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Preface

This book is about modeling and solving

multi-item,
single /multi-machine,
single /multi-level,
production planning problems
with time-varying demands
by mixed integer programming.

Since the beginnings of operations research and management science, mod-
els for production planning have been an important object of study with the
Harris EOQ formula or Wilson’s (@, r) model, and Wagner—-Whitin’s dynamic
lot-sizing model, the cornerstones for the treatment of stationary and time-
varying (dynamic) demand, respectively.

The introduction of Materials Requirement Planning (MRP) systems in
the 1970s was a major step forward in the standardization and control of pro-
duction planning systems, but MRP and its successors were first and foremost
information systems necessary but not sufficient for the efficient planning of
the factory or enterprise. Much criticism was leveled at the inability of such
systems to deal effectively with lead times and capacity constraints. Even in
today’s Enterprise Resource Planning (ERP) systems and Advanced Plan-
ning and Scheduling (APS) systems, the planning modules are still seen as
unusable, or unable to handle the complexity of the underlying capacitated
planning problems.

Starting in the 1960s and 1970s, the first serious efforts were made to
describe mixed integer programming (MIP) models for single- and multi-stage

planning problems of the type that arise regularly in practice, and that MRP
and APS systems are designed to tackle.
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Unfortunately MIP systems at the time were only able to solve “toy” in-
stances, and so efforts were mainly concentrated on simple and rapid heuris-
tics.

Starting in the early 1980s, motivated by the successes in tackling pure
0—1 and traveling salesman problems by strong cutting planes, a systematic
study of the polyhedral structure of production planning models was initiated.
The result is that today we know a considerable amount about the “right”
way to formulate many simple production planning submodels as mixed inte-
ger programs, and this knowledge, combined with the remarkable progress of
general MIP systems, enables us to solve or approximately solve many prac-
tical production planning problems that were considered far out of reach ten
Or SO years ago.

The goal of this book is to enable a reader with a background in linear
programming to use the knowledge and tools provided here to solve real-world
production planning problems.

The book 1s addressed to practitioners with production planning or supply
chain planning problems to be solved, and to students in management. indus-
trial engineering, operations research, applied mathematics, computer science,
and the like from final-year undergraduate up to Masters and PhD levels.

The book can be tackled on three levels.

Part I has material for everyone with an introduction to the modeling, for-
mulation, and optimization approach to solving problems as MIPs, a chapter
on classical Manufacturing Planning and Control models and systems (includ-
ing MRP) and on more recent Advanced Planning and Scheduling systems, a
chapter providing an introduction to MIP algorithms (including branch-and-
bound, cutting plane, branch-and-cut, and neighborhood search MIP-based
heuristic algorithms) and to the key issue of the quality of formulations in
solving MIPs. These three chapters provide background material to render
the book accessible to the widest possible audience.

Then a central chapter (Chapter 4) presents the classification of simple
(single-item) production planning subproblems that is used throughout the
book, and a procedure to improve the formulation of real-life production plan-
ning problems. This procedure is based on the classification scheme and the
identification of the available reformulation results adapted to each problem
structure. In the final chapter of Part [ (Chapter 5), the reader tackles his
first case studies, and is already required to improve the formulation and solu-
tion times of several production planning problems encountered in practice by
using a library of extended reformulations, cutting planes, and neighborhood
search heuristic algorithins. 1 combination with a standard MIP solver.

Part Il provides a second-level course that could be entitled “Basic Poly-
hedral Combinatorics for Production Planuning.” The first of three chapters
(Chapter 6) consists of a more rigorous introduction to the decomposition
and reformulation approach developed throughout the book. In particular,
different types of decomposition algorithm (reformulation and branch-and-
cut. column generation. Lagrangian relaxation) are described and discussed.
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The second (Chapter 7) contains a more or less complete polyhedral tour
of the uncapacitated lot-sizing problem (LS-U). This incredibly rich problem
allows us to present a wide variety of reformulation results using cutting planes
(the so-called ([, §) inequalities) or additional variables (facility location and
shortest path reformulations) and dynamic programming optimization algo-
rithms (forward and backward), and it is hoped, provides a guide on ways to
try to tackle other combinatorial /structured MIP problems.

Finally Chapter 8 presents the reformulation results known for the sim-
plest MIP models (simple mixed integer sets and mixing sets, knapsack sets
with a continuous variable and the Gomory mixed integer set, and single node
flow sets) that are necessary for an understanding of both the cutting planes
generated by today’s commercial MIP systems (mixed integer rounding (MIR)
and Gomory inequalities, knapsack cover inequalities and flow cover inequal-
ities), and the cutting planes and reformulations that arise later in the book
when examining different variants of lot-sizing models.

Parts III and IV provide a modeling and reference manual for the user
who has identified a particular production planning subproblem - using for
instance the classification scheme from Chapter 4 — and wishes to know and
understand what formulations are available to improve his MIP model, and
as a course for doctoral students in “Advanced Polyhedral Techniques and
Production Planning.”

Part III contains the important practical extensions of the single-item lot-
sizing model (including constant and varying capacities, backlogging, start-
ups, sales, more complicated cost functions and time windows, as well as other
classical variants).

Part IV has two chapters, one (Chapter 12) dealing with multi-item mod-
els, and in particular on the different ways to formulate the allocation of
resources to products (production modes) and the associated restrictions on
production quantities, and a second (Chapter 13) dealing with multi-level
problems, and in particular a presentation of the echelon stock reformulation.
This concept is essential for the application of the single-item reformulation
results to multi-level production planning problems, and to other supply chain
production and distribution problems. The classification scheme for produc-
tion planning problems presented in Part I for single-item problems is ex-
tended in Part IV to multi-item and multi-level problems.

Finally Part V (Chapter 14) contains three comprehensive case studies
where we illustrate the modeling, formulation, solution, and sensitivity anal-
ysis approach, and three more technical case studies where we illustrate the
variots reformudation wodels and algorithms presented in the book. All case
studies are directly derived from or based on real-life planning problems.
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Figure 0.1 summarizes these three course levels, where the most important
chapters at each level are indicated in bold.

Level I Level li: Level llI:
Production Basic Polyhedral Advanced I?olyhedral
Planning Combinatorics Techl_fuques |
by MIP for Production Planning for Production Planning
Planning Systems Planning Systems Planning Systems
MIP algorithms MIP algorithms MIP algorithms
Part |
Classification Classification Classification
Solution in practice Solution in practice Solution in practice
Decomposition Alg| Decompaosition Alg.
Part Il Uncap. Lot-Sizing Uncap. Lot-Sizing
Basic MIP models Basic MIP models
Single-ltem Lot-S.
Parts Ill-1V Multi-item Lot-S.
Multi-Level Lot-S.
Y Y v
Part V Case Studies Case Studies Case Studies

Figure 0.1. The three course levels.
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Case Studies and Web Site

This book contains problems and case studies in several chapters from Parts I
and V. The corresponding versions of the data files and initial formulations in
the Mosel modeling language, the modified formulations based on extended re-
formulations, cutting planes, and/or heuristic algorithms requiring both Mosel
and LS-LIB, as well as the limited version of the LS-LIB! library, described
in Chapter 5 and sufficient to treat all the problems and cases, are available
on the Web site

http://www.core.ucl.ac.be/LS-LIB/PPbyMIP

Free restricted-size student versions of the modeling software Mosel and
the MIP solver Xpress-MP can be downloaded from the Dash Web site

http://www.dashoptimization.com

The reader interested in knowing more about the Mosel modeling language
may consult the documentation and reference manuals available at the same
address.

Both Mosel and Xpress-MP are required in order to use the library LS—
LIB. However the extended reformulation procedures (X Form) from LS-LIB
can be used just with Mosel to generate input or matrix files in standard math-
ematical programming format. The corresponding reformulated problems can
then be solved using any mixed integer programming systern.

Apart from the black-box reformulation approach described in Chapter 5,
which requires LS-LIB, all the formulations presented in this book can be
implemented using the alternative classical reformulation approach described

in Chapter 5 and other modeling and optimization software, such as AMPL,
OPL/CPLEX, GAMS, and LINGO/LINDO.

* A full version of the LS-LIB library [135], as well as any modifications
and updates, and instructions for use, can be obtained via the Web site

http://www.core.ucl.ac.be/LS-LIB. This site also contains a variety of other
lot-sizing test problems.
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Part I

Production Planning and MIP



Introduction

Production planning is viewed here as the planning of the acquisition of the
resources and raw materials, as well as the planning of the production ac-
tivities, required to transform raw materials into finished products meeting
customer demand in the most efficient or economical way possible.

In industrial environments, the problems to be addressed in this field call
for decisions about the size of the production lots of the different products to
be manufactured or processed, about the time at which such lots have to be
produced, and often about the machine or production facility on which the
production must take place, or about the sequencing of the production lots.
The usual objective is to meet forecast demand at minimum cost. These prob-
lems are typically short- to medium-term, or operational to tactical planning
problems.

Supply chain planning is similar to production planning, but extends its
scope by considering and integrating procurement and distribution decisions.
Supply chain design problems cover a longer time horizon and include addi-
tional decisions such as the selection of suppliers, the location of production
facilities, and the design of the distribution system.

The goal of production planning is thus to make planning decisions opti-
mizing the trade-off between economic objectives such as cost minimization
Or maximization of contribution to profit and the less tangible objective of
customer satisfaction. To achieve this goal, manufacturing planning systems
are becoming more and more sophisticated in order to increase both the pro-
ductivity and the flexibility of the production operations. For instance, to
Improve productivity, the current trend towards supply chain coordination
implies the integration of production planning models and models involving
brocurement, production, distribution, and sales. Also, the need to be able to
respond quickly to market or customer demand changes has created a need for
refined production planning models better able to represent and exploit the
Hexibility of the production process, without losing in overall productivity:.

In this general context of more integrated and sophisticated manufacturing
Systems, production planning models are very often mixed Integer program-
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ming (MIP) models, because of problem features such as set-up costs and
times, start-up costs and times, machine assignment decisions, and so on. A
set-up occurs at the beginning of a new production lot. It typically implies ad-
ditional production costs and times to prepare the machines and tooling. Such
costs and times are fixed per batch and are not proportional to the batch size.
Therefore binary or integer variables are required to model them. A start-up
corresponds to the start of a sequence of batches of an item, following the
production of a different item. Such MIP planning models may be difficult to
solve for the large-size instances usually encountered in production planning
systems.

However, sophisticated techniques can be used to improve or tighten the
mathematical formulations of the models, or to design efficient optimization
algorithms for solving them. Using an adequate or tight reformulation for a
MIP model, or an efficient algorithm, may drastically reduce the running time
needed to solve it. For more difficult instances, these techniques allow one also
to increase the size of models solvable to optimality, or near optimality (i.e.,
giving solutions that are provably within a few percent of optimality).

It is the aim of Part I to provide the reader with the expertise re-
quired to model and solve industrial production planning problems
by using state-of-the-art optimization techniques and reformula-
tion results.

In order to be accessible to the widest possible audience, we
follow a step-by-step approach, from building an initial model and
a first mathematical formulation to solving industrial case studies
using sophisticated reformulations and algorithms.

We take a modeling perspective. The objective in this part 1s
to be able to use the reformulation results from the literature
by analyzing the structure of the initial model, and by applying
a classification scheme pointing to adequate reformulations. No
mathematical analysis of these reformulations is necessary in Part
I.

These reformulations — described in the subsequent Parts 1l to
IV — can then be implemented either using a classical reformu-
lation approach with any modeling language and MIP solver, or
using a “black box” approach based on a library of reformula-
tions and heuristics (LS-LIB). This library is designed in such a
way that the user only needs to follow the classification scheme,
without any knowledge of the mathematical description of the re-
formulations, but it requires the utilization of specific modeling
and optimization software, namely Mosel and Xpress-MP.

We present two case studies showing how to use these reformu-

lation approaches.
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We assume some prior but elementary knowledge of optimization (linear
programming models and the simplex algorithm). The knowledge required
corresponds to the level of an introductory undergraduate course in optimiza-
tion for engineering, business, or economics students.

In Parts II to IV of this book, we describe in detail all the reformulation
results and techniques mentioned and used in Part I. This deeper mathemat-
ical description and understanding allows one to develop more sophisticated,
and more efficient, tools for solving the same type of planning problems. The
effectiveness of this second level of improvement is demonstrated on some of
the case studies, but requires more taste for mathematical approaches.

