BBeeHHe B TEOPUIO pACTIUCAHUU

PaccMaTpuBaroTCs 1Ba MHOKECTBA:
M= {M;, M,,..., M,,;} — MamuHbl (CTaHKH, IIPOLIECCOPLI, OPUTAJIBL, ...)

J=A{J1, Jo..., I} — paloThI (3a4aHMs, MAKSTHI 3a/a4, ...)

® Pacnucanue — YKA3aHHUC, Ha KAdKHX MalllMHAX W B KAdKOC BpPCMs HAOJIKHBI

BBIIIOJIHATHCS PaOOTHI.

B xaxJ1plii MOMEHT BPEMEHHU KaxKJiasi MallliHA BBINIOJHAET HE 00Jiee 0JIHON padoThI,

U Kakaas paboTa BBIMIOJHAETCSA HA OJJHON MalllMHE WJIM HE BBIIOJIHSICTCS BOBCE.
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/IBa Tuna nuarpamm I'anrra

O[HO pelreHue, NpeICTABICHHOE HA ABYX AUarpaMmmax

M
M3 J3 J2 J4 2
J3 M3 Ml
My 5 J4 5| M, M;
M Ji J3 R J1 M, R
't 't
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XapakTepuCTUKH PadoT

Pabotsl cocrost u3 onepauwii: J; ={0; ,0;, ..., 0; }

n
Omnepanys O; TpeOyeT p;; BPEMEHU M MOXKET BBLIINOIHATLCSA HA OJAHOM M3 MallUH
J

MHOX€ECTBA L < {My,..., My}.

Ecmm || =1, V ij, To moimy4aemM MOZEIb C IIPEANUCAHUSAMH.

Ecmy || = m, ¥V ij, TO momy4aeM MOJENb € IapaulebHBIMA MallIMHAMMU.

J11s1 pa®bOTHhI J; U3BBECTHBI:
r; =2 0 — BpeMsi TOSIBJIEHUS TIEPBOU OllEpaluu OZ-1

d; 2 0 — IUpPEKTUBHOE BPEMs OKOHYAHUSA NociieiHen onepanuu O;
"

1

w; > 0 — BaXXHOCTb (BEC, 1IIEHHOCTh) PA0OTHI J;
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Kiaaccupurkanus 3a1a4 TeOpuy pacinucaHuu

Kparkas 3anuce 3agauu o | [ |y

O — XApPAKTEPUCTUKH MAIIIMH; [ — XapaKTEpUCTUKHU padoT;

y— 1iesieBast PyHKIMSA 33/1a4K;

Bapuantsl 1 [

[ = pmtn (preemption) pa3periaroTcs IpepbIBaHUS;

[ = prec (precedence relations) yciaoBHs OpellIeCTBOBAHUS HA MHOXKECTBE padOT
(enu, 1epeBbsl, CETH);

[3 = r; — BpeMs MOCTYIUICHUS Ha OOCITYKUBAHUE

B € {pij =1, p;i €10,1}; pii = pii(?), ...} — yTOYHEHHUS IJIs1 BPDEMEHH BBINIOJIHEHUS
OIIeparum.

[s = d; — NUPEKTUBHBIE CPOKH OKOHYAHUS PaA0OT;

[s = p-batching (s-batching) — pa®OThl pa30UBAIOTCA Ha TPYIIbI, U B KaXXA0MH
rpy1ie 0epercss MaKCUMyM (CyMMa) BPEMEH BBIIOJIHEHHUS PadoT;
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XapaKkTepuCTUKU MAIIUH
[Tone o cocToUT U3 ABYX YacTenl a = o
/| — XAPAKTEPUCTUKHU MAIlWH,

O — YHCJI0 MAIlHH.

