BBenenue B MATPUYHbIE UT'PbI

IIpeameTomM MCCJICIOBAHUM B TCOPUU UTD ABIIAIOTCS MOAECIIU U

METO/bI NPUHATHS PENICHHH B CHTyallWsAX, TA€ YYaCTBYIOT g~
HECKOJIbKO CTOPOH (MI'POKOB). L{eIn urpoKoB pa3jIM4HbI, YacTO @b 8
MPOTUBOMNONOXKHBL. MBI OyJieM paccMaTpuBaTh TOJBKO HIPHI 9 X
ABYX JIWI] C TPOTHUBOIIOJIIOKHBIMUA HHTEPECAMU. %

Nrpa cocTOoMT U3 MOCIEIOBATEIBHOCTH X0008. XOAbl OBIBAIOT JWYHBIE W
cinydaiiHbie. (B maxmarax Bce Xoapl JIMYHBIE. PyneTKa CoaepKUT CIydYanHbIN XOI).
Pe3ynbTaThl X0/I0B OLICHUBAKOTCS (hyHKYUeU 8blucpbliuia IS KaKI0ro Urpoka. Eciaum
CyMMa BBIATPBIIIEH paBHa (0, TO Wrpa HA3BIBACTCA USPOU C HYAE80U CYMMOU
(npedepanc). byaem paccmarpuBaTh TOJIBKO TaKHUE UTPHI.

Cmpameeueri Ha3bIBA€TC HAOOp NPaBUJ, OMPEICIISIONIUX
IIOBEJICHUE UTPOKa, T.€. BLIOOP X07a.

OnmumanvHou cmpamezuelr Ha3bIBAIOT TaKYyl CTPATETHIO,
[pU KOTOPOM JOCTUTAECTCSA MAKCUMAJIbHBIA  OXXUJIA€MbII

CPEIHAM BBIUTPHIII ITPU MHOTOKPATHOM ITOBTOPEHUU UTPHI.
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Mampuunsie uepvt — 3TO UTPHI, TIIE€ 1BA UTPOKA UTPAIOT B UTPY C HYJIEBOM CYMMOWU,
uMesl KOHEUHOS YHCIIO «IUCTHIX» cTparerui: {1,..., m} u {1,..., n} u V (i)) 3aman

IUIATEXK djj BTOPOro Mrpoka mepsomy. MaTpuna (@jj) 3a4aeT BBEIMIPBIII I1EPBOTO
MI'POKa U IPOUTPHILI BTOPOTO, ajj < 0!
HUrpa B opJasiHKy.

Urpoku BeiOupatot xoae{open, pewrxa}l. Ecam Xompl COBIIaNN, TO BRIUTPAN MIEPBBIH,
MHA4Y€ BTOPOMU.

Il urpok
OpeJI | peuka
| urpox
open 1 -1
pelika -1 1
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IIpopbiB 000poHBbI. IIepBBIiI UTPOK BBHIOMPAET CUCTEMY 3€HUTHOIO BOOPYKECHHUSI.
BTopoli UrpoK BBIOMPAET CaMOJIET. DJIEMEHTHI @jj 3a1al0T BEPOATHOCTh MOPAXKEHUs

camoseTa | cuctemoii I. I{emb BToporo urpoka — mpopBaTth 000pPOHY.

Camonembl
0,5/0,6 0,8
Benumrku | 0,9 0,7 0,8
0,7/ 0,5/0,6

B nepBoM npuMepe BCe X0Abl OJIMHAKOBO INIOXHU WM XOpomr. Bo BTopom nmpumepe
X0J (2, 2) B HEKOTOPOM CMBICJIE JIYUIIHM JIJIs1 00€UX CTOPOH: €CJIM B3SITh CaMOJIET 2,
TO 3€HUTKA 2 — Jy4llas JJIsi IepBOrO UTPOKA; €CIN B3SITh 3€HUTKY 2, TO CaMOJIET 2
JTy4IIMA 1J1s BToporo. B marpuiie ecth cemyioBast Touka!