We conclude this introduction by describing more precisely the contents
of Part 1.

e We start in Chapter 1 by describing, with an example, the systematic
modeling approach that must be taken to build a correct initial model rep-
resenting a production planning problem. This example is a variation of
a well-known problem from the literature, namely the multi-item capaci-
tated lot-sizing problem. The results obtained by applying standard MIP
software to the example indicate the need for more sophisticated tools in
order to be able to solve large-size instances to optimality.

e In Chapter 2 we study the classical production planning models and sys-
tems. We first review some production planning models considered in
ERP (Enterprise Resources Planning) or MRP systems. We then present
and criticize the typical heuristic solution approach implemented in such
systems. Finally, we take a broader perspective and define the planning
tasks in the general context of the more recent APS (Advanced Planning
and Scheduling Systems), which include the well-known Manufacturing
Planning and Control Systems, Material Requirements Planning (MRP-
I), Manufacturing Resources Planning (MRP-II), and Hierarchical Pro-
duction Planning (HPP). We also provide examples of procurement, pro-
duction and distribution planning problems without mathematical models

or formulations to illustrate the planning tasks and the planning process
along the supply chain.

e Chapter 3 contains an introduction to mized integer programming (MIP)

models and algorithms for those whose background is limited to linear
programming. This includes a description of the branch-and-bound, cut-
ting plane, and branch-and-cut optimization algorithms used to find the
optimal solution of a MIP problem. It also includes the description of
some neighborhood search MIP-based heuristic algorithms used either to
construct an initial feasible solution, or to improve the best known feasi-
ble solution, of a MIP problem. Some emphasis is also put on the impact
of the quality of the mathematical formulation used on the running time

of 'these algorithms. This chapter can be skipped by those with an appro-
priate background.
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e In Chapter 4 we present the algorithmic approach used to solve production
planning problems. First we briefly illustrate the reformulation approach
on the LS-U (uncapacitated single-item lot-sizing) model. Then we explain
informally how practical planning models that are almost always multi-
item and multi-period can be decomposed into single-item subproblems,
and solved using good formulations for appropriate single-item subprob-
lems.

We then introduce the classification scheme for single-item production
planning models that is central to our methodology because most opti-
mization approaches are based on the decomposition of the problem into
single-item subproblems.

The classification is then used to describe the reformulation results col-
lected from the literature. We propose a reformulation procedure designed
to identify and classify the structure of industrial applications, and to be
able to apply the known reformulation results for related or embedded
submodels to these applications.

Finally, we come back to our starting example from Chapter 1, and
analyze its structure using our classification scheme. We illustrate the use
of the reformulation procedure by showing how it allows one to reformulate
and solve this problem more efficiently.

¢ We conclude in Chapter 5 by showing how to use the reformulations,
the cutting plane routines, and the primal heuristics available for solv-
ing production planning problems. In particular, we describe the library
of procedures LS-LIB, and illustrate the proposed black-box reformulation
approach on two industrial case studies.

The Modeling and Optimization Approach

Motivation

To cope with the increasing complexity of their business, many large- and
medium-size companies have implemented computerized manufacturing plan-
ning systems in the past decades. Such systems are used to standardize the
planning processes followed by the various plants or production departments.
In most cases, they are pure transactional systems maintaining up-to-date
procurement and production information on each item, recording and dis-
tributing planning decisions. This is of course crucial.

However, significantly superior results can be obtained by changing these
tools into planning systems for coordination and optimization. For instance,
the Kellogg Company has developed an optimization system to plan the pro-
duction and distribution decisions for its cereal and convenience foods busi-
ness. This planning system subsumes an operational short-term system to plan
and optimize the flow of goods, as well as a tactical medium-term system to
help in making budgets, in solving capacity expansion problems, and in the
consolidation of decisions. Kellogg reports annual cost savings of 4 million
dollars with the operational system, and projects annual savings of the order
of 40 million dollars with the consolidated tactical system.

Till now the mathematical program behind the Kellogg Planning System
(KPS) has been a linear program. This does not allow the KPS operational
model to account for production and packaging set-up times (the time lost
bet%ause of equipment adjustments in between batches of different products).
This severe restriction also obliges the managers to review and modify man-
}lally the plans suggested by KPS in order to obtain feasible plans that take
lntc? account plant Hoor reality. This also means that the model used needs to
be improved to allow Kellogg to fully optimize short-term productivity.

The extension of KPS to a mixed imteger program, so that one is able
to take into account set-up times, is under consideration. This is also the
Case for many other companies trying to develop planning systems able to
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optimize productivity. The necessary first step is often the development of
new production planning models.

The resulting large-size mixed Integer programs are typically much harder
to solve to optimality, or near optimality, than linear programs. Nevertheless,
it is often possible to (re)formulate them in such a way that the solution time
is drastically reduced. Unfortunately some of these advanced or sophisticated
reformulation techniques are not generic, in the sense that they depend on
specific structure in the problem/model to be applicable. In other words, the
identification of structure in the production planning problem is important
during model construction, especially for the use of the reformulation tech-
niques. Therefore a systematic modeling approach must be taken.

Objective

As a starting step towards the final objective of solving mixed integer produc-
tion planning problems, the specific objective of this chapter is to learn how
to systematically transform a problem description into a mathematical model.
The problem description is usually unstructured and given as the minutes of
a meeting, an internal memo, or a report.

This mathematical model, an abstraction from the real problem, should
be

e correct, that is, planning decisions or solutions suggested by the model
should represent reality with the desired level of detail, both in terms of
feasibility (through model constraints) and optimality (objective function),
and

o structured, that is, described using standard objects (products, machines,
or resources,..,) and standard building blocks or generic constraints (low
conservation, capacity,...).

The structuring of the model will later play an essential role during the
model classification and reformulation phases. The classification scheme will
formally describe these generic constraints, and the combinations of generic
constraints for which reformulation results are known.

Contents

In this chapter:

e We describe in Section 1.1 the concept of an optimization problem (indices
or objects, variables, constraints, objective function) with a tiny example.

e We illustrate in Section 1.2 the systematic modeling approach that must
be taken to build a correct and structured initial mathematical model ot
a production planning problem on a more realistic multi-item example,
and we motivate the search for more sophisticated tools, by solving the
initial mathematical program obtained in this example, using standard
optimization software.
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1.1 A Tiny Planning Model

1.1.1 Problem Description

A manufacturer produces a wide variety of bicycles. We are interested in the
production plan of a single high-tech racing model whose production requires
special materials and produetion equipment. At most one batch is produced
per month, because of low demand and important economies of scale in the
manufacturing costs. Because of the need to install special equipment and
tools at the beginning of a batch, there is a high set-up cost, and thus it has
been decided that it makes no sense to produce more frequently.

The batch manufacturing cost is best approximated by the fixed charge
cost represented in Figure 1.1. The set-up cost represents the equipment and
tool installation and preparation costs, and then the constant marginal cost
corresponds to the constant time required to produce each bicycle. For the
racing model, the set-up cost is 5000 euros, and the marginal cost is 100 euros.

Hence, it costs 5100 euros to produce a batch of 1 bicycle, and 6000 euros for
a batch of 10 bicycles.

Batch
Production
Cost
marginal
cost
Batch Size
-

Figure 1.1. The fixed charge cost.

The capacity restrictions are ignored in planning this single-product vari-
ant‘ because the work center and workers are shared by the many bicycle
:varlants, and because capacity can be increased by hiring temporary workers,
if necessary. |

.The company faces irregular or seasonal demand, sales being higher in
spring and summer. Table 1.1 gives the sales forecasts in number of bicycles
per month for the racing model in the coming vear.

Moreover, there will be around 200 racing bicycles in stock at the end
of the current year. This projected inventory is based on current production
Plans, sales forecasts, and customer orders up to the end of the year. To hold
One bicycle in inventory during one month costs on average 5 euros, including
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Table 1.1. Bicycle Manufacturer: Sales Forecasts for Next Year

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
400 400 800 800 1200 1200 1200 1200 800 800 400 400

the cost of capital and storage costs. Note that there is enough space available
in the warehouse to store the bicycles.

The manufacturer wants to plan the production and inventory levels of
this particular racing bicycle, in order to satisfy demand and minimize the
corresponding manufacturing and inventory costs. He wants to plan produc-
tion for next year up to the end of the peak demand period, that is, up to the

end of August. (Why 7)

1.1.2 Some Solutions

Many people would start by trying to find and enumerate some good solutions
of the above planning problem. And some people would be happy enough with
such an approach. In this toy problem, we only seck the best compromise
between inventory costs and production costs.

Because of the economies of scale, production costs are minimized by pro-
ducing very large batches. This leads one to produce the whole demand (7200
units up to end of August, minus the initial inventory of 200 units) in January,
but then to incur large inventory costs up to the end of August.

The opposite extreme is to minimize storage costs, which is one major
concern in production planning. The minimum inventory plan consists of pro-
ducing so as to just satisfy the demand in each month. But this requires one
to set up the machines every month, resulting in small batches, and therefore
significant manufacturing costs.

Table 1.2. Tiny Example: The Minimum Manufacturing Cost Solution

Jan Feb Mar Apr May Jun Jul Aug| Total
Demand 400 400 800 800 1,200 1,200 1,200 1,200% 7,200
Production 7,000 0 0 0 0 0 0 0 | 7,000
Unit cost 700,000 O 0 0 0 0 0 0 {700,000
Set-up cost 5,000 0 0 0 0 0 0 0 | 5,000
End inventory| 6,800 6,400 5,600 4,800 3,600 2,400 1,200 O
Inv. cost 34,000 32,000 28,000 24,000 18,000 12,0600 6,000 0 |154,000

These two extreme solutions, and their costs, are represented in Tables
1.2 and 1.3, respectively. To compute the inventory costs, we have assumed
that, during each month, the inventory level evolves linearly over time from
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Table 1.3. Tiny Example: The Minimum Inventory Cost Solution

Jan Feb Mar Apr May Jun Jul Aug | Total
Demand 400 400 80 &80 1,200 1,200 1,200 1,200 | 7,200
Production | 200 400 800 800 1,200 1,200 1,200 1,200 | 7,000
Unit cost (20,000 40,000 80,000 80,000 120,000 120,000 120,000 120,000{700,000
Set-up cost | 5,000 5,000 5,000 5,000 5,000 5,000 5,000 5,000 |40,000
End Invent.] O 0 0 0 0 0 0 0
Invent. cost| O 0 0 0 0 0 0 0 0

the starting level to the ending level. If INV; represents the inventory level
at the end of month £, then the inventory cost can be represented by

Aug
inventory cost = Z D * UNVia + INV:)
t=Jan 2
which is equivalent to
Jul
inventory cost = 2.0 x INVy + Z S INV, +2.5*% INV4y, ,
t=Jan

where TNV} is the initial stock (constant). Observe also that INV4,, =0 in
these two solutions. In Tables 1.2 and 1.3, we have used this last and simpler
expression to compute the inventory costs as a function of the monthly ending
inventory levels.

We observe that the total cost of the minimum inventory solution is
740,000 euros which is significantly cheaper than the total cost of 859,000
euros of the minimum production cost solution. However, is it optimal? By
using trial and error, it is often possible to improve such initial solutions. But
how can one guarantee that an improved solution is indeed optimal? We need
a more systematic approach able to provide a proof of optimality.

1.1.3 A First Model

Our approach is very different from the ad hoc approach suggested above.
The essence of the modeling and optimization approach is to distinguish or

Separate the modeling and optimization phases, and to build a correct model,
before going to the optimization phase.

° rT'he objective of the modeling phase is to describe a mathematical abstrac-
tion (a model) of the problem to be solved. This model identifies
— the objects to be manipulated (products, resources, time periods, etc.),

— the data associated with the objects (demand for products during time
periods, capacity of resources, etc.),
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— the decisions (also called decision variables, or simply variables) to be
taken relative to the objects in order to propose or define a solution to
the problem,

— the constraints to be satisfied by the decisions in order to define feasible
or acceptable solutions to the problem, and

— the objective function which provides a way to evaluate or compare
feasible solutions, and to select the best or optimal solution among the
feasible ones.

e The objective of the optimization phase is to find an optimal solution of
the model.

Some claim that modeling is an art. OQur goal here is to show that it 1s
also a science. Thus, to build correct models with the right level of detail,
it is necessary to follow a systematic approach in defining the objects, data,
variables, constraints, and objective function corresponding to the problem
description.

Moreover, to ease this translation from the real problem to the abstract
model, it is often very helpful to define higher-level structures. This is usually
achieved by defining appropriate concepts and notation. Such higher-level
structures are also mandatory for our main classification and reformulation
phases presented later in Chapter 4. For instance:

e Similar objects are grouped into object classes represented by mathemat-
ical indices, allowing one to use indexed notation for data, variables, and
constraints.

