33[[3‘]]4 Ha NMapauiC/JiIbHbIX MAallIMHAX

3amaua P | pmitn | Cax

HMmeeTcss m OAWHAKOBBLIX MAIlIMH U 1 padoT. JIro0ast paboTa MOKET BBIIIOJHATHCS Ha
00011 MarmuHe. [IpepbiBaHust pabOT paspenieHbl. TpedyeTcss HallTH paclUCaHue C

MMHHMAaJIbHBIM BPEMEHEM 3aBEPIICHUS BCEX PaOdoT.

HuxxHasa ouneHka

1 n
LB = max{ max p;; —Zpl-
m’
i=1

i=1,....n

Ecnu naingem pacnucanue ¢ Cpax= LB, TO MOJTyYUM ONITUMAJIbHOE PEIICHUE.
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AJITOPUTM: BO3BMEM MPOU3BOJILHBIN CIIUCOK padOT U OyAeM «3arpykaTh) MallluHbI
MOCJICIOBATEILHO: CHAyalia MEPBYK MAINWHY B HWHTEpBae BpemeHu [0, LB],
«OTpEe3ash» 4acTh MOCIEIHEN pabOThI, €CJIM OHA HE BOILIA IEIUKOM M, IEPEHOCS ATy
4acTh HA CJIEAYIOUIYI0 MamuHy B uHtepBaie [0, LB] u T.a. [Tonmyuynum HEkoTopoe

pacrucaHue. N
[Ipume
P ; P 5 M, 1 2
m=3,n=
/1 2 3 4 5 o > :
I
i 4 5 3 5 4 My| 4 : S ¢
LB=1
Tak xaxk LB > max p;, TO B KaXJblii MOMEHT BPEMEHU PadOTa BBINIOIHACTCS HE
i=l,...,n

0oJIee ueM Ha O,HHOﬁ MallInHC. 3Ha‘II/IT, ITOJIYYCHHOC PACIIMCAHUC ABJIICTCA JOITYC-

TUMBIM, U Cax = LB, TO €CTh IOJYYHIIM ONTUMAIBHOE PACIIHCAHUE.
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3apaua P | pmin, r; | Lyax

HmeeTcs m OMHAKOBBIX MAIMH U 1 pa0oT. s Kaxka0oi pabOThI 3a/1aHbl BpeMsl MO-
CTYILICHUS Ha 00CTyXKUBaHUE 7; > 0 U JUPEKTUBHBIN CPOK OKOHYAHUSA d; > 7.

Tpe6yeTcst HANTH pacUCaHNe ¢ MUHUMAIBHON 3anepkKoil Lmax = .nllaX (¢; —d;),
i=l,...n
I7I€ ¢; — BPEMS OKOHYAHUS Pa0OTHI i.

J1J1s1 penieHus 3Tou 3a]aui CHaYajla Hay4YnuMcs OTBEYaATh HA BOIPOC: I JIM pacmuca-
HHe C Ly, < L? A 3aTeM MeTOJ0OM AMXOTOMUHU HallgeM MHUHUMAaIbHOE 3HaUeHUE L,
JUJIs1 KOTOPOr'O TAKOE PACHUCaHUE CYIECTBYET.

IIycte L 3amano. Eciu pacnircaHue CyniecTBYET, TO padOTa i BBIIOJHAETCS B HHTEP-
BaJNe 1, ¢;] U ¢; —d;<L,Toectb ¢c; < L+d; = dl-L 1 MOXXHO CUMTaTh, UTO padoTa I

BBIIIOJIHSETCS B UHTEPBAJIE [rl-,dl-L]. Jlig TOrO, 4TOOBI OTBETUTH HA BOIIPOC «J 1N

paCliuCaHnuC C IIPCPbIBAHUAMU, I'IC KAXKIA pa60Ta BBIITIOJIHACTCS B CBOCM BPCMCH-
HOM OKHC», HaM l'IOTpe6yeTCH 3aZla4a O IIOTOKC B CCTHU, KOTOPAsA MOIKCT OBITH peiic-
Ha CUMIIJICKC—MCTOJI0M.
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3a1a4a 0 MoToKe B CeTH

3anmaHa cetb G = (V, E, s, t) ¢ OTHUM UCTOYHHUKOM S U OJHUM CTOKOM f.

