AHAJIM3 NMPOEKTA M0 KPUTEPUIO KCTOUMOCTh—/IJIUTEIbHOCTh)

Jns xaxaoi paboTel jeJ BMECTO AIUTENBHOCTH 7; 3aJlaH BPEMEHHON MHTEPBAJI

[a;, b;j] v nuneliHas QyHKIUA ¢; CTOUMOCTH BBIIIOJIHEHHS PAaOOThI B 3aBUCHMMOCTH
OT JUTUTEIILHOCTH.

N

a; b;

TpebyeTcs HaiTH MUHMMAaJIbHBIE CYMMapHBIC 3aTpaThl Ha BBIMIOJHEHHE BCEX PabOT
M COOTBETCTBYIOIIME MM JJIUTEIBHOCTH pPabOT, YTOOBI 3aKOHYUTH MPOCKT

k
K 3aJITaHHOMY CpPOKYy 7 .
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Moaeab JUHEHHOT0 NPOrPaMMHUPOBAHUSA

HOaHno: J={1,..., n} — MHOXecTBO pabdoT;
C=1{(,j)|i,j € J} — 4acTUUYHBIN NOPSIOK;

[a;, b;] — nomycTUMBINA MHTEPBAJI BLINIOJIHEHUS PAOOTHI /;

Cj = k iPjt c?- — CTOMMOCTbD BBIIIOJIHEHUSI paOOTHI J;

k
T — BpeMs OKOHYAHMS BCErO MPOEKTA.

Hantu: MunuManbHble CyMMapHBIE 3aTPAThl U JUIMTEIBHOCTh BBIIOIHEHUS KaK-

*
101 pabOTHI 1JIsl OKOHYAHUS MPOEKTA K 3aJaHHOMY CPOKY 7 .

. : 0
Mogens: min Z(kjpj +c;)
Pj jeJ
TP OTPAHUYCHUSIX s; ti < s;, nas Beex (i, j) €C
&
s; < T
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OoOparnas 3aga4a

AaHo: J={1,..., n} — MHOXKeCTBO padoT;
C=1{(,))|i,j € J} — daCTUUHBIN MOPIOOK;
[a;, b;] — nomycTUMBIl HHTEPBAII BBIIIOJHEHUS PAOOTHI j;

ci=kip;+ c? — CTOMMOCTb BBITIOJIHEHUS pa0OTHI

%
C — cyMMapHas CTOMMOCTB BBITIOJIHEHUS BCEX padoT.

HauTtu: Hauboiee paHHee BpeMs BBIIIOJIHCHUS IPOSKTA IPH YCIOBUH, YTO CYM-

*
MApPHBIC CTOUMOCTD BBIIIOJTHCHHA BCCX pa60T HC IIPCBBICUT BCIIMYNHBI C.

Moaens: min s,
IIpU OTPAHUYCHUSIX s; tpi < s, i Beex (i, j) €C,
0 %
jeJ

CljSIOijj, ]EJ
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IlakeThbl TUHEHHOI0 NIPOrPAMMHUPOBAHUSA

ABACUS 2.3 2004 http://www.informatik.uni-koeln.de/abacus/

BCP 2004 http://www.coin-or.org/

BonsaiG 2.8 2004 http://www.cs.sfu.ca/~lou/BonsaiG/dwnldreq.html
CBC 2004 http://www.coin-or.org/.

GLPK 4.2 2004 http://www.gnu.org/software/glpk/glpk.html

Ip solve 5.1 2004 http://groups.yahoo.com/group/lp solve/

MINTO 3.1 2004 http://coral.ie.lehigh.edu/minto/

SYMPHONY 5.0 2004 http://www.branchandcut.org/SYMPHONY/

Bonpoc: moorcno au aunelinbiv npoepammuposanuem Hatmu KpumuiuecKoe pems
npoexma? Kpumuueckue pabomur? Pezepevt epemenu?
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Ipumep

JIMUTeNnBbHOCTD T'r (cmapm) T (cmapm) 3aTpatsl

A 3 0 5 2 100
B 5 0 0 5000
C 3 5 5 1 800
D 4 8 8 4 800
E 8 12 12 32 000
F 2 8 11 1 000
G 4 10 13 2 800
H 2 10 18 7 000
1 5 5 15 4 000
J 3 14 17 30 000