Omnpenenenune. Cednosoti mouxou MaTpULbI (Qjj) Ha3bIBAIOT Napy (lgjo) TAKYO, YTO
Aj, Saiojo saioj, Yij.
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IpyMHUIMI MEUHAMAKCA (OCTOPOKHOCTH).
[Ipennonoxum, 4To MPOTUBHUK BCEBEAYI U yraapiBacT BCe X0abl! IIepBbI UTpoK
IIpeAIoJIaraeT, YTo BTOPOM BCe 3HACT M I Xoaa | mepBoro urpoka Beioepet j(1):

aij(i) < aij,Vj =1,..., n. Obo3HauuM @ = djj(i) = min ajj » | =1,...,m. Torma myumei
1<j<n
CTpaTeTHeHi I IEPBOr0 UTPOKa SBIISICTCS BBIOOD Ig TAKOH, UTO
o =Mmaxej = Max min ajj =« .
i 1<i<mi1<j<n
BennuuHy o Ha30BEM Hud#CHeU YeHOU UTPhl B YUCTBIX CTPATETHUSX.
BTopoii urpok u3 cooOpa)keHHii OCTOPOKHOCTH CUMUTACT, UYTO MEPBEINA V | BRIOCPET

1(J) Tak, 4TO @i(j); = @jj, V I, T.€. ,Bj :]rsnzix ajj 1 BBIOUPAET | C MUHUMAIIBHBIM [, T.€.
i<m

B = min max ajj =P,
1< j<ni<i<m
Bennunny £ Ha30BEM GepxHell YeHOU UTPhl B YUCTBIX CTPATETHIX.
Ipumep 1. a=-1, f=+1, a<p

Hpumep 2. o =max{0.5, 0.7, 0.5}=0.7, B=min{0.9, 0.7, 0.8}=0.7.
| J
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Jlemma. [l mo6oii pynkmuu f(X,y), XxeX, yeY, cnpaBeainBo HEPaBEHCTBO

max min f (x,y) <minmax f(x,y)
xeX yeY yeY xeX

B IIPCAITIOJIOKCHHUH, YTO 3TH BCIIMYNHBI CYIIICCTBYIOT.

Jloka3aTebCcTBO. BBeieM 0003HaUYCHUS:

f(x,y(x))=min f(x,y),
yeY

(X7, y(x7)) = max f (X, y(x)).
Torna

max min f(x,y)= f(x", y(x*))=min f(x*,y) <minmax f(x,y). ®
XeX yeY yeY yeY xeX
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Teopema. HeoOx0a1uMbIM M TOCTATOYHBIM YCJIOBUEM PABEHCTBA BEPXHEH M HUKHEH

HCH HIPbl B YHUHCTBIX CTPATCIHUAX ABJSICTCA CYIICCTBOBAHUC CGI[JIOBOﬁ TOYKH

B MaTpHLE (aij).

Jloka3zaTeabcTBO. Heobxooumocme. Ilycth o = £. I1o onpeneaeHuo

(o = max min a;
) 1<i<mi<j<n

£ = min max g;
1< j<ni<i<m

-

T.e. @ <@ j, < f. Tak kak a = f, 10 &jj,

TOYKOM.

. =mina._; <a. .
J 1< j<n 0] 10 Jo
. =MaXa; =a _:
J 1<i<m 1o 10Jo

< aj,j, <8j,j, VIJ, T.e. IBISLETCS CEI0BOI

HHocmamounocme. Ilycthb cemiioBas Touka (lgjg) CyIIeCTBYET, T.¢€.

8ij, = 8jgj, = @i

Torma min max ajj

< Lo <. <
in me a4 < Max aj, < 3 j, <

obparHoe, T.e. MIN Max a;j = Max min a;;.

J | | J

vi=1l...m, j=1..,n.

min a; j <maxminajj, HO 1O JIEMME BEPHO

| J

CnenoBarenpHo o= . B

J
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CMelnaHHbIe CTPATErMM U OCHOBHAS TeOpPeMa MATPUYHBIX UI'P

Onpenenenue. Ilon cmewarnnou cmpameeueri OyaeM IOHUMaTh BEPOATHOCTHOE
pacipeacaIeHue Ha MHOKECTBE YUCTBIX CTPATETHH.

