ćáěčő ŕńăŋőćőčő ŕěàĺőďă. Ĺáåőďŋãî ğăďăçã á ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň (3.18) őąőğŋăçĺň çěàěğ P_B.

Řăááňőâàĺň ďàãčőľ ćăàĺăŋâ őčàăŋĺçěŋĺľ ŋă ŋőňěŋłńăâãàã, łőčďă áãňňăàŋëľ àěáãàá ćëďěńïěâáï ŋě áàăğã ŋă ćěáì ĺŋâěàćăń ŕńăŋĺàőćăŋĺï, ă àăğąĺćăěâáï ŕő čőďăň. Őąőğŋăçĺň çěàěğ K_t; t ∈ T , ćěńĺçĺŋã àěáãàáă, ćëďěńïěňőčő ć t -ň čőďã. Šőčďă őčàăŋĺçěŋĺï ŋă ŋőňěŋłńăâãàã őąàăğæőć ňőčãâ ąëâì ğăŕĺáăŋë áńěďãîéĺň őąàăğőň: ∑ i∈I b_{it} z_{it} ≤ K_t; t ∈ T : (3.19)

Ĺáåőďŋãî ğăďăçã á ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ (3.19) őąőğŋăçĺň çěàěğ P_K.

Ŕőáâàőěŋĺě ăńčőàĺâňőć àěèěŋĺï ğăďăç P_B ĺ P_K őáãéěáâćńïěâáï ŕő âőľ ęě áåěňě, çâő ĺ ďńï ĺáåőďŋőľ ğăďăçĺ. Řěèěŋĺě ďćőľáâćěŋŋőľ ğăďăçĺ á ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň (3.18) áćőďĺâáï ć łőŋěçŋőň áçěâě ł àěèěŋĺî áńěďãîéěľ ğăďăçĺ. Ŋăľâĺ

max^∑_{„∈T}^∑_{i∈I} Z_{i„} z_{i„}

ŕàĺ áńěďãîéĺå őčàăŋĺçěŋĺïå ∑ „∈T z_{i„} ≤ 1; i ∈ I; ∑ „∈T ∑ i∈I b_{i„} z_{i„} ≤ B;

z_{i„} ∈ {0; 1}; i ∈ I; „ ∈ T :

İâă ğăďăçă ĺğćěáâŋă łăł ğăďăçă ő ňŋőčőćăàĺăŋâŋőň àîłğăłě [47]. Ńĺŋěľŋăï àěńăłáăæĺï ďăŋŋőľ ğăďăçĺ àěèăěâáï á âàãďőěňłőáâìî O(lm), ĺ áàěďĺ ěě őŕâĺňăńìŋëå àěèěŋĺľ ćáěčďă áãéěáâćãěâ âăłőě, ć łőâőàőň ŋě ąőńěě ďćãå ŕěàěňěŋŋëå ŕàĺŋĺňăîâ ďàőąŋëě ğŋăçěŋĺï [28]. Ć áńãçăě b_{it} = 1; i ∈ I; t ∈ T , ďăŋŋăï ğăďăçă ćëàőęďăěâáï, ĺ ěě őŕâĺňăńìŋőě àěèěŋĺě ŋăåőďĺâáï ğă őďĺŋ ŕàőáňőâà.

Ďńï ğăďăçĺ P_K ćëçĺáńěŋĺě ŋĺęŋěľ őæěŋłĺ âàěąãěâ àěèěŋĺï áńěďãîéěľ ğăďăçĺ. Ŋăľâĺ

max^∑_{„∈T}^∑_{i∈I} Z_{i„} z_{i„} ŕàĺ áńěďãîéĺå őčàăŋĺçěŋĺïå ∑ „∈T z_{i„} ≤ 1; i ∈ I; ∑ i∈I b_{i„} z_{i„} ≤ K_„ „ ∈ T ;

z_{i„} ∈ {0; 1}; i ∈ I; „ ∈ T ;

łőâőàăï ĺğćěáâŋă łăł őąőąéěŋŋăï ğăďăçă ő ŋăğŋăçěŋĺïå. Ć áńãçăě b_{it} = 1; i ∈ I; t ∈ T , íâă ğăďăçă ŕàĺŋĺňăěâ ćĺď âàăŋáŕőàâŋőľ ğăďăçĺ ĺ ńěčłő àěèăěâáï âőçŋő. Ć őąéěň ęě áńãçăě őŋă ïćńïěâáï NP { âàãďŋőľ ğăďăçěľ ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ, ĺ ďńï ěě àěèěŋĺï àăğàăąőâăŋë âőçŋëě ĺ ŕàĺąńĺęěŋŋëě ăńčőàĺâňë [47].

3.5 Ďĺŋăňĺçěáłĺě ğăďăçĺ á äăłâőàőň áěàĺľŋőáâĺ

Řăááňőâàĺň őąőąéěŋĺě ĺáåőďŋőľ ğăďăçĺ, łőčďă áâőĺňőáâì ŕàőĺğćőďáâćă ĺğďěńĺľ g_{it}; i ∈ I; t ∈ T ŋě ïćńïěâáï ŕőáâőïŋŋőľ ćěńĺçĺŋőľ, ă ğăćĺáĺâ őâ áãňňăàŋőčő őąêěňă ćëŕãáłă ĺğďěńĺľ:

g_{it} = g_{it} (^∑_{fi ∈T} v_{ifi} ); i ∈ I; t ∈ T :

Ąãďěň ŕàěďŕőńăčăâì, çâő ďńï łăęďőčő i ∈ I ğăďăŋë ĺŋâěàćăńë áěàĺľŋőáâĺ w_i :

0 < w_{i1} < w_{i2} < : : : < w_{iqi} =^∑_{fi ∈T} V_{ifi} ;

ćŋãâàĺ łăęďőčő ĺğ łőâőàëå áâőĺňőáâì ŕàőĺğćőďáâćă őáâăěâáï ŕőáâőïŋŋőľ ćěńĺçĺŋőľ, ă ŕàĺ ŕěàěåőďě ĺğ őďŋőčő ĺŋâěàćăńă ć ďàãčőľ ňőęěâ ňěŋïâìáï ŕàőĺğćőńìŋő (áň. àĺá.3.1). Šăłőě őąőąéěŋĺě ĺáåőďŋőľ ğăďăçĺ őąőğŋăçĺň çěàěğ P_w.

                    -

6

0 q wi1 q wi2 q wiq_i : : :

cit

∑ τ 2T viτ Řĺá: 3:1 Ăńčőàĺâň àěèěŋĺï ğăďăçĺ P_w âăłęě őáŋőćăŋ ŋă ŕőńĺŋőňĺăńìŋőľ àăğàěèĺňőáâĺ àěńăłáĺàőćăŋŋőľ ğăďăçĺ LR(–), ŕàĺ ŕőáâàőěŋĺĺ łőâőàőľ ğăďăçă S_{i„} ŕàĺŋĺňăěâ áńěďãîéĺľ ćĺď. Ŋăľâĺ

Z_{i„} = max^∑_{t≥„} {^∑_{j∈Jt}(–_j − c_j) x_j − g_t (^∑_{fi ∈T} v_{ifi} ) v_t} ŕàĺ áńěďãîéĺå őčàăŋĺçěŋĺïå ∑ j∈J_t p_j x_j ≤ v^∘_t +^{t∑}_{fi =t−ȷ+1} v_fi ; t ≥ „;

0 ≤ v_t ≤ V_t; t ≥ „;

0 ≤ x_j ≤ 1; j ∈ J_t; t ≥ „:

Ăńčőàĺâň àěèěŋĺï ďăŋŋőľ ğăďăçĺ ŕőáńěďőćăâěńìŋő àăááňăâàĺćăěâ ćáě ĺŋâěàćăńë áěàĺľŋőáâĺ [w_{k−1}; w_k); 1 ≤ k ≤ q_i, ĺ ŋă łăęďőň ĺğ ŋĺå àěèăěâ ćáŕőňőčăâěńìŋãî ğăďăçã S_{i„}(w_{k−1}; w_k). Ŋăľâĺ

Z_k = max^∑_{t≥„} {^∑_{j∈Jt}(–_j − c_j) x_j − g_t(w_{k−1}; w_k) v_t} ŕàĺ áńěďãîéĺå őčàăŋĺçěŋĺïå ∑ j∈J_t p_j x_j ≤ v^∘_t +^{t∑}_{fi =t−ȷ+1} v_fi ; t ≥ „;

w_{k−1} ≤^∑_{t≥„} v_t < w_k; 0 ≤ v_t ≤ V_t; t ≥ „;

0 ≤ x_j ≤ 1; j ∈ J_t; t ≥ „;

čďě g_t(w_{k−1}; w_k) { ŕőáâőïŋŋăï ćěńĺçĺŋă, àăćŋăï áâőĺňőáâĺ ŕàőĺğćőďáâćă i{čő őąàăğæă ć t{ň čőďã ŕàĺ őąêěňăå ŕăàâĺĺ ć ĺŋâěàćăńě őâ w_{k−1} ďő w_k. Őçěćĺďŋő, çâő Z_{i„} = max_k Z_k.