Hroro: 90 500
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EskeHeneqbHbIE 3aTPaThl IPU Haudo0J1ee paHHEM cTapTe padoT

Heneuan
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

A 700 | 700 | 700

B | 1000 | 1000 | 1000 | 1000 | 1000

C 600 | 600 | 600

D 1200 | 1200 | 1200 | 1200

E 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000
F 500 | 500

G 700 | 700 | 700 | 700

H 3500 | 3500

I 800 | 800 | 800 800 | 800

J 10000 | 10000 | 10000
He;zm 1700 | 1700 | 1700 | 1000 | 1000 | 1400 | 1400 | 1400 | 2500 | 2500 | 5400 | 5400 | 4700 | 4700 | 14000 | 14000 | 14000 | 4000 | 4000 | 4000
Bcero

3a | 1700 | 3400 | 5100 | 6100 | 7100 | 8500 | 9900 | 11300 | 13800 |16300 |21700 27100 |31800 | 36500 | 50500 | 64500 | 78500 | 82500 | 86500 | 90500
MPOEKT
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EskeHeaeqbHbIE 3aTPaThl IPU HauOoJ1ee MO3AHEM cTapTe pador

Henenn
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

A 700 | 700 | 700

B | 1000 | 1000 | 1000 | 1000 | 1000

C 600 | 600 | 600

D 1200 | 1200 | 1200 | 1200

E 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000
F 500 | 500

G 700 | 700 700 700

H 3500 | 3500
I 800 800 | 800 | 800 | 800
J 10000 | 10000 | 10000
B
henesro, 1000 | 1000 | 1000 | 1000 | 1000 | 1300 | 1300 | 1300 | 1200 | 1200 | 1200 | 1700 | 4500 | 4700 | 4700 | 5500 | 5500 |14800|18300 18300
Bcero
szim 1000 | 2000 | 3000 | 4000 | 5000 | 6300 | 7600 | 8900 | 10100 |11300 |12500 | 14200 |18700 |23400 | 28100 | 33600 | 39100 |53900 | 72200 | 90500
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YupasJsienue puHaAHCAMU

100000 -
20000 4

20000 +

O06nacTh TOMYCTUMBIX

7H000 pEIIeHUN 3a1a9n

G000 +

50000 4

40000 A 27600

30000 Y

20000 4

10000

| 14 200

12345678 51011121314151617 181520

8 Nekumwa 9. 3apauu kaneHaapHoro nnaHUposaHus. Yactb 2



3arparsl k koHIy 11-M Hegen

3aBep1(1(1)/il)moch 3(;;311:;1:; Z;:g:;l:f Z;:g:;l:f Ilepepacxon
(n1an) (m1aH) (haxT)
A 100 2100 2100 2300 200
B 100 5000 5000 4900 —100
C 100 1800 1800 1800 0
D 75 4800 3600 4600 1000
E 0 32000 0 0 0
F 100 1000 1000 1200 200
G 25 2800 700 1400 700
H 50 7000 3500 5400 1900
1 20 4000 800 500 —300
J 0 30000 0 0 0
Htoro 90500 18500 22100 3600
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Kajengapuoe mjianupoBanue ¢ OrpaHU4YeHHBIMHU pecypcaMu

Tpu Tuna pecypcos:

e Bo3obHoBnsaembre pecypchl (pabouee Bpems, 3pHUPHOE BPEMs, TPOU3BOICT-

BEHHBIC MOIIIHOCTH, . ..) €CJIM HE NOTPATUIX, TO POIAAatoT.

o CKNnaaupyemsblie pecypchl (muioMaTepHuaisl, AeHbIH, 3epHo, I'CM, ...) ecnu

HC IIOTPATHUIIN, TO MOKXHO ITOTPATHUTH I1037KC.

e Hero3obHOBNg9eMbIe pecypChl (KpemuThl, CyMMapHBIN 3aac HEemomoHsIe-

MBIX MaTE€pHUajOB,...) MOXKHO MOTPATUTh B JIFOOOM MOMEHT BBINOJHEHHUS
IPOEKTA.
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IlocTanoBka 3agaum

HaHo:

J={1,..., n} — MHOXeCTBO padoT;

C=1{(,))|i,j € J} — daCTUUHBIN MOPIHOK;

M;, jeJ — Mozpl (BapuaHThl) BBIIIOIHEHUS PA0OTHI;
K" — MHOk€eCTBO HEBO30OHOBIIIEMBIX PECYPCOB;