CMemaHHas CTpaTerus IepBoro urpoka: P = (P1,..., Pm),

m
pe Py ={(Pr Pm) D Pi =1, pj 20, i=1..,m}.
=1
CMenranHas cTpaTerus BToporo urpoka q = (qy,..., dn),

n
Je Qn ={(Q1,---, Qn) | qu =1 qj >0, J =1.., n}'
j=1
[Ipy MHOIOKpaTHOM IIOBTOPEHMHM WIPHl HMIPOK BEIOMpPAET YHCTBIE CTPATErvu
CIy4YailHBIM 00Pa30M ¢ COOTBETCTBYIOLIUMH BEPOSITHOCTSIMH.
[Tnarexnas GyHKIHS IS CMEIIAHHLIX CTpaTeruii P u (:

m n
E(p.q) =)D ajjpiq;
i—1 j=1
3a1aCT MATCMATHNYCCKOC O KNIAHNC BBII/ITPBIIH& HCpBOTO HFpOKa HpI/I p,q
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3ameuanue. JloOaBIeHNEM OOJIBIION MOJ0KUTEIbHON KOHCTAHTHI MOKHO JOOUTHCS

Toro, uro E(p,q) >0, V p,g 0e3 u3MeHEHHS CTpaTETHil.

N3 mpuHInIIa 0CTOPOKHOCTH:

IlepBolii urpok umeT MakcuMyMm «(P)= min E(p,q) u modaydaeT HUXKHIOIO ILICHY
qeQn

Urpel @ = Max a(p).
PP

Bropoit urpok mmer muanmym £(q) = max E(p,q) ¥ moimydaeT BEpXHIOI IICHY
PRy

urpel £ = min £(q).

qeQp

Teopema @on—Heunmana

B MaTpuuHOii urpe cymecTByer napa (P, ) CMEMIAHHBIX CTPATETHil, TAKHX UYTO
1. E(p.a")<E(p",q")<E(p"0), V pePn, qQn
2. a=pB=E(p".q").
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Jloka3areabcTBO. CHayana IIOKa)XeM, KakK MOPEJACTaBUTh 3aJadyy O BBIOOpE
Hawiydinux crparerui B Buje JIII, a 3atem nokaxem teopemy.

IlepBrlii urpok: a(p) — Max

m
a(p)= min E(p,q) <> ajp;, Vj=1..n
qeQy i=1

ITycto Uj = pi/a(p), 1= 1,..., m, B npeanonoxeraun «(p) > 0.

m m
Torma u; >0,1=1,....m, u Zaijui >1, V]=1...,n 3aMeTuM, 9TO Zui :i

u3amada o(Pp) > Max MoKeT OBITh 3aIIMcaHa CICAYIOIIUIM 00pa3oM:

m
min ) u;
i=1

m
Zaijui >1j5=1..n
i=1
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AHaJIOTMYHBIM 00pa30M HOJIy4YaeM 3aJauy BTOPOrO UI'POKa:

Vj >0, j =1...,n,

rae Vj = d; /6(q), ] = 1,..., n. Ilomy4yeHHsle 3a1auu SIBISIOTCSA B3aUMOJBOWCTBEH-
% %
HbIMU. IIycTh Uj,Vj — ONTUMANbHBIC PELICHHSA STUX 3a/1ad.

m n

Monoxum P =Uj / D Ui', qj=Vj/ D Vj. 3 BTOpOii TeOPEeMbI IBOHCTBEHHOCTH
i1 i1

CIe/IyeT, 4To

m n
V’E(Zaijui* ~1)=0, j=1..,n, ui*(Zaijv’j ~1)=0, i=1..m
i=1

)=1
[IpocymMupoBaB, nojry4um
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[Togennm Ha (ZVT)(ZU,*) :
E(p".q") =

11
Vi i

Tenepp T0KaXeM MEPBOE YTBEPKIACHUE TEOPEMBI:

E(p,q") = §p,§a.,q, %p'é”z ZJ

AHAJIOTUYHO
*

Zpl >,_<-

E(p™,q) = nq-mai-p. q;j .4
,Zl JZl j Z 12 JZ Z .

re. E(p,g") <E(p".q") < E(p*,q), Vp € Pn,geQp.