Ŕàĺ ȷ_i ≥ l ĺńĺ ȷ_i = 1 ğăďăçă S_{i„}(w_{k−1}; w_k) ãŕàőéăěâáï ĺ ěě őŕâĺňăńìŋőě àěèěŋĺě ŋăåőďĺâáï á âàãďőěňłőáâìî O(nq_i(l + n log n)). Ć őąéěň ęě áńãçăě őŋă ïćńïěâáï ğăďăçěľ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï ĺ àěèăěâáï áâăŋďăàâŋëňĺ ňěâőďăňĺ.

Ğăňěçăŋĺě. Ŕãáâì áâőĺňőáâì ŕàőĺğćőďáâćă ĺğďěńĺľ ŋă łăęďőň ĺŋâěàćăńě áěàĺľŋőáâĺ ğăďăěâáï ńĺŋěľŋőľ äãŋłæĺěľ g_t(v) = g^∘_t (w_{k−1}; w_k) + g_t(w_{k−1}; w_k) v_t; t ∈ T:

Ć íâőň áńãçăě ğăďăçă S_{i„}(w_{k−1}; w_k) ŋě ňěŋïěâ áćőěčő ćĺďă, ŋő ćěńĺçĺŋă Z_{i„} ŋăåőďĺâáï á ŕőňőéìî àăćěŋáâćă Z_{i„} = max_k( Z_k +^∑_{t≥„} g^∘_t (w_{k−1}; w_k)):

3.6 Řěğãńìâăâë âěáâőćëå àăáçěâőć

Řăğàăąőâăŋŋëě ăńčőàĺâňë àěăńĺğőćăŋë ŋă ïğëłě ŔĂŚŁĂŃĲ ĺ âěáâĺàőćăńĺáì ŋă IBM PC{486(SX). Ćáě àěèăěňëě ğăďăçĺ ĺňěńĺ őďĺŋăłőćãî àăğňěàŋőáâì: m = 50; n = 50; T = 5; n_t = 10; t ∈ T : Ňăááĺćë ĺáåőďŋëå ďăŋŋëå äőàňĺàőćăńĺáì á ŕőňőéìî ďăâçĺłă ŕáěćďőáńãçăľŋëå çĺáěń á àăćŋőňěàŋëň àăáŕàěďěńěŋĺěň. Ğŋăçěŋĺï ćěńĺçĺŋ ćëąĺàăńĺáì áńěďãîéĺň őąàăğőň: c^∘_{it} = 300c^∘; g_{it} ∈ [1; 10]; c_{ij} ∈ [1; 1000]; p_{ij} ∈ [1; 10]; b_{it} = 1; v^∘_{it} = 0: Ňăâàĺæë (c_{ij}) ĺ (p_{ij}) ŋă 30% ğăŕőńŋïńĺáì çĺáńőň 10^6. Řěğãńìâăâë àăáçěâőć ĺğőąàăęěŋë ŋă àĺá. 3.2. Ŋãňěàăæĺï łàĺćëå áőőâćěâáâćãěâ áńěďãîéĺň ğŋăçěŋĺïň ćăàìĺàãěňëå ŕăàăňěâàőć:

N1 : ȷ_i = 1; V_{it} = 100; B = 3; N2 : ȷ_i = 1; V_{it} = 100; B = 50;

                       -

6

c^∘ 0 q 2 q 4 q 6 q 8 Ř ĺá: 3:2

"

q 5 % q 10 % q 15 % q 20 %

‹_1

‹_2

"_1

"_2

     ıııı

        ıı"

           ""

             """

               hhhhhh

     ¸¸¸¸¸

         ¸

               ((((((
hhhhhh""""

        ""!

           !!!

             !!!!

                 !!!!

ææ

  ææ

   ææ

     ȷȷ

       ȷȷ

        ȷȷΓ

           ΓΓ

             ΓΓ

              Γ¸

                ¸¸¸¸¸

Łăęďăï âőçłă ĺğńőňă ïćńïěâáï áàěďŋĺň ğŋăçěŋĺěň őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ ďńï 30 âěáâőćëå ğăďăç. Őâňěâĺň, çâő ŕàĺ c^∘ = 0 ĺáåőďŋăï ğăďăçă őáâăěâáï őąőąéěŋĺěň NP{âàãďŋőľ ğăďăçĺ ő K{ňěďĺăŋě [21]. Ć íâőň áńãçăě ŕàĺ B = 3 àăğàëć ďćőľáâćěŋŋőáâĺ áőáâăćńïěâ ğăňěâŋãî ćěńĺçĺŋã (őâ 7% ďő 15% ), ă ŕàěďńăčăěňëľ ăńčőàĺâň ŕőçâĺ ŋě őèĺąăěâáï (‹_1 = 0; 16%): Ŕàĺ ąőńìèĺå ğŋăçěŋĺïå ŕăàăňěâàă c^∘ ĺáåőďŋăï ğăďăçă ćëàőęďăěâáï ĺ äăłâĺçěáłĺ áâăŋőćĺâáï ğăďăçěľ ő ňĺŋĺňăńìŋőň ŕőłàëâĺĺ. Ŋăçăńìŋëě ğăâàăâë ďőňĺŋĺàãîâ ć æěńěćőľ äãŋłæĺĺ, ĺ ěáńĺ ăńčőàĺâňã ãďăěâáï ŋăľâĺ ňĺŋĺňăńìŋãî ŋőňěŋłńăâãàã ďńï ćëŕőńŋěŋĺï ćáěå àăąőâ, âő ŕőńãçăěâáï âőçŋőě àěèěŋĺě ğăďăçĺ. Ć ŕàőâĺćŋőň áńãçăě őâłńőŋěŋĺě őâ őŕâĺňãňă ďőáâĺčăěâ 10%.

Ćàěňï àěèěŋĺï őďŋőľ ğăďăçĺ ŕàĺ ȷ_i = 1 ć áàěďŋěň áőáâăćńïěâ 2 { 3 ňĺŋãâë, ŕàĺ ȷ_i = 5 { őâ 10 ďő 15 ňĺŋãâ. Ŕàĺ ŕàőňěęãâőçŋëå ğŋăçěŋĺïå ȷ_i ćàěňï àěèěŋĺï, ŕő{ćĺďĺňőňã, ąãďěâ ąőńìèě. Ć áćïğĺ á íâĺň ćőğŋĺłăěâ ŕőâàěąŋőáâì ć áŕěæĺăńĺğĺàőćăŋŋëå ăńčőàĺâňăå ďńï ğăďăçĺ S_{i„} ŕàĺ ŕàőĺğćőńìŋëå ȷ_i; i ∈ I. Łàőňě âőčő, ŋă ŕàăłâĺłě çăáâő ćőğŋĺłăěâ áĺâãăæĺï, łőčďă çăáâì âěåŋĺçěáłĺå áàěďáâć ěęěčőďŋő ćëåőďĺâ ĺğ áâàőï ěéě ďő őłőŋçăŋĺï áàőłă íłáŕńãăâăæĺĺ. Ć íâőň áńãçăě őčàăŋĺçěŋĺï (3) ŕàĺŋĺňăîâ ćĺď: ∑ j∈J_t p_{ij} x_{ij} ≤ v^∘_{it} +^{t∑}_{fi =t−ȷi+1} d_{ifi} v_{ifi} ; i ∈ I; t ∈ T ;

čďě ćěńĺçĺŋë d_{ifi} ğăďăîâ ďőńî ĺğêïâĺï âěåŋĺçěáłĺå áàěďáâć ć âěçěŋĺě áàőłă íłáŕńãăâăæĺĺ. Ďàãčĺň ćăęŋëň őąőąéěŋĺěň ïćńïîâáï ďĺŋăňĺçěáłĺě ğăďăçĺ á áãňňăàŋëňĺ őčàăŋĺçěŋĺïňĺ ŋă ěęěčőďŋëě őąêěňë ŕàőĺğćőďáâćă ĺğďěńĺľ ĺńĺ (ĺ) ŋă áãňňăàŋëľ áőáâăć áĺáâěňë ć łăęďőň čőďã. Ďńï âăłĺå ňőďěńěľ âàěąãěâáï łăł ňĺŋĺňãň áãéěáâćěŋŋăï ŕěàěàăąőâłă ăńčőàĺâňőć ĺńĺ àăğàăąőâłă ŕàĺŋæĺŕĺăńìŋő ďàãčĺå ŕőďåőďőć.