CeTb G ecTb OpUECHTHPOBAHHBIN anukiIndeckuit rpad. Kaxmoi ayre (ij) € £ npunu-

caH BecC ¢;; = 0 — MpoIyCcKHas ClIOCOOHOCTh TyTH.

Omnpenenenne. [lomokom B cetu G Ha3biBaeTcsa QpyHKIusA F : K — R Ha qyrax, Ko-
TOpas YJIOBJIETBOPSET YCIOBUSIM Ha MPOIYCKHBIE CIIOCOOHOCTH

M COXpaHseT MOTOK B KaXJI0M BHYTpEHHEH BepiuuHe ve V' \ {s, t}:

Zfij: iji, VjelV \i{s,t}.
eV eV
(j)eE (ji)eE

o—|
S o< o !
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JIerko npoBEpUTH, UTO Z foi = Z fir-
eV eV
(si)eE (it)eE

Onpenenenue. Bennunna M (f) = Z f¢; Ha3BIBACTCS MOWHOCMbIO NOMOKA.
eV
(si)eE

3aja4a COCTOUT B TOM, UTOOBI HAWTH IIOTOK MaKCUMAaJIbHOM MOIITHOCTH.

3aMeTHUM, YTO 3TO 33/Ja4a JIMTHEUHOr0 MPOrpaMMUpPOBaHUsA. MHOKECTBO JIOITYCTH-
MBIX PELICHHH 3a1a4M HE IyCTO, T.K. peutenue f; = 0, V(ij)e £, ABasgeTCs N0y CTH-
MBIM pelieHueM 3aaauu. LleneBas PyHKIMs orpaHuyueHa CBEPXY, CIEI0BATEIbHO,
ONITUMAJILHOE PEIICHUE CYILIECTBYET.

HOKa)KCM, KaKk C€ IIOMOIIBKO 3a1da4Mu O IIOTOKC B CCTH HauTH pacCiliuCaHuC,
YAOBJICTBOPAOIICC BPCMCHHBIM OKHAM.
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L
ConbeM 1Ba MaccuBa 7, d;” ¥ yHOPAIOYUM UX 3HAYCHHUS

H<tb<..<t, k<2n.
PaccMarpuBaeM TOJIBKO Pa3IUYHEIE 3HAYCHYS 7' U d.

IToctpoum wmHTEpBANBI [} = [t1, tit1], AABBL T} = fj41— I W PACCMOTPHUM CETh
G=(V,E,s,1):

M T(Jz)

Hyra (i, k) npuHagiexut E, eciu padota J; MOXKET BBIINOJIHATHCS B UHTEpBale [,

L o
T.€. [} <[r;,d;”]. Kaxxnou nyre npumnucas BeC, Kak IOKa3aHO HA PUCYHKE.
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Pemum 3agauy 0 MaKCHMAJIBHOM TOTOKE B 3TOM cetH. [lomyunm max M(F). Cpas-

n
HHUM OTY BCIIMYHNHY C Z Di- Ecnn onn paBHBI, TO HCKOMOC PACIIMCAHUC CYIICCTBYCT,

i=1
eCIIH HeT, TO eCTb Y p; > M (F), TO TaKOr0 PAaCIUCAHUs HE CyLIECTBYCT.
IlycTh MMeeT MecTO paBeHCTBO. Torga COXpaHEHHE IOTOKAa B KAXKIOW BEPIIUHE
J; Iaer:
Z]{;k = P> Vizl,...,n
k

Y BEJIMYMHBI fj; OIPEICISAIOT paclucaHue padoThl J;.

CoxpaHeHHE MOTOKA B BEPIIMHE [} Z Jir <mTy, Vk=1,..,K, rapaatupyer, 4To m

l

MAIIIMH CIIPABATCS CO BCEMHU padOTaMM B MHTEpBae 1.
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3agaua Q| pmin | Chax

NmeeTcst m MallldH CO CKOPOCTSIMHU S| = §p = ... 2> 8, U 1 PadOT C TPYAOEMKOCTbHIO
pP12p2 2 ... 2 py,. Bpems BbIOJTHEHUS Pij =Di / S;. Paszpenrarorcs nmpepbIBaHUA.
HaijiTu pacnycanyie ¢ MUHMMaJIbHBIM BPEMEHEM BbIIIOJHEHMS BCEX padoT.