Jlokaxxem BTOpPOE YTBEPKIAECHHUE TEOPEMBI.

DILTE R
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N3 npeapIayero HEpaBeHCTBA UMEEM:

max E(p,q")<E(p”,q")<minE(p",q),

P g
T.e. S =min mngaij Pid; gmsx mqin D ajjpidj = a.
g J ij

Ho o temme o< f= a=S=E(p ,q ). &

-12-

Jlekyua 14. Mampu4Heie uz2pol



JInjieMMa 3aK/JII0YEeHHbIX

J1Ba IIpECTYIMHUKA TTOMMaHBbI 32 COBEPILIEHUE MMPECTYIUICHUA.
Y clieacTBUd HE XBATAET JIOKA3ATEIbCTB UX BUHOBHOCTHU U

IPECTYIMHUKAM MPEAIararT CIEIKY:

Ecnu co3naewncs u nodmeepdumb yuacmue moeapuuid

8 npecmynieHuu, mo 6vliideulb Ha c60000y, a Mosapull

noayuum 7 jem JuuieHus c6o000ul.
[IpecTynmHUKU CHAST B pa3HBIX KaMepax W HE MOTYT OOIIaThCs, HO OHMU 3HAIOT, YTO
KaXJIOMY CAEIaHO TaKOe MPEeIJI0KCHHE.
Ecnu 00a npecTynmHUKa CO3HAIOTCS, TO KaXKIbIM MOTYYHUT S JIET.

Ecnu 00a He CO3HAIOTCS, TO KaXKIbIi MOTY4HT 110 1 roxay.
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bumarpuyHasa urpa

2-1 CO3HaJICA 2-1 HE CO3HaJICH
1-%1 co3Hascy 5:5 0:7
1-11 He cos3Haicy 7:0 1:1

Ceonosast mouka — 00a CO3HAKOTCA — CYLIECTBYET U JIAET S JIET KAXKJIOMY

OnmumanvHoe peuteHue — He CO3HABaThCS — JAET TOJBKO 1 rom.

OHO HeE IBJIAETCS CEUIOBOM TOUKOM!

Yto Oyjaer, eciiv AaTh IPECTyITHUKAM IOCOBEIIATHCS ?
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beckoaIMIIMOHHBIC UTPHI

beckoanuyuonnou uepou it P UITPOKOB HA3BIBAETCSI CUCTEMA
I'={l, {Xi}ic, {F}ia1 }:

rae | = {1,..., P} — MHOXeCTBO UTPOKOB, Xj — MHO>KECTBO CTPATETHH I-TO HTPOKa,

Xe X = | I X; — UrpoBBIC cuTyanuu, Fj (X) — BBIMTPHIII I-TO UTPOKA B CUTYAIUH X.
el

[Tpeamomaraem, 9To BCE UTPOKHU CTPEMSITCS MAaKCHMHU3UPOBATH CBOW BBIUTPHIIIIH.

[Tpon3BoJIbHOE MOIMHOKECTBO MHOXKECTBA | HA3BIBAIOT Koaiuyuell.

B 0eckoanuMIMOHHBIX UTPAX KOAJTUIUAM HE MPUITHCHIBACTCA KAKUX-JIMOO CTpaTernye-
CKHUX BO3MOXXHOCTEUN WM UHTEPECOB, 3 UCKIIFOUEHUEM TEX, UTO BBITEKAXOT U3 BO3-
MOYKHOCTEU U UHTEPECOB OTIEIbHBIX UTPOKOB.

[Ipumep. | — MHOXECTBO MOJMTUUECKUX HAPTHM.
Xi — MHOYECTBO ITPOTpaMM I-0ii TTapTHH.