Čńăćă 4 Ňŋőčőíâăŕŋăï ďĺŋăňĺçěáłăï ğăďăçă

4.1 Ŕőáâăŋőćłă ğăďăçĺ

Ďńï äőàňãńĺàőćłĺ ğăďăçĺ ććěďěň áńěďãîéĺě őąőğŋăçěŋĺï. Őąőğŋăçĺň çěàěğ T = {1; : : : ; T } ňŋőęěáâćő ěďĺŋĺçŋëå őâàěğłőć, őąàăğãîéĺå ŕńăŋőćëľ ŕàőňěęãâőł ćàěňěŋĺ, ŋă łőâőàőň àăááňăâàĺćăěâáï ŕàőæěáá àăğćĺâĺï áĺáâěňë âěåŋĺçěáłĺå áàěďáâć. Ďńï őŕàěďěńěŋŋőáâĺ áçĺâăěň, çâő ěďĺŋĺçŋëľ őâàěğőł ĺňěěâ ďńĺâěńìŋőáâì 1 čőď, ă t-ëľ őâàěğőł ąãďěň ŋăğëćăâì t-ëň čőďőň. Ŕãáâì J = {1; : : : ; J} | ňŋőęěáâćő àăąőâ, ćëŕőńŋěŋĺě łőâőàëå ďőńęŋő ąëâì őąěáŕěçěŋő àăááňăâàĺćăěňőľ áĺáâěňőľ âěåŋĺçěáłĺå áàěďáâć. Ŕàĺ íâőň ąãďěň ŕàěďŕőńăčăâì, çâő ňŋőęěáâćő J àăğąĺâő ŋă ŋěŕěàěáěłăîéĺěáï ŕőďňŋőęěáâćă J_t; t ∈ T , ĺ áçĺâăâì, çâő J_t | ňŋőęěáâćő àăąőâ, łőâőàëě ďőńęŋë ąëâì ćëŕőńŋěŋë ć t-őň čőďã. Ďńï j ∈ J çěàěğ t(j) őąőğŋăçĺň âăłőľ ŋőňěà, t ∈ T çâő j ∈ J_t. Őąőğŋăçĺň çěàěğ I = {1; : : : ; I} ŋăąőà àăááňăâàĺćăěňëå àăğŋőćĺďŋőáâěľ (őąàăğæőć) âěåŋĺçěáłĺå áàěďáâć, ă çěàěğ K = {1; : : : ; K} | ňŋőęěáâćő àăğńĺçŋëå ćĺďőć ãğńőć, ĺáŕőńìğãěňëå ďńï łőňŕńěłâăæĺĺ áàěďáâć àăááňăâàĺćăěňëå őąàăğæőć. Ďńï i ∈ I őąőğŋăçĺň çěàěğ K_i ŕěàěçěŋì ćĺďőć ãğńőć, ćåőďïéĺå ć áőáâăć i-čő őąàăğæă. Ďńï k ∈ K őąőğŋăçĺň çěàěğ I_k ŕěàěçěŋì őąàăğæőć âěåŋĺçěáłĺå áàěďáâć, ć áőáâăć łőâőàëå ćåőďïâ ãğńë k-čő ćĺďă.

Ććěďěň âăłęě áńěďãîéĺě őąőğŋăçěŋĺï:

c^∘_{it} | ğăâàăâë ŋă àăğàăąőâłã áàěďáâć i-čő őąàăğæă, ěáńĺ àăğàăąőâłă ğăćěàèăěâáï ć t-ň čőďã;

g_{it} | áâőĺňőáâì ŕàőĺğćőďáâćă őďŋőčő áàěďáâćă i-čő őąàăğæă ć t-ň čőďã, á ãçěâőň áâőĺňőáâĺ ŕàőĺğćőďáâćă (ğăłãŕłĺ) ćåőďïéĺå ć ěčő áőáâăć ãğńőć;

d^∘_{kt} | ğăâàăâë ŋă àăğàăąőâłã ãğńă k-čő ćĺďă, ěáńĺ àăğàăąőâłă ğăćěàèăěâáï ć t-ň čőďã;

c_{ij} | ğăâàăâë ŋă ćëŕőńŋěŋĺě áàěďáâćăňĺ i-čő őąàăğæă j-őľ àăąőâë; p_{ij} | łőńĺçěáâćő áàěďáâć i-čő őąàăğæă őďŋőćàěňěŋŋő ŋěőąåőďĺňëå ďńï ćëŕőńŋěŋĺï j-őľ àăąőâë;

u_i | łőńĺçěáâćő áàěďáâć i-čő őąàăğæă ć ŋăçăńìŋőň áőáâăćě áĺáâěňë, â.ě. ć áőáâăćě ŋă ŋăçăńő àăááňăâàĺćăěňőčő ŕàőňěęãâłă ŕńăŋĺàőćăŋĺï; V_{it} | őčàăŋĺçěŋĺï áćěàåã ŋă ćőğňőęŋëľ őąêěň ŕàőĺğćőďáâćă áàěďáâć i-čő őąàăğæă ć t-ň čőďã.

Ććěďěň áńěďãîéĺě ŕěàěňěŋŋëě:

z_{it} ∈ {0; 1}; i ∈ I; t ∈ T . Ŕěàěňěŋŋăï z_{it} ŕàĺŋĺňăěâ ğŋăçěŋĺě 1, ěáńĺ ć t-ň čőďã ğăłőŋçěŋă àăğàăąőâłă áàěďáâćă i-čő őąàăğæă, ĺ z_{it} = 0 ć ŕàőâĺćŋőň áńãçăě.

y_{kt} ∈ {0; 1}; k ∈ K; t ∈ T . Ŕěàěňěŋŋăï y_{kt} ŕàĺŋĺňăěâ ğŋăçěŋĺě 1, ěáńĺ ć t-ň čőďã ğăłőŋçěŋă àăğàăąőâłă ãğńă k-čő ćĺďă, ĺ y_{kt} = 0 ć ŕàőâĺćŋőň áńãçăě.

v_{it} ≥ 0; i ∈ I; t ∈ T . Ćěńĺçĺŋă v_{it} àăćŋïěâáï łőńĺçěáâćã áàěďáâć i-čő őąàăğæă, ŕàőĺğćőďĺňëå ďńï ŕőŕőńŋěŋĺï áőáâăćă áĺáâěňë ć t-ň čőďã; x_{ij} ≥ 0; i ∈ I; j ∈ J. Ćěńĺçĺŋă x_{ij} àăćŋïěâáï ďőńě j-ľ àăąőâë, ćëŕőńŋïěňőľ áàěďáâćăňĺ i-čő őąàăğæă.

Ś ĺáŕőńìğőćăŋĺěň ććěďěŋŋëå őąőğŋăçěŋĺľ ďĺŋăňĺçěáłăï ğăďăçă ćëąőàă őŕâĺňăńìŋőčő áőáâăćă ďćãåãàőćŋěćőľ áĺáâěňë ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň: Ŋăľâĺ

min^∑_{t∈T} {^∑_{i∈I}[c^∘_{it} z_{it} + g_{it} v_{it} +^∑_{j∈Jt} c_{ij} x_{ij}] +^∑_{k∈K} d^∘_{kt} y_{kt}}; (4.1) ŕàĺ őčàăŋĺçěŋĺïå: ∑ i∈I x_{ij} = 1; j ∈ J; (4.2) ∑ j∈J_t p_{ij} x_{ij} ≤ u_i +^{t∑}_{fi =1} v_{ifi} ; i ∈ I; t ∈ T ; (4.3)

0 ≤ v_{it} ≤ V_{it} max_{fi ≤t} z_{ifi} ; i ∈ I; t ∈ T ; (4.4)

0 ≤ x_{ij} ≤ max_{fi ≤t(j)} z_{ifi} ; i ∈ I; j ∈ J; (4.5)

max_{fi ≤t} y_{kfi} ≥ z_{it}; k ∈ K_i; i ∈ I; t ∈ T ; (4.6)

z_{it}; y_{kt} ∈ {0; 1}; i ∈ I; k ∈ K; t ∈ T : (4.7)

Űěńěćăï äãŋłæĺï (4.1) ďăŋŋőľ ğăďăçĺ ĺňěěâ áňëáń áãňňăàŋëå ğăâàăâ ŋă àăğàăąőâłã, ŕàőĺğćőďáâćő ĺ íłáŕńãăâăæĺî âěåŋĺçěáłĺå áàěďáâć ć âěçěŋĺě ŕńăŋőćőčő ŕěàĺőďă. Řăćěŋáâćă (4.2) čăàăŋâĺàãîâ ćëŕőńŋěŋĺě ćáěå àăąőâ. Ŋěàăćěŋáâćă (4.3) őčàăŋĺçĺćăîâ ćőğňőęŋőáâĺ ćëŕőńŋěŋĺï àăąőâ ĺňěîéĺňĺáï ć ŋăńĺçĺĺ áàěďáâćăňĺ. Őčàăŋĺçěŋĺï (4.4) ãáâăŋăćńĺćăîâ ćěàåŋîî čàăŋĺæã ŋă ćőğňőęŋëě őąêěňë ŕőŕőńŋěŋĺï áőáâăćă áĺáâěň. Ŋěàăćěŋáâćă (4.5) ĺ (4.6) ğăŕàěéăîâ ĺáŕőńìğőćăŋĺě áàěďáâć, ěáńĺ ŋě ğăćěàèěŋă àăğàăąőâłă ďăŋŋőčő áàěďáâćă ĺńĺ őďŋőčő ĺğ ćåőďïéĺå ć ěčő áőáâăć ãğńőć.

Ďńï ŕőńãçěŋĺï ŋĺęŋĺå őæěŋőł àăááňăâàĺň âàĺ íłćĺćăńěŋâŋëě äőàňãńĺàőćłĺ ğăďăçĺ (4.1){(4.7).