CHavana HaWAEeM HWXKHIOK OHEHKY Ha C.y, 3aTE€M IOCTPOUM PaCHUCAHUE C
Cmax =LB, TO ecTh onTUMaJIbHOEC!

Honoxum P;=py+pa+ ...+ p;, Si=s1+s+ ...+,

IIpeamonaraem, 4To n > m, WHa4Y€ BbIOpachIiBaeM (7 — 1) caMbIX MEIJICHHBIX MAIIIMH.
Eciu XxoTuM BBINOIHUTHE BCe paboThl B uHTepBaie [0, 7], To P, < S,,T.

Amnanornuno, P; < §;T, Vj=1,...,m— 1, Tak KaKk P; / §; €CTb HWXHsA I'paHULIA JIJI

BBINOJIHEHUS padoT j'=1,...,j. Takum obpazom,

LB=max{ max P;/S;;P,/S,}
j=1,...m—1

€CTh HYDKHSA TpaHuna IS Coax.
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[Ipeanonoxum, 4T0 Cax = T’ ¥ 10 MOMEHTa 1 HU OJlHA MalllMHA HE MPOCTanBaia.

Torma T'= P, / S,, . Ecnu Obl MOKHO OBLIO BBITIOJHUTH pabOTy Cpa3y Ha BCEX Malllu-
Hax, TO paclUCaHuE JIETKO TOCTPOUTH:

M, 1 2 n

M, 1 2 n

1 2 n

1 2 n

My | 1 2 n
P/S,  PyS, T

Ho aT0 pacnucanue aerko mnepeaeaarh Tak, 4ToObl padoTa He ObllIa OJHOBPEMEHHO
Ha HECKOJIbKUX MaIlliHaX.
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Tak xak n > m, TO cCIBUHEM pabOTHI IO BPEMEHM CICIYIOIIAM 00pa3oM:

M, 1 2 3
M, 1 2 3
1 2 3
1 2 3
M, 3 1 2 4

T
CosmecmHoe 8vblnoanenue pa60m

JTO ONTHMAJILHOE paclucanue, ecnu p; = p; Vij=1,..., n . Eciu p; = p, T0 MbI
yMEEM CTPOUTH ONTHMAJIbHOE paclMCaHHWe U OHO 00J1aaeT TEM CBOMCTBOM, YTO HH

OJHa MallTMHA HC ITPOCTANUBACT JO 3aBCPIICHHNSA BCCX pa60T.
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Teneppr paccMoTpuM OOLIMH Ciay4aid pa3HbIX p;. B Hem paboThl ¢ OOJBIIHUMU
JUTUTEJIBHOCTSIMM CTaBSITCSL Ha caMble OBICTpPHIE MAIMHBI JI0 T€X MOpP, MOKAa MX
JUIMTEILHOCTh HE COKPATUTCS HACTOJILKO, YTO COBHAJIET C JUIMTEIbHOCTHIO APYTUX
paboT, o0pa3ys Ipymily OJMHAKOBBIX PadOT, a I'PYNIly Mbl YMEEM PaCIUCHIBATH
ONTUMAJIBHO.

O0o3HauuM yepe3 p;(f) 4acTh pabdOTHI i, KOTOpas €IIE HE BHIIIOJIHEHA K MOMEHTY £.
Ham anroput™m OyaeT ABUTaThes IO f U B HEKOTOPHIX MOMEHTAaX BPEMEHHU S OCTa-

HAaBJIMBATLCS IS IICPCHA3ZHAYCHU A pa60T I10 MalllMHAaM.
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Aaroputm Level

1. t:=0
2. While 4 pabora ¢ p(¢) > 0 do
2.1. Assign (?)
2.2. t; =min{s >t | d paboTa 3aBepiaroniasics B MOMEHT s}
23. n=min{s >t |3, plt) > plt) n pls)=pis)}
2.4. t=min {1, t}