K” — MHOK€CTBO BO30OHOBJIIEMBIX PECYPCOB;

K° — MHOECTBO CKIaJJMPYEMBIX PECYPCOB;

Bonpoc: kakue uz pecypcos nmaubonee obpemenumenvhvle, npu xakux saoaya NP-

MpYoHa, a NPU KAKUux NOJUHOMUATILHO PA3peuuma?
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rk’}? (r) > 0 — notpebHOCTB B pecypce k € KU K° B unTepBaine Bpemenu [ 1, 7],
CUMTAas OT Hayajla BBIIOJHEHUS paOOThI j B MOJIE Mi;

rk'}? > () — HoTpeGHOCTL B HEBO30OHOBIIsIEMOM pecypce k € K IIpH BBINOJHEHHH
palboThI j B MOJIE M;

qi(f) > 0 — xonuuecTBo pecypea k € K¥ U K°, BblenieMoe B MOMEHT BPEMEHU  HA

BBIMIOJTHEHUE BCEX PadOT;

,
qr > 0 — KOJIMYECTBO HEBO30OHOBIISIEMOTO pecypca k € K, BbIICIsIEMOE B MOMEHT

t = (0 Ha BBINOJHEHHUE BCEX PA0OT B TEUCHUE BCEr0 MHTEPBAIA IIJIAHUPOBAHUSI;
m . .
pj 20— IMTeIbHOCT PabOThI j B MOJE /13

d; 2 0 — IMPEKTUBHBINA CPOK OKOHYAHHS PAOOTEHI .
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TTepemeHHbIE 3aaa4M:

m(j) — Moja pabOTHlI J;

§; = 0 — HayaJo BBIIOJIHEHHA PAOOTHI j

A@t)y={jeJ|s;<t<s;+ p}” } — MHOXECTBO paOOT, BBIMNOJHAEMBIX B MOMEHT
BPEMCHHU .

Honyctumoe pelweHue 3aAaYU:  HazHauYeHHWE MOABI m(j) U BPEeMEHHU cTapTa

KakJ10M paOOThI TaK, YTOOKI BHIIIOJIHUTH
® yCJIOBHUS IIPEAIIICCTBOBAHUS;
e OIpaHHYCHUS II0 pecypcaM;

® JTUPEKTUBHBIE CPOKU OKOHYAHUS KaXKJ10W paOOTHI.

33,[{&113 COCTOUT B TOM, yTOOBI HAUTHU HOIIYCTUMOC PCIHICHHUC 3ada4n C MUHHUMAJIb-

HBIM BPEMEHEM OKOHYaHMS BCeX padoT.
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MaTtemaTtuueckas mogensb (11 GAMS?)

m(j)

mm{rjleajc(s +p; )} (1)
IIPU OTPAHUYEHHAX si+p} ") <d j» JEJ; (2)
si+ "D <5, (1, )eC; (3)
Z ,,l;?(J)(t_sj)sqk(t), keK’, t>0; @

JEA(t)
Z > ’”/én(])(f _S])<ZQk(f) keK®, t>0; (5)

t'=1jeA(t")

Z rm(]) <qp, ke K"

jeJ g (6)

m(/)e ]\4]-, S > O, ]EJ (7)
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Teopema. 3anaua (1) — (7) ssnsgercsas NP—TpyaHO# Ipy HaIMYHUKA XOTS ObI OJHOIO

BO300HOBJIsIEMOr0 pecypea u | M; | =1 nus Beex jeJ.

Hokasatenscteo. Ilycts | M; | =1 nnia Beex jeJ, K°=K’'=@, |[K'|=1, g t)=gq
n1s Beex ¢t > 0 u ke K”. Paccmorpum 3anady (1) — (7) npu o= 1 g Beex jeJ u
0€3 yCIIOBUM MPEJIIECCTBOBAHUS Ha MHOXKECTBE pa0oT. [lonyuuMm 3amady ynmakoBKU

B KOHTEHUHEPHI, KOTOpas sBisgeTrcsa NP—rpyaHoil. B

W & N AN
~

Y
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YacTHbIe caydyan MoOJe I
Hns | M; | =1, jeJ, paccMOTpHUM CIIEAYIONIME YaCTHBIE CIIyYaMu:
1. K’ =K° =, K" # & — TONbKO HEBO30OHOBISIEMBIE PECYPCHL.