Ďőąăćĺň ł őčàăŋĺçěŋĺïň àăááňăâàĺćăěňőľ ğăďăçĺ áńěďãîéĺě ŋěàăćěŋáâćă: ∑ t∈T y_{kt} ≤ 1; k ∈ K; (4.8)

∑ t∈T z_{it} ≤ 1; i ∈ I; (4.9)

őâàăęăîéĺě âőâ äăłâ, çâő àăğàăąőâłă áàěďáâćă őďŋőčő ĺ âőčő ęě őąàăğæă ĺ ãğńă őďŋőčő ĺ âőčő ęě ćĺďă ŋě ňőęěâ ŕàőĺğćőďĺâáï ŋă àăááňăâàĺćăěňőň ŕàőňěęãâłě ŕńăŋĺàőćăŋĺï ąőńěě őďŋőčő àăğă. Ŕőńãçěŋŋãî ğăďăçã (4.1){(4.9) őąőğŋăçĺň çěàěğ W . Ŕőáłőńìłã őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (4.1){(4.7), őçěćĺďŋő, ãďőćńěâćőàïěâ ŋěàăćěŋáâćăň (4.8), (4.9), âő ŕőńãçěŋŋăï ğăďăçă W íłćĺćăńěŋâŋă ĺáåőďŋőľ. Řăááňőâàĺň âăłęě ŋěàăćěŋáâćă

max_{fi ≤t(j)} y_{kfi} ≥^∑_{i∈Ik} x_{ij}; k ∈ K; j ∈ J: (4.10)

ĺ ğăňěâĺň, çâő ŕàĺ ğăňěŋě őčàăŋĺçěŋĺľ (4.6) ğăďăçĺ W ŋă őčàăŋĺçěŋĺï (4.10) ŕőńãçăěň ğăďăçã íłćĺćăńěŋâŋãî ğăďăçě W . İâã ğăďăçã őąőğŋăçĺň çěàěğ S. Ŋăłőŋěæ, àăááňőâàĺň ğăďăçã, łőâőàãî ąãďěň őąőğŋăçăâì çěàěğ BS ĺ łőâőàăï ŕőńãçăěâáï ĺğ ğăďăçĺ W ďőąăćńěŋĺěň őčàăŋĺçěŋĺľ (4.10).

4.2 Ŋĺęŋĺě őæěŋłĺ

Ŕàěďńăčăěňëě Ńăčàăŋęěćë àěńăłáăæĺĺ ďńï ğăďăç W; S; BS áćïğăŋë á "ŕěàěŋőáőň" ć æěńěćãî äãŋłæĺî ãłăğăŋŋëå ğăďăç őčàăŋĺçěŋĺľ (4.2), (4.10). Ŕőíâőňã őąőğŋăçĺň çěàěğ –_j, j ∈ J, ňŋőęĺâěńĺ Ńăčàăŋęă, áőőâćěâáâćãîéĺě őčàăŋĺçěŋĺïň (4.2), ă çěàěğ ˛_{kj} ≥ 0, k ∈ K, j ∈ J | ňŋőęĺâěńĺ, áćïğăŋŋëě á őčàăŋĺçěŋĺïňĺ (4.10).

Řăááňőâàĺň Ńăčàăŋęěćã àěńăłáăæĺî LW ğăďăçĺ W ŕő őčàăŋĺçěŋĺïň (4.2).İâă ğăďăçă ĺňěěâ ćĺď: Ŋăľâĺ

Z_{LW} [(–_j)] = min^∑_{t∈T} {^∑_{i∈I}[c^∘_{it} z_{it}+g_{it} v_{it}+^∑_{j∈Jt}(c_{ij}−–_j) x_{ij}]+^∑_{k∈K} d^∘_{kt} y_{kt}}+^∑_{j∈J} –_j;

ŕàĺ ãáńőćĺïå (4.3)|(4.9).

Őąőğŋăçĺň çěàěğ LS Ńăčàăŋęěćã àěńăłáăæĺî ğăďăçĺ S ŕő őčàăŋĺçěŋĺïň (4.2), (4.10), łőâőàăï ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň: Ŋăľâĺ

Z_{LS}[(–_j); (˛_{kj})] = min^∑_{t∈T} {[^∑_{i∈I}[c^∘_{it} z_{it} + g_{it} v_{it}+ ∑ j∈J_t (cij − –j + ∑ k∈K_i ˛kj) xij] + ∑ k∈K (d^∘_{kt} −^∑_{j∈Jt} ˛_{kj}) y_{kt}}+^∑_{j∈J} –_j;

ŕàĺ őčàăŋĺçěŋĺïå (4.3){(4.5), (4.7){(4.9).

Ğăďăçă LBS, ŕőńãçăěňăï ć àěğãńìâăâě Ńăčàăŋęěćőľ àěńăłáăæĺĺ ğăďăçĺ BS ŕő őčàăŋĺçěŋĺïň (4.2), (4.10), ĺňěěâ âăłãî ęě æěńěćãî äãŋłæĺî, àăááňăâàĺćăěňãî ŕàĺ ãáńőćĺïå (4.3)|(4.9).

Ďćőľáâćěŋŋëě ğăďăçĺ ďńï ğăďăç LW; LS; LBS ğăŕĺáëćăîâáï áńěďãîéĺň őąàăğőň:

Z_{DLW} = max_{–j} Z_{LW} [(–_j)]; Z_{DLS} = max_{–j ;˛kj} Z_{LS} [(–_j); (˛_{kj})]; Z_{DLBS} = max_{–j ;˛kj} Z_{LBS} [(–_j); (˛_{kj})];

ĺ ďăîâ ŋĺęŋĺě őæěŋłĺ ďńï æěńěćőľ äãŋłæĺĺ ĺáåőďŋőľ ğăďăçĺ, łőâőàëě ąãďãâ ŋě åãęě çěň áőőâćěâáâćãîéĺě őæěŋłĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï [53].

Ćő ćâőàőľ čńăćě ąëńő ŕőłăğăŋő, çâő ćěńĺçĺŋë Z_{DLW} ; Z_{DLS} ŋěáàăćŋĺňë ňěęďã áőąőľ ďăęě ć áńãçăě T = 1. Ğăňěâĺň âăłęě, çâő Z_{DLBS} ≥ Z_{DLS} , âăł łăł ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ LBS áőďěàęĺâáï ć ňŋőęěáâćě ďőŕãáâĺňëå àěèěŋĺľ LS. Ŋăłőŋěæ, ğăňěâĺň, çâő Z_{DLBS} ≥ Z_{DLW} , ŕőáłőńìłã Z_{LBS} [(–_j); (0)] = Z_{LW} [(–_j)].

Šăłĺň őąàăğőň, ŕőńãçăěň, çâő őæěŋłĺ Z_{DLW} ĺ Z_{DLS} ŋěáàăćŋĺňë, ă őæěŋłă Z_{DLBS} ŋě åãęě ďćãå ďàãčĺå. Ć íâőň áňëáńě őæěŋłă Z_{DLBS} ŕàěďŕőçâĺâěńìŋěě őáâăńìŋëå. Őďŋăłő ŕàĺ ĺáŕőńìğőćăŋĺĺ ŋĺęŋĺå őæěŋőł ŕőňĺňő ćěńĺçĺŋë ĺňěěâ ğŋăçěŋĺě ĺ âàãďőěňłőáâì ĺå ćëçĺáńěŋĺï, łőâőàăï ğăćĺáĺâ őâ łőńĺçěáâćă ňŋőęĺâěńěľ Ńăčàăŋęă ĺ âàãďőěňłőáâĺ àěèěŋĺï áőőâćěâáâćãîéĺå àěńăłáĺàőćăŋŋëå ğăďăç. Ŕő íâőňã ŕőłăğăâěńî őæěŋłă Z_{DLBS} ňőęěâ ŕàőĺčàëćăâì ďćãň ďàãčĺň. Ć áĺńã íâőčő ŋĺęě áâàőïâáï ăńčőàĺâňë àěèěŋĺï ďńï ćáěå âàěå àăááňőâàěŋŋëå ğăďăç.

4.3 Ăńčőàĺâňë àěèěŋĺï àěńăłáĺàőćăŋŋëå ğăďăç

Ŕőłăęěň, çâő ďńï łăęďőľ ĺğ ŕàĺćěďěŋŋëå ćëèě ğăďăç LW; LS; LBS ňőęěâ ąëâì ŕőáâàőěŋ íääěłâĺćŋëľ ăńčőàĺâň.

Řăááňőâàĺň ğăďăçã LS ĺ ğăňěâĺň, çâő őŋă àăáŕăďăěâáï ŋă ğăďăçã S_0, ĺňěîéãî ćĺď: Ŋăľâĺ Z_0 = min^∑_{t∈T}^∑_{k∈K}(d_{kt} −^∑_{j∈Jt} ˛_{kj})y_{kt}

ŕàĺ őčàăŋĺçěŋĺïå (4.7), (4.8), ĺ áěàĺî ğăďăç S_i, i ∈ I, čďě S_i ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň: Ŋăľâĺ

Z_i =^∑_{t∈T} {c^∘_{it} z_{it} + g_{it} v_{it} +^∑_{j∈Jt}(c_{ij} − –_j +^∑_{k∈Ki} ˛_{kj}) x_{ij}}

ŕàĺ áőőâćěâáâćãîéĺå ãáńőćĺïå (4.3) { (4.5), (4.7), (4.9).

Ğăďăçă S_0 àěèăěâáï âàĺćĺăńìŋő ĺ áćőďĺâáï ł őâëáłăŋĺî ďńï ćáïłőčő k ∈ K ŋăĺňěŋìèěľ ĺğ ćěńĺçĺŋ (d_{kt} −^∑_{j∈Jt} ˛_{kj}), t ∈ T .