— The index ¢ is used to represent an element in the set {1,..., NT'} of
time periods, where NT is defined as the number of time periods in
the planning horizon.

— The index i is used to represent an element in the set {1,..., NI}
of products, where NI is defined as the number of products in the
planning problem.

— And so on.

e Similar data or variables are grouped into data classes or variable classes,
allowing one to use generic definitions and naming conventions.

— The data demand(i,t) defines the demand for all products ¢ and time
periods t.

— The variable prod(i,t) defines the production-level decisions for all
products ¢ and time periods ¢.

— And so on.

e Similar constraints are grouped into constraint classes or global constraints,
allowing one to use generic definitions and common mathematical formu-
lations across a constraint class.

— The generic or global constraint demand_satis faction(z,t) defines the
demand satisfaction constraint for all products ¢ and time periods ¢.

— And so on.
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To illustrate this systematic modeling approach, we now define the opti-
mization model associated with our tiny example.

(i) First the identification and naming of indices, data, variables, and con-
straints 1s performed by scanning through the problem description, and
systematically marking the objects, data, and so on, as they are encoun-
tered. This gives the following results.

Objects and Indices Mathematical Notation
One manufacturer
One product (racing bicycle) Object: bike

Monthly time periods Object: periods

Index:t=1,..., NT and NT' =8

Production resources: ignored
Storage resources: ignored

Data Mathematical Notation
Production set-up cost For bike [euro]: ¢ = 5000
Production unit cost For bike [euro/unit]: p = 100
Demand forecasts For bike, period ¢ [unit]: d;
d = [400, 400, 800, 800, 1200,

1200, 1200, 1200]
Initial stock For bike [unit|: s ini = 200
Inventory holding cost For bike [euro/unit, period]: h = 5

Variables Mathematical Notation
Production batch size For bike, period ¢ [unit]: z; > 0
End inventory level For bike, period ¢ |unit]: s, > 0

Constraints Mathematical Notation
Demand satisfaction For bike, period ¢ [unit]: dem_sat;

Objective function Mathematical Notation
Minimize sum of production

and inventory costs leurol: cost

(ii) Then, to complete the model it remains to define the mathematical for-
mulation of the constraints and objective function.

The demand satisfaction generic constraint dem_sat., defined for all
products (here, only bike) and all periods t € {1,..., NT'}, simply states
that the amount of product bike available in period # (which is defined
by the ending inventory s;_; from period ¢ — 1 plus the production z;
in period ) must satisfy at least the demand d, of period t; that is,

St—1 + x¢ 2 d;. The number of bikes in excess of the demand d; defines
the ending inventory s;. This gives the constraint

dem_saty = S4_1+x¢ =dy+s4 fort=1... NT

?
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where the variable sy occurring in dem_sat; represents the initial stock
and is replaced by the constant s_inz.

This demand satisfaction constraint is common to almost all planning
models though it takes a slightly different form depending on the existence
of multiples machines, backlogging, or other variants. It is often called
a flow balance or flow conservation constraint because its feasible (z, s)
solutions correspond to the feasible flows in the network represented in
Figure 1.2, where the nodes correspond to time periods.

lx" | X }(3 l)(4 | X5 ){6 lX? i Xg
d1 d d3 dq ds dg d7 dg

Figure 1.2. The flow conservation global constraint.

Modeling the objective function requires the addition of new binary
variables, that take only the two values 1 or 0, to indicate the existence
(1) or nonexistence (0) of a set-up in each period. Remember that a set-
up, representing the installation and preparation of the equipment and
tools, is required to produce a batch.

Variables (Revised)
Production batch size
Production set-up
End inventory level

Mathematical Notation

For bike, period ¢ |unit]: x; > 0
For bike, period ¢ [-]: y; € {0,1}
For bike, period ¢ [unit]: s; > 0

Assuming that y; takes the value 1 when there is a set-up in period {,
the objective function can be modeled as the sum of the production set-up
costs, production unit or variable costs, and the inventory holding costs.

B NT NT , (11 + 51)
cost := ;(p T: +qy) + ; 5 :
which is equivalent to
NT o NT—1 .
cost 1= tzzl(p Tt + q yt) + —2— S_1mt + ; h s + 5 SNT -

Finally, we must add the necessary constraints to ensure that the re-
quired set-ups are performed in every period.

1.1 A Tiny Planning Model

Constraints (Revised)

Mathematical Notation

Demand satistaction
Set-up enforcement

For bike, period ¢ [unit]: dem_sat;
For bike, period ¢t [unit]: vub;

The classical generic constraint used to enforce a set-up is the so-called
variable upper bound (VUB) constraint defined as

NT
vub, (= x; < (de) Yt

k=t

where Zﬁg dr 1s a true upper bound on z; when there is a set-up in
period ¢ and no ending inventory (see Figure 1.2). Therefore, either there
is no set-up in period t (i.e., y; = 0) and the above constraint forces z; <0
(i.e., ¢y = 0), or there is a set-up in period ¢ (i.e., y = 1) at a cost of ¢
and the above constraint imposes a valid upper bound on x;, if we assume
that the ending stock sy = 0. In this particular model instance, we can

assume without loss of generality that syr = 0 because it holds for any
optimal solution.

(iii) The structure of the complete model is identified by

e the demand satisfaction global constraint for the single product bike
over eight consecutive time periods,

e the variable upper bound global constraint for the single product bike
over eight consecutive time periods,

e the initial inventory of product bike,

e the nonnegativity and integrality restrictions on the variables, and

e the cost function to be minimized.

NT NT-1
h

min cost = Z(p Ty +q yt) + Z hst+§ SNT
t=1 t=1
dem_sat; = 81+ 2y = dy + 54 forallt=1,... NT

S = s_ane . SNT — 0O
NT
vuby = Ty < () di)ye forallt=1,...,NT
k=1t

mthtER_{_, ytE{O,l} f()f&llt:].,...,NT.

1.1.4 Optimizing the Model

Instances of optimization models involving only linear constraints and a linear
objective function, and both continuous variables (st and x;) and binary vari-
ables (y:), are called mized integer or mized binary programs (MIP). Such
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programs can be solved by general purpose branch-and-bound or branch-and-
cut algorithms.

These general-purpose algorithms, as well as an introduction to the ideas
of reformulation, are briefly described in Chapter 3.

For the more complex and larger size production planning applications
that we consider in this book, we need to use or develop more sophisticated
and specific optimization algorithms. We propose an approach based on model
classification and reformulation in Chapter 4.

For completeness, feeding our first model and data into a M I P optimizer,
we obtain the optimal solution of our tiny example given in Table 1.4. It has a
total cost of 736,000 euros and is similar to the minimum inventory solution,
but with two set-ups removed.

Table 1.4. Tiny Example: The Optimal Solution

Jan Feb Mar Apr May Jun Jul Aug | Total
Demand 400 400 &800 800 1,200 1,200 1,200 1,200 | 7,200
Production | 600 0 1,600 0 1,200 1,200 1,200 1,200 | 7,000
unit cost (60,000 0 160,000 0 120,000 120,000 120,000 120,000(700,000
set-up cost | 5,000 0 5,000 0 5,000 5,000 5,000 5,000 | 30,000
End Inventory| 400 O 800 0 0 0 0 0
Inv. cost 2,000 0 4,000 O 0 0 0 0 6,000

1.2 A Production Planning Example

Here we take a more realistic example in order to further illustrate the system-
atic modeling approach that must be taken to build a mathematical model of
a production planning problem. We start by describing the problem and its
general context.

1.2.1 Problem Description
GW and the Global Supply Chain Department

GW is a large worldwide company in the fast-moving consumer goods indus-
try, selling hundreds of brands to millions of consumers dispersed all over the
world.

Bill Widge is the head of the Global Supply Chain Optimization (GSCO)
Department. He is responsible for the development, implementation, and in-
tegration into the manufacturing information system (the well-known PASI-2
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system) of new optimization approaches in order to improve capacity utiliza-
tion and process flexibility.

The company has installed a common manufacturing information, plan-
ning, and control system (MPCS) in all its facilities. This system is an ad-
vanced information system that allows the company to plan and coordinate
the procurement, production, and distribution activities. The implementation
and customization of this system has been a major project for the company,
spanning several years. It has led to major improvements in terms of supply
chain coordination.

Unfortunately, because the same planning system is used in all facilities,
the planning procedures used are generic procedures that have failed to im-
prove the productivity (broadly speaking, the ratio of the quantity of outputs
produced over the quantity of inputs utilized) and flexibility (ability to respond
quickly to the perpetually changing requirements from the marketplace) of
the manufacturing plants as much as their coordination.

Theretore, the Board has decided to create the GSCO department to rem-
edy this weakness. The objective assigned to GSCO is the development of
optimization based planning tools to support the planning tasks and improve
the productivity of key processes. The ultimate goal is to integrate specific
planning tools for these processes into the generic information system PASI-2.

The Problem

The problem we consider here is a successful GSCO project. It is aimed at
productivity optimization for the largest plant in the food sector. This plant
produces two families of products, designated Cereals and Fruits.

The following problem description is a summary of the information that
was avallable at the start of the project.

The Production Process

The production process is composed of three major steps: preparation, mixing,
and packaging.

* First, the raw materials, which are stored in huge tanks, need to be pre-
pared (cleaned, heated, etc.) before they can be used in the process. There
1s only one preparation line.

¢ Next, the Cereals and Fruits are produced. This step is called mixing
because the major operation consists of blending the different ingredients.

Other operations at the mixing step include heating, crushing, and drying.
There is only one mixing line.

Finally, the products are packed on two dedicated packaging lines, one for
Fruits and the other for Cereals.
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Figure 1.3. The Cereals and Fruits production process.

For each product obtained after mixing, there is only one packaging format
available. In other words, there is a one-to-one correspondence between mixing
products and finished products.

This production process is represented in Figure 1.3. Note that for build-
ing, and progressively fine-tuning a model, such a graphical flow representa-
tion of the problem elements helps to synthesize the information and is an
important part of the modeling process.

The Bottleneck

The bottleneck or the major constraint of the whole production process is the
mixing operation for the following reasons.

e There are very few raw materials. They have short and reliable procure-
ment lead times, and their storage capacity is high relative to the needs.

e The preparation step is a very fast continuous process, and takes very
little time. Thus a batch can always be prepared during the mixing of the
previous batch.

e The pace of the mixing step is dictated by the mixing operation/machine.
The other operations of the mixing step can be synchronized with the
mixing operation without slowing down the process.

e Moreover, the mixing machine is inflexible in the sense that there are
significant cleaning times at the end of each batch. These cleaning times
must be respected to guarantee product quality, and do not depend on the
sequence of products. They come from regulations imposed by the Food
Administration. There are no cleaning or machine preparation times for
the other operations of the mixing step. Apart from the cleaning times for
mixing, the production rate can otherwise be assumed to be constant on
every machine, with no economies of scale.

e Thanks to a recent investment in a second packing line, each line 1s now
dedicated to a specific product family, and packaging can be carried out
without switching times in between products. The joint packaging capacity
exceeds the mixing capacity.
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e The packaging lines are composed of flexible automated machines. Within
a product family, they can switch from one product to another with almost
no productivity loss.

e Finally, for quality reasons, the storage capacity of intermediate products
between mixing and packaging is very limited, and intermediate products
have to be packed almost directly after mixing.

In summary, the bottleneck of the process is the mixing operation, be-
cause there are large cleaning times at the end of each mixing batch. The
preparation and all the subtasks of the mixing step can be synchronized with
the mixing operation. The packaging operations involve no switching times
and have a large enough aggregate capacity (the total packing capacity for
the two product families) to absorb the output of the mixing operation. This
packaging step must be synchronized with mixing because of limited storage
capacity between these two production steps.

The Production Policy and Current Planning System

Because of limited product variety, and in order to reduce the global supply
chain lead time, the company has imposed a make-to-stock (MTS) production
policy at the plant level. This means that the plant production must be able
to meet the demand coming from the distribution system directly from stock,
that is, with zero delivery lead time at the plant level. To achieve this, the
company establishes forecasts of weekly demand addressed to the plant, and
computes safety stocks needed to cover the difference between actual and
forecast demand. This process has been effective in the past. The forecasts are
of good quality, and the safety stocks allow the company to achieve excellent
customer service levels.

This bottleneck and production policy information is used in Figure 1.4 to

update the flow representation of the process. The current planning system is
typical of ERP/MRP type systems.