TpuBHabHBIN CiTydali, IPOBEPSEM XBaTaeT JIM PECYPCOB U €CIIM J1a, TO OTOPACHI-

BAacM BCE PECYpPCHBIC OTPAHUYCHUS.

2. K’ =K"=, K’ # & — TOIBKO CKIaJUPyEMbIE PECYPCHI.
[TonuHOMUAIILHO pa3peIlUMBbIN CIIy4an, aJIroput™M [ umManu 1aet TOYHOE pellie-

HUE 3aJ[a4U.

3. K°=K"=0, K’ # & — ToabKO BO30OHOBIISIEMbIE PECYPCHI.

HauOomnee TpyaHbIN ciiydail, IPUMEHSIEM dBPUCTUYECKUE AITOPUTMBI.
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3agaua co ckIaaMpyeMbIMU pecypcamMu

OnpepeneHue. Pacriucanue S = {s; > 0, jeJ} HaspBaOT MOJYAOMNYCTUMBIM,

€CJIM OHO YJOBIIETBOPSAET YCHOBHSM MPEAIIECTBOBAHUS (3) U IUPEKTUBHBIM CPO-
KaM (2), HO OBITh MOXET HE YJIOBJIECTBOPSIET OrPAaHUUYCHUSIM MO PECypCaM.

YnpaxHeHue 1. Ilonygonyctumoe pacnucaHue CyLIECTBYET <> Haubosee paH-

HHE CPOKHU BBINOIHEHUS pa0OT T),(x) YAOBIETBOPAIOT IUPEKTUBHBIM CPOKaM (2).
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OnpeaeneHue. IlonynomycTuMoe pacmucaHue s' = {S]T- >0, jel} nua T 2 Tk,
T
J

T
s; HE MOXKET OBITh YBEIIMYCHO 03 HAPYIICHUS 9TOTO YCIOBHS HIIU MOJIYIOMYCTH-

MOCTH PACIIMCAHUA.

Ha3bIBaeTCs /-MNO3AHUM, ecia s: + ©; < T, nius Bcex j€J ¥ HU OTHO M3 3HAYECHHUH

AJITOPUTM BBIYMCIIEHUU [-TIO3JHETO PACIMCAHUS aHAJOTMYEH aJrOPUTMY BBIUMC-
JeHUsd HamOoJiee MO3JTHMX MOMEHTOB, €CIIM MEPEJ] HayajaoM BBIYMCICHHUMN IOJIO-
KUTh

I'n(y)y=mm {d;, T}, j=(x,y)eJ.

18 Nekumsa 9. 3apaum kaneHaapHoro nnaHuposaHus. Yactb 2



%k %
Teopema. Ilycte ' — npnuHa onTUManbHOro pacnucanusd. Torma T —mo3nHee

pacCiiiCaHUC SABJIACTCA OIITUMAJIbBHBIM.

%
LOoka3satenscteo: Ilo omnpexenenuto 1 —Io3gHEE paCHHUCAHHUE YIOBICTBOPSCT

BCEM OTPAaHUYCHUSIM KpoMe, OBITh MOXKET, pECYpCHBIX orpanudeHuii (5). OrpaHu-

yenuns (4)—(6) urHopupyrorcs, Tak kak K = K" = . IlokaxeM, 4TO OrpaHHUYEHUs

(5) Tak)Ke BBIIOJHSIIOTCS.

* T*
IIycts § — onTumanbHoOe pemenue u S° — T*—mo3aHee pacnucanue. 13 onpe-

*

* T .
JieTieHNs] 1—TI03[IHETO PACIUCaHus ClIeflyeT, 4To §; <s; , 1 Bcex jeJ. Tak kak

*
S ynosieTBopseT (5), TO €CTh B KaX/JIbIi MOMEHT BPEMEHHU PECYPCOB JIOCTATOYHO,
TO 3TH K€ PECYPChl MOT'YT OBITh MCHOJIb30BaHbl U MO3KE B CHIIY X CKIIAAUPYEMO-

sk

CTH. 3HAYUT, I S JT TOKE XBaTaeT pecypcoB U (5) BepHo. CienoBaTebHO S JT —

onTuMalbHOC pacnucanue. W
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Unpest anropurma I'mmaam

HE JIOMYCTUMO

Oy CTUMO
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Adaroputm I'umaau

1. Eciin HanboJjiee paHHUE CPOKHU BBITOJHEHHS PA0OT T),(x) HE yAOBIETBOPSIOT
TAPEKTUBHBIM Cpokam, TO STOP, 3as1aua HE UMEET PELICHUS.