Fi (x) — gmcio roocoB Ha BEIOOpAx, MOJAHHBIX 32 I-F0 TAPTHIO.
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beckoamuumnonnas urpa I Ha3bIBaeTCA uepou ¢ NOCMOAHHOU CYMMOU, ECITU CYLIECTBYET
TaKO€ YMCJO C, UTO

Z F,(X) =C s moboro XeX.

iel
Ecau ¢=0, To 6€CKOUIMITMOHHYIO UTPY HA3BIBAIOT U2POLL C HY1e80U cyMmoll (AaHTarOHU-
CTUYECKHE UTPHI).

IIpumepsl. 1) Urpa «YUepso», «IIpedepancy;
2) nuiaeMMa 3aKJIF0OUYCHHBIX;

3) pa3MENIECHHS B YCIOBUSIX KOHKYPEHIIUH.
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PaBHoOBecHe B 0€CKOAJTMIIMOHHBIX MT'Pax

VA
O06o03HaunM depe3 X || X' cuTyaiuro, OTIHYAONIYIOCS OT X TEM, YTO BMECTO CTpaTe-

i - VA .
TMU X UTPOKA | UCTONb3yeTcs cTpaterus X' € X!

x| X' = xR xR L x™)

O o -
CI/ITyaHI/Iﬂ X" Ha3bIBACTCI npuemiemou s urpoka I, €Ciiu H3MEHsI1 CBOIO CTPATCIHIO,

OH HE MOXET YBEJIUYUTH CBOU BHIUTPBIIL:

FOC XY < F(x°) ans mo6oro X' e X,

CI/ITyaI_[I/I}I XO, InpueMmjacmasd 11 BCCX UT'POKOB, HA3BIBACTCA pad6HO6eCUeM No HQW_)/
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Pa3MelneHe mpou3BO/ACTBA HA CETH

Jlano: G = (V, E) — B3BeIlICHHBIM HEOPHUESHTHPOBAHHEIN Ipad), B KaXKI0W BEpPIINHE

HaXOoIATCA KIIMCHTHI.

Wj — Z10X0J OT 0OCIyKMBaHHs KJIMEHTOB B BEPLIMHE .

de — mimna pebpa €.

HNrpa: P UrpokoB BEIOUPAIOT MO BEPIINUHE (OTKPHIBAIOT B HEM CBOE MPEAIIPUSATHE);
JUISL KaKJI0T0 KJIMEeHTa (BEPIIMHBI) OTHICKUBACTCS OJIMKalIlee mpeanpusTue
Ha CeTH (MOXKET OKa3aThCsS HECKOJBKO TAKOBBIX) M BBIYUCIISIOTCS JOXO/IbI

UTPOKOB.
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Jloxon: Z Bj — noxom urpoka I, rne

jev
0, eCIIH i - He OImmKaiIee
Pi =+

i W

- . eCli | - OJKanIee
| YU CJT0 OJIMKAUIIINX

Havitu: paBHOBecue 1o Hamy, T.e. Takoe pelieHue Ay UTPOKOB, KOTJa HA OJWH U3

HHUX HC MOXCT YBCINYUTDH CBOU H0XO0I, MCHSA PCIHICHUC B OANHOYKY.
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IIpumep: w; =1, p=3

N
oo

B
oo

N
Wl

Bonpoc: IlpaBaa i, 4TO paBHOBECHOE PEIICHUE BCETIA CYIIECTBYET?
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Konrpnpumep: wj=1, n=9, p=2.
4

Teopema. J/lna gannoro rpada G = (V, E) u mMHOXecTBa U3 P UTPOKOB 3ajaya
pacro3HaBaHMs «ECTh JU paBHOBECHOE penreHue» sBisgercss NP-1mmoiHom.
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Pa3sMmeleHre nNpou3BOACTBA U BLIOOP LEH