¢ Once a week, a Master Production Schedule (MPS) is generated for the
next few weeks. This schedule plans the production at the finished product

level (packaging level) in order to meet forecast demand and safety stock
requirements.

¢ 'The MRP system determines when and how much to produce or order of

each intermediate product (mixing and preparation level) or raw material

over the schedule horizon. The MRP calculation is based on the packaging
orders (batches) defined at the MPS level.

F"inally, detailed scheduling of the packaging and mixing operations is car-
ried out a week in advance based also on the MPS.

The planning jargon used here (ERP, MRP, MPS, etc.) is briefly explained in
Chapter 2.
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Figure 1.4. The Cereals and Fruits production process and policy.

In the current MPS/MRP system, weekly time buckets are used for the
planning tools; that is, time is broken down into time periods of one week.
The plant operates five days a week, and the mixing machine must be cleaned
at the end of the week. Therefore no production batch runs over the weekend.
Weekly time buckets are also chosen because the forecasting system 1s using
weekly time buckets.

A time horizon of six weeks is currently used for the MPS and MRP. This
is slightly longer than the total procurement and manufacturing lead time
so as to allow GW to order and receive the raw materials on time. All raw
material purchasing orders can be calculated from the master production plan
for the finished products.

The Challenge

Unfortunately, the MPS process, which plays a central role in the planning
system, does not take the limited capacity of the bottleneck operation {mixing)
into account. Therefore the planner has to revise the MPS plan manually in
order to get a feasible production plan. This looks similar to the Kellogg case
mentioned at the beginning of the chapter, and has the same consequences: a
slow and inefficient planning process, unable to optimize capacity utilization
and to guarantee satisfaction of external demand.

The main difficulty in this planning problem is to optimize the trade-off
between productivity (which requires large mixing batches to avoid losing
capacity through frequent stoppages for cleaning at the bottleneck) and flex-
ibility (which requires small batches to be able to produce as late as possible
and to react quickly to market changes).

This difficulty arises because the MPS is not driven by the most scarce con-
straint in the process: the mixing capacity. Therefore, the goal of Bill Widge
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and the GSCO department is to design, develop, and install an efficient MPS
tool giving feasible production plans, both with respect to demand satistaction
and capacity utilization. The aim is also to improve flexibility by producing
as late as possible.

1.2.2 Modeling

In the application of our stepwise modeling approach, we need to identity the
scope of the model, fix the boundaries of the model universe (which products
to consider? which resources to model?), and decide on the general struc-
ture of the model. The level of detail of the model is also a major decision:
enough detail is necessary to really optimize the productivity—flexibility trade-
off, whereas unnecessary detail will make the problem impossible or harder to
solve to optimality.

The role of the generic constraints becomes clear in this second example.
We are able to reuse some of the constraints encountered earlier, and thus
significantly simplify the modeling task.

(i) Identification and naming of indices, data, variables, and generic con-
straints by scanning through the problem description.

Objects and Indices Mathematical Notation

One plant ——

Product families C and F ——

Individual finished products Object: products

Index: 2 =1,...,NI

Object: periods

Index: t=1,...,NT and NT =15

Weekly time periods

Mixing line Object: machine
Index: £ =1

Packaging line for Cereals Object: machine
Index: £ = 2

Packaging line for Fruits Object: machine
Index: kK =3

Other prod. resources: ignored ||——
Storage resources: ignored ——

Remarks and Assumptions:

¢ 'The MPS model must consider finished products (or mixing products,
because there is a one-to-one correspondence between them) individ-
ually, in order to be able to represent satisfaction of forecast demand.

o Weekly time buckets are used as in the current system, because there
18 no need to increase/decrease the level of detail.

® The time horizon needed to establish the MPS is much longer than the
total procurement and manufacturing lead time (about six weeks),
because it is necessary to anticipate the capacity requirements over
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a long enough horizon in order to optimize capacity utilization. A
horizon of 15 weeks was selected based on a deeper analysis of short-
term variations of demand.

e The capacity of the mixing stage is the main or global bottleneck be-
cause of the cleaning times, but the capacity of each individual pack-
aging line also needs to be taken into account because there is not
enough packaging capacity to produce (mix and pack) only Fruits or
only Cereals in a week.

e All operations other than mixing and packaging are neglected in the
model because they can be synchronized with mixing and do not im-
pose any additional capacity restrictions.

Data Mathematical Notation

Demand forecast For product i, period ¢ [unit]: D?

End period safety stock For product 7, period ¢ [unit]: SS?

Initial stock For product ¢ [unit]: S.S¢

Cleaning time after mixing ||For product ¢ [hour]: 3

Constant production rate For product i, machine k [hour/unit]: o**
Machine capacity For machine k [hour}: L¥

Product family Cereals =F? (Subset of products)

Product family Fruits =F3 (Subset of products)

Remarks and Assumptions:

e We assume that the cleaning times at the end of the mixing batches
are product-dependent, but not time-dependent.

¢ 'To be able to model mixing and packaging capacity utilization, we also
need to know the number of working hours for each time period and
each machine.

o Finally, the family (Cereal or Fruit) of each product must be known
in order to assign the mixing batches to the packaging lines, and to
model the packaging capacity restriction.

Variables Mathematical Notation

Mixing batch size For product %, period ¢ [unit]: zZ > 0
Production set-up For product 4, period ¢ [-]: 3¢ € {0,1}

End period inventory level ||For product %, period ¢ [unit]: st > O

Remarks and Assumptions:

e The main decisions in the model are the batch sizes for the mixing
step for each finished product and each time bucket.

e To represent the machine cleaning times, we need to use production
set-up variables for each product and period.

¢ In order to represent the trade-off between productivity and flexibility,
we need to model the finished product inventory levels.
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Constraints Mathematical Notation

Demand satistaction For product 7, period ¢ [unit]: dem_sat!
Set-up enforcement For product ¢, period ¢ [unit]: vub!
Mixing capacity restriction fFor period t [hour|: miz_cap;

with cleaning times
Packaging capacity restriction {{For product ¢, machine k = 2,3 |hour]:

without cleaning times pack_capf

Remarks and Assumptions:

e The generic set-up enforcement constraint is used as in the first exam-
ple to assign correct values to the production set-up variables.

e It is also assumed that the packaging of a batch occurs in the same
time bucket as the corresponding mixing batch, because there is no
intermediate storage capacity.

Objective function Mathematical Notation

Minimize total inventory leurol: inventory

Remarks and Assumptions:
e The objective of the model is to produce as late as possible, which can
be expressed by minimizing the level of finished product inventory.

The structure of the optimization model is identified by

e the generic demand satistaction constraints for each finished product
over 15 consecutive weekly time periods, including initial stocks and
safety stocks,

e the generic capacity utilization constraint for the mixing machine in
each time period including cleaning times,

e the generic capacity utilization constraint for each packaging line in
each time period, and

e the inventory minimization objective function.

This structure is apparent in the final graphical description of the MPS
model in Figure 1.5.

(ii) Mathematical formulation of the generic constraints and objective func-

tion.

The demand satisfaction global constraint dem_satt, defined for all

products 7 € {1,..., NI} and all periods t € {1,..., NT}, takes the same
general form as in the first example:

dem_sat; := si_,+z! = Dit+st fort=1,...,Nland t=1,...,NT,

where again the variable s} occurring in dem_sat! represents the initial

stock and is replaced by the constant S5, and with the additional satety
stock requirements:
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Figure 1.5. The structure of the Cereals and Fruits MPS model.

st > 88! fore=1,... Nlandt=1,...,NT.

——

Modeling the cleaning times for the mixing capacity global constraint
requires the addition of the mixing binary set-up variables y for all prod-
ucts i € {1,..., NI} and all periods t € {1,..., NT}. A set-up of product
¢ in period t is defined here as the realization of the cleaning operation
at the end of a batch of ¢ in period ¢, and arises when the correspond-
ing binary variable 3} takes the value 1. Again, a set-up is required when
there is a batch of product 4 in period ¢ (i.e., ¢ > 0). This is modeled
as before with the variable upper bound constraint or set-up enforcement
constraint:

NT
vubl = x; < (ZDE + SSNT) Yt
k=t

where we again assume that the end-stocks s%,,. = SS%; for all i €
{1,...,NI}.

Now, using these set-up variables and remembering that & = 1 identifies
the mixing machine, the mixing capacity constraint simply ensures that
there is enough capacity in period t to produce all batches and perform
all required cleaning operations:

2

MIT_cap; = Zaﬂmi + Zﬁi-yi < L1 fort=1,...,NT.
i
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The packaging capacity constraints are similar, but do not contain any
cleaning times:

pack_capf 1= Z aikmi < LF fort=1,...,NT and k =2,3.
iEFk

Finally, the objective function simply corresponds to minimizing the
sum of ending inventory levels over all products and periods:

NI NT

mventory = 2 Z Sy .

1=1 t=1

This concludes the modeling of this Cereal and Fruit mix-and-pack MPS prob-
lem.

1.2.3 Mathematical Formulation

The following optimization model {(mixed integer linear program) summarizes
the new MPS model designed by GSCO. It is based upon capacity utilization
at the bottleneck and demand satisfaction for finished products in each time
period as represented in Figure 1.5.

The indices identified are

e ic{l,..., NI} representing one of the finished products whose production
has to be planned,

e t c {1,...,NT} representing one of the time periods (time buckets or
weeks) of the planning horizon, and

e k£ € {1,...,3} representing one of the machines of the model (£ = 1
corresponds to the mixing line, k = 2 corresponds to the Cereal packaging
line, and & = 3 corresponds to the Fruit packaging line).

Using these indices, the following data have been defined.

e D! represents the forecast demand for item ¢ in period ¢ in [units)].
SS? represents the safety stock of item ¢ needed at the end of period ¢ in
units].

e 5SS represents the initial stock of item 4 at the beginning of the planning
horizon in [units].

® «'F represents the capacity consumed on machine k to produce one unit
of product ¢ in [hours/unit].

® [ represents the mixing capacity consumed per cleaning operation at the
end of a batch of product ¢ in [hours/cleaning].

e L* represents the capacity available on machine & in each time period in
[hours].

e [ and F3 form a partition of the N7 products into the Cereal family and
the Fruit family, respectively.
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The decision variables are

e 7! to represent the amount of product ¢ produced during time period ¢
[units];

e ! that takes the value 1 if there is a set-up of product ¢ (i.e., a cleaning
operation because of the production of a batch of product ¢) in period ¢,
and 0 otherwise [0/1];

e 5! to represent the inventory level of product i at the end of time period
t [units].

The final formulation obtained is written as ftollows.

):):si (1.1)
1 t

min nventory :

subject to
dem_sat! = s, +zt = D!+ s for all ¢,¢ (1.2)
st =88, st > 88 for all i, (1.3)
vubl = Tt < My for all ¢, (1.4)
iT_caps = Z o'zl +- Z B4y < L' for all ¢ (1.5)
pack_capf = Z oyt < LF forallt and k=2,3 (1.6)
i€ Fk
ri, st e Ry, vy € {0,1} for all 4, ¢, (1.7)
where M} = gj; D! + S5%+ is a valid upper bound on the production

quantity z* of item ¢ in period t.

1.2.4 Implementation

To conclude this modeling chapter, we illustrate the resolution of this MPS
optimization model on an instance involving 12 finished products, 6 cereal
products and 6 fruit products, to be produced over a planning horizon of 15
time periods, using standard state-of-the-art optimization software. As you
will observe, the quality of the solutions obtained, in reasonable computing
time on such a small instance, is not good enough to use such a simple and
direct approach in the new industrial planning system of GW. This motivates
the development of more sophisticated and more efficient tools.