Ğăďăçĺ S_i, i ∈ I á âőçŋőáâìî ďő łőíääĺæĺíŋâőć áőćŕăďăîâ á ğăďăçăňĺ S_i ĺğ ŕăàăčàăäă 3.2 ŕàĺ ȷ = T ĺ àěèăěâáï ăŋăńőčĺçŋő á âàãďőěňłőáâìî O(JT^2 + J lg J). Őąéăï âàãďőěňłőáâì ăńčőàĺâňă

O(K) + I ∗ O(JT^2 + J lg J)) = O(IJ(T^2 + lg J) + K):

Ďńï ğăďăçĺ LW ŕőłăęěň áŕàăćěďńĺćőáâì áńěďãîéěľ âěőàěňë, ãáâăŋăćńĺćăîéěľ ćőğňőęŋőáâì ŕőáâàőěŋĺï íääěłâĺćŋőčő ăńčőàĺâňă ěě àěèěŋĺï.

Šěőàěňă 10 Ğăďăçă LW áćőďĺâáï ł ğăďăçě ő ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňă őâ ąãńěćëå ŕěàěňěŋŋëå á ŋěŕőńőęĺâěńìŋëňĺ łőíääĺæĺěŋâăňĺ ŕàĺ ŋěńĺŋěľŋëå çńěŋăå.

Ďőłăğăâěńìáâćő. Ďńï ŕőáâàőěŋĺï áőőâćěâáâćãîéěčő ŕőńĺŋőňă àăááňőâàĺň àïď ŕàőňěęãâőçŋëå ğăďăç, ł łőâőàëň áćőďĺâáï ğăďăçă LW .

Ŕěàćăï ĺğ íâĺå ğăďăç áâàőĺâáï á ĺáŕőńìğőćăŋĺěň áěàĺĺ ćáŕőňőčăâěńìŋëå ğăďăç W_{i„}, i ∈ I, „ ∈ T , ăŋăńőčĺçŋëå àăááňőâàěŋŋëň ć ŕăàăčàăäě 3.2 ğăďăçăň S_{i„}. Ğăďăçă W_{i„} ĺňěěâ ćĺď: Ŋăľâĺ

Z_{i„} = min^∑_{t∈T;t≥„}{g_{it} v_{it} +^∑_{j∈Jt}(c_{ij} − –_j) x_{ij}} (4.11)

ŕàĺ ãáńőćĺïå (3.15) { (3.17).

Ŕőńőęĺň r_{i„} = − min(0; Z_{i„} + c^∘_{i„}); i ∈ I; „ ∈ T : Šőčďă ğăďăçă LW íłćĺćăńěŋâŋă áńěďãîéěľ ğăďăçě: Ŋăľâĺ

min^∑_{t∈T} (^∑_{k∈K} d^∘_{kt}y_{kt} −^∑_{i∈I} r_{it}z_{it}) +^∑_{j∈J} –_j (4.12)

ŕàĺ őčàăŋĺçěŋĺïå (4.6){(4.9).

Ğăňěâĺň, çâő á ãçěâőň ćĺďă őčàăŋĺçěŋĺľ (4.6) ňőęŋő áçĺâăâì, çâő ŕàĺ ńîąőň k ∈ K ćěńĺçĺŋë d^∘_{kt}, t ∈ T , ĺ ŕàĺ ńîąőň i ∈ I ćěńĺçĺŋë r_{it}, t ∈ T , őąàăğãîâ ŋěćőğàăáâăîéĺě ŕő t ŕőáńěďőćăâěńìŋőáâĺ.

Ŕěàěŕĺèěň ŕőáńěďŋîî ğăďăçã, ććěďï ŋőćëě ŕěàěňěŋŋëě

k_t =^{t∑}_{fi =1} y_{kfi} ; k ∈ K; t ∈ T ; (4.13)

”_{it} =^{t∑}_{fi =1} y_{ifi} ; i ∈ I; t ∈ T ; (4.14)

ă âăłęě áńěďãîéĺě őąőğŋăçěŋĺï

h_{kt} = d^∘_{kT} ; ěáńĺ t = T; d^∘_{kt} − d^∘_{kt+1}; ěáńĺ t ≠ T

, f_{it} = r_{iT} ; ěáńĺ t = T; r_{it} − r_{it+1}; ěáńĺ t ≠ T:

Ĺğ ãáńőćĺľ (4.8) ĺ (4.9) áńěďãěâ, çâő ŕěàěňěŋŋëě _{kt}; ”_{it}, ąãńěćë. Ĺáŕőńìğãï ććěďěŋŋëě őąőğŋăçěŋĺï, ğăďăçã LR_W ňőęŋő ğăŕĺáăâì áńěďãîéĺň őąàăğőň Ŋăľâĺ

min^∑_{t∈T} (^∑_{k∈K} h_{kt}_{kt} −^∑_{i∈I} f_{it}”_{it}) +^∑_{j∈J} –_j (4.15)

ŕàĺ ãáńőćĺïå

k_t ≥ ”_{it}; k ∈ K_i; i ∈ I; t ∈ T ; (4.16)

k_t ≥ _{kt−1}; k ∈ K; t ∈ T ; t ≠ 1; (4.17)

”_{it} ≥ ”_{it−1}; i ∈ I; t ∈ T ; t ≠ 1; (4.18)

”_{it}; _{kt} ∈ {0; 1}; i ∈ I; k ∈ K; t ∈ T : (4.19)

Ěáńĺ ďńï àěèěŋĺľ (z_{it}); (y_{kt}) ĺ (_{kt}); (”_{it}) ćëŕőńŋïîâáï àăćěŋáâćă (4.13), (4.14), âő, łăł ŋěâàãďŋő ãćĺďěâì, ĺğ ďőŕãáâĺňőáâĺ őďŋőčő àěèěŋĺï áńěďãěâ ďőŕãáâĺňőáâì ďàãčőčő ĺ, łàőňě âőčő, ğŋăçěŋĺï áőőâćěâáâćãîéĺå æěńěćëå äãŋłæĺľ áőćŕăďăîâ. Śńěďőćăâěńìŋő, ğăďăçă (4.15){(4.19) ĺ ğăďăçă (4.12), (4.6){(4.9) íłćĺćăńěŋâŋë.

Şáńőćĺï (4.16) ĺ (4.18) ňőęŋő ğăňěŋĺâì àăćěŋáâćăňĺ

”_{it} =^∏_{k∈Ki} _{kt}; i ∈ I; t ∈ T : (4.20)

Ďěľáâćĺâěńìŋő, ŕőáłőńìłã f_{it} ≥ 0, âő ć őŕâĺňăńìŋőň àěèěŋĺĺ ğăďăçĺ (4.15){(4.19) ”_{it} = 1 ć âőň áńãçăě, ěáńĺ ďńï ńîąőčő k ∈ K_i _{kt} = 1. Ŕàĺ íâőň, ěáńĺ ŕěàěňěŋŋëě _{kt} ãďőćńěâćőàïîâ ŋěàăćěŋáâćăň (4.17), âő ďńï őŕàěďěńěŋŋëå âăłĺň őąàăğőň ŕěàěňěŋŋëå ”_{it} ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (4.18). Ŋěàăćěŋáâćă (4.17) âăłęě ňőęŋő ğăňěŋĺâì íłćĺćăńěŋâŋëňĺ àăćěŋáâćăňĺ

k_t(1 − _{kt+1}) = 0 k ∈ K; t ∈ T ; t ≠ T: (4.21)

Šěŕěàì ğăďăçă (4.15), (4.19){(4.21) ňőęěâ ąëâì ŕěàěäőàňãńĺàőćăŋă łăł ğăďăçă ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňă őâ ąãńěćëå ŕěàěňěŋŋëå ćĺďă

p(_{kt}) =^∑_{t∈T} (^∑_{k∈K} h_{kt}_{kt} −^∑_{i∈I} f_{it}^∏_{k∈Ki} _{kt}) + ˘^∑_{k∈K}^{T −1∑}_{t=1} _{kt}(1 − _{kt+1}) +^∑_{j∈J} –_j;

čďě ˘{ ďőáâăâőçŋő ąőńìèőě çĺáńő, âăłőě, çâő ďńï őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ ňĺŋĺňĺğăæĺĺ ďăŋŋőčő ŕőńĺŋőňă ćëŕőńŋěŋë ãáńőćĺï (4.21). Ğăňěâĺň, çâő ŕőáâàőěŋŋëľ ŕőńĺŋőň ŋě ĺňěěâ ŕőńőęĺâěńìŋëå łőíääĺæĺěŋâőć ŕàĺ ŋěńĺŋěľŋëå çńěŋăå. İâő ğăňěçăŋĺě ğăćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë.