3. BoccTtaHOBHUTH pacnivcaHue padoT.

[Ipouenypa Assign (¢) TpoOM3BOJUT Ha3HAYEHUE PAOOT MO MaIlTMHAM.
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IIpoueaypa Assign
1. J:={j | p(6)>0}.
2. M= {M,....M,}.
3. Bcem jeJ u M;eM npucBOUTH CTaTyC «CBOOOICH.
4. While 3 (cBoboaHBIe paboOTHI) U (CBOOO HBIC MaIIKHBI) dO

4.1. Haittu muOkecTBO [ < J Bcex pabot ¢ p;(¢) = max py (¢).
eJ

42. k:=min {| M|, |1 .

4.3. HazHauuth pabOThI U3 / Ha k caMbIX OBICTPBIX MallvH U3 M 1
COBMECTHOM 00pabOTKH.

4.4. J=J\1

4.5. HUckmrouuTh k caMbIX OBICTPBIX MallvH U3 M.

Jexkuua 11. Teopusa pacnucanuu. Yacmep 2 13-



Ilpumep HMmeercs S paboT u 4 MalIvHbI

P1
D> p1(9) B MoMeHT 0 Ha4au BBITOIHITHCS
p2(1) 4 paboTHI.
p3 |
4 3(0) | B MOMeHT ¢ ps = p4(t;) u panee
s , ; OHM BBHITIOJHSAIOTCS BMECTE Ha
|\ , L mammwne 4.

Al %) t13 I4 t5
B momeHT 1,  pi() = paty) ©
Jlajle€ OHU BBIIIOJHSAIOTCSI BMECTE
M; /1 J1Jo Ha JABYX CaMBbIX OBICTPBIX
M, J2 MaIlIuHAaX.
M; J3
My Jy4 JaJs p
th b ot b
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3aMeTuM, 4TO KpuBasi pi(f) Bcerjaa OCTaeTCs BBIIIE BCEX APYTUX, po(f) HE HUXKE

pit),i>2muT.nm.,rT.e.

pi(t) 2pa(t) 2 ... 2 pu(1), V20,
U rpoueaypa Assign (f) Ha3HadaeT padOThl HA MAIIIMHBI UMEHHO B 3TOM IIOPSJIKE
Teopema. Anroput™m Level cTpout onTuMalibHOE pacucaHue.

Jloka3aTejbCcTBO. JIOCTaTOYHO YOSIUTCS B TOM, UTO aJITOPUTM 3aKOHYHUT PadoTy

B MOMCHT

m—1

t = LB = max mili(Pj/Sj; P, /S,

1.Ecnu Kk MOMEHTY 3aBepIIICHHs BCeX paboT HU OJlHA MAIlIMHA HE TPOCTanBaa, TO
t=P,/S, ¥ peleHne OnTUMAaIbHO.
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2.1lycTh MammHbl 3aBEPILWIM CBOIO PadOTy B pa3Hoe Bpems. Toraa
fi=2fr2... 2 fm fi— BpeMs OCTAaHOBKU MAILIMHBI [, U XOTs ObI OJJTHO HEPABECH-
CTBO CTpOTOE, T.€.

T=fi=hHh=...=fi>fn nj<m
Ho paboThl, 3akaHuMBarONIuecss B MOMEHT 1, JOJKHBI ObUIM HadyaTbcsa B £ = 0, H
TOoraa T=P]-/Sj.

Yoeaumcs B TOM, 4YTO BCE paOOTHI, 3aKaHUYMBAIOIIMECS B MOMEHT 1, Hayalu BbI-
noJiHAThes B ¢t = 0. IIpeamonoxkum, 4To 3TO HE Tak, T.e. 3 padoTa i, KOTOpas Ha-

yajgach B MOMeHT ¢, >0. Torna B ¢ = 0 Hayanuch apyrue padoTel: 1,2, ..., m u

p1(0) 2 p2(0) = ... 2 pp,(0) > pi(0).

