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Ïåñòîâà 1

Ïðè èññëåäîâàíèè îáðàòíûõ çàäà÷ äëÿ êèíåòè÷åñêèõ óðàâíåíèé è çàäà÷ èíòå-
ãðàëüíîé ãåîìåòðèè âàæíóþ ðîëü èãðàþò äèôôåðåíöèàëüíûå òîæäåñòâà. Â ÷àñò-
íîñòè, îíè øèðîêî èñïîëüçóþòñÿ äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè è óñòîé÷èâî-
ñòè ðåøåíèÿ îáðàòíûõ çàäà÷. Îáçîðû ïî êèíåòè÷åñêèì óðàâíåíèÿì ìîæíî íàéòè
â ðàáîòàõ [1, 2].

Â ðàáîòå [3] ðàññìàòðèâàëîñü êèíåòè÷åñêîå óðàâíåíèå

∂F

∂t
+ {H, F} = λ, (1)

ãäå

{H, F} =
n∑

j=1

(
∂H

∂pj

∂F

∂xj

− ∂H

∂xj

∂F

∂pj

)
,

� ñêîáêè Ïóàññîíà, à ôóíêöèè H = H(x, p, t), F = F (x, p, t), λ = λ(x, p) ïåðåìåí-
íûõ x = (x1, . . . , xn) ∈ Rn, p = (p1, . . . , pn) ∈ Rn, t ∈ R, äîñòàòî÷íî ãëàäêèå è îïðå-
äåëåíû â íåêîòîðîé îáëàñòè åâêëèäîâà ïðîñòðàíñòâà R2n+1 è R2n ñîîòâåòñòâåííî.
Ïðè èññëåäîâàíèè îáðàòíîé çàäà÷è îäíîâðåìåííîãî îïðåäåëåíèÿ ôóíêöèé F è λ
ïî èçâåñòíîìó ñëåäó ôóíêöèè F íà íåêîòîðîì ìíîãîîáðàçèè èñïîëüçîâàëîñü òîæ-
äåñòâî

2
n∑

j=1

∂F

∂xj

∂

∂pj

{H, F} =
n∑

j=1

∂

∂pj

(
∂F

∂xj

{H, F}
)
−

n∑
j=1

∂

∂xj

(
∂F

∂pj

{H, F}
)

+

+
n∑

i,j=1

[
∂

∂xi

(
∂H

∂pi

∂F

∂xj

∂F

∂pj

)
− ∂

∂pi

(
∂H

∂xi

∂F

∂xj

∂F

∂pj

)]
+

+
n∑

i,j=1

(
∂2H

∂pi∂pj

∂F

∂xi

∂F

∂xj

− ∂2H

∂xi∂xj

∂F

∂pi

∂F

∂pj

)
. (2)

Ïðè èññëåäîâàíèè çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ÷àñòî èñïîëüçóåòñÿ òîæäå-
ñòâî Ïåñòîâà [4, � 11]

L∗F · ∂

∂θ
(LF )− LF · ∂

∂θ
(L∗F ) =

∂

∂x

∂F

∂y

∂F

∂θ
− µx

(
∂F

∂θ

)2
−

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-
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− ∂

∂y

∂F

∂x

∂F

∂θ
+ µy

(
∂F

∂θ

)2
+

∂

∂θ

[
µy

∂F

∂y

∂F

∂θ
+ µx

∂F

∂x

∂F

∂θ

]
+

+

[
∂F

∂x
+ µy

∂F

∂θ

]2

+

[
∂F

∂y
− µx

∂F

∂θ

]2

−
(

∂F

∂θ

)2

e2µK, (3)

ñïðàâåäëèâîå äëÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèè F = F (x, y, θ),
(x, y) ∈ D ⊆ R2, 0 ≤ θ ≤ 2π, ãäå îïåðàòîðû L è L∗ îïðåäåëÿþòñÿ ðàâåíñòâàìè

L = cos θ
∂

∂x
+ sin θ

∂

∂y
+ (µy cos θ − µx sin θ)

∂

∂θ
,

L∗ = − sin θ
∂

∂x
+ cos θ

∂

∂y
− (µy sin θ + µx cos θ)

∂

∂θ
,

à K = −e−2µ∆µ � ãàóññîâà êðèâèçíà ìåòðèêè

ds2 = e2µ(dx2 + dy2), µ = µ(x, y), µx =
∂µ

∂x
, µy =

∂µ

∂y
.

Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ ñëåäóþùåå òîæäåñòâî

a
∂F

∂θ
· ∂

∂θ
(LF )− ∂

∂θ

(
a
∂F

∂θ

)
· LF =

∂

∂x

a cos θ

(
∂F

∂θ

)2
+

∂

∂y

a sin θ

(
∂F

∂θ

)2
−

− ∂

∂θ

[
a cos θ

∂F

∂x

∂F

∂θ
+ a sin θ

∂F

∂y

∂F

∂θ

]
+ 2a

∂F

∂θ

(
cos θ

∂F

∂y
− sin θ

∂F

∂x

)
−

−
(

∂F

∂θ

)2

[La + a(µx cos θ + µy sin θ] , (4)

ñïðàâåäëèâîå äëÿ äîñòàòî÷íî ãëàäêèõ ôóíêöèé F = F (x, y, θ) è a = a(x, y, θ).
Ñêëàäûâàÿ òîæäåñòâà (3) è (4) è îáîçíà÷àÿ L⊥ = L∗+a ∂

∂θ
, ïîëó÷èì òîæäåñòâî

L⊥F · ∂

∂θ
(LF )− ∂

∂θ

(
L⊥F

)
· LF =

∂

∂x

∂F

∂y

∂F

∂θ
+ (−µx + a cos θ)

(
∂F

∂θ

)2
−

− ∂

∂y

∂F

∂y

∂F

∂θ
+ (µy − a sin θ)

(
∂F

∂θ

)2
+ ∂

∂θ

[
(µx − a cos θ)

∂F

∂y

∂F

∂θ
+ (µy − a sin θ)

∂F

∂y

∂F

∂θ

]
+

+

[
∂F

∂x
+ (µy − a sin θ)

∂F

∂θ

]2

+

[
∂F

∂y
+ (−µx + a cos θ)

∂F

∂θ

]2

−
[
eµL(e−µa) + a2 + e2µK

] (∂F

∂θ

)2

.

Ýòî òîæäåñòâî èñïîëüçîâàëîñü â ðàáîòàõ [5, 6] ïðè èññëåäîâàíèè êèíåòè÷åñêèõ
óðàâíåíèé òàêîãî âèäà:

cos θ
∂F

∂x
+ sin θ

∂F

∂y
+ (µy cos θ − µx sin θ)

∂F

∂θ
= f(x, y, θ), (5)
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ãäå F = F (x, y, θ), (x, y) ∈ D ⊆ R2, 0 ≤ θ ≤ 2π.
Â ïðåäëàãàåìîé ðàáîòå áóäåò ïîêàçàíî, ÷òî óðàâíåíèå (5) ïîëó÷àåòñÿ èç óðàâ-

íåíèÿ (1) ïðè ñïåöèàëüíîì âûáîðå ôóíêöèè Ãàìèëüòîíà H, â ïðåäïîëîæåíèè,
÷òî ôóíêöèè, ðàññìàòðèâàåìûå â (1) íå çàâèñÿò îò ïåðåìåííîé t. Âîçíèêàåò åñòå-
ñòâåííûé âîïðîñ: ñóùåñòâóåò ëè ñâÿçü ìåæäó òîæäåñòâîì Àíèêîíîâà�Àìèðîâà (2)
è òîæäåñòâîì Ïåñòîâà (3)? Ìû ïîëó÷èì èç òîæäåñòâà (2) íåêîòîðîå áîëåå îáùåå
òîæäåñòâî èç êîòîðîãî áóäåò ñëåäîâàòü òîæäåñòâî (3).