Ĺğćěáâŋő [1], çâő ğăďăçă ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňă őâ ąãńěćëå ŕěàěňěŋŋëå á ŋěŕőńőęĺâěńìŋëňĺ łőíääĺæĺěŋâăňĺ ŕőńĺŋőňĺăńìŋő áćőďĺâáï ł ğăďăçě ő ňĺŋĺňăńìŋőň àăğàěğě ć ďćãďőńìŋőľ áěâĺ S(V; U; E) á çĺáńőň ćěàèĺŋ ć ňŋőęěáâćăå V ĺ U àăćŋëň áőőâćěâáâćěŋŋő çĺáńã ŕěàěňěŋŋëå ĺ çĺáńã ŋěńĺŋěľŋëå çńěŋőć ŕőńĺŋőňă. Ŕőíâőňã, äăłâĺçěáłĺ, ďőłăğăŋŋăï âěőàěňă ãáâăŋăćńĺćăěâ áćőďĺňőáâì ğăďăçĺ LW ł ğăďăçě ő ňĺŋĺňăńìŋőň àăğàěğě ć ďćãďőńìŋőľ áěâĺ. Šăłőľ àăğàěğ ňőęěâ ąëâì ŕőáâàőěŋ ăńčőàĺâňőň á âàãďőěňłőáâìî O(|V |^2 ∗ |U|) [41]. Šàãďőěňłőáâì áćěďěŋĺï őŕàěďěńïěâáï âàãďőěňłőáâìî àěèěŋĺï ğăďăç W_{i„} ĺ àăćŋă O(IJ(T^2 + lg J)). Śńěďőćăâěńìŋő ďńï àěèěŋĺï ğăďăçĺ LW ŕőńãçăěň ăńčőàĺâň âàãďőěňłőáâĺ O(K^2 ∗ (K + I) ∗ T^3 + IJ(T^2 + lg J)).

Ŋĺęě áâàőĺâáï ěéě őďŋă áěâì, ł ğăďăçě ő ňĺŋĺňăńìŋőň àăğàěğě ć łőâőàőľ áćőďĺâáï ğăďăçă LW . İâă áěâì ŋě ïćńïěâáï ďćãďőńìŋőľ, ŋő áőďěàęĺâ ňěŋìèěě łőńĺçěáâćő ćěàèĺŋ ĺ, áńěďőćăâěńìŋő, ŕàěďŕőçâĺâěńìŋěě ŕàĺ ĺáŕőńìğőćăŋĺĺ ŕàőáâěľèĺå ăńčőàĺâňőć őâëáłăŋĺï ňĺŋĺňăńìŋőčő àăğàěğă, ĺňěîéĺå łãąĺçěáłãî őæěŋłã âàãďőěňłőáâĺ.

Řăááňőâàĺň áěâì S(V; E) (áň. Řĺá.4.1) á ĺáâőçŋĺłőň S, áâőłőň S^′, ňŋőęěáâćőň ćěàèĺŋ V = V_1^⋃ V_2 ĺ ňŋőęěáâćőň ďãč E = E_1^⋃ E_2^⋃ E_3^⋃ E_4, čďě V_1 = {(k; t) = k ∈ K; t ∈ T }; V_2 = {(i; t) = i ∈ I; t ∈ T };

j j S S^0

V1

Rjz-:
`*

e e e q e

(1,T)

(1,T-1)

(1,T-2)

(1,1) e e e e

(2,T)

(2,T-1)

(2,T-2)

(2,1)

e e e e

(K,T)

(K,T-1)

(K,T-2)

(K,1)

q q q q

q

V2 e e e q e

(1,T)

(1,T-1)

(1,T-2)

(1,1) e e e e

(2,T)

(2,T-1)

(2,T-2)

(2,1) e e e e

(I,T)

(I,T-1)

(I,T-2)

(I,1)

q q q q

q

 ?
 ?

 ?
 ?

 ?
 ?

                 -
                 -
                 -
                 -

                 -
                 -
                 -
                 -

                 q
                 q
                 q
                 q

                 j
                 j
                 j
                 j

`
>
>
*
1-
-
-

j
~
~
R

Řĺá. 4.1:

E_1 = {(S; (k; t)) = k ∈ K; t ∈ T }; E_2 = {((i; t); S^′) = i ∈ I; t ∈ T };

E_3 = {((k; t); (i; t)) = i ∈ I; k ∈ K_i; t ∈ T }; E_4 = {e = ((k; t); (k; t − 1)) = k ∈ K; t ∈ T ; t ≠ 1}:

Ŋă ňŋőęěáâćě ďãč E őŕàěďěńĺň äãŋłæĺî ŕàőŕãáłŋëå áŕőáőąŋőáâěľ w, ŕőńăčăï

w(S; (k; t)) = h_{kt}; k ∈ K; t ∈ T ; w((i; t); S^′) = f_{it}; i ∈ I; t ∈ T ;

ĺ áçĺâăï, çâő ŋă íńěňěŋâăå ňŋőęěáâćă E_3^⋃ E_4 ŕàőŕãáłŋăï áŕőáőąŋőáâì ŋě őčàăŋĺçěŋă.

Šěőàěňă 11 Ğăďăçă LR_W ŕőńĺŋőňĺăńìŋő áćőďĺâáï ł ğăďăçě ő ňĺŋĺňăńìŋőň àăğàěğě ć áěâĺ S(V; E).

Ďőłăğăâěńìáâćő. Ŕãáâì (W_1; W_2) | àăğàěğ ŋăĺňěŋìèěľ ŕàőŕãáłŋőľ áŕőáőąŋőáâĺ. Šő ěáâì ňŋőęěáâćă W_1; W_2 âăłĺě, çâő W_1^⋂ W_2 = ∅; W_1^⋃ W_2 = V; S ∈ W_1; S^′ ∈ W_2 ĺ áãňňă ŕàőŕãáłŋëå áŕőáőąŋőáâěľ àěąěà á ŋăçăńőň ć W_1 ĺ łőŋæőň ć W_2 ňĺŋĺňăńìŋă.

Ďńï ńîąëå i ∈ I; k ∈ K_i; t ∈ T ňĺŋĺňăńìŋëľ àăğàěğ áěâĺ S(V; E) őąńăďăěâ áńěďãîéĺň áćőľáâćőň. Ěáńĺ (k; t) ∈ W_1, âő ďńï ńîąőčő fi ≤ t (k; fi) ∈ W_1 ĺ (i; fi) ∈ W_1. Ć ŕàőâĺćŋőň áńãçăě áãéěáâćãěâ ďãčă ĺğ W_1 ć W_2 ŋěőčàăŋĺçěŋŋőľ ŕàőŕãáłŋőľ áŕőáőąŋőáâĺ. Ăŋăńőčĺçŋő, ěáńĺ (i; t) ∈ W_2, âő ďńï ńîąőčő fi ≥ t (k; fi) ∈ W_2 ĺ (i; fi) ∈ W_2.

Ŕőáâàőĺň ŕő àăğàěğã (W_1; W_2) àěèěŋĺě (z_{it}); (y_{kt}) ğăďăçĺ LW . Ďńï íâőčő ććěďěň áńěďãîéĺě őąőğŋăçěŋĺï. Ďńï ńîąőčő i ∈ I çěàěğ t(i) őąőğŋăçĺň ŋăĺňěŋìèĺľ ŋőňěà t ∈ T ďńï łőâőàőčő (i; t) ∈ W_2 ĺ ąãďěň áçĺâăâì t(i) = T + 1, ěáńĺ âăłőčő ŋőňěàă ŋě áãéěáâćãěâ. Ďńï ńîąőčő k ∈ K çěàěğ fi(k) őąőğŋăçĺň ŋăĺňěŋìèĺľ ŋőňěà t ∈ T ďńï łőâőàőčő (k; t) ∈ W_2 ĺ ąãďěň áçĺâăâì fi(k) = T + 1, ěáńĺ âăłőčő ŋőňěàă ŋě áãéěáâćãěâ. Ŕőńőęĺň

y_{kt} =

1; ěáńĺ t = fi_k; 0; ĺŋăçě

, z_{it} =

1; ěáńĺ t = t_i; 0; ĺŋăçě:

Ğăňěâĺň, çâő ŕőáâàőěŋŋőě àěèěŋĺě ïćńïěâáï ďőŕãáâĺňëň. Ďěľáâćĺâěńìŋő, ŋěàăćěŋáâćă (4.8), (4.9), őçěćĺďŋő, ćëŕőńŋïîâáï. Şáńőćĺě (4.6) áŕàăćěďńĺćő, ŕőáłőńìłã, ěáńĺ (i; t) ∈ W_2, âő ďńï ńîąőčő k ∈ K_i (k; t) ∈ W_2 ĺ, áńěďőćăâěńìŋő, fi(k) ≤ t(i).

Ŕãáâì (z_{it}); (y_{kt}) ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ LW . Ŕőáâăćĺň ěňã ć áőőâćěâáâćĺě áńěďãîéĺľ àăğàěğ áěâĺ S(V; E). Ďńï ńîąëå k ∈ K; t ∈ T ŕőńőęĺň (k; t) ∈ W_2, ěáńĺ^{∑t}_{fi =1} y_{kfi} = 1 ĺ (k; t) ∈ W_1, ć ŕàőâĺćŋőň áńãçăě. Ďńï ńîąëå i ∈ I; t ∈ T ŕőńőęĺň (i; t) ∈ W_2, ěáńĺ^{∑t}_{fi =1} z_{kfi} = 1 ĺ (i; t) ∈ W_1, ć ŕàőâĺćŋőň áńãçăě. Ŕőáâàőěŋŋëľ âăłĺň őąàăğőň àăğàěğ (W_1; W_2), őçěćĺďŋő, őąńăďăěâ őâňěçěŋŋëň áćőľáâćőň ňĺŋĺňăńìŋőčő àăğàěğă.