Bce mammnabl padotanu 10 ¢ < f;, a B MOMEHT #; Mbl OJIY4uM pi(t;) = p(t) = ... =
Pw(t;) = p{(0) 1 1aniee OHU BBINOJIHAINCH BMECTE, T.€. MAIIMHBI HE TPOCTANBAJIH.

DTO MPOTUBOPEUYUT HNPEATIONOKECHUIO. |
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3apaua F' || Cyhax

Nmeercst n pabOT, Kaxk1asi U3 KOTOPBIX JIOJDKHA MPOUTH 00pPa0OTKY MOCIEI0BATEIIb-

HO Ha Bcex MamuuHax M, M,,..., M,,, T.e. Kaxxgas paboTa COCTOUT U3 m OIEpaluid U
IUIs1 BCeX pabOT MOPS0K BBIMOIHEHHUS OIlepalldil OJUH U TOT XKe.

TpeOyercst HaliTH pacnMCaHUE BBIIIOJHEHUS padOT 3a HAMMEHBIIIEE BpEMS.

OOOO Pabotsl

Q\)
Ml—)MZ—)...—)Mm\

Mogens «OTkpbIThIi 11eX» (Flow Shop) O O O

OO
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Teopema. CymecTByeT onTUMaibHOE pacnucanue s 3aaauu I || Ciax, 001a71a10-
1IE€E CICAYIOLUIMMUA CBOUCTBAMMU:
1. ITocmenoBaTeIbHOCTH BBINOIHEHUS Pa00OT HA MEPBOM K BTOPOM MaIlIMHAX OJ1H-
HAKOBBI.
2. [TocnenoBaTeIbHOCTH BBIMOJHEHHS Pa00OT Ha MOCICAHEN U TPEANOCICIHEN Ma-
IWHAX OJMHAKOBBI.
Joxka3zareabcTBo. 1. [lycTh yTBEpKIEHNE HE BEPHO M CPEAX BCEX ONTHUMAIIBHBIX
pacnucaHuid BBIOEpEM TaKOe, YTO MOocjeaoBaTebHOCTH Ha M| u M, coBmamaroT
IUIs1 IEPBBIX k padoT, kK < n U k — MaKCUMaJbHO.

M, i /

J
M, i

>

o

O6o3HaunM 3Ty k-10 paboTy uepes J;. Ha mepBoit mammue 3a Hel unget J;. Ha BTO-

\\\b‘

pou mammHe — J;. Eciu Ha mepBord MaIllMHE I0CTaBuM J; MExay J; U J;, TO AinHa
pacnycaHMsi HE M3MEHHUTCSA, HO Kk yBeauuutcd. Ilomydwnn mnpoTUBOpEUHE.
BTopoe yTBepkKIeHuE NOKA3hIBAETCSA AHAJTOTUYHO. W
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CaeacrBue. IIpu m < 3 cymecTtByeTr onTumajbHoe pemieHue 3agauu £ || Chax ©
OJIMHAKOBBIM TOPSAKOM BBIMOJHEHHS pad0OT Ha BCEX MaIlIMHAX.
Konrpnpumep s m = 4.

n =2 U JJIATEIbHOCTHU onepauui mis J; u J, 3agarorca Bekropamu: (1, 100, 100, 1)
u (100, 1, 1, 100). Eciu nopsiiKd BBIIOJHEHUS paOOT Ha BCEX MallWHAX OJUHAKO-

BbI, TO UX Bcero aBa: (Ji, J») wiu (J», J1). Torna B o0oux ciaydasx Cpax = 302.

Ml]

2

1

1

100 101

201

302

1

2

1

___

|

2

e

100 101

201

302
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OntumanbsHoe pemeHnue Cpax = 204

My | y)

M, 1 2

M3 2 1

My| | 2 1 /
| |
1 101 103 204

[Topsinok BeIMOHEHUS padoT HAa M, u M5 pa3Hbiid. Eciau npu m > 3 uckath pelie-
HUE B BUJIE OJIHOU MEPECTAHOBKU, TO OTHOIIEHUE IEPECTAHOBOYHOIO OIITUMyMa U