� 1. Âûâîä óðàâíåíèÿ (5) èç óðàâíåíèÿ (1)

Áóäåì ðàññìàòðèâàòü ñòàöèîíàðíîå êèíåòè÷åñêîå óðàâíåíèå (1) â ñëó÷àå n = 2.
Îáîçíà÷àÿ x = x1, y = x2, p = p1, q = p2, çàïèøåì åãî â òàêîì âèäå

∂H

∂p

∂F

∂x
− ∂H

∂x

∂F

∂p
+

∂H

∂q

∂F

∂y
− ∂H

∂y

∂F

∂q
= λ. (6)

Ïîëîæèì
H = e−µ

√
p2 + q2, µ = µ(x, y).

Òîãäà
∂H

∂x
= −µxe

−µ
√

p2 + q2,
∂H

∂y
= −µye

−µ
√

p2 + q2,

∂H

∂p
= e−µ p√

p2 + q2
,

∂H

∂q
= e−µ q√

p2 + q2
.

Ïîäñòàâèâ ýòè âûðàæåíèÿ â (6), ïîëó÷èì

e−µ p√
p2 + q2

∂F

∂x
+µxe

−µ
√

p2 + q2
∂F

∂p
+e−µ q√

p2 + q2

∂F

∂y
+µye

−µ
√

p2 + q2
∂F

∂q
= λ. (7)

Ââåäåì íîâûå ïåðåìåííûå r, θ, r ≥ 0, 0 ≤ θ ≤ 2π, ïîëàãàÿ r =
√

p2 + q2, θ = arctg q
p
.

Òîãäà
p√

p2 + q2
= cos θ,

q√
p2 + q2

= sin θ.

Âû÷èñëèì ïðîèçâîäíûå:

∂F

∂p
=

∂F

∂θ

∂θ

∂p
+

∂F

∂r

∂r

∂p
,

∂F

∂q
=

∂F

∂θ

∂θ

∂q
+

∂F

∂r

∂r

∂q
.

Ñ÷èòàÿ, ÷òî ôóíêöèÿ F íå çàâèñèò îò r, è, ó÷èòûâàÿ, ÷òî òîãäà

∂F

∂p
= − q

p2 + q2

∂F

∂θ
,

∂F

∂q
=

p

p2 + q2

∂F

∂θ
,

ïåðåïèøåì óðàâíåíèå (7) â â íîâûõ ïåðåìåííûõ

cos θ
∂F

∂x
+ sin θ

∂F

∂y
+ (−µx sin θ + µy cos θ)

∂F

∂θ
= λeµ,

3



à ýòî â òî÷íîñòè óðàâíåíèå (5).
Åñëè â êà÷åñòâå ãàìèëüòîíèàíà H âçÿòü ôóíêöèþ H =

√
p2 + q2 ln µ, òî ëåãêî

ïðîâåðèòü ñëåäóþùèå ðàâåíñòâà

∂H

∂x
=

µx

µ

√
p2 + q2,

∂H

∂y
=

µy

µ

√
p2 + q2,

∂H

∂p
=

p√
p2 + q2

ln µ,
∂H

∂q
=

q√
p2 + q2

ln µ.

Ïîäñòàâèâ ýòè âûðàæåíèÿ â óðàâíåíèå (6), ïîëó÷èì

p√
p2 + q2

ln µ
∂F

∂x
− µx

µ

√
p2 + q2

∂F

∂p
+

q√
p2 + q2

ln µ
∂F

∂y
− µy

µ

√
p2 + q2

∂F

∂q
= λ. (8)

Òàê æå, êàê è ðàíüøå ïåðåõîäèì ê ïåðåìåííûì r, θ è, èñïîëüçóÿ ôîðìóëû ïðîèç-
âîäíûõ, ïåðåïèøåì óðàâíåíèå (8) â òàêîì âèäå:(

cos θ
∂F

∂x
+ sin θ

∂F

∂y

)
ln µ +

(
µx

µ
sin θ − µy

µ
cos θ

)
∂F

∂θ
= λ.