Ecmu a1 €{9D, P, O, R}, To n; =1 V J;, To ecTh Kaxkaas padboTa COCTOUT POBHO M3
OJIHOU OIIEpaIrH.

o = & — i1 Kaxxa0u paOdOThI 3aJlaHa MaIllHA JIJISI €€ BBIIIOJTHCHUS,
o) = P — MallliHbI HapajijICibHbl U ONMHAKOBEI p;;i = p;,
a1 = () — MallKHbI IapaJUIeIbHbI, HO PAa3IU4aloTCsa CKOPOCTIAMH pji = p;/ §;,

o= R — MammuHbI ImapauiC/IbHbI, JJIUTCIIbHOCTH BBIITOJIHCHUS pa60T

IPOU3BOJBLHEI, HO p;;i = p;/ 8.
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Ecim a€{G, X, J, F, O}, T0 n; > 1, TO €CcThb y KaxJ0l padOTbl MOXKET OBITh
HECKOJIBKO OIEpaIuil.

ay = J (job shop, pabouuu yex) — y KaXI0i onepanuu cBOsA MamuHa | ;| = 1 n

IMHEHHBIN TIOPAZIOK BBINONIHEHNS onepanun O; = 0; —...=>0; .
o

1

oy = F (flow shop, nomoxosas nunus) — MallluHbl yropsigodeHnsl My, M,,..., M, n

Ka)kJast padoTa MPOXOJUT BCE MAllIMHEI B OTOM NOPAAKE, 1; = m U L = M;, Vi.

a1 = O (open shop, omkpelmas aunus) — Kaxaas padoTa COCTOUT U3 m Onepalui
(n; = m), HO ty; = { My,..., M, } ¥ Ha MHOXECTBE OIllepallMii HET YCJIOBUH

Ipe/IIIeCTBOBAHUS,
o = X (mixed shop, cmewannwit yuki) — cMmecb J u O,

o = G (general case) — NPOU3BOJBHBIN MOPSIOK NPEAIISCTBOBAHUS HA ONEPaIlU-

AX (KaK B KaJCHIApHOM IIAHUPOBAHUN).
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LlesieBbIe QYHKIIMM

O0o03HaYuM 4yepe3 ¢; — BpeMsi OKOHYaHUs paboThl J;. PaccmarpuBaroTcst aBa TUIIa
MUHUMUIUPYEMBIX TEIIEBBIX (DYHKIUN:

fley=max fi(c;), f(e)=Dfi(e).
! i=1

IIpumepsl HeIeBbIX PYHKIUM:

Cax = _nllax c; — BpEMs OKOHYaHUs BCEX padoT;
i=l,...,n

Lipax = max (¢; —d;) — 3ama3apIBaHie OTHOCUTEIBHO TUPEKTUBHBIX CPOKOB;

i=1,...n

Dpax = max |c¢; —d; | — OTKIIOHEHHE OT AUPCKTHBHBIX CPOKOB;
i=l,...,n

Frax = _nliax (max{0,d; —c;}) — onepexeHrue TUPEKTUBHBIX CPOKOB;
i=1,...,n

n

Z W;c; — B3BEILLIECHHAs CyMMa OKOHYaHUs paloT.

i=1
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IIpuMepsl 32124 TEOPUHU PACITUCAHUN

Ipumep 1. P|prec, p; =1 | Chax

3agaya MOWCKA paclucaHus ¢ MUHUMAaJIbHBIM BPEMEHEM OKOHYAaHHUSA BceX padoT
Ha m TApaJJICJbHBIX MallWHAX C JUIMTEIBHOCTAMM padoT p; = 1 W yCIOBUAMU
IPEAIIECTBOBAHUSA, TO €CTh MPEANOJIAracTCsd U3BECTHBIM OPUEHTUPOBAHHBINA Tpad
0€3 LMKJIOB, BEPIIMHAMU KOTOPOIO SIBJISIFOTCSL Pa0OTHI, @ AYTH 33Jal0T YaCTUYHBIMI
MOPSIJIOK BBIMOJHEHUS paloT.

Ecin n="7, m = 2 u yCJIOBUS NIPEAIICCTBOBAHUA 3aaHbl rpad)oM:

TO OJJHO U3 JOIIYCTHUMBIX pCIHGHI/Iﬁ NMCCT BU/

Ml 113|567

4
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3aja4ya Ha OJIHOM MAIIMHE C BO3MOXKHOCTBIO MPEPBIBAHUSA paOOT, JUPECKTUBHBIMU
CpOKaMHU OKOHYaHHUs padOT M MNPOU3BOJIBHBIMU BPEMEHAMH IIOSBJICHHUS PaOOTHI.

