AHAJIU3 MPOEKTA MO0 KPUTEPHIO «CTOMMOCTh—/IJINTEIbHOCTh)

JIns Kaxxaon paboTel j€J BMECTO JIMTENLHOCTH 7; 3a7aH BPEMEHHON MHTEPBAII

[a;, b;] v nMHENHAs QYyHKIMS ¢; CTOMMOCTH BBITIOJHEHUS pAOOTHI B 3aBUCUMOCTH OT
JUIUTEbHOCTH.

a; b;

TpebyeTcsa HalTH MUHUMAJIbHBIE CYMMAapHbBIC 3aTpaThl HA BBHIMOJHEHHE BCEX PabOT

M COOTBETCTBYIOIIHNE UM JUTUTEILHOCTH padO0T, YTOOBI 3aKOHUNUTH ITPOCKT K 3aJ1aH-
%k

HOMY CPOKY 1.
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AHaJIN3 MPOEKTA N0 KPUTEPHUIO «CTOUMOCTh—/JIUTEJIbHOCTD)

pa0oThl | IPeIIIECTBOBAHNE | MAKCMMAJILHOE BPEMsi BBINOJIHEHHsI Pa00ThI
A - 32

B A 40

C — 50

D C 24

E B, D 120
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AHAJIU3 MPOEKTA MO0 KPUTEPHIO «CTOMMOCTh—/IJINTEIbHOCTh)

padoThI| Makc. CTOUMOCTD MHH. BpeMsi | CTOMMOCTh MaKCc. CTOMMOCTD
BpeMsl IPH MaKC. NPy MHH. | COKpalleHne B | COKpalie-
BpeMeHU BpeMEeHHU yacax HHS Ha
OJIMH 4Yac
A 32 640 20 800 12 13.33
B 40 480 30 720 10 24
C 50 1000 30 1200 20 10
D 24 288 15 360 9 8
E 120 4800 70 5600 50 16
AS
800 {---------
1333 = 800 —-640
040 -1 p S
> [

20

32
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AHAJIU3 MPOEKTA MO0 KPUTEPHIO «CTOMMOCTh—/IJINTEIbHOCTh)
T[{p:194;
cTouMOCTh npoekta = 640+480+1000+288+4800+8=37208

Kputnueckuii myte C—D—FE

CokpaTuM BpeMs BBIITOIHEHHUS paboThI D Ha OJUH Yac
Tx,=193; croumocTs mpoekTa = 7208+8=$7216

Kputnueckuii myte C—D—FE

CoxkpaTuM BpeMsl BbIIIOJHEHMS pad0Thl D €1ié Ha OJIMH Jac
A [32]

Tk,=192; croumocTs npoekra = 7216+8=$7224

Kputnueckue nytn C—D—-FE u A—B—F
C [50]

Kak CoOkpaTtuTh BpeMsl BBITIOJIHEHUS IPOCKTA €1IE HA Yac?
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Moaeib JIUHEHHOT 0 IPOrPpaMMUPOBAHUA

Hano: J={Il,..., n} — MHOXECTBO padOT;
C=1{(,j)|i,j € J} — 4acTU4YHBIN NOPSIOK;
[a;, b;] — nomyCTUMBINA MHTEPBAJI BLIIIOJIHEHUS PAOOTHI /;

Cj = k iPjt c?- — CTOMMOCTbD BBITIOJIHEHUSI paOOTHI J;

%
T" — BpeMs OKOHYAHUS BCETO IPOEKTA.

HaunTn: MunuMmasbHbIC CYMMApPHBIC 3aTPaThbl U JJIIUTCIIbHOCTD BBIIIOJIHCHHUA KaXK-

%
I0H pa0dOThI AJ1s1 OKOHYAHUS IIPOEKTA K 3aJaHHOMY CPOKY 1 .