(Ìû îïÿòü ñ÷èòàåì, òî ôóíêöèÿ F íå çàâèñèò îò r.) Ïîëàãàÿ µ̃ = ln µ, çàïèøåì
ïîñëåäíåå óðàâíåíèå â òàêîì âèäå(

cos θ
∂F

∂x
+ sin θ

∂F

∂y

)
µ̃ + (µ̃x sin θ − µ̃y cos θ)

∂F

∂θ
= λ.

Ðàçäåëèâ îáå ÷àñòè íà µ̃ è ïîëàãàÿ λ̃ = λ
µ̃
, ïîëó÷èì óðàâíåíèå

cos θ
∂F

∂x
+ sin θ

∂F

∂y
+

(
µ̃x

µ̃
sin θ − µ̃y

µ̃
cos θ

)
∂F

∂θ
= λ̃,

êîòîðîå ðàññìàòðèâàåòñÿ â äâóìåðíûõ çàäà÷àõ èíòåãðàëüíîé ãåîìåòðèè [7].
Çàìåòèì, ÷òî äëÿ ïðîèçâîäíûõ ôóíêöèè F ñïðàâåäëèâî ðàâåíñòâî

p
∂F

∂p
= −q

∂F

∂q
. (9)

Äàëåå íàì ïîòðåáóþòñÿ âòîðûå ïðîèçâîäíûå îò ôóíêöèè H = e−µ
√

p2 + q2. Âû-
÷èñëèì èõ:

∂2H

∂x2
= e−µ

√
p2 + q2(−µxx + µ2

x),
∂2H

∂y2
= e−µ

√
p2 + q2(−µyy + µ2

y),

∂2H

∂x∂y
= e−µ

√
p2 + q2(−µxy + µxµy),

∂2H

∂p2
= e−µ q2

(p2 + q2)
√

p2 + q2
,

∂2H

∂q2
= e−µ p2

(p2 + q2)
√

p2 + q2
,

∂2H

∂p∂q
= −e−µ pq

(p2 + q2)
√

p2 + q2
,
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∂2H

∂p∂y
= −µye

−µ p√
p2 + q2

,
∂2H

∂x∂q
= −µxe

−µ q√
p2 + q2

,

∂2H

∂x∂p
= −µxe

−µ p√
p2 + q2

,
∂2H

∂y∂q
= −µye

−µ q√
p2 + q2

.

Êðîìå òîãî, íàì ïîòðåáóåòñÿ ñâÿçü ìåæäó îïåðàòîðàìè, ó÷àñòâóþùèìè â òîæ-
äåñòâàõ Àíèêîíîâà�Àìèðîâà è Ïåñòîâà. Ñïðàâåäëèâà

Ëåììà 1. Ïóñòü

L = cos θ
∂

∂x
+ sin θ

∂

∂y
+ (µy cos θ − µx sin θ)

∂

∂θ
,

L∗ = − sin θ
∂

∂x
+ cos θ

∂

∂y
− (µy sin θ + µx cos θ)

∂

∂θ

� äâà îïåðàòîðà;

{H, F} =
∂H

∂p

∂F

∂x
− ∂H

∂x

∂F

∂p
+

∂H

∂q

∂F

∂y
− ∂H

∂y

∂F

∂q
,

{H, F}⊥ =
∂H

∂p

∂F

∂y
− ∂H

∂y

∂F

∂p
− ∂H

∂q

∂F

∂x
+

∂H

∂x

∂F

∂q
,

� îïåðàòîðû, äåéñòâóþùèå íà ôóíêöèþ F ïðè ôèêñèðîâàííîé ôóíêöèè H. Òîãäà

à) ∂
∂θ

(LF ) = L∗F + L
(

∂F
∂θ

)
á) åñëè H = e−µ

√
p2 + q2, òî ñïðàâåäëèâû ðàâåíñòâà

{H, F} = e−µLF, {H, F}⊥ = e−µ(L∗F )