TJ100aJIbHOTO OIITUMYMaA MOXKCT JOCTHUI'aTb BCIINYNHBI 0,5\/ m.
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3anaua JIxoncona F2 || Chax

IlycTh 3aanbl iepecTaHoOBKaA /7, onpeAensonias NopsJoK BbIIIOJHEHUST padoT Ha
nByX MamuHax. COOTBETCTBYIOIIEE PACIKMCAHUE MPEICTABUM B BHUIE CETEBOIO

T @ — =@ = @
¢

v
-—) 1L ) —> 17; —>—> CTOK

Kaxxo1 BEpIIMHE MPUITMCAH BEC PABHBIN JJIMTEIILHOCTH BBINIOJHEHUS COOTBET-
CTBYIOIIIEH OIlepaluy. 3aMeTUM, 4YTO MNPU 3aJaHHOM IepeCTaHOBKE [/ BpeMms
OoKOH4YaHMs BceX padO0T (Cihax) PABHO JJIMHE MAaKCUMAJIbHOTO IMYTH U3 UCTOYHHUKA
B CTOK. DTOT IIyTh Ha HEKOTOPOM paboTe s MEPEexXoauT oT M Kk M.
ITycTh a; — BpeMs BBINOIHEHUsS paObOThI j Ha M,

b; — BpeMs BBINIOJHEHUS padOTHI j Ha M.

S
Torma Ciax (/)= max Zan +Zka
1<s<n k=1 k=g

Jexkuua 11. Teopusa pacnucanuu. Yacmo 2
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0
Teopema. IlepecranoBka // = = (1, 2, ... , n) onTuMaiabHa, €CIU CYILIECTBYET

HOMEP ¢ TaKOM, 4TO
lLaj<b;, j=1,..,q U ay<a)<...<ag

2(1]219], j=q-|—1,...,n nu bq+12bq+22...2bn;

WM 0oJiee HaTrJISIHO

a < ay <...<a; Qg4 Qg4 ... a,
A Al Al \Y, \Y Y%
bl b2 e oo bq bq—|—1 2 bq—|—2 2 e o Z bn
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Jloka3zaresabcTrBo. IlycTh //— npou3BoOJIbHAA IIEPECTAHOBKA U

S n
Ciax (11,5) = Zank + Zka . HHockonmbky Clax (/1) =max Cp(I1,5), TO
k=1 k=s S
JIOCTATOYHO MMOKA3aTh, YTO JJIsI BCAKOTO S HAUJETCA HOMEDP ¥ TAKOH, YTO

0
Ciax (I17,8) < Cipax ([1,7).
B cinydae s < g BeiOEpeM r Tak utoOwl /1€ s, ..., q} < {I11., 11 1,..., [1,}.

JI1s1 5TOro J0CTaTOYHO B NEpecTaHOBKe // HaWTW padOTy U3 {s, ..., ¢} C Hau-

MEHbIIIEH nmo3uiuei. ATy padoTta o0o3Haunau uepes //.. Toraa

s—1 q n
0 .
Cax (LL7,5) = Zak +ag+ Zbk + Zbk =a, + Zbk + Zmln(ak,bk),
k=1 k=s k=qg+1 kes,q kes,q

rae s,q = {,....q}.
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Jlnsa nepectanoBku /7 BenuunHa Ch,y (/1, ¥) IpeacTaBuMa B BUJIC

CmaX(Har) = aH,, + Zbk + ch ,
kes,g  kes,g

rae c¢; =min(ay,by ). Bropoe cilaraemMoe COOEpKUT TOJIBKO BEJIMYUHBI by, TaK

Kak {s, ..., q} < UL, 11 +1,..., 1[1,}. 3 ycnoBus [l.€{s, ..., g} nonydaem
ayy, 2 das OTKYJIA U CIICIYeT HY)KHOE HePaBEHCTBO.

B cayuae s > g BbIOMpaem r Tak, utoowl /l.€{q+1, ...,s} < {/1,..., 11 }.

OcranbHas 4acTb A0Ka3aTCIAbCTBA IIPOBOANUTCS AHAJIOT'HYIHO. B

Jexkuua 11. Teopusa pacnucanuu. Yacmep 2 24