. - 0
Mopaeasb: min Z(kjpj +c;)
Pj jeJ
IIpU OTPAHUYCHUSIX s; tpoi < s, A Beex (i, j) €C
%
;< T

CljS,Oijj, ]EJ
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OoOparnas 3apa4a
Hano: J={I,..., n} — MHO>XECTBO pa0dOT;
C=1{(,))|i,j € J} — 4acTUYHBIA OPSIIOK;

[a;, b;] — nomyCTUMBINA MHTEPBAJ BBIIIOJIHEHUS PAOOTHI /;

ci=k;pj+ c? — CTOMMOCTbD BBITIOJIHEHUST paOOTHI J;

%
C — cyMMapHas CTOUMOCTb BBITIOJIHEHHS BCEX padoT.

Haiitu: Hanbonee panHee Bpems BBITIOJHEHHUS ITPOEKTA MPU YCIOBUH, YTO CYM-

*
MAapPHbBIC CTOUMOCTD BBIIIOJTHCHHA BCCX pa60T HC IIPCBBICUT BCIINYNHBI C.

Mojaeab: min s,
[P OTPAHUYCHUSIX s; tp;i < s, i Beex (i, j) €C,
0 %
jeJ

a<p;<b;, jeJ.
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ITakeThbl JUHEHHOI0 NPOrpaMMHUPOBaAHUS

ABACUS 2.3 http://www.informatik.uni-koeln.de/abacus/

BCP http://www.coin-or.org/

BonsaiG 2.8 http://www.cs.sfu.ca/~lou/BonsaiG/dwnldreq.html
CBC http://www.coin-or.org/.

GLPK 4.2 http://www.gnu.org/software/glpk/glpk.html

Ip solve 5.1 http://groups.yahoo.com/group/lp solve/

MINTO 3.1 http://coral.ie.lehigh.edu/minto/

ILOG http://ilog.com

GAMS http://gams.com

SYMPHONY 5.0 |http://www.branchandcut.org/SYMPHONY/
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Ipumep

J MM TenbHOCTD T'r (cmapm) T (cmapm) 3aTpatsl

A 3 0 5 2 100
B 5 0 0 5000
C 3 5 5 1 800
D 4 8 8 4 800
E 8 12 12 32 000
F 2 8 11 1 000
G 4 10 13 2 800
H 2 10 18 7 000
1 5 5 15 4 000
J 3 14 17 30 000

Hroro: 90 500
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E:KeHelelIbHBbIC 3aTPAThI IPU HAUOo0JIee paHHEM cTapTe padorT

Henean
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
A | 700 | 700 | 700
B | 1000 | 1000 | 1000 | 1000 | 1000
C 600 | 600 | 600
D 1200 | 1200 | 1200 | 1200
E 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000
F 500 | 500
G 700 | 700 | 700 | 700
H 3500 | 3500
1 800 | 800 | 800 800 | 800
J 10000 | 10000 | 10000
Heulznm 1700 | 1700 | 1700 | 1000 | 1000 | 1400 | 1400 | 1400 | 2500 | 2500 | 5400 | 5400 | 4700 | 4700 | 14000 | 14000 | 14000 | 4000 | 4000 | 4000
::)%%r; 1700 | 3400 | 5100 | 6100 | 7100 | 8500 | 9900 | 11300 | 13800 |16300|21700|27100|31800|36500| 50500 | 64500 | 78500 |82500(86500(90500
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E:KeHene/IbHbIC 3aTPaThl NPU HaudoJIee MO3IHEM CTapTe padoT

Henean

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

700 | 700 | 700

1000 | 1000 | 1000 | 1000 | 1000

600 | 600 | 600

1200 | 1200 | 1200 | 1200

4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000
500 | 500

700 | 700 700 700

3500 | 3500

800 800 | 800 | 800 | 800

10000{10000{10000

FSNINIRIQIM ISR N

nenemo, 1000 | 1000 | 1000 | 1000 | 1000 | 1300 | 1300 | 1300 | 1200 | 1200 | 1200 | 1700 | 4500 | 4700 | 4700 | 5500 | 5500 |14800|18300|18300

Bcero

3a | 1000 | 2000 | 3000 | 4000 | 5000 | 6300 | 7600 | 8900 | 10100 |11300{12500(14200|18700{23400| 28100 | 33600 | 39100 |53900{72200|90500