Tpebyercs HalTH pacnmcaHue {c;}i—|, MHHHMH3UPYIOIIEE MAaKCHMAJbHOE
3ara3/ibIBaHue, TO €CTh

Liax = max (¢; —d;)—> min

i=l,....n
Hnstn =4 u OZHO U3 AOMYCTUMBIX PEIICHUH IMEET BULI:
1|1 2 3 4
2 1 2 2
1l 2 2 7 M, Ji J> J3 J4
d|2 3 4 8 0 1 3 4 6 7 9

Liax =max {3-2;4-3;6-4;,9-8} =2.
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Ipumep 3. J3 |p,] =1 | Cinax

3ajada MoMcKa pacnucaHus ¢ MUHUMAJIbHBIM BpEMEHEM OKOHYAHMS BCEX pabOT Ha
TpeX MallhHaX, 00pa3ylwlIuX CUCTEMY job shop — pabouuil 1HeX; JJIUTEIbHOCTH
BCEX ONepaiyii paBHbI 1; y Kaxka01i paOOThl CBOE MHOXKECTBO OIEpaLMi; IS KaxK-
JIOU OIepallMy yKa3aHa MallliHa 1 €€ BhIIIOJTHEHUS.

HpI/I n= 5’ m=3mu MaTpHIIC OI[HO N3 JOIIYyCTHUMBIX pCIHeHI/Iﬁ 3aa4u
UMCCT BU/.
MainuHel R
Jl Ml M3 M2 Ml M1 J1 J5 J4 J3 J1 J4
J2 M2 M3 - _ M2 J2 J5 J1
J3 M3 Ml _ _ M3 J5 J3 Jl J4 J5 J2
Jo | My My My — 0 1 2 3 4 5 6 ¢
Js | M5 M, M, M;

3aMeTuM, 4TO MamuMHa M, o0si3aHa pabdoTaTh HE MEHee 6 eIMHMI[ BPEMEHHU
(2 na Jy, 1 nna Js, 2 niist Jy, 1 nis Js), TO €CTh HAIlUIM ONTUMYM !
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Mpumep 4. R3 | d; | Dmax

3ajaya IIOMCKAa pPaCcHvCaHus, MHUHHUMM3HUPYIONIETO MAaKCUMAJIbHOE OTKJIOHEHHUE
BPEMEH 3aBeplICHUS padOT OT AUPEKTHUBHBIX CPOKOB Ha TPEX MapalICIbHBIX
MallliHaX.

IIpu n =4, m = 3 u matpuue

JJTATEJILHOCTEN BBITIOJIHEHUSI

pa6OT Dij OI[HO N3 JOIIYCTUMBIX peHleHI/Iﬁ 3ala4y UMECT BU ]
M, M, M| d;

Jo10 6 1|5 My |3 Ja |

|5 20 3|5 M, Ji

Js 9 30 16 w | Lk

Jy | 6 5 10| 7 i 5 6 1

Dimax =max {|5=6[; [5=5[;[6-1|;|7-11[} =5
Jl JZ J3 J4
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HpHMep 5. 1 |S—batCh | ZWZ'CZ'

3agada cooparh padOThI B IPYIINLI 11 00paOOTKHA HA OJHOM MaIlWHE TaK, YTOOBI
MHHHAMH3UPOBATH B3BEIICHHYI0 CYMMY OKOHYaHHUA BCEeX paboT. B kaxkmou rpymiie
BpeMsI OKOHYaHHUS padOT paBHO BPEMEHHU OKOHYAHMS MOCIEeAHEH paOOThI B IPYIIIE.
JIIUTEIbHOCTh BBIMOJIHEHUS BCEM Tpylmnbl padOT paBHA CyMME IIMTEILHOCTEM
pabort. IIpu nepexojsie OT 0JIHOM I'PYNIIbI K APYyrol MalluHa TPeOyeT IepeHaIa Ku

7 (IpOCTOM. )

[lpun=6,m=1,7r=1mn
i1 2 3 4 5 6 OaHO M3 AONMYCTHMBIX PEIICHUM IIpU pa3Oue-
pi|3 2 2 3 1 1 Huu Ha 3 rpynnsl: {Jo}, { J3, J1, Jsb, { Ja, Jof
w; |1 2 1 1 4 4