We implement and test the solution of this model using the Mosel algebraic
modeling language and the default version of the Xpress-MP Optimizer M
solver. This easy to read and straightforward Mosel implementation follows
closely the mathematical formulation, and proceeds by defining the indices,
data, variables, and constraints.
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In the first part of the Mosel program or file, the indices are defined, and
the data are declared and read from data files. Some auxiliary data such as
M? for all ¢ and ¢ are also computed using the Mosel programming language.

model GWGSCO
uses "mmetc","mmxprs","mmsystem" ! Mosel libraries

I INDICES ======s===s==ss=ssssscossssss=s==s========s========
declarations

NI=12 [Inumber of products

NK=3 'number of machines

NT=15 !'number of time periods
end-declarations

| DATA ===ss=ssss=ssorsssss s TS S S S SR TS S S S S S S SRS TS m e m ==
declarations
CAP: array (1..NK) of real
FAM: array (1..NI) of integer !=2 for cereals ;
1=3 for fruits
SS: array (1..NI) of real lconstant over time
SSINIT: array (1..NI) of real
ALPHA: array (1..NI,1..NK) of real !=1 for all machines
BETA: array (1..NI) of real !defined only for k=1
DEM: array (1..NI,1..NT) of real
end-declarations

initializations from ’gw_mps.dat’
CAP

[FAM, SS, SSINIT, BETA] as ’PRODUCT’
DEM

end-initializations

forall (i in 1..NI, k in 1..NK)
ALPHA(i,k) := 1

!CDMPUI‘E AUXILIARY DATA FDR VUB CDNSTRAINT 4+ 3+ 3t
declarations
DEMCUM: array (1..NI,1..NT) of real !residual demand till

! the end of the planning horizon

BIGM: array (1..NI,1..NT) of real lvariable upper bound
end-declarations
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forall(i in 1..NI,t in 1..NT)
DEMCUM(i,t):= SS(i) + sum(tt in t..NT) DEM(i,tt)
forall(i in 1..NI,t in 1..NT)

BIGM(i,t):= DEMCUM(i,t)
forall(i in 1..NI,t in 1..NT, k in 2..NK | FAM(i)=k)
BIGM(i,t):= minlist((CAP(1) - BETA(i))/ALPHA(i,1),

CAP (k) /ALPHA(i,k),
BIGM(i,t) )

The second part of the Mosel program consists in the definition of the vari-
ables and constraints. Observe the two special object types used by Mosel:
mpvar for variables, and linctr for linear expressions and constraints. Ob-
serve also that the statement of the formulation in Mosel is very close to the
algebraic notation used to describe the mathematical formulation. The same

holds true for other algebraic modeling languages, such as AMPL, GAMS, or
OPL.

I'VARIABLES ===s===s=s=ss=sssssssssssasssssossssSSxSSSSTS======S
declarations

x: array(l..NI,1..NT) of mpvar

y: array(1l..NI,1..NT) of mpvar

s: array(l..NI,1..NT) of mpvar
end-declarations

forall(i in 1..NI,t in 1..NT)
y(i,t) is_binary

|CONSTRAINTS ========sossssssoosmsossososoo—o—o—————————oooons

declarations
inventory : linctr
dem_sat, inv_min, vub: array(i..NI,1..NT) of linctr
mix_cap: array(l..NT) of linctr
pack_cap: array(l..NK,1..NT) of linctr
end—-declarations

inventory:= sum(i in 1..NI,t in 1..NT) s(i,t)
forall{(i in 1..NI, t in 1..NT)
dem_sat(i,t) := if(t>1,s(i,t-1),8SSINIT{i)) + x(i,t) =
DEM(i,t) + s(i,t)

forall{(i in 1..NI, t in 1..NT)
inv_min(i,t) := s{i,t) >= SS(i)

forall(i in 1..NI, t in 1..NT)
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vub(i,t) := x(i,t) <= BIGM(i,t)*y(i,t)

forall(t in 1..NT) !'k=1 for mixing
mix_cap(t) c= gum(i in 1..NIDALPHA(i,1)*x(i,t) +
sum(i in 1..NI)BETA(i)*y(i,t)<= CAP(1)

forall(k in 1..NK,t in 1..NT | k>1)
pack_cap(k,t):= sum(i in 1..NI |FAM(i)=k)
ALPHA(i,k)*x(i,t) <= CAP(k)

The final part of the Mosel program controls the execution of the mixed
integer programming algorithm (branch-and-cut), as well as the solution out-
put. Here we ask for the best solution found, without cutting planes, with a
time limit of 600 seconds, and then print out the solution obtained.

|SOLUTION ===sss=ssssssssssssasssssssssssssssssssmssrss===s
setparam("XPRS_verbose",true) ! Enable message printing
setparam("XPRS_CUTSTRATEGY",0) ! Disable automatic cuts
setparam ("XPRS_MAXTIME" ,600) ! Maximum run time

minimize (inventory)

IPRINT SOLUTION ss=s===s=s==================================
forall (i in 1..NI, t in 1..NT) do
writeln("ITEM ",i," and PERIOD ",t,
";  PROD= ",getsol(x(i,t)), " (", getsol(y(i,t)),
") STOCK= ", getsol(s(i,t)) )

exit(0) end-model

The only addition with respect to the initial formulation consists in the

computation of the big M] parameter in constraint (1.4). For each 7 and ¢,
the batch size cannot exceed

M = min{ §S*+ 3", Di , (L' - B9)/ait, L¥/a* ), (1.8)

where k£ is such that product i belongs to family F* (k =2 or 3).
T'he data are read from the single data file gw_mps.dat, which contains the

values of the capacity, product data - family, safety stock, and initial stock.
cleaning times 8 — and demand data.

CAP: [1400, 700, T700]
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PRODUCT: [!FAM,SS , SSINIT,BETA

1 ) [ 2, 10.00, 83.00, 30..
2, 10.00, 31.00, 20.
10.00, 11.00, 30.:
10.00, 93.00, 40.]
10.00, 82.00, 40.]
10.00, 72.00, 10.-
20.00, 23.00, 30.C
20.00, 91.00, 20.
20.00, 83.00, 10.
20.00, 34.00, 50.
20.00, 61.00, 30.
20.00, 82.00, 20.
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DEM: [
0, 95, 110, 96, 86,124, 83,108, 114,121, 110,124, 104, 86, 87,
98, 96, 96, 98, 103,104, 122,101, 89,108, 101,109, 106,108, 76,
106, O, 89,123, 96,105, 83, 82, 112,109, 119, 85, 99, 80, 123,
98,121, 0,105, 98, 9%, 101, 81, 117, 76, 103, 81, 95,105, 102,
0,124, 113,123, 123, 79, 111, 98, 97, 80, 98,124, 78,108, 109,
103,102, 0, 95, 107,106, 107,105, 75, 93, 115,113, 111,105, 85,
110, 93, 0,112, 84,124, 98,101, 83, 87, 105,118, 115,106, 78,
8b, 92, 101,110, 93, 96, 120,109, 121, 87, 92, 85, 91, 93, 109,
122,116, 109, O, 105,108, 88, 98, 77, 90, 110,102, 107, 99, 96,
120,124, 94,106, 92, 86, 101,106, 75,109, 83, 95, 79,108, 100,
117, 96, 78, 0, 108, 87, 114,107, 110, 94, 104,101, 108,110, 80,
125,112, 75, O, 116,103, 122, 88, 85, 84, 76,102, 84, 88, 82
]

1.2.5 Optimization Results

The results in Table 1.5 have been obtained with the detault version of the
Xpress-MP Optimizer. The problem has been solved twice.

In the first run, we have solved the problem by branch-and-bound, using
Xpress-MP defaults, except that cut generation has been switched off.

In the second run, we have solved the problem by branch-and-cut using
Xpress-MP defaults including cut generation.

In both cases Xpress-MP uses a branch-and-bound algorithm (see below
and in Chapter 3), but in the second case it tightens the formulation by
adding general cuts (MIR, knapsack and Gomory cuts; see Part II) so as
to obtain improved bounds.
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The general role of such cut generation procedures is explained in more

detail in Chapter 3, devoted to the description of mixed integer programming
algorithms, and is only roughly described here.

The branch-and-bound algorithm is based on the solution of the [linear
relazation of the initial model, which is the model obtained by replacing
the integrality restrictions on the variables (in our example, 3¢ € {0,1})
by their (relaxed) bound restrictions (in our example, 0 < y! < 1).

The relaxed problem is a pure linear program, and is thus easy to solve,
but its optimal solution does not solve the initial problem if the relaxed
integer variables take on fractional optimal values (3! strictly between 0
and 1).

In the latter case, the relaxed problem provides only a lower bound on
the optimal solution value (in a minimization problem}, simply because
the relaxed problem is defined by adding feasible solutions to the original
problem. This is the lower bounding part of the algorithm.

The branch-and-bound algorithm proceeds by enumerating a sequence of
linear relaxations, whose feasible solutions define some partition of the ini-
tial (i.e., nonrelaxed) model. Moreover, the best solution among all linear
relaxations is (proved to be) the optimal solution of the initial model. This
1s the branching part of the algorithm.

During this enumeration, some feasible solutions of the initial model are
generated, that is, solutions where the relaxed integer variables take integer
values. The objective value of each such feasible solution provides an upper
bound on the optimal objective value. This is the upper bounding part of
the algorithm.

Finally, the branch-and-bound algorithm is exact if the enumeration is
complete, and provides only an approximate or heuristic solution if the
enumeration is truncated. In the latter case, the quality of the solution is
usually measured by the so-called duality gap defined as

Best UB - Best LB
Duality Gap = = gest U;St x 100%,

where Best LB and Best UB are, respectively, the best values found
for the lower bound and the upper bound when the enumeration is
stopped. As the optimal solution value must lie somewhere in the range
\BestLB , BestU B], the duality gap measures the maximum relative de-
viation from optimality of the best feasible solution.

Note that in the solution reports from the Xpress-MP Optimizer, the dual-

ity gap is computed relative to the best lower bound (dividing by BestL B)
instead of the best upper bound, and is therefore larger.

In general, the running time of the branch-and-bound algorithm (i.e., more

precisely, the number of linear programs to be solved during the enumeration),
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as well as the quality of its approximate solutions (measured by the duality
gap), depend heavily on the quality of the initial lower bound.

This is why the initial formulation of a model is so important in mixed
integer programming. This is also why adding cuts or constraints, either auto-
matically by Xpress-MP, or by any other reformulation technique, to improve
the initial lower bound allows one to obtain better solutions.

Coming back to our illustrative example, Table 1.5 reports the results
obtained within a a time limit of 600 seconds (industrial users are often in-
terested in getting good solutions quickly). It compares the behavior of the
branch-and-bound algorithm with and without Xpress-MP cuts.

Table 1.5. GW MPS Example (1.1)-(1.7)

Algorithm Vars |LP Val.|XLP Val.|Best LB{Best UB t. (secs)
Formulation Cons Ncuts |Best UB Gap (%)
Basic form. B & B 540 | 2854 2854 3296 22
without Xpress-MP cuts| 985 0 6295 47.64
Basic form. B & B 540 | 2854 5416 H620 147

with Xpress-MP cuts 585 280 5732 1.95

NI =12, NT = 15. Maximum 600 second runs.

In Table 1.5, the column “Vars/Cons” shows the number of variables and
constraints in the formulation, “LP Val.” is the value of the initial linear
relaxation of the formulation, “XLP Val.” and “Ncuts” give the value of the
linear relaxation after the addition of the Xpress-MP cuts and the number of
cuts added, “Best LB” and “Best UB” give the value after 600 seconds of the
best lower bound and best upper bound (best feasible solution), respectively,
“Best UB t.” indicates the time in seconds needed to obtain this best feasible
solution, and “Gap” gives the final duality gap when the enumeration was
stopped.

e We see that the addition of 280 constraints by Xpress-MP has increased
the lower bound from 2854 to 5416. It means that the total inventory
objective function value will be at least 5416 in the optimal solution, and
this bound is known after a few seconds of computing time (after the
addition of cuts and the solution of the corresponding linear relaxation,
but before any enumeration). This is due to the automatic reformulation
of some low-level relaxation or structure identified by the optimization
system (see Chapter 3, Section 3.4 for the definition of this concept, and
Chapter 8 for the study of reformulations for such low-level relaxations).

e In comparison, without reformulation it takes as much as 600 seconds to
obtain a (weaker) best lower bound of 3296!
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e Also, the cuts have allowed the branch-and-bound algorithm to find good
feasible solutions in 600 seconds, whereas only bad solutions are found
without cuts.

e Moreover, the best feasible solution found in 600 seconds (found after 147
seconds) with cuts is guaranteed to be less than 2% away from the optimal
solution.

e Finally, it is impossible with this initial formulation and Xpress-MP cuts

to obtain the optimal solution and prove its optimality after several hours
of computing time.

It is not a simple matter to improve or tighten formulations. Our goal is
to provide the necessary modeling and reformulation tools to allow the reader
to perform this task. In particular, we illustrate this approach in Section 4.5
with the production planning example. We show how to use the classifica-
tion and reformulation scheme developed in Chapter 4 to improve the results
and obtain either good solutions quickly, or a provably optimal solution in
reasonable time.

These improvements are based on the identification of the specific produc-
tion planning structures contained in the model (called high-level relaxations
in Section 3.4), and on their reformulations. The mathematical study of these
reformulations is the main topic of Parts II to IV.