MPOEKT
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Yupasiienue puHaHCaMu

100000
90000
20000
70000 O06nacTh TOMYCTUMBIX
peIIEHNH 3aJ]a4n
0000

50000

40000

30000 -

20000 -

10000 -

1 23456878 581011121514151617181920
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3arparbl K KoHny 11-i Hexeyu

Oo01ue Tekyimme Texkyimme
3aBepu(1)eHHocn> 3aTpaThI 3aTgaT1>1 3aTgaT1>1 Iepepacxon
(Vo) (n1an) (m1aH) (hakT)
A 100 2100 2100 2300 200
B 100 5000 5000 4900 —100
C 100 1800 1800 1800 0
D 75 4800 3600 4600 1000
E 0 32000 0 0 0
F 100 1000 1000 1200 200
G 25 2800 700 1400 700
H 50 7000 3500 5400 1900
I 100 4000 4000 4000 0
J 0 30000 0 0 0
Htoro 90500 21700 25600 3300
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KanenaapHoe miianupoBaHue ¢ OrpaHM4YeHHbBIMU pecypcamMu

Tpu Tuna pecypcos:

e BozoOHoBIIsIeMbIe pecypchl (pabouee BpeMsi, SPpupHOE BpeMsi, MPOU3BOICTBEH-
HBI€ MOIITHOCTH,...) €CJIH HE MOTPATUIIM, TO MPONaJIAIO0T.

e CKiaaupyeMbi€ pecypchl (ITHIoMaTepralbl, A€HbIH, 3epHO, I'CM, ...) eciiu He

IIOTPATHUIIN, TO MOKHO ITOTPATUTH I1032KC.

e HeBo300HOBIIsIEMbIE pecypchl (KpeIUThl, CYMMapHBIN 3amac HeMOMOIHIEMbIX
MaTEpPHUAJIOB,...) MOXHO NOTPATUTh B JIIOOOW MOMEHT BBINIOJTHCHUS ITPOCKTA.
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IlocTanoBka 3amaum

JlaHo:
J={1,..., n} — MHO>XeCTBO pa0doT;
C=1{(,j)|i,j € J} — 4acCTU4YHBIN MOPSIIOK;

M.

i, j€J — MOJIbI (BapUAHTBI) BLIITOJIHEHUS PAOOTHI;

|4
K" — MHOX€CTBO HEBO300OHOBJISIEMBIX PECYPCOB;
K” — MHO€eCTBO BO30OHOBIIIEMBIX PECYPCOB;

K° — MHOECTBO CKJIaJJMPYEMBIX PECYPCOB;
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rk’}? (r) > 0 — notpebHOCTB B pecypce k € KU K° B unTepBaine Bpemenu [ 1, 17],
CUMTAasl OT Hayajia BBIMOJHEHUS paOOThI j B MOJIE Mi;

rk'}? > () — noTpeGHOCTh B HEBO30OHOBIsIEMOM pecypce k € K IpH BBINOJHEHHH
palboThI j B MOJIE Mi;

qi(f) > 0 — xonuuecTBo pecypea k € K¥ U K°, BblenieMoe B MOMEHT BPEMEHU  HA

BBIMIOJTHEHUE BCEX PadOT;

,
qr > 0 — KOJIM4YeCTBO HEBO30OHOBIIIEMOTr0 pecypca k € K, BbIICIsIEMOE B MOMEHT

t = (0 Ha BBINOJHEHHUE BCEX PA0OT B TEYCHUE BCEr0 MHTEPBAIA IIJIAHUPOBAHUSI;

p}” > () — JIJIUTEIBLHOCTH PA0OTHI j B MOAEC M1

d; 2 0 — NMPEKTUBHBINA CPOK OKOHYAHHS PAOOTEHI ;.
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IlepemeHHbIC 3a1a4M:
m(j) — mopga pabdoThl J;
§; 2 0 — HayaJo BBIIOJHEHH PAOOTHI j

At)y={jeJ|s; <t<s;+ p}” } — MHOXECTBO paOOT, BBIINOJHSIEMBIX B MOMEHT

BPEMCHHU .