MUMEET BUJ
/

1 Jz 1 J3 J1 J5 (4 J4 J6 -

0 1 3 4 10 11 15
6
sz’ci =Wy -3+ (w3 +w; +ws)-10+(wy +wg)-15.
i=1
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3aa4un TEOPUU PACIIUCAHUMA HA OJTHOM MAIIIUHE

PaccmoTpuMm 3amady, riae Bce padOThl JOCTYIIHBI B HYJIECBOM MOMEHT BPEMEHH, TO
ecthb 7; = 0 g Bcex i =1,..., n. I kaxxa0i padOThI 3aJlaHa MOHOTOHHO BO3pacTalo-
mas GyHkuMs f; (¢;), rae c¢; — BpeMs OKOHYaHMs paOoThl J;. TpeOyercs HaWTh
MOPSA0K BBIMOJHEHUS padOT Ha OJHOM MalllWHE, JJIsI KOTOPOIo IiejieBas (PyHKIIUS

Jmax (¢;) = .nllax /;(c;) mocturana Obl MUHUMANbHO20 3HAYEHUSA, TO ECTh
i=1,...,n

fmax (Ci) = max f,-(cl-)—nnin

i=1,...,n

[IpepriBaHus pabOT pa3pelieHbl. JTa 3aja4a 0003HAYACTCS

1 | pmtn | frax
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Teopema 1. Cpeau onTUMaJIBHBIX PEHICHUNM HAWJETCA pElIeHue 0€3 MpepbIBaHUs
pabOT U MPOCTOSI MAILIUHBI.

JlokazarenbcTBO. [lycTh B onrumanbHOM pemieHnH padora Jj, BBINOIHANACH

C TIpepHIBAHUEM o
M, J;

{

Torma M3MeHUM pacluCaHue, COXPAaHMUB Ciy =14, paOOThl U3 UHTEpBaNa [fp, 13]

CIBUHEM BJIEBO K f|. Tak Kak f; — MOHOTOHHO BO3pacTaroias (PyHKIUs, TO HOBOE
pEIIICHUE TAKKE OyJE€T ONTUMAJIbHBIM. W
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3amaua 1 | prec | fimax

Pemienne 3amaercss nepecranoBkout 97 = (J1y,..., 91,). Benmnuuna JI; 3amaet HOMEP
paloThI, CTOSIIEH Ha i-M MECTE B IepecTaHOBKE JI. OTHOIICHUS MPEAIICCTBOBAHUS
3a7a10TCa MaTpulen A: a; = 1, eciau pabora J; npenuectsyer padore J; u a; =0

B IIPOTHUBHOM CJIy4dac.

Nnes anropurma

IIyctb N = {l,..., n} — MHOXeCTBO Bcex paborT u P(N) = Z p;. Torma B
ieN

ONTUMAJILHOM PEIICHWH MOCeaHer paboToi OyaeT paboTa, KOTOopas HE HMEET

nocienosareneu u gaet min f; (P(N)).
ieN
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Adaroputm Jlayjepa

n
1. For i:=1,...,n do n(i)= Zaij;
j=1
2. S:={l,..,N}; p= Zpi;
ies§
3. For k:=mn,...,1 do

3.1. Hawitu jeS, nns koroporo n(j)=0 u fj(p)zminfl-(p);

3.2. Ilonoxute S\ {j}; 9 :=j;, p:=p—pj;
33. Fori:=1,....,n do
if a; =1 then n(i) = n(i)— 1.

TpynoeMkocTs anroput™ma 1"~ O(nz).

ieS
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Teopema 2. Anroput™m Jlayiepa cTpOUT ONTUMAIIBHYIO TIEPECTAHOBKY J1.