Exercises

Exercise 1.1 Consider the tiny example from Section 1.1, with a second type
of bike (mountain bike) whose production has to be planned over the same
planning horizon, from January to August.

The forecast demand for the mountain bikes is 200 bikes per month, except
in July and August when the demand will increase (most likely) up to 500
bikes per month.

Initially (January 1st), there is no mountain bike in stock. The production
set-up cost 1s 3000 euros, the unit production cost is 60 euros per bike, and
the inventory holding cost is 3 euros per bike, per month in inventory.

1. By using the same MIP model as for the racing bikes and changing the data,
determine the optimal production plan for the mountain bikes.

1. In addition, there is a global production capacity restriction: at most 1500
bikes can be produced during each month. Change your MIP model to account
for the joint production capacity limit. Build a model to plan simultaneously
the production of both types of bike and optimize total production and in-
ventory costs.

lii. Solve the corresponding MIP, and analyze the optimal solution obtained. In

particular, what is the effect of the joint capacity restriction on the individual
production plans?
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Exercise 1.2 How would you change the GW-GSCO formulation from Sec-
tion 1.2 if only one product could be packed on each packaging line in each
time period?

Note that such constraints, called production mode constraints, are typi-
cally added in order to ease or simplify the organization of the mixing line,
or to reduce the cleaning costs, but have an impact on the line flexibility. We
assume implicitly here that the time periods are shorter than in the initial
model (e.g., days instead of weeks).

Exercise 1.3 How would you change the GW-GSCO model from Section 1.2
if only one product could be mixed on the mixing line in each time period?

We assume implicitly here that the time periods are shorter than in the
initial model (e.g., days instead of weeks). Given the current restriction on
the stock of intermediate products {no stock after mixing, before packing),
does this adapted model make sense?

Exercise 1.4 Consider the GW-GSCO model from Section 1.2, but under a
scenario in which we can carry a set-up over from one week to another on the
mixing line. That is, we do not have to clean the mixing line at the end of a
week if the last lot produced in a week is of the same product as the first lot
of the next week.

1. Change your MIP model to account for the set-up carryover possibility.

ii. Solve the corresponding MIP. Is it more difficult to solve than the initial
model? In what way is it more difhicult?

Hint: Although there are different ways to model this, additional variables
are definitely needed, as well as new constraints to relate the new variables to
the set-up variables.

Exercise 1.5 Consider the GW-GSCO model from Section 1.2. How would
you change the model if the cleaning times on the mixing line were sequence-
dependent, that is, if the cleaning time for a lot of a given product dependea
on what product was mixed immediately after it. The mixing line has to be
cleaned at the end of each week. This can be modeled as a special sequence-
dependent cleaning time, from the last product mixed to a dummy product
representing the idleness of the line at the end of the week.

i. Formulate this modified problem as a mixed integer (MIP) program. Is your
model correct?

ii. Create some data set for the sequence-dependent changeover times, and
solve the corresponding MIP. Is it more difficult to solve than the initial
model? In what way is it more diflicult?

Hint: An additional set of variables is needed, as well as new constraints to
link this new set of variables to the set-up variables. Also, we can assume that
a product is never produced more than once in any time period.

Exercise 1.6 In the GW-GSCO model from Section 1.2, if it were possible
to hold products in inventory immediately after mixing, and before packing,
how would you change your model?

Exercises 35

i. Assuming that the objective is to minimize total inventory, defined as the
sum of stocks before and after packaging, change your MIP formulation to
account for this possibility. |

ii. Solve the corresponding MIP. Is it more difficult to solve than the initial
problem? In what way is it more difficult?

Exercise 1.7 A company wants to plan the production of several finished
products (PRODUCTS = {A,B,C,D}), over the next four months. It is
using a make-to-stock production policy, and the estimated demands for each
product for the next four months are known. The demands are given in Table
1.6 in units of product.

Table 1.6. Demand, Production Capacity Limit and Inventory Cost

Demand Demand Demand Demand| Production Inventory
Products [Month 1 Month 2 Month 3 Month 4| Capacity Cost
[units] [units] [units] [units] |[units/month] leuros/
(unit,month)]
Product A] 5,000 6,000 3,000 10,000 3 000 35
Product B| 900 1,000 4,000 5,000 5,000 39
Product C| 6,000 9,000 4,000 2,000 8,000 45
Product D| 10,000 11,000 14,0600 16,000 15,000 85

There is a monthly production capacity limit for each product, because
each product has its own production facility, except for packaging. These
monthly capacity limits are constant over time and given in Table 1.6 in units
of product.

There is also a single packaging department in the company, transforming
each product into a finished or packed product. So, there is also a global
capacity limit on the total number of product units packed during a month.
This limit is constant over time, and is estimated to be 28,000 units per month.

It is possible to store the finished products, as well as the products be-
fore packaging, in unlimited quantity because the warehouse is big enough.
Nevertheless, there is a unit inventory cost for each product, corresponding
to storage costs and the opportunity cost of capital. These costs are given
for each finished product in Table 1.6, in euros per month and per finished
product unit. They are time-independent. The inventory of a product before
packaging is estimated to cost 4 euros less than after packaging, per month
and unit.

The current or initial inventory is empty, there is no final inventory re-
quirement, and there are no restrictions on the availability of raw materials.
The planning objective is to minimize inventory costs, and demand has to be

satistied on time during the whole four-month horizon. The following steps
need to be carried out to achieve this objective.
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i. Formulate this problem as a Linear Program (LP).

ii. Develop a model, reading all the data from a file, and solving this LLP, using
Mosel or any algebraic modeling language.

iii. Solve the model, and print the optimal solution, using Mosel / Xpress-MP
or any LP solver.

iv. If you were the chief operations officer (COOQO) of that company, would you
trv to increase the packing capacity? What sort of data would you collect,
and what sort of computations would you perform in order to answer to this
question?

Exercise 1.8 Minimizing the inventory costs in Exercise 1.7 leads to an un-
satisfactory production plan in which each product is packed during each
month. This is not satisfactory because the packaging line has to be cleaned
between two campaigns of different products, and this cleaning or sterilization
process consumes very expensive products. So, we must try to avoid packaging
all products within the same month. We continue to work with and extend
the model of Exercise 1.7 to remedy this situation.

The company now also wishes to take into account the cost of setting up
or cleaning the packaging line. When a product is packed during a month, the
set-up cost is incurred once (only once because, usually, a product is packed
at most once in a month). These packing set-up costs are product-dependent,
but time-independent, and are (SUCOST,) = (500,000, 900,000, 800,000,
and 900, 000) euros, respectively, for products p = A, B, C, and D. Finally,
there 1s no set-up cost for making the products because the production lines
are dedicated to each product. Answer the following in order to optimize the
production plan.

i. Formulate this problem as a Mixed Integer Program (MIP).

ii. Develop a model, reading all the data from a file, and solving this MIP,
using Mosel or any algebraic modeling language.

iii. Solve the model, and print the optimal solution, using Mosel /Xpress-MF
or any MIP solver. |

Hint: To model the set-up costs, first introduce /1 or binary variables y,; that
indicate whether product p is packed during month ¢. Then add constraints
to link the quantity x,: of product p packed during month ¢ to the set-up
decision y,,. Finally add the set-up costs in the objective function.

Notes

Introduction The description of the planning system and models developed
by the Kellogg Company can be found in Brown et al. [31].

Section 1.1 We refer to Heipcke [88] for a more general introductory overview
of optimization models, with a larger scope of applications than production
planning.
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Section 1.2 The GW company case, and its MPS story, are pure fiction.
The case is inspired by several research projects in which the authors have
been involved. The data used in Section 1.2.4 are derived from the standard
test cases in Trigeiro et al. [161].

The model of Section 1.2.3 has been implemented and tested using the
Mosel algebraic modeling language (version 1.4.1) and the default version of
the Xpress-MP Optimizer MIP solver (version 15.30). More information about
this software can be found at http://www.dashoptimization. com.

Here we have always used the default version of this commercial software.
Similar results to those presented in this chapter are obtained using other
modeling and optimization software.

All the tests reported here have been carried out on a 1.7 GHz PC (cen-
trino) with 1 GB of RAM running under Windows XP.

Exercises Exercises 1.7 and 1.8 are adapted (and the data taken) from the
syllabus and teaching material delivered with the Xpress-MP software.



Production Planning Models and Systems

Motivation

In the two industrial production planning systems, the Kellogg Company and
GW, mentioned or analyzed in Chapter 1, we observed some important re-
quirements for the new production planning model and tool.

It was supposed to remedy important weaknesses of the current planning
system (the inability to model and plan capacity utilization accurately,
because of neglected machine preparation times in the case of the Kellogg
Company, and because of neglected machine cleaning times in the MPS
model for GW).

It needed some coordination with the global planning system in charge of
supporting all planning decisions from the strategic and long-term horizon
level to the very detailed and short-term level. We heard about the tactical
plan and the operational plan for Kellogg, and the MRP, ERP, and MPS
for the GW Company case, and we observed that these planning levels
are not independent (decisions at one level act as constraints at another
level).

It required a high level of integration in the decision processes in place, to
avoid manual replanning and make sure that the decisions suggested by
the model truly support and have an impact on the real planning decisions.

This need for improvement, coordination, and integration can be observed

In almost all industrial projects. In order to develop an effective planning
model, the modeler must be aware of the planning process and system used,
of the limitations of the current system, of the architecture and structure of
the existing system, and of the decision processes used by the planning teams.

This is our motivation for the inclusion of this chapter on production

planning models and systems.
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Objective

To do a useful job, the modeler must have sutfhcient knowledge about existing
planning models, systems, and processes to be able to evaluate the current
system, and in order to design improved, coordinated, and integrated solu-
tions.

The general objective of this chapter is to provide this necessary knowl-
edge. More specifically, the objective 1s to

e describe or survey the structure of the planning systems used by many —
or most — companies,

e learn the general principles of the planning procedures, and

o study some generic classes of production planning models encountered in

such systems.

We also provide some analysis and criticism of the planning models and
methods used in these systems to help readers to develop some evaluation
criteria to measure their performance, and to identify situations where the
optimization approach may help to improve the productivity and flexibility
of manufacturing systems.

Contents

In this chapter:

e In Section 2.1 we first give mathematical formulations of some of the clas-
sical production planning models considered 1n ERP (enterprise resource
planning) or MRP systems;

e Then we analyze in detail in Section 2.2 the well-known generic MRP
planning procedure used to solve these models by
— describing its inputs and its structured data model,

— presenting the single-item decomposition planning heuristic that forms
the basis of most MRP planning systems, and
— analyzing the limitations of the MRP decomposition approach;

e Next in Section 2.3 we take a broader view and define the planning tasks of
APS (Advanced Planning Systems), which subsume the well-known man-
ufacturing, planning, and control systems; material requirements plann'mg
(MRP-1); manufacturing resource planning (MRP-II); and hierarchical
production planning (HPP); and

e Finally, to illustrate the planning tasks and the planning process along the
supply chain, we describe in Section 2.4, without mathematical rpodels or
formulations, the generic strategic network design and supply chatn master

planning problems as further examples of procurement, production, and
distribution planning problems.
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2.1 Some Production Planning Models

The purpose of this section is to provide further examples and mixed integer
programming formulations of production planning models. The formulations
described here correspond to classical models in ERP or MRP systems. The
next section describes the global structure of such systems.

Modeling Elements

There are a number of modeling elements present in many or most production
planning problems. Production planning deals mainly with the determination
of production lots or batches, specifically the size of batches and the time of
production, in order to meet some demand over a given finite horizon, called
the planning horizon. Demand is usually generated from forecasts in a make-
to-stock environment, or by customer orders in a make-to-order environment,
or often by a combination of the two.

In order to define feasible and economical production plans, several other
characteristics of the manufacturing system are usually taken into account:
the availability of resources (machine hours, workforce, subcontracting, etc.),
the production and inventory costs, and other performance measures such as
customer-service level,

The simplest such production planning model 1s presented next. It is known
as the single-item uncapacitated lot-sizing model (LS-U ). It corresponds to the
planning of a single item to meet some dynamic demand over a discretized
planning horizon. It contains all the modeling elements cited above, apart from
the fact that there are no resource capacity restrictions. Our tiny economical
example in Chapter 1 is one instance of this L.5-U model.

There are also modeling elements that are present in some, but not all,

models. Such elements usually make the models more complex and more dif-
ficult to solve.

e lFor instance, the products may compete for the allocation of capacity
from some shared resources. This has been illustrated with the mixer or
the packaging lines in our industrial example in Section 1.2, and is typical
of the Master Production Schedule (MPS) model presented hereafter. This
MPS approach is often used to plan the production of finished products.