JlomycTuMoe penieHue 3aaa4M: Ha3HaueHUE MOAbI m(j) U BpEMEHM CTapTa Kax-

101 pabOThI TaK, YTOOBI BHIIIOJIHHUTD

¢ YCJIOBHMA ITPCAIICCTBOBAHMA,

® OIpaHUYCHUSA IO PeCypcam;

® JIUPCKTHUBHBIC CPOKU OKOHYAHUS KaXKJ10M paOOTHI.

3ajaya COCTOMT B TOM, YTOOBI HAWTHU JONMYCTHUMOE PEIICHUE 3aJa4d C MUHUMAJIb-

HBbIM BPCMCHCM OKOHYAaHHA BCCX pa60T.
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MaTreMmaTuueckKas MoJIeJIb

mm{max(s + P miJ ))}
jeJ

m(]) <d.

[IpU OTPAHUYECHUAX Sj+p; j» JEJ;

si+ o' <55, (i, j)€C:

Y r,;?(f)(t—sj)sqk(t), keK”, t> 0;
JeA()

Z Z rlé”(J)(t —S])<qu(t) keK®, t>0;
t'=1jeA(t")

ng(”ﬁqk, ke K"

jeJ

m(j)e M;, 5,20, jeJ.

(D

(2)
3)

4

)

(6)
(7)
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Teopema. 3anaua (1) — (7) aBasgercs NP—tpyaHol npy HaJIW4YMU XOTS OBl OJIHOTO

BO300HOBJIsIEMOr0 pecypea u | M; | =1 nus Beex jeJ.

Jlokazateanctso. [Iycts | M; | =1 s Beex jeJ, K=K =, K| =1, qt) =¢q
s Beex ¢ > 0 u ke K”. Pacemorpum 3apaqy (1) — (7) mpu p;= 1 s Beex jeJ u

0€3 yCIIOBUM MPEIICCTBOBAHUS Ha MHOXeCTBE pa0oT. [loyunM 3amady ynmakoBKU
B KOHTEUHEPHI, KOTOpas ABJIsIeTCA NP—TpyaHOoN. W

A

q

~

W B~ O | &

Y
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YacTHbIE CIyYau MOJeIH
Hns | M; | =1, jeJ, paccMOTpPHUM CIIEAYIONIME YaCTHBIE CIIyYau:
1. K’ =K° =, K" # & — TObKO HEBO30OHOBISEMBIE PECYPCHL.

TpuBHaIBHBIN CiTydali, IPOBEPSEM XBaTaeT JIM PECYPCOB U €CIIM J1a, TO OTOPACHI-

BAacM BCE PECYpPCHBIC OTPaHUYCHUS.

2. K’ =K"=, K° # & — TOIBKO CKIaJUPyEMbIE PECYPCHI.
[TonuHOMUAIILHO pa3peIIUMBIN CIIy4au, aJroOpuT™M [ uMaau J1aet TOYHOE pellie-

HUE 3aJ[a4U.

3. K°=K"=0, K’ # & — TonbKO BO30OHOBIISIEMBIE PECYPCHI.

HauOomnee TpyHbIN ciiydail, IPpUMEHSIEM dBPUCTUUYECKUE AITOPUTMBI.

Hdekuuna 7. 3aoauu kanenoapnozo naanuposanusn. 4acmo 2 -10-



3aj1aua co CKIIaupyeMbIMU pecypcaMu

Onpenenenue. Pacnucanue S = {s; = 0, jeJ} Ha3BIBAIOT nNOMYOONYCMUMbIM, ECIH
OHO YJIOBJIETBOPSIET YCIOBHUAM IPEAIICCTBOBAHUA (3) U JUPEKTUBHBIM CpoKaM (2),
HO OBITh MOXKET HE YAOBJIECTBOPSCT OIPAaHUYCHUSIM 10 PECypCaM.