Jloxka3zareabcTBO. [lepeHymepyem Bce paObOThI Tak, 4ToOwl Ji(i) = i, i = 1,..., n.
[Ipearonoxum, 4To JI HE SIBIISICTCS ONTUMAIBHBIM peIIeHuEeM, U IycTh o = (o (1),
..., 0(n)) — ontumajbHOE peliecHue. HaliiemM B HeM nepBbId HOMEp C KOHIIA, TAE |
=o(@)#iu o(+l)=i+1:

Ji |k C Jj Jit1 ce |

~
bnok (Jg,..., J)

CormacHo anroputMy Jlaynepa, padora J; MOXET OBITh IOCTAaBJIEHA Cpa3zy MHepen

Ji+1, TaK KaK y Hee HeT mocienosarenei B Onoke (Ji,..., J;). Ho fip) < fip),
[ : :
P = 2121 pj . 3HAa4uT, BCTaBKa I nepen i +1 He yBEIWUYUT LENEBYI0 (QYHKIUIO U

HOBOC PCIICHHUC TAKIKC ABJIACTCA OIITHUMAJIbHBIM. HeﬁCTBy}I AHAJIOTNYHO, MbI Y6€-
pPEM BCC HAPYIICHM:A, IICPCXOAA OT OAHOI'O OIITUMAJIBHOI'O PCIICHUSA K IPYIromMy, U B

WUTOTE MONyYrM JI. W
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3apaua 1 | prec, pmtn, r;| f max

[lo-ipexxHEMY  fax = .Irllax fi(c;) m  fi{x) — MOHOTOHHO BO3paCTaIOLIUE
i=l,...n

¢yakuuu. Bpemena mpuxoma padotr 7; = 0 MOryT He OBITh COTJIACOBAaHHBIMU

C YaCTUYHBIM IOPAAKOM, TO €CTb a;; = 1 (i — j), HO r; < r; + p;. IlooTOMy CcHauaia

MOJIU(DUITIPYEM BEJIMYUHBI 7. 3aHYMEPYEM paOOThl Tak, 4To i<j npu (i — j) U

yIOPpSA0YUM napbl e=(i — j) 1o Bo3pactanuto j. Ecau Bcero map |E| mTyk, To aj-

TOPUTM IIepecyeTa BEIUUUH 7; MOKET OBITh 3aIMCaH CIECAYIOIMM 00Pa3oM.

Aaroputm Modity r;
For e=1,...,|E| do

¥ir=max { rj, ¥i T p;§;
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Pa3Ouenue Ha 0J10KH
Ynopsaouum paboThl TaK, YTOOBI
r<m<..<r.

DTOT MOPSA0K MOPOXKIACT JoNyCcTUMOEe pacnucanrue. OHO pa3OouBaeTcsa Ha OJIOKHU.
BJIOK — 3TO MakKCUMaJIbHOE TOJMHOXECTBO pabOT, KOTOPOE BBHIMOJHSETCS 0O€3

IIPpOCTOA MAIlIMHBI!

S| S A I J |
\ J & ) \ J
Y Y Y
B 1 B 2 b 3
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AJITOPUTM NOCTPOEeHUs1 0JIOKOB
Aaroputm Blocks {1, 2, ..., n}
1. i:=1, j:=1;
2. While i <n do
2.1. t:=r; Bj:=;
2.2. While (r;<¢) & (i<n)do
22.1. B;:=B;u {i};
222, t=t+p;

2.2.3. ¢ =t
224, i=i+1;
2.3 j=j+1;

Tpynoemkocts anroputma 1 = O(n).
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IlapameTpsl 0J10KOB

Jist 6iioka B; ompenenuM: s ; = minz; — Ha4dano 0JI0Ka;
ieB;
J

p(B;)= Z p; — IIMTENBHOCTH O0Ka; 1 = {(B;) = s; + p(B;) — OKOHYaHHE OJI0Ka.
zeBJ-

Teopema 3. [{ns 3amaum 1 | prec, pmitn, r; | f max CYIIECTBYET ONTHMAJIBHOE

pacnucaHye, B KOTOPOM MallliHa paboTaeT 0e3 IMPOCTOEB B MHTEpBaNax [s;, ],

j=1,..., K, rne K — 4nciao 0J0KOB.