® In some other cases, the products interact through multi-level product

structures. In other words, a product can be an output of some produc-
tion stage and also an input of some other production stage, or it may
be delivered from an external supplier. This creates some precedence con-
straints between the supply and the consumption of that product. These
restrictions are usually modeled through inventory balance constraints.
Examples of such models are the Material Requirements Planning (MRP)
model, or the MPS/MRP integrated model described later in this Section.

This MRP model is used to integrate the production and procurement
plans of all products and components.
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e Finally, there are other elements needed to refine the model, or to model
capacity utilization in a more precise way. For instance, the demand satis-
faction process may allow demand for finished products to be backlogged.
In this case, it is possible — but penalized because it has a negative impact
on customer satisfaction — to deliver to a customer later than required.
This occurs, for example, when a factory does not have enough capacity
to deliver to all customers on time.

e In some other cases, it is necessary to model capacity utilization more
precisely in order to guarantee to obtain feasible production plans. For
instance, the capacity consumed when a machine starts or finishes a pro-
duction batch, or when a machine switches from one product to another,
may need to be considered. In these cases, we obtain models with set-up
times, start-up times, changeover times, or models with sequencing re-
strictions. This was the case for the mixer in our industrial example in
Chapter 1. On the other hand, such models may be too complex to be
solved with set-up or start-up time restrictions, and then simpler models
involving only set-up or start-up costs may be worth considering.

Uncapacitated Lot-Sizing Model

The first model is the single-item, single-level, uncapacitated lot-sizing model.
This model is the core subproblem in production planning because it is the
problem solved repeatedly for each item (from end products to raw materials)
in the material requirements sequential planning system (see Section 2.2).

We use the index t, with 1 <t <n, to represent the discrete time periods,
and n is the final period at the end of the planning horizon. The purpose 1s
to plan the production over the planning horizon (i.e., fix the lot size in each
period) in order to satisfy demand, and to minimize the sum of production
and inventory costs.

Classically, as in our tiny economical example in Chapter 1, the production
costs exhibit some economies of scale that are modeled through a fixed charge
cost function. That is, the production cost of a lot is decomposed into a
fixed cost independent of the lot size, and a constant unit or marginal cost
incurred for each unit produced in the lot. The inventory costs are modeled
by charging an inventory cost per unit held in inventory at the end of each
period. Any demand in a period can be satisfied by production or inventory,
and backlogging is not allowed. The production capacity in each period is not
considered in the model, and is therefore assumed to be infinite.

For each period ¢, with 1 < ¢t < n, the data p;, g¢, ht, and d; model the
unit production cost, the fixed production cost, the unit inventory cost, and
the demand to be satisfied, respectively. For simplicity we suppose that d; > 0
for all periods t. The decision variables are x4, ¥, and s;. They represent the
production lot size in period ¢, the binary variable indicating whether there
is a positive production in period ¢ (y» = 1 if z; > 0), and the iInventory at
the end of period t, respectively.
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The natural formulation of this uncapacitated lot-sizing problem can be
written as follows, using the demand satisfaction and set-up enforcement (vari-
able upper bound) generic constraints described in Chapter 1.

min Y. (psxe + qrye + hese) (2.1)

subject to
St—1+ x¢ = di + 84 for all ¢ (2.2)
so = Sp =0 (2.3)
Tt g Mtyt for all ¢ (24)
r€R?, se RT, ye{0,1}", (2.5)

where M; is a large positive number, expressing an upper bound on the max-
imum lot size in period t. Constraint (2.2) expresses the demand satistaction
in each period, and is also called the flow balance or flow conservation con-
straint. This is because every feasible solution of LS-U corresponds to a flow
in the network shown in Figure 2.1, where di4 = Zf‘:l d; is the total demand.
Constraint (2.3) says there is no initial and no final inventory. Constraint (2.4)
forces the set-up variable in period ¢ to be 1 when there is positive produc-
tion (i.e., x; > 0) in period t. Constraint (2.5) imposes the nonnegativity and
binary restrictions on the variables. The objective function defined by (2.1) is
simply the sum of unit production, fixed production, and unit inventory costs.

14

Figure 2.1, Uncapacitated lot-sizing network (n.= 4).

Master Production Scheduling Model

The next model is known as the multi-item (single level) capacitated lot-sizing
model. It corresponds to the simplest Master Production Scheduling prob-
lem solved to plan the production of finished products in a. Manufacturing
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Planning and Control System (MPCS) (see Section 2.3). Our GW example in
Section 1.2 is another example of such a MPS model.

The purpose is to plan the production of a set of items, usually finished
products, over a short-term horizon corresponding at least to the total pro-
duction cycle of these items. For each item, the model is the same as the LS-U
model in terms of costs and demand satisfaction. In addition, the production
plans of the different items are linked through capacity restrictions coming
from the common resources used.

We define the indices 7 with 1 < 7z < m to represent the set of items to
be produced, k with 1 < k < K to represent the set of shared resources with
limited capacity, and ¢t with 1 < t < n to represent the time periods. The
variables z, y, s and the data p, g, h, d have the same meaning for each item
i as in the model LS-U. A superscript 7 has been added to represent the item
i for which they are each defined.

The data L¥ represent the available capacity of resource k during period t.
The data o** and 3** represent the amount of capacity of resource k& consumed
per unit of item ¢ produced, and for a set-up of item 2, respectively. The
coefficient B** is often called the set-up time of item ¢ on resource k, and
represents the time spent to prepare the resource k just before the production
of a lot of item i. Together with o**, it may also be used to represent some
economies of scale in the productivity factor of item z on resource k.

The natural formulation of this multi-item capacitated lot-sizing model,
or basic MPS model, can be written as follows,

min >, 37, (pixi + gty + hys)) (2.6)
subject to
st +al=di+ st for all 4,¢ (2.7)
Tt < My} for all 4, (2.8)
> offa) + ) gy < L for all ¢, k (2.9)
r € R, s RT(”“)? y e {0,1}™" | (2.10)

where constraints (2.6)—(2.8) and (2.10) are the same as for the LS-U model,
and the generic constraint (2.9) expresses the capacity restriction on each
resource k in each period t.

Material Requirements Planning Model

As a last example model, we describe the multi-item multi-level capacitaied
lot-sizing model, that can be seen as the integration of the previous MPS model
for finished products, and the LS-U models for all intermediate products and
raw materials, into a single monolithic model. It is often referred to as the
Material Requirements Planning model, or the integrated MPS/MRP model.
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The purpose of this model is to optimize simultaneously the production and
purchase of all items, from raw materials to finished products, in order to sat-
isfy for each item the external or independent demand coming from customers
and the internal or dependent demand coming from the production of other
items, over a short-term horizon.

The dependency between items is modeled through the definition of the
product structure, also called the bill of materials (BOM). The product struc-
tures are usually classified into Series, Assembly or (General structures; see

Figure 2.2.
‘ 1

VA

Series Assembly General Structure

Figure 2.2. Types of product structures in multi-level models.

The indices, variables, and data are the same as before, except that, for
simplicity, we also use the index j with 1 < j < m to identify items. For item
¢, we use the additional notation D(7) to represent the set of direct successors
of 7, that is, the items consuming directly some amount of item 7 when they
are produced. Note that for series and assembly structures, these sets (i) are
singletons for all items 7, and for a finished product 7, we always have D(7) = 0.
For j € D(i), we denote by ¥ the amount of item i required to make one
unit of item j. These r* values are indicated along the edges (i, ) in Figure
2.2. This parameter r is used to identify the dependent demand, whereas d:
corresponds to the independent demand. For each item i, we denote by ~*
the lead-time to produce or deliver any lot of i. More precisely, ¢ represents
the size of a production or purchase order of item i launched in period t, and
delivered in period t + ~*.

The natural formulation for the general product structure capacitated
multi-level lot-sizing model, or the monolithic MRP model, is

min Y. > (pixl 4 qiyi + hist) (2.11)

subject to
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st 1+ a?i_,,’,-,; = [d} Z rigl] + s for all 7,1 (2.12)
JeD(i) |
7t < Miy! for all i, ¢ (2.13)
Z o Fxt Z Bikyt < LF for all ¢, k (2.14)
i i
re R s€ RT(RH), y € {0,1}™", (2.15)

where the only difference with respect to the previous MPS model resides in
the form of the generic demand satisfaction or flow conservation constraint
(2.12). For each item 7 in each period ¢, the amount delivered from production
or vendors 18 :Ci_,-.r,i ordered in period ¢ — !, and the demand to be satisfied is

the sum the independent demand d; and the dependent demand } .. p rtd ]

implied by the production of direct successors j € D(%).

Because of the multi-level structure, the presence of single item LS-U
models as submodels is less obvious, but we show in Part IV how to refor-
mulate this model in the form of single-item LS-U models linked by capacity
and product structure restrictions. This reformulation is known as the echelon
stock reformulation, and plays a very important role because it allows one to
use all the results on the reformulation of single-level problems when treating
multi-level problems.

2.2 The MRP Planning Model

Many industrial production planning models are variants or extensions of the
the generic MRP model (2.11)—(2.15), described in Section 2.1, which is typical
of discrete parts manufacturing systems. Provided that the BOM structure
allows one to describe the product structure, which is usually the case for
discrete parts manufacturing, this model potentially plans the procurement
or production of all components needed to satisfy external customer demand
over a medium-term horizon.

The numerous extensions or adaptations to this basic model correspond
usually to better or refined models to include overtime, product or compo-
nent substitutes in BOMs, alternate routings or machine selection to perform
production operations, shipping and transportation to and from other sites,
buying or subcontracting of some components, productivity and capacity uti-
lization, and so on.

Nevertheless, the basic MRP model (2.11)—(2.15) is the kernel of many or
most multi-item single-facility production planning models, and is solved in
most integrated planning systems (see Section 2.3 for a general introduction
to such systems). Moreover, most MRP and ERP planning systems use the
same basic or trivial decomposition approach based on LS-U in order to solve
this model or, at least, to provide feasible solutions.
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In this section, we describe this simple but generic MRP model and its
inputs, using the standard operations management terminology for produc-
tion planning models. We also describe the traditional and heuristic MRP
decomposition approach, and discuss its weaknesses.

In such boxes, we establish the link between the generic MRP
planning model and its inputs described here, and the
mathematical programming formulation (2.11)—(2.15).

A major difference between the traditional MRP approach and the model-
ing /optimization approach is that the latter forces the user/modeler to make
a clear distinction, and avoid some confusion, between the data required as
input to the model and the model formulation itself (decisions, constraints,
and objective), and also between the model formulation and the algorithm
used to build a feasible or optimal production plan.

2.2.1 The Planning Model and Its Inputs

The data required to define and implement the MRP model are now described.

Independent Demand over the Planning Horizon

The main objective of production planning is to meet the so-called independent
demand, which is defined for each facility as the demand coming from external
sources. This comprises demand from customers for the main finished prod-

ucts, but also spare parts demand and demands from the distribution system
or from other facilities.

- The independent or external demand for item ¢ in period ¢ is
represented by d} in Equation (2.12)

In a make-to-stock (MTS) production policy, this independent demand
must be already in stock when the customer demand arrives at the facility.
'.I‘herefore,, all the procurement and production activities must be carried out
in anticipation of this demand, and be based on demand forecasts. This policy
1s typically used for standard products, with little product variety or diversity,
SllCl.l as fast-moving consumer goods and many standard items of household
equipment. |

In a make-to-order (MTO) or assemble-to-order (ATO) production policy,
Some activities can still be performed after the external ordering of the prod-
ucts. The delivery lead-time is the time promised to customers for delivery.
T-herefore? at the time of ordering, the facility must hold enough raw mate-
rials or semi-finished products in inventory in such a way that the remaining
Production lead-time required to terminate the finished products ordered is



48 2 Production Planning Models and Systems

less than (or equal to) the commercial lead-time. This implies that planning
is decomposed in two phases or two separate problems. The upstream phase,
also called anticipation or “push” phase, plans the procurement and produc-
tion from raw materials up to some semi-finished products, and is based on
demand forecasts for these semi-finished products. This is similar to M'TS
planning. The downstream phase, called the final assembly, on-order phase,
or “pull” phase, schedules the production from the semi-finished products held
in inventory up to the finished products, and is based on effective customer or-
ders. This decomposition is illustrated in Figure 2.3. This approach is typical
of production systems where there exists a large variety of finished product
variants, based on a limited variety of raw materials or semi-finished products.
This makes it more economical to hold these semi-products in inventory, but
imposes a positive commercial lead-time to complete production. This is, for
instance, the policy used by Dell to assemble its PCs.

raw semi- finished
material finished product
available available available

procurement

semi-finished :
oroduction ] final assembly

| | >
time

finished
products
semi-finished demand
products forecasts
demand
forecasts
: ﬁ
semi-finished finished
products products
inventory customer
orders

Figure 2.3. MTS and ATO production policies.