Yupaxuenue 1. IlomymomycTuMoe pacnrcaHue CyIIeCTBYET <> HanboJiee paHHUE

CPOKH BBINIOJHEHHS pa0O0T 7,(X) yIOBIETBOPAIOT JUPEKTUBHBIM CPOKaM (2).

HJekuuna 7. 3aoauu kanenoapnozo naanuposanusn. 4acmo 2 -20-



Onpeneaenne. [lomynonyctumoe pacnucanue st = {SJT- >0, jed} nna T 2 Tk, Ha-

T . o T
3bIBACTCS 1—n030HUM, €CIIN S ; T p =1, nnd Bcex j€J ¥ HU OJTHO U3 3HAYCHUH S ;

HE MOKET OBITh YBEIWYEHO 0€3 HApPYIICHUS 3TOTO YCIOBUS WX MOIYIAOITYCTUMO-
CTH paclyCaHus.

AJITOPUTM BBIYUCIICHUU 1-TIO3JTHETO PACIIUCAHUS AHAJIOTMYEH AJITOPUTMY BBIUMC-
JeHUs HamOoJiee MO3JTHMX MOMEHTOB, €CIIM MEPE] HayajaoM BBIYMCICHHM IOJIO-
KUTh

Tp(y) = min {d;, T}, j=(x.y)eJ
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5k %k
Teopema. Ilycte T — panMHa ONTHMAJIBHOIO pacnucaHus. lTorma 1 —I1031HEE

pacCiiMCaHuC ABJIACTCA OIITUMAJIbBHBIM.

k
Joka3zareabcrBo: I[lo onpenenenuro 7 —11034HEEC PACIUCAHUE YIAOBJIECTBOPSET

BCEM OTpaHUYCHUSIM KpoMe, OBbITh MOXKET, pECYpCHBIX orpanudeHuii (5). OrpaHu-

ueHus (4)—(6) urHopupyrorcs, tak kak K = K" = . IlokaxeM, 4TO OrpaHUYEHUs

(5) Tak>Ke BBIIOJHSIIOTCS.

*

* T
[Iycte § — ontumanbHoe pemieHue u §° — T*—no3aHee pacniucanue. M3 omnpe-

% .
JeJIEHUsT 1—T03JHEr0 paCUCaHUA CIEAYET, YTO S j < SJT- , U1 Beex jeJ. Tak kak

*
S ynoBaeTrBopsieT (5), TO €CTh B KaXJIbIii MOMEHT BPEMEHH PECYPCOB JOCTATOYHO,
TO 3TH K€ PECYPChl MOTYT OBITh UCITOJIB30BAHbI U MO3KE B CUIIY UX CKIIAIAPYEMO-

* *

CTHU. 3HAYUT, IS S JT TOXKE XBaTaeT pecypcoB U (5) BepHo. CrnenoBaTesbHO S ]T -

OITUMAJIbHOE pacnucanve. W

Jekuusa 7. 3aoauu Kkanenoapnozo naanuposanusn. Y4acmp 2 2



Unea anropurma I'mmaau

HE JONYCTUMO T JTOIyCTUMO
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AJaroput™m I'mmaau nocrpoeHus e-0NTUMAJIBHOI0 pelieHUus

1. Eciin HanboJsiee paHHUE CPOKHU BBITOJHEHHS PA0OT T),(x) HE YAOBIETBOPSIOT
TAPEKTUBHBIM Cpokam, TO STOP, 3aaua HE UMEET PELICHUA.
2. Iomoxwuts 1 = Tk,,.

3. Ecimu T'1—1103/1HEE pacMCaHue IOMyCTUMO T10 pecypcaMm, To STOP, mony4ueno
ONTHUMAJbHOE PELICHUE 3a1a4H.
4. Honoxwurs 1 =T, + max{f; [i =1,..mj.

P, — nnmatenbHOCTh MHTEpBasa IJIAHUPOBAHUA I-T'0 pecypca

5. Ecim T)—mo31HEE paciiCaHre HEAOMYCTUMO I0 pecypcaM, To STOP, 3anaua
HE UMEET PEIICHUS.

6. onoxuts T :=| (T + T»)/2 |.