Ŕőłăęěň, çâő ďńï áőőâćěâáâćãîéĺå ďàãč ďàãčã àăğàěğě (W_1; W_2) ĺ àěèěŋĺĺ (z_{it}); (y_{kt}) ćěńĺçĺŋă ŕàőŕãáłŋőľ áŕőáőąŋőáâĺ àăğàěğă Z(W_1; W_2) ĺ ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ LW őâńĺçăîâáï ŋă ŋěğăćĺáĺňãî łőŋáâăŋâã. Ďěľáâćĺâěńìŋő, ňőęŋő ŋăŕĺáăâì

Z(W_1; W_2) =^∑_{(k;t)∈W2} h_{kt} +^∑_{(i;t)∈W1} f_{it} =^∑_{k∈K}^{T∑}_{t=fi (k)} h_{kt} +^∑_{i∈I}^{t(i)−1∑}_{t=1} f_{it} =^∑_{k∈K} d_{kfi (k)} +^∑_{i∈I}(r_{i1} − r_{it(i)}) =^∑_{k∈K}^∑_{t∈T} d_{kt}y_{kt} +^∑_{i∈I}(r_{i1} −^∑_{t∈T} r_{it}z_{it}) =^∑_{i∈I} r_{i1} +^∑_{t∈T}{^∑_{k∈K} d^∘_{kt}y_{kt} −^∑_{i∈I} r_{it}z_{it}}:

Őâáîďă áńěďãěâ, çâő ěáńĺ (W_1; W_2) | ňĺŋĺňăńìŋëľ àăğàěğ, âő (z_{it}); (y_{kt}) | őŕâĺňăńìŋőě àěèěŋĺě. İâő ğăćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë.

Ć [27] ďńï ŕàěďŕőâőłőćőčő ăńčőàĺâňă ŕőáâàőěŋĺï ňĺŋĺňăńìŋőčő àăğàěğă ĺğ [40] ďőłăğăŋă áńěďãîéăï őæěŋłă ćàěňěŋŋőľ áńőęŋőáâĺ: O(|V |^2 ∗ √ |E|). Ŕàĺňěŋĺâěńìŋő ł áěâĺ S íâă őæěŋłă ĺňěěâ ćĺď O((K + I)^2 ∗ T^2 ∗ √ K ∗ I ∗ T ). Śńěďőćăâěńìŋő, ďńï ğăďăçĺ LW ŕőńãçăěň ăńčőàĺâň á őæěŋłőľ âàãďőěňłőáâĺ O((K + I)^2 ∗ T^2 ∗ √ K ∗ I ∗ T + IJ(T^2 + lg J)).

Ğăňěâĺň âěŕěàì, çâő ğăďăçă LBS őâńĺçăěâáï őâ ğăďăçĺ LW âőńìłő łőíääĺæĺěŋâăňĺ ć æěńěćőľ äãŋłæĺĺ. Ŕőíâőňã ďńï àěèěŋĺï íâőľ ğăďăçĺ ňőčãâ ąëâì ĺáŕőńìğőćăŋë âě ęě ăńčőàĺâňë, çâő ĺ ďńï ğăďăçĺ LW .

Śŕĺáőł ńĺâěàăâãàë

[1] Ăčěěć Ă.Ă. Ő ňĺŋĺňĺğăæĺĺ ŋěłőâőàëå ŕőńĺŋőňőć őâ ąãńěćëå ŕěàěňěŋŋëå. // Űěńőçĺáńěŋŋëě íłáâàěňăńìŋëě ğăďăçĺ (Şŕàăćńïěňëě áĺáâěňë). Ŋőćőáĺąĺàáł, 1981. Ćëŕ. 21, 3{5.

[2] Ąěàěáŋěć Ć.Ń. Ő ğăďăçě ćëąőàă őŕâĺňăńìŋëå àïďőć ĺğďěńĺľ ĺ łőňŕńěłâãîéĺå ãğńőć. I. // Őŕâĺňăńìŋëě ŕàőæěááë (Şŕàăćńïěňëě áĺáâěňë). Ŋőćőáĺąĺàáł, 1977. Ćëŕ. 16. 35{46.

[3] Ąěàěáŋěć Ć.Ń., Čĺňăďĺ İ.Ţ., Ďěňěŋâìěć Ć.Š. İłáâàěňăńìŋëě ğăďăçĺ áâăŋďăàâĺğăæĺĺ. { Ŋőćőáĺąĺàáł: Ŋăãłă, 1978.

[4] Ąěàěáŋěć Ć.Ń., Ĺąàăčĺňőć Č.Ĺ., Łőçěâőć đ.Ă. Ăńčőàĺâňë àěèěŋĺï ğăďăçĺ őŕâĺňăńìŋőčő ćëąőàă ďĺŋăňĺçěáłőčő àïďă ĺğďěńĺľ. //Ğăďăçĺ ŕőĺáłă őŕâĺňăńìŋëå àěèěŋĺľ (Şŕàăćńïěňëě áĺáâěňë).Ŋőćőáĺąĺàáł, 1984. Ćëŕ. 24, 3{19.

[5] Čńěąőć Ŋ.Ĺ., Ďěňěŋâìěć Ć.Š., Śëçěć Ă.Ŋ. Ő ďĺŋăňĺłě àăğćĺâĺï őďŋőàőďŋëå âěåŋĺçěáłĺå áàěďáâć. //Şŕàăćńïěňëě áĺáâěňë. Ŋőćőáĺąĺàáł, 1971. Ćëŕ. 8, 51{67.

[6] Čőŋçăàőć Ě.Ŋ. Ňăâěňăâĺçěáłăï ňőďěńì ĺ ňěâőď àěèěŋĺï ďćãåãàőćŋěćőľ ğăďăçĺ áâăŋďăàâĺğăæĺĺ. // Ňőďěńĺ ĺ ňěâőďë őŕâĺňĺğăæĺĺ. Ŋőćőáĺąĺàáł: Ĺŋáâĺâãâ ňăâěňăâĺłĺ ŚŐ ŘĂŊ, 1994. 77{90.

[7] Číàĺ Ň., Ďęőŋáőŋ Ď., Ćëçĺáńĺâěńìŋëě ňăèĺŋë ĺ âàãďŋőàěèăěňëě ğăďăçĺ. Ňőáłćă: Ňĺà, 1982.

[8] Ĺąàăčĺňőć Č.Ĺ. Ő ğăďăçě ćëąőàă őŕâĺňăńìŋőčő ďĺŋăňĺçěáłőčő àïďă á őčàăŋĺçěŋŋëň ćàěňěŋěň ęĺğŋĺ ĺğďěńĺľ. //Ğăďăçĺ ŕőĺáłă őŕâĺňăńìŋëå àěèěŋĺľ (Şŕàăćńïěňëě áĺáâěňë).Ŋőćőáĺąĺàáł, 1984. Ćëŕ. 24, 30{34.

[9] Łőńőłőńőć Ă.Ă. Řěčãńïàŋëě àăğąĺěŋĺï ĺ őâáěçěŋĺï ć æěńőçĺáńěŋŋőň ŕàőčàăňňĺàőćăŋĺĺ. // Śĺąĺàáłĺľ ęãàŋăń ĺááńěďőćăŋĺï őŕěàăæĺľ. Ŋőćőáĺąĺàáł, 1994. N.2, 18-39.

[10] Łőńőłőńőć Ă.Ă., Ńěćăŋőćă Š.Ć. Ăńčőàĺâňë ďěłőňŕőğĺæĺĺ ĺ ŕěàěąőàă L-łńăááőć ďńï àěèěŋĺï ŋěłőâőàëå ğăďăç àăğňěéěŋĺï. // Ćěáâŋĺł Őňáłőčő ãŋĺćěàáĺâěâă. Őňáł, 1996. Š.1, 21-23.

[11] Łőçěâőć đ.Ă. Ğăďăçĺ őŕâĺňăńìŋőčő ćëąőàă áőáâăćă áĺáâěň âěåŋĺçěáłĺå áàěďáâć ŕàĺ ňŋőčőíâăŕŋőň ŕàőæěááě ćëŕőńŋěŋĺï àăąőâ. Ŋőćőáĺąĺàáł, 1987. (Ŕàěŕàĺŋâ/ ĂŊ ŚŚŚŘ. Śĺą. őâď-ŋĺě. Ĺŋ-â ňăâěňăâĺłĺ. N. 12)

[12] Łőçěâőć đ.Ă., Ŕăéěŋłő Ň.Č. Ńăčàăŋęěćë àěńăłáăæĺĺ ć ğăďăçě ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë âěåŋĺçěáłĺå áàěďáâć. // Őŕâĺňĺğăæĺï ďĺáłàěâŋëå áâàãłâãà (Şŕàăćńïěňëě áĺáâěňë). Ŋőćőáĺąĺàáł, 1993. Ćëŕ. 31. Ś. 26{39.

[13] Łőçěâőć đ.Ă., Ŕăéěŋłő Ň.Č. Ďĺŋăňĺçěáłĺě ğăďăçĺ ćëąőàă őŕâĺňăńìŋőčő áőáâăćă áĺáâěňë âěåŋĺçěáłĺå áàěďáâć. //Ďĺáłàěâŋëľ ăŋăńĺğ ĺ ĺááńěďőćăŋĺě őŕěàăæĺľ. 1995. Š 2, N 1, 36{49.