JlokazarenbcTBO. PaccMOTpuUM oNTHMAIBHOE pacIHCaHUE M IPEIAIIOI0XKHAM, YTO

B MHTEPBAJIE [s;, ;] MAIIMHA IPOCTAMBAET C § 10 I:

S; S ! tj

PaccMoTpuM MEpBBIM TaKOW MHTEPBANI (CaMbId JIEBBIN ).
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IToxaxem, uro 3 pabora J; TaKas, 4T0 7; <, HO ¢; > 5. IIpennonoxum, 4To Ta-

KOl paboThl HeT. PaccMOTpuM MHOKECTBO paboT 7, CTapTYIOIIUX IO3XKE S:
T'={J;|s;>s}. Ins Hux
r=min{r; |ieT}>s,

TaK KaK HeT padoThl J i Ho toraa anmroputMm Blocks momken Obll gaTh NpocToi
MalllMHbl B WHTEpBasie [s, r]. Ilomyuunu nporuBopeune. 3HA4uT padorta J i
cymectByer. CIBHHEM €€ Hadajlo B § M COKpaTuM HHTEpBai [s, f] Ha Pi,-
Ecmu ¢ —s > p; , TO TIOBTOpsIEM TPOLEAYPY MO TEX IOP, MOKA HE MOKPOEM BECh
uHtepBai. Ho [s, f] Obu1 mepBhIM MHTEPBATIOM. AHAJIOTUYHO MOCTYIIMM CO BTOPBIM

HTJA.
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OnruMajnbHOe pacnycaHue Ajs 0J0Ka

Kaplii 60K MOKHO PacCMaTpHUBATh OTAETLHO. I1yCTh fi.y (B) — ONTHMAIbHOE
pemenue uUis 010ka B U fin. (B\{j}) — ontuManeHOe pemenne mis B \ {j}.

Tak KaK f; — MOHOTOHHO HEYOBIBAIOIINE (PYHKIIUH, TO fr;ax (B) > fr;ax (B\{j}) n
Simax (B) 2 max fray (B\{j}) (*)
jeB
B Omoke B onHa u3 pa0bOT 3akaHuMBaeTcsl mocieaHer. O0o3HauuM ee 4depes J.

Ona He uMeer nocnenosarenen B B u f;(#(B)) = min{ f; (#(B)) | je B uj He umeeT

nocienoBarenei B B}. O4eBUIHO, UTO

fax (B)> f1(t(B)) (**%)
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Ynanum padoty J; 13 B M HailjieM ONTUMAJIbHOE PEIICHME I ATOM MOoj3aJadH.
OHO cHOBa OyJaeT MMETh OJIOUHYHO CTPYKTypy. IIpocToil MaminHBI B MHTEpBAje

[s7, ¢;] OyeT COOTBETCTBOBATH BPEMEHU BBINIOIIHEHHS PA0OTHI J; B

frnax (B) = max{fmax (B\{J;}), f1(1(B))}.

B cuny HepaBeHcTB (*) m (**) 3T0 3HaueHWe OyJeT oNTUMAIbHBIM. lIpuMeHss
aJITOPUTM PEKYPCHUBHO, IIOJIy4aeM ONTUMAIbHOE PEIICHUE 3aJauH.
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Oo0mast cxema ajaropurma 1 | prec, pmin, r; | fimax

1. §:={1,...,n}
2. fiiax = Decompose (S)

Procedure Decompose ()
1.If §=O then return —oo
2.If §={i} thenreturn f;(r;+ p;)
else 2.1. Call Blocks (5)
22, f =—0
2.3. For all blocks B do
2.3.1. Hantu I: f; (¢(B)) = min{ f; ({B)) |j eB uj He umeer B B
nocJjieJoBaTeNIeil | ;
2.3.2. h:=Decompose (B \ {J;})

2.3.3. f:=max {f, h, f; (¢(B))}
2.4. return f
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TpynoemkocTh anroputma 1 = O(nz)

Yucno npepeiBaHuil He OoJiee (n — 1), T.K. KakJa0€ IpepbIBaHUE JTa€T pa3OMEHUE

Ha OJIOKH.

Ecmu r; = 0 qy1g Bcex i€.S, To mosrydaeM anroputM Jlaysepa.

Ynpaxnenue. Pa3zpaboTaTh TOYHBIM MOJIWHOMHUAIBHBIN aJITOPUTM JJIsl 3aJa4d

1| prec, pi=1,r;| fmax-
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