2. Iomoxwuts 17 = Tk,

3. Ecim T1—mo31HEE paciuCaHue JOMyCTUMO 0 pecypcaMm, To STOP, nony4deHo
ONTUMAJIBHOE PEIICHUE 3a/1a4H.

4. onoxurs 7 = maxd ;.
jeJ
5. Ecim T)—mo3aH€ee paciiCcanre HEAOMYyCTUMO 110 pecypcaMm, To STOP, 3amaua
HE UMEET PEIICHUS.
6. Honoxurs T :=| (Ty + T»)/2 |.
7. IlocTpouts T-11031HEE pACTIUCAHUE s
8. Ecim S7 JTOITYCTHUMO 1O pecypcam, 1o 1> = T, unaue 17= 1.
9. Ecn T, — T > 1, TO BepHyThCs Ha 6, nHaue STOP, nmoyry4eHo onTuManbHOE

pemeHue S L
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3agauya ¢ BO300HOBJIsIEMBIMH pecypcaMu

bynem npenmnonarats, 4to qy (1) =qy, u ry () =rjy,j€J, k€ K P T.e. BBIIEIICHUE
U MOTPEOJICHUE PECYPCOB HE 3aBUCUT OT BPEMEHHU.

Jnst npon3sBoibHOrO pacnucanus S = {s; = 0, jeJ} u MmomenTa Bpemenu ¢ = 0 onpe-

JeIUM TPHU MHOXKECTBA:

C(t)={jeJ|s;+ p <t} — 3aBeplICHHBIE PAOOTEI

A()={jeJ|s;<t<s;+ pj } — BBIIOIHAEMBIE PAOOTHI

D(t) = {jeJ\ (C() U A1) | P(j) <C(2), Z’"ik + 7 Sqp.k € K*”} — pabortsl, KO-
ic A(t)

TOPBIC MOYKHO HAYaTh B MOMEHT BPEMCHH ¢ COTJIACHO YCIOBHSAM IIPEIIISCTBOBAHUS

W OrpaHWYEHUSM TII0 pecypcaM, P(j)) — MHOXECTBO MPEIICCTBCHHUKOB
paboTHI J.
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Unpest airopurma
A

qk

C(?)

< D(1)

A(f)

-

4

OcHOBHOM BOIIPOC: KaK BeIOpaTh NOAMHOXKeCTBO D' < D(¥) ?

23
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I puOAMKeHHBIN AJIrOPUTM
1. =0, C(ty) =D, A(ty) =D, 1:=0;
2. Tloka | C()) U A(t)) | <|J| BBINOJHATH
21.1=1+1
22, tp:=min {s;+ p; | jeA(t1)}
2.3. Haiitu muoxectBa D(t;), A(t;), C()

2.4. Ilonoxurs Q) = q; — erk, ke K”
JeA(t;)

2.5. Beibpars D' < D(t;) Tax, 4ToOBI Z’”jk < Oy nns Beex keK”
jeD’

2.6. Ionoxuts s; := t; A Beex jeD' u A(t):= A(t) v D',
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Bb10op mHoxecTBa D’

OO0o3HauuMm uepe3 R = Z r]%{ , JED(t;) noiio pecypcos, OTPEONIsIEMBbIX

keK”
padoroii j. Torma D' nemecoodpa3Ho BEIOMpPATh MO PEIICHUIO 3a/1a4U O PIOK3aKe:
max | ZR X
JED(1))
IIPU OTPAHUYEHHAX DX <qp— D hg, keK”,
JED(t)) i€A(t;)

X € {O, 1}, jED(t]).

*

ITomaraem D= {jeD(t)) | xj- =1}, rne x;

OIITUMAJIBHOC PCIICHUC 3ala4YN.

Bonpoc: [lpasoa nu, umo noboe npasuno evibopa noomnoscecmsea D', umero-
wiee NOJTUHOMUATBLHYIO MPYO0EMKOCHb, HE MONCEM 2apaHmupo8ams noJy4eHue
OnmumManbHo2o peutenus, eciu P = NP.
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