Äîêàçàòåëüñòâî. Ðàâåíñòâî à) ïðîâåðÿåòñÿ íåïîñðåäñòâåííî. Ïåðâîå ðàâåí-
ñòâî èç á) ôàêòè÷åñêè óñòàíîâëåíî ïðè âûâîäå óðàâíåíèÿ (5) èç óðàâíåíèÿ (1) â
íà÷àëå ïàðàãðàôà. Âòîðîå ðàâåíñòâî èç á) ïîëó÷àåòñÿ àíàëîãè÷íî ïåðâîìó.

� 2. Âûâîä òîæäåñòâà Ïåñòîâà èç òîæäåñòâà Àíèêîíîâà�Àìèðîâà

Ðàññìîòðèì òîæäåñòâî (2) â ñëó÷àå n = 2 è îáîçíà÷àÿ x = x1, y = x2, p =
p1,q = p2, çàïèøåì åãî â òàêîì âèäå

2

[
∂F

∂x

∂

∂p
{H, F}+

∂F

∂y

∂

∂q
{H, F}

]
=

∂

∂p

[
∂F

∂x
{H, F} − ∂H

∂x

∂F

∂x

∂F

∂p
− ∂H

∂x

∂F

∂y

∂F

∂q

]
+

+
∂

∂q

[
∂F

∂y
{H, F} − ∂H

∂y

∂F

∂x

∂F

∂p
− ∂H

∂y

∂F

∂y

∂F

∂q

]
+

+
∂

∂x

[
−∂F

∂p
{H, F}+

∂H

∂p

∂F

∂x

∂F

∂p
+

∂H

∂p

∂F

∂y

∂F

∂q

]
+
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+
∂

∂y

[
−∂F

∂q
{H, F}+

∂H

∂q

∂F

∂x

∂F

∂p
+

∂H

∂q

∂F

∂y

∂F

∂q

]
+

+

∂2H

∂p2

(
∂F

∂x

)2

− ∂2H

∂x2

(
∂F

∂p

)2

+
∂2H

∂q2

(
∂F

∂y

)2

− ∂2H

∂y2

(
∂F

∂q

)2

+

+2
∂2H

∂p∂q

∂F

∂x

∂F

∂y
− 2

∂2H

∂x∂y

∂F

∂p

∂F

∂q

]
.

Ëåììà 2. Ñïðàâåäëèâû ñëåäóþùèå òîæäåñòâà

à)

{H, F}⊥ ∂

∂q
{H, F} − {H, F} ∂

∂q
{H, F}⊥ =

∂

∂x

[
Fq(Hq{H, F}+ Hp{H, F}⊥)

]
+

+
∂

∂y

[
Fq(Hq{H, F}⊥ −Hp{H, F})

]
+

∂

∂p

[
Fq(Hy{H, F} −Hx{H, F}⊥)

]
−

− ∂

∂q

[
Fq(Hx{H, F}+ Hy{H, F}⊥)

]
+ (F 2

x + F 2
y )(HqqHp −HpqHq)+

+FxFp(−HqqHx−HpqHy+HxqHq+HyqHp)+FyFp(−HqqHy−HxqHp+HpqHx+HyqHq)+

+F 2
p (HxqHy−HyqHx)+F 2

q ({Hx, H}+{Hy, H}⊥+HxqHy−HyqHx)+FpFq({Hx, H}⊥−{Hy, H}⊥)+

+FxFq(−{Hp, H}⊥ + 2(HyqHq −HqqHy)) + FyFq({Hp, H}+ 2(HqqHx −HxqHq)),

á)