7. IlocTpouts T—11031HEE paCTIUCAHUE s’

8. Ecim S” JIOITYCTHUMO 1O pecypcam, 1o 1> = T, uHaue 17= 1.

9. Eciu T, — T} > €, TO BepHyThcs Ha 6, nHaue STOP, nosrydeHo onTuManbHOE

pemeHue S L

Jekuun 7. 3aoauu kanenoapnozo naanupoeanusn. 4acmo 2 -2



3azava ¢ B0O300HOBJIsIEeMbIMH pPeCypcaMu

bynem npenmnonarats, 4to qy (1) =qy, u ry () =rjy,j€J, k€ K P T.e. BBIIEIICHUE
U MOTPEOJICHUE PECYPCOB HE 3aBUCUT OT BPEMEHHU.

Jnst ipon3BoIIbHOrO pacnucanus S = {s; = 0, jeJ} u MmomenTa Bpemenu ¢ = 0 onpe-

JEJIUM TPH MHOXKECTBA:

C(t)={jeJ|s;+ p <t} — 3aBeplIcHHBIE PAOOTEI

A() = {jeJ|s;<t<s;+ pj } — BBIIOIHAEMBIE PAOOTHI

D(t) = {jeJ\ (C(t) U A1) | P(j) <C(¢), Z’"ik + 7 Sqp.k € K*”} — pabortsl, KO-
ic A(t)

TOPBIC MOYKHO HAYaTh B MOMCHT BPEMEHH ! COTJIACHO YCIOBHUSIM HPEAIICCTBOBAHUS

W OrpaHHYEHUsIM TII0 pecypcaMm, P(j)) — MHOXECTBO MNPEIIECTBEHHUKOB
paboTHI J.

Jekuun 7. 3aoauu kanenoapnozo naanuposanusn. 4acmo 2 25



Unest ajiropurma

4

A

qk

C(0)

At

\_

D(?)

v

OcHOBHOM BOIIPOC: KaK BeIOpaTh NOAMHOXKeCTBO D' < D(¥) ?

4

Jekuun 7. 3aoauu kanenoapnozo naanupoeanus. Yacmo 2

26-



Ipudan:KeHHbIN aJITOPUTM
1. =0, C(ty) =D, A(ty) =D, 1:=0;
2. Tloka | C(t)) U A(t)) | <|J| BBIIOJHATH
21.1=1+1
22. tp:=min {s;+ p; | jeA(t1)}
2.3. Halitu muoxectBa D(t;), A(t;), C(4)

2.4. lonoxuts Q) :=qj — erk, ke K”
JeA(t;)

2.5. Beibpars D' < D(t;) Tax, 4ToOBI Z’”jk < Oy nns Beex keK”
jeD’

2.6. Ionoxuts s; := t; A Beex jeD' u A(t):= A(t) v D',
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Bb10op muo:xxecTsa D’

Obo3nauum 4yepe3 R ; = Z r]%{, jeD(t;)) momr pecypcoB, NOTPEOISIEMBIX

keKP
padoroii j. Torma D' nemecoodpa3Ho BEIOMpPATh MO PEIICHUIO 3a/1a4u O PIOK3aKe:
max | ZR X
JED(1))
IIPU OTPAHUYEHHAX DX <qp— D tg, keK”,
JED(1;) i€ A(t))

X € {O, 1}, jED(t]).

*

j OIITUMAJIbBHOC PCIICHUC 3ala4YN.

[Tonmaraem D’= { jeD(t)) x:=1 , TIIe X
J

Yupaxknenue 2. Ilokazate, 4To J11000€ IIPaBUIIO BEIOOpA MOAMHOXKECTBA D7,
UMEIOIIEE TTOJIMHOMUAIIbHYIO TPYAOEMKOCTh, HE MOYKET TrapaHTUPOBATH MOJIyYe-
HUE ONTUMAJIBHOIO pelieHus, eciu P = NP.
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