I[aHOZ | — MHOXeEcCTBO MCCT, I'’IC MOKHO OTKPBIBATH ITPONU3BOJACTBO

J — MHO>XECTBO KJIMEHTOB

Ij — OXOJUKET KIIMEHTA |

Cii} — 3aTpaThl HTPOKa K Ha 0OCITy)KMBaHUE KIIMCHTA | U3 IPCAIPUITHA |

k

f,"— 3aTparbl Ha OTKpBITUE NPEANPUATHUS | UTPOKOM K

WUrpa: p UrpokoB BEIOMPAIOT IO OJAHOMY IIPE/I-
NPUATHIO U Ha3HAYAIOT LICHBI {qu-(}kzl,___, 0

JUIST Ka)K0Tr0 KJIMEHTA.
Kaxapiii KJIMEHT BHIOMpPAET MOCTABIIMKA,

U UT'POKH BbBIYUCIEAOT CBOU JOXOIBI.
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ITocTaBmyK KIMEHTA |

- - _ - ;l- - p

1I(J) =arg mln{cI1J cipj}

0j — BTOpOYM MUHHMMAaJIbHBIN JJIEMEHT, T.€.
i : 1 p

g; =arg min({c; ;... Cipj}\{ci(j)j})

[TpuOsLTE UTpoKa K:

Wi = Z(Qj —Cj) - fit

: JeTk
12 DKOHOMMUS KINEHTOB:
V(i ip) = Y (r; — ;)
ip Jjed
OO01ecTBeHHOE OJ1aro:
P
fiigsennsip) = D" W + V(i ).
k=1
-23-
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CB35b C JOKAJbHBIMHA ONITUMYMaMH

[IpexcraBum 3a1auy MaKCHMHU3ALHK BEMHIHUHBL L(ly,...,1,) KaK 3a/1@4y LEIOYHCIICH-

HOT'O JIMHEWHOTO IIPOrPaMMUPOBAHUSL:

1, ecimm urpok K OTKpEIBaeT mpeamnpusaTuc |

0 BIPOTHBHOM CiIy4yae

) 1, ecrm ximeHT | oOCIy:KUBacTCSI HTPOKOM K w3 mpeanpusrus |
Yij =
0 BIPOTHUBHOM Ciy4yae
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3aa4ya MaKCUMM3allii CyMMapHOUW NPHUOBLUIM UTPOKOB M SKOHOMHUHU KJIMEHTOB:

P P
max 3> > (rj —cifyi) = D D fix (1)

jeJk=liel k=1iel

IIPU OTPAHUYECHUAX:

P
> Ovi<y jel, 2)

k=1iel

Vi <x¢, iel, jed, k=1..p, (3)
k

> x <1, k=1..p, )

iel ( )

X,y {08, iel, jed, k=1..p. (5)
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OxpecmHocmpio PEIICHUS (Xik )(y,lj) OyieM Ha3bIBaTh MHOXKECTBO JOITYCTHMEIX pe-

IICHUH 3aJ1a4H, MOJIy4aeMbIX U3 JAHHOTO BHIOOPOM HEKOTOPOTO UI'POKa U 3aMEHOM

€ro OTKPBITOrO MPEANPUATHUS Ha JTI000€ APYTOE.

Teopema. Mexny n10KaaTbHBIMM MakCUMyMaMH 3agauu (1)—(3) u paBHOBECHUSIMU 110

Hamy cymecTByeT B3auMHO-0JTHO3HAYHOE COOTBETCTBHUE .

CaencrBue. PaBHoBecue 11o Hary B urpe ¢ pasmMenieHueM Iporu3BOACTBA U BbIOO-

pPOM IICH BCCTAa CYICCTBYCT.
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Bomnpochl

e B 3amade pa3meleHus B YCIOBUSAX KOHKYpeHIUH (U3 JIEKIUKU 13) onTUMalIbHOE
pEIICHUE COOTBETCTBYET CeII0BOM Touke ([a uru Hem?)

e llrpa «kamenv—HodicHuybl—OyMazay SIBASETCI UTPOH C IOCTOSHHON CYMMOi
(da unu Hem?)

e 3ajaua OMCKa paBHOBecHs 1Mo Hamry npu pa3MelieHuy Mpor3BOACTBA HA CETU
npuHaiekut kimaccy NP ([Ja uiu Hem?)
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