{H, F}⊥ ∂

∂p
{H, F} − {H, F} ∂

∂p
{H, F}⊥ =

∂

∂x

[
Fp(Hq{H, F}+ Hp{H, F}⊥)

]
+

+
∂

∂y

[
Fp(Hq{H, F}⊥ −Hp{H, F})

]
+

∂

∂p

[
Fp(Hy{H, F} −Hx{H, F}⊥)

]
−

− ∂

∂q

[
Fp(Hx{H, F}+ Hy{H, F}⊥)

]
+ (F 2

x + F 2
y )(HpqHp −HppHq) + FxFp(−{Hq, H}+

+2(HpyHp −HppHy)) + FyFp(−{Hq, H}⊥ + 2(HppHx −HxpHp))+

+F 2
p ({Hx, H}⊥−{Hy, H}+HxpHy−HypHx)+F 2

q (HxpHy−HypHx)+FpFq({Hx, H}+{Hy, H}⊥)+

+FxFq(HppHx−HxpHp +HypHq −HpqHy)+FyFq(HpqHx−HxpHq +HppHy −HypHp).

ãäå íèæíèå èíäåêñû îáîçíà÷àþò ÷àñòíûå ïðîèçâîäíûå ïî ñîîòâåòñòâóþùèì

ïåðåìåííûì.

Äîêàçàòåëüñòâî. Ïðîâåðèì òîæäåñòâî à) (òîæäåñòâî á) ïðîâåðÿåòñÿ àíàëî-
ãè÷íî). Ïåðåíåñåì äèâåðãåíòíûå ñëàãàåìûå â ëåâóþ ÷àñòü. Òîãäà ëåâàÿ ÷àñòü ïðè-
ìåò òàêîé âèä

{H, F}⊥ ∂

∂q
{H, F} − {H, F} ∂

∂q
{H, F}⊥ − ∂

∂x

[
Fq(Hq{H, F}+ Hp{H, F}⊥)

]
+
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+
∂

∂y

[
Fq(Hp{H, F} −Hq{H, F}⊥)

]
+

∂

∂p

[
Fq(Hx{H, F}⊥ −Hy{H, F})

]
+

+
∂

∂q

[
Fq(Hx{H, F}+ Hy{H, F}⊥)

]
Âû÷èñëÿÿ ïðîèçâîäíûå è ïðèâîäÿ ïîäîáíûå ñëàãàåìûå, ïîëó÷èì

(HpFy −HyFp −HqFx + HxFq)(HpqFx −HxqFp + HqqFy −HyqFq)−

−(HpFx −HxFp + HqFy −HyFq)(HpqFy −HyqFp −HqqFx + HxqFq)−

−FqHq(HxpFx + HpFxx −HxxFp −HxFxp + HxqFy + HqFxy −HxyFq −HyFxq)−

−FqHp(HxpFy + HpFxy −HxyFp −HyFxp −HxqFx −HqFxx + HxxFq + HxFxq)+

+FqHp(HypFx + HpFxy −HxyFp −HxFyp + HyqFy + HqFyy −HyyFq −HyFyq)−

−FqHq(HypFy + HpFyy −HyyFp −HyFyp −HyqFx −HqFxy + HxyFq + HxFyq)+

+FqHx(HppFy + HpFyp −HypFp −HyFpp −HpqFx −HqFxp + HxpFq + HxFpq)−

−FqHy(HppFx + HpFxp −HxpFp −HxFpp + HpqFy + HqFyp −HypFq −HyFpq)+

+FqHx(HpqFx + HpFxq −HxqFp −HxFpq + HqqFy + HqFyq −HyqFq −HyFqq)+

+FqHy(HpqFy + HpFyq −HyqFp −HyFpq −HqqFx −HqFxq + HxqFq + HxFqq).