Formulation (2.11)-(2.15) is used to represent either a MT5
policy, or the push phase of an ATO policy.

For all production policies, the planning horizon must be long enough
to cover at least the total or cumulative lead-time, including procurement,
production, and satisfaction of demand. This is necessary if one is to reach
a high customer-service level, defined as the fraction of customer demands
delivered on time, because we need to order the right materials now from
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our suppliers (i.e., the right quantity of each material) to be included into
the finished products that will be delivered one lead-time from now. In other
words, the total lead-time represents the required anticipation time in the
planning process or, equivalently, the minimal planning horizon length. Then,
the planning model will be solved and used in a rolling horizon manner. That
is, the solution proposed for the early time periods will be implemented, the
model data and parameters will be updated for the subsequent time periods,
the model will be solved again, and so forth.

In formulation (2.11)—(2.15) the number of time periods n is at
least as large as the total cumulative lead-time from the ordering
of raw materials to the completion of finished products,
expressed in number of periods.

Bill of Materials (BOM) to Compute Dependent Demand

The bill of materials defines the product structure by specifying for each
component (finished or semi-finished product) all of its direct predecessor
components (raw materials or semi-finished products), as well as the number
of each required per unit of the successor component. This BOM information
allows one to transform the finished product or external time-phased demand —

forecasts or orders — into detailed time-phased requirements for all components
in the production system.

FP (LT =1 period)

1 1

A |(LT=2)

(LT =1) B C C (LT = 2)

Figure 2.4. The bill of materials for finished product FP.

A BOM example is given in Figure 2.4, where

each unit of finished product FP is obtained by assembling one unit of A
with one unit of C,

each unit of A is itself directly obtained from two units of B and three
units of C', and
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e items B and C are raw materials.

We use this simple example to illustrate the MRP planning process. In this
example, a total of four units of raw material C' are required to produce
each unit of F P, three units of C per unit of item A are consumed when a
production order of item A is performed, and one unit of C per unit of F'P is
used when an order of F'P is released.

The BOM structure is modeled in Equation (2.12) by 7% for all
items ¢ and all j € D(¢), that is, all direct successors j of ¢,
where ¥ is the number of units of 7 required per unit of j.

The demand for intermediate products (such as A or C in the example)
coming from the production orders of their successors is called dependent
demand, as opposed to independent for finished products, because it depends
entirely on the production plans of successor items. Such plans are controlled
by the planner, whereas independent or external demand is not. For instance,
item C will be consumed only when a production order of A or F'P is started (a
decision under the control of the planner), but not when a finished product F'P
is ordered or delivered. This distinction between dependent and independent
demand is crucial and constitutes the basis of the MRP planning process.

The dependent demand for item ¢ in period ¢ is represented by
> iep@ Tz in Equation (2.12).

Procurement and Production Lead-Times

Procurement and production activities cannot be performed instantaneously.
In order to build realistic production plans, procurement or production lead-
times. lead-times for short, are taken into account for all components in the
BOM structure. They represent the total time needed to complete a pro-
curement or production order, including preparation, administration, wait-
ing, production, quality control and tests, and delivery, and are measured as
an integer number of time periods. This information is written next to each
component in Figure 2.4.

In the MRP planning model, such lead-times are constant over time, are
independent of the order sizes, and are an input of the planning process.

The constant procurement or production lead-time for item ¢ is
represented by v* in Equation (2.12).
We can now rephrase our minimum length condition on the
planning horizon. The number of time periods n is at least as
large as the sum of v* values along any path in the BOM graph.
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However, there is an important difference between the value of ¥* used
in the planning optimization model (Equation (2.12)) and the value of the
production lead-time used in the MRP planning process.

In the optimization model, v* is the minimum lead-time required for a
batch of item ¢ to be produced, minimum in the sense that no queue time
(waiting time for the availability of machines or resources) is included. This
holds because the explicit capacity constraints of the optimization model guar-
antee that there are enough capacity and resources to produce each lot without
any delay, and therefore no safety queue time is required.

In contrast, the MRP planning process does not take capacity restrictions
directly into account, and the constant production lead-time principle forces
the planner to take a worst-case approach. The minimum production lead-time
+* must be augmented by some safety lead-time to guarantee the feasibility
of the production plans. For instance, in Figure 2.4, the lead-time for A has
been fixed to two periods because item A is sometimes produced in large lots
or on machines that are heavily loaded. Therefore a lead-time of two periods
is reserved for all production orders, even though most of these orders are of
small size, and will be released when there is enough capacity to complete
them effectively after one time period. As a side effect, this also increases the
level of work-in-progress inventory.

We come back later to the dramatic effects of the necessary inflation of
production lead-times in the MRP planning process.

Routing of Components

In addition to the product structure defined by the BOM and to the pro-
duction lead-times, the routing of products through different work centers, as
well as the time and capacity consumed at each work center by a production
order, are described in order to model and control capacity utilization.

Workcenter Fp (LT = 1 period)
cutting
1 1
Woaorkcenter
assembling A (LT - 2)
2 3
Workcenter
painting
B |LT=1) C C | (LT=2)

Figure 2.5. The routing of semi-finished product A.
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The simplest routing model consists of the decomposition of the production
order of each BOM component into a sequence of production operations. This
is illustrated in Figure 2.5 where the production of component A is shown to
require three successive operations (cutting, assembling, and painting).

The corresponding routing data for component A4 is given in Table 2.1.
The sequence of operations is defined by numbering the operations. For each
operation in the sequence, and for important or critical resources (manpower,
machines, departments as a whole, etc.), the unit production time (|minutes
per unit]) and the resource preparation or set-up time (|minutes per order or
batch]) are defined. This set-up time is independent of the batch size. Usually,
transportation and transfer times between operations are also modeled.

Table 2.1. Routing Data of Semi-Finished Product A

Routing of Component : = A
Operation|Operation [|Resource Unit Set-up
Number |Description Time Time

(&) (o™, [min])|(8*, [min)
10 Cutting Mach S100 1.5 25
15 Transfer Forklift - 20
20 Assembling [[Mach ASS 0.5 10
30 Painting Mach PPP 2.5 30

For instance, according to Table 2.1, a production order of 10 (resp., 20)
units of component A requires 130 (resp., 175) minutes in total, assuming that
20 (resp., 40) units of component B and 30 (resp., 60) units of component C
are available, and assuming that the resources are also available when needed.
Even if the lot size of component A is almost always below 20 and requires
thus less than 200 minutes, the production lead-time for component A has
been fixed to two periods — two days or almost 1000 minutes — simply because
the machines used are not always available when they are required to produce

A.

These routing data are first used to model capacity utilization.

p—|

The unit production time of item 7 on resource k is denoted o
in Equation (2.14). Similarly, the set-up or preparation time of
resource k to produce one batch of item ¢ is denoted 3°* in
Equation (2.14).

The routing information allows one to compute the minimal lead-time
required for each production order, as well as their load profiles (i.e., the
evolution of the load over time) induced by the production plans in each work
center and on each critical resource.
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Capacity of Resources

To perform finite capacity planning, one needs additional information on the
actual or usable capacity of each resource in each time period. The actual
capacity is defined as the number of effective production hours that can be
performed on the resource during the time period. This capacity will be com-
pared with the load profiles computed from the production plans and routing
data.

Usually, the available capacity is obtained as the product of the gross ca-
pacity (i.e., the office or worked hours), and the productivity factor (i.e., the
fraction of worked hours that are effectively used for production). This pro-
ductivity factor accounts for unavoidable breaks, interruptions, disturbances,
or inefliciencies during the utilization of the resource.

Table 2.2. The Usable Capacity

Resource Gross  |Productivity| Usable
Description|| Capacity Factor Capacity
[hours/day] lhours/day]|
Mach S100 8 0.95 7.6
Forklift 3 0.85 6.8
Mach ASS 16 0.85 13.6
Mach PPP 8 0.95 7.6

The only capacity information needed in production planning models is
the net or usable capacity. These data are illustrated in Table 2.2 for the
resources used in the routing of component A, where the productivity factors
are higher for the automated cutting machine $100 and painting cell PPP
than for the resources and operations requiring some manual intervention.

There are 16 gross hours per day for assembly because two identical machines
are available during one shift.

The net capacity on resource k& in time period ¢ is represented by
LY in Equation (2.14).

Inventory Records

For all components, the independent and dependent time-phased demand de-
fine together the so-called gross requirements, corresponding to the total con-
Sumption, by external customers or internally by the production orders, of the
“Omponents over time. This consumption requirement can be satisfied either
from current inventory or from additional production or purchase orders. In
order to compute the amounts that still need to be produced or purchased
the inventory status of each component must be known. This includes |
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the on-hand inventory, which is the physical inventory in the warehouses;
the allocated or reserved inventory, which is the part of the on-hand inven-
tory that is reserved for production orders that have already been released,
and is therefore not available any more to satisfy the gross requirements;

e the back-orders, which correspond to overdue or late component orders,
and will be satisfied or delivered at the next reception; and

e the on-order inventory, which is the quantity of components already or-
dered (purchase or production) but not yet received, and for each such
released order the scheduled receipt time period is known.

The available inventory is the inventory status used in production planning
models, and is defined as the on-hand inventory minus the allocated inventory.
It is often called inventory. The inventory position is defined as the available
inventory augmented by the on-order inventory minus the back-orders. It is
the most useful inventory status for inventory control, but it is rarely directly
used in production planning models.

The planned available inventory of item ¢ at the end of period ¢
is represented by the variable s in formulation (2.11)—(2.15).
The on-order inventory of item ¢, scheduled to be received in

period ¢, corresponds to the fixed quantity mi_,ﬁ- released in the

past (typically with ¢ — " < 0).
The planned back-orders of item ¢ at the end of period ¢ will be
represented by adding a new backlogging variable r} in the
formulation of the flow balance equation (2.12).

The net requirements of a component are the time-phased requirements
obtained by subtracting the available inventory, and the on-order inventory
when its reception is scheduled, from the gross requirements. They represent
the amount still to be purchased or produced in order to satisfy the total or
gross requirements.

The inventory status of each component is central and crucial informa-
tion for the reliability of MRP systems. They are updated very regularly to
incorporate the most recent events or transactions (order release, order recep-
tion, physical removal from stock, etc.) in order to reflect accurately the real
situation on the shop floor and in the warehouses.

Planning Rules

Finally, the product database has to contain some more information relative to
the definition and parameters of the planning rules used. Typically, it contains

o the rules and parameters for safety stocks, where the safety stock of a
component is defined as the minimum stock to be held at the end of each
planning period in order to be able to cover small variations of demand or

consumption during the realization of the plan;
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¢ therules and parameters for safety times, where the safety time of a compo-
nent is the time added to the component lead-time to cover unpredictable
lead-time variations during the realization of the plan;

e the single-item lof-sizing rules and parameters for each component; such
rules are used to transform the computed net requirements into economi-
cal procurement and production plans satisfying the requirements; we de-
scribe below the role of such single-item plans in the global MRP planning
process; and

e component data required to use the lot-sizing rules: the procurement or
production cost, the inventory holding cost, and so on.

The unit production cost, fixed set-up cost, and per unit and per
period inventory holding cost are represented, respectively, by pi,
g¢, h% in the objective function (2.11).

The safety times are part of the lead-time parameter +* in
Equation (2.11).

There is no safety stock in formulation (2.11)—(2.15). Such safety
stocks can be represented as simple lower bounds on the
inventory variables st.

2.2.2 The Planning Process: Single Item Decomposition

So far we have studied the MRP model as defined by its inputs — prod-
ucts, BOM, routing, resources, capacity, inventory — and its mathematical
representation. Now, the challenge is to design a solution approach for the
mathematical programming problem (2.11)—(2.15).

Unfortunately, this model is usually too large to be solved directly, for the
tollowing reasons.

¢ Short time intervals/buckets are required to model demand satisfaction
and capacity utilization accurately.

¢ Long planning horizons, and thus a large number of time periods, are
required to cover the global procurement and production cycle.
Capacity utilization needs to be tracked for all the critical resources.
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