[14] Łőçěâőć đ.Ă., Ŕăéěŋłő Ň.Č. Ŋĺęŋĺě őæěŋłĺ ć ğăďăçě ćëąőàă áőáâăćă ďćãåãàőćŋěćőľ áĺáâěňë âěåŋĺçěáłĺå áàěďáâć. //Ďĺáłàěâŋëľ ăŋăńĺğ ĺ ĺááńěďőćăŋĺě őŕěàăæĺľ. 1995. Š 2, N 4, 32{41.

[15] Ňĺåăńěćĺç Ć.Ś., Šàãąĺŋ Ć.Ă., Ÿőà Ŋ.Ğ. Őŕâĺňĺğăæĺőŋŋëě ğăďăçĺ ŕàőĺğćőďáâćěŋŋő{âàăŋáŕőàâŋőčő ŕńăŋĺàőćăŋĺï. Ňőáłćă: Ŋăãłă, 1986.

[16] Ŕăéěŋłő Ň.Č. Ăńčőàĺâň ćëçĺáńěŋĺï ŋĺęŋěľ čàăŋĺæë ďńï ďĺŋăňĺçěáłőľ ğăďăçĺ őŕâĺňăńìŋőčő ćëąőàă áőáâăćă áĺáâěň âěåŋĺçěáłĺå áàěďáâć á őčàăŋĺçěŋĺïňĺ ŋă őąêěňë ŕàőĺğćőďáâćă. //Ňőďěńĺ ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ (Şŕàăćńïěňëě áĺáâěňë). Ŋőćőáĺąĺàáł, 1989. Ćëŕ. 29, 57{71.

[17] Ŕăéěŋłő Ň.Č. Ŋĺęŋĺě őæěŋłĺ ďńï æěńěćőľ äãŋłæĺĺ ć ďĺŋăňĺçěáłőľ ğăďăçě ćëąőàă őŕâĺňăńìŋőčő áőáâăćă ďćãåãàőćŋěćőľ áĺáâěň âěåŋĺçěáłĺå áàěďáâć. //Ďĺáłàěâŋëľ ăŋăńĺğ ĺ ĺááńěďőćăŋĺě őŕěàăæĺľ. Śěàĺï 2. Ŋőćőáĺąĺàáł, 1997. Š. 4, N 1, 40{53.

[18] Ŕőńïł Ą.Š. Ňĺŋĺňĺğăæĺï ŋěčńăďłĺå äãŋłæĺőŋăńőć. ĘĆŇ ĺ ŇŤ.

1969. â. 9, 509{521.

[19] Šàãąĺŋ Ć.Ă., Ÿăàĺäőć Ť.Ă. Ŕàőáâěľèăï ňŋőčőíâăŕŋăï ğăďăçă àăğňěéěŋĺï ŋă ďàěćőćĺďŋőľ áěâĺ. // Łĺąěàŋěâĺłă ĺ áĺáâěňŋëľ ăŋăńĺğ. 1992. N. 6. Ś. 128{135.

[20] Ţăçăâãàőć Ć.Ř., Ăáâăåőć Ŋ.Ď. Ďĺŋăňĺçěáłĺě ğăďăçĺ àăğňěéěŋĺï (ňőďěńĺ ĺ ňěâőďë àěèěŋĺï). // İłőŋőňĺłă ĺ ňăâěňăâĺçěáłĺě ňěâőďë. 1976. Š.12, ćëŕ.1. Ś. 93{109.

[21] Ahn S., Cooper C., Cornuejols G., Frieze A. Probabilistic analysis of a relaxation for the K{median problem. // Math. Oper. Res. 1988. V. 13, N. 1. P. 1{31.

[22] Ballou R. Dynamic warehouse location analysis. //Journal of Marketing Research. 1968. V 5, 271{276.

[23] Barros A.I., Labbe M. A general model for uncapacitated facility and depot location problem. //Location Science. 1994. V 2, 173{191.

[24] Chardaire P., Sutter A., Costa M. Solving the dynamic facility location problem. //Networks. 1996. V 28, 117{124.

[25] Christo˛des N., Beasley R. Extensions to a Lagrangean relaxation approach for the capacitated warehouse location problem. // European Journal of Operational Research. 1984. Vol.12. P.19{28.

[26] Cornuejols G., Sridharan R., Thizy J.M. A comparison of heuristics and relaxation for the capacitated plant location problem. // European Journal of Operational Research. 1991. Vol.50. P.280{297.

[27] Cyeryan J., Maheshwari S.N. Analysis of pre‚ow push algorithms for maximum network ‚ow. // SIAM Journal on Computing. 1989. V 18, 1057{1086.

[28] Dyer M.E. A O(n) algorithm for the multiple { choice knapsack linear program. // Math. Programming. 1984. V. 29, N. 1. P. 57{63.

[29] Erlenkotter D. A dual-based procedure for uncapacitated facility location. //Operetions Research. 1978. V 26, 992{1009.

[30] Erlenkotter D. A comparative study of approaches to dynamic location problems. // European J. Oper. Res. 1981. V. 6, N. 2. P. 133{143.

[31] Everett H. Generalized lagrange multiplier method for solving problems of optimum allocation of resources. //Operetions Research. 1963. V 11, 399{417.

[32] Fisher M.L. Optimal solution of scheduling problems using lagrange multipliers. //Operetions Research. 1973. V 21, 1114{1127.

[33] Fisher M.L. The lagrangian relaxation method for solving integer programming problems. //Management Science. 1981. V 27, 1{18.

[34] Fisher M.L., Shapiro J.F. Constructive duality in integer programming. //SIAM J. Appl. Math. 1974. V 27, 31{52.

[35] Fisher M.L., Nortrup W.D., Shapiro J.F. Using duality to solve discrete optimization problems: Theory and Computational experience. // Mathematical Programming Study. 1975. V 3, 56{94.

[36] Fisher M.L., Kedia P. Optimal solution of set covering partitiong problems using dual heuristics. // Management Science. 1990. Vol.36, N.6. P.674{688.

[37] Galvao R.D., Santibanez-Gonzalez E. A lagrangean heuristic for the p_k-median dynamic location problem. //European Journal of Operation Research. 1992. V 58, 250{262.

[38] Gao L.L., Robinson Jr E.P. A dual-based optimization procedure for the two-echelon uncapacitated facility location problem. //Naval Research Logistics. 1992. V 39, 191{212.

[39] Geo¸rion A.M. Lagrangian relaxation for integer programming. // Mathematical Programming Study. 1974. V 2, 82{114.

[40] Goldberg A.V., Tarjan R.E. A new approach to the maximum ‚ow problem. //Journal of ACM. 1988. V 35, 921{940.

[41] Dan Gus˛eld, Charles Martel and David Fernandez-Baca Fast algorithms for bipartite network ‚ow. // SIAM Journal on Computing. 1987. V 16, 237{251.

[42] Held M., Karp R.M. The traveling salesman problem and minimum spaning trees. // Mathematical Programming. 1971. Vol.1. P.6{25.

[43] Held M., Wolfe P., Crowder H.D. Validation of subgradient optimization. // Mathematical Programming. 1974. Vol.6. P.62 -88.

[44] Jacobsen S.K. Heuristic solutions to dynamic plant location problems // Advances in Operations Research. Proceedings of EURO II. The Second European Congress on Operations Research.{ Amsterdam { New York { Oxford. 1977. P. 207{213.

[45] Jacobsen K. Multiperiod capacited location Models. Discrete Location Theory, Series in Discrete Mathematics and Optimization (Francis R.L. and Mirchandani P.B., Eds.). Wiley-Interscience, New York, 1990, 173{208.

[46] Krarup J., Pruzan P. Simple plant location problem, survey and synthesis. // European Journal of Operational Research. 1983. Vol.12. P.36{81.

[47] Martello S., Toth P. Linear assignment problems. // Ann. Discrete Math. Amsterdam: North-Holland 1987. V. 31. P. 259{282.

[48] Ro H., Tcha D. A branch and bound algorithm for the two{level uncapacitated facility location problem with some side constrains // European Journal of Operation Research. 1984. V 18, N 3, 343{358.

[49] Roodman G.M., Schwarz L.B. Extensions of the multi-period facility phase-out model: new procedures and applications to a phasein/phase-out problem. //AIIE Transactions. 1977. V 9, 103{107.

[50] Saldanha-da-Gama F., Captivo M.E. New approaches for the discrete dynamic location problem. //Working paper 10/96, University of Lisbon.

[51] Scott A.J. Dynamic location-allocation systems: some basic planning strategies. //Environment and Planning. 1971. V 3, 73{82.

[52] Shapiro J.F. Generalized lagrange multipliers in integer programming. //Operetions Research. 1971. V 19, 68{76.

[53] Shapiro J.F. A servey of Lagrangian techniques for discrete optimization. // Annals of discrete mathematics. 1979. Vol.5. P.113{ 138.

[54] Sridharan R. The capacitated plant location problem. // European Journal of Operation Research. 1995. V 87, 203{213.

[55] Tcha D., Lee B. A branch and bound algorithm for the multi{ level uncapacitated facility location problem // European Journal of Operation Research. 1984. V 18, N 1, 35{43.

[56] Van Roy T.J., Erlenkotter D. A dual-based procedure for dynamic facility location. //Management Science. 1982. V 28, 1091-1105.

[57] Wesolowssky G.O. Dynamic facility location. //Management Science.

1973. V 19, 1241-1248.

[58] Wesolowssky G.O., Truscott W.G. The multiperiod facility locationallocation problem with relocation of facilities. //Management Science. 1975. V 22, 57{65.