Îòêðûâàÿ ñêîáêè è, ïðèâîäÿ ïîäîáíûå, ïîëó÷èì ñëåäóþùåå âûðàæåíèå

(F 2
x + F 2

y )(HqqHp −HpqHq) + FxFp(−HpqHy + HxqHq + HyqHp −HqqHx)+

+FyFp(−HxqHp −HqqHy + HpqHx + HyqHq) + F 2
p (HxqHy −HyqHx)+

+F 2
q (HxpHx + HypHy −HxxHp −HyyHp + 2HxqHy − 2HyqHx)+

+FpFq(HxxHq + HyyHq −HypHx + HxpHy −HxqHx −HyqHy)+

+FxFq(2HyqHq − 2HqqHy −HxpHq + HypHp −HppHy + HpqHx)+

+FyFq(2HqqHx − 2HxqHq −HxpHp −HypHq + HppHx + HpqHy),

êîòîðîå, êàê ëåãêî çàìåòèòü ðàâíî

(F 2
x + F 2

y )(HqqHp −HpqHq) + FxFp(−HqqHx −HpqHy + HxqHq + HyqHp)+

+FyFp(−HqqHy −HxqHp + HpqHx + HyqHq) + F 2
p (HxqHy −HyqHx)+

+F 2
q ({Hx, H}+ {Hy, H}⊥ + HxqHy −HyqHx) + FpFq({Hx, H}⊥ − {Hy, H})+

+FxFq(−{Hp, H}⊥ + 2(HyqHq −HqqHy)) + FyFq({Hp, H}+ 2(HqqHx −HxqHq),

à ýòî è åñòü êâàäðàòè÷íàÿ ôîðìà, ñòîÿùàÿ â ïðàâîé ÷àñòè íàøåãî òîæäåñòâà.
Ëåììà äîêàçàíà.

Ñêëàäûâàÿ ïî÷ëåííî òîæäåñòî à) ñ òîæäåñòâîì á), ïîëó÷àåì òàêîå
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Ñëåäñòâèå. Ñïðàâåäëèâî òîæäåñòâî

{H, F}⊥
(

∂

∂p
{H, F}+

∂

∂q
{H, F}

)
− {H, F}

(
∂

∂p
{H, F}⊥ +

∂

∂q
{H, F}⊥

)
=

=
∂

∂x

[
(Fp + Fq)(Hq{H, F}+ Hp{H, F}⊥)

]
+

+
∂

∂y

[
(Fp + Fq)(Hq{H, F}⊥ −Hp{H, F})

]
+

∂

∂p

[
(Fp + Fq)(Hy{H, F} −Hx{H, F}⊥)

]
−

− ∂

∂q

[
(Fp + Fq)(Hx{H, F}+ Hy{H, F}⊥)

]
+

+(F 2
x + F 2

y ) [Hp(Hqq + Hpq)−Hq(Hpp + Hpq)] +

+FxFp

[
−{Hq, H}+ {Hq, H}⊥ − 2Hy(Hpp + Hpq) + 2Hp(Hyq + Hyp)

]
+

+FyFp

[
−{Hq, H}⊥ − {Hq, H}+ 2Hx(Hpp + Hpq)− 2Hp(Hxp + Hxq)

]
+

+F 2
p

[
{Hx, H}⊥ − {Hy, H}+ Hy(Hxq + Hxp)−Hx(Hyq + Hyp)

]
+F 2

q

[
{Hx, H}+ {Hy, H}⊥ + Hy(Hxp + Hxq)−Hx(Hyq + Hyp)

]
+

+FpFq

[
{Hx, H}+ {Hy, H}⊥ + {Hx, H}⊥ − {Hy, H}

]
+

+FxFq

[
{Hp, H} − {Hp, H}⊥ + 2Hq(Hyq + Hyp)− 2Hy(Hqq + Hpq)

]
+

+FyFq

[
{Hp, H}+ {Hp, H}⊥ + 2Hx(Hqq + Hpq)− 2Hq(Hxq + Hxp)

]
.

Òåïåðü ìû ãîòîâû äîêàçàòü îñíîâíîå óòâåðæäåíèå íàñòîÿùåé ðàáîòû.
Òåîðåìà. Åñëè â òîæäåñòâå èç ñëåäñòâèÿ ïîëîæèòü

H = e−µ
√

p2 + q2

è ñ÷èòàòü, ÷òî ôóíêöèÿ F íå çàâèñèò îò ïåðåìåííîé r =
√

p2 + q2 òî èç íåãî

âûâîäèòñÿ òîæäåñòâî Ïåñòîâà.

Äîêàçàòåëüñòâî. Âñïîìèíàÿ ôîðìóëû:

{H, F} = e−µLF, {H, F}⊥ = e−µ(L∗F )

èç ëåììû 1 á) è ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ëåâóþ ÷àñòü òîæäåñòâà èç ëåììû 2
á), ïîëó÷èì

{H, F}⊥ ∂

∂p
{H, F}−{H, F} ∂

∂p
{H, F}⊥ = −e−2µ q

p2 + q2

[
L∗F

∂

∂θ
(LF )− LF

∂

∂θ
(L∗F )

]
.

Âèäèì, ÷òî â êâàäðàòíûõ ñêîáêàõ ñòîèò ëåâàÿ ÷àñòü òîæäåñòâà Ïåñòîâà. Ðàññìîò-
ðèì òåïåðü ïðàâóþ ÷àñòü òîæäåñòâà èç ëåììû 2 á). Ïîäñòàâëÿÿ âûðàæåíèå äëÿ
H, è ïåðåõîäÿ ê íîâîé ïåðåìåííîé θ, çàïèøåì åå â òàêîì âèäå

∂

∂x

[
− q

p2 + q2
Fθ(sin θe−2µLF + cos θe−2µL∗F )

]
+

∂

∂y

[
− q

p2 + q2
Fθ(sin θe−2µL∗F − cos θe−2µLF )

]
−
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− q

p2 + q2

∂

∂θ

[
− q

p2 + q2
Fθ(−µye

−2µ
√

p2 + q2LF + µxe
−2µ

√
p2 + q2L∗F )

]
−

− p

p2 + q2

∂

∂θ

[
− q

p2 + q2
Fθ(−µxe

−2µ
√

p2 + q2LF − µye
−2µ

√
p2 + q2L∗F )

]
+

+(F 2
x + F 2

y )(−e−2µ pq

(p2 + q2)
√

p2 + q2
cos θ − e−2µ q2

(p2 + q2)
√

p2 + q2
sin θ)+

+

(
q

p2 + q2
Fθ

)2 [
2µxµy cos θe−2µ

√
p2 + q2 − 2µxµy cos θe−2µ

√
p2 + q2+

+e−2µ
√

p2 + q2(−µxx+µ2
x) sin θ−µ2

x sin θe−2µ
√

p2 + q2+e−2µ
√

p2 + q2(−µyy+µ2
y) sin θ−

− µ2
y sin θe−2µ

√
p2 + q2

]
+

(
p

p2 + q2
Fθ

)2 [
µxµy cos θe−2µ

√
p2 + q2 − µxµy cos θe−2µ

√
p2 + q2

]
−

− q

p2 + q2
FxFθ

[
2e−2µµy

q2

p2 + q2
− e−2µµx

pq

p2 + q2
− 2µy cos2 θe−2µ−

− µy sin2 θe−2µ − µx cos θ sin θe−2µ + e−2µµy
p2

p2 + q2

]
−

− q

p2 + q2
FyFθ

[
2e−2µµx cos2 θ − e−2µµy

pq

p2 + q2
− 2µxe

−2µ q2

p2 + q2
+

+ µx sin2 θe−2µ − µxe
−2µ p2

p2 + q2
− e−2µµy cos θ sin θ

]
−

− pq

p2 + q2
F 2

θ

[
µxµy sin θe−2µ

√
p2 + q2 − e−2µ(−µxx + µ2

x)
√

p2 + q2 + µ2
x cos θe−2µ

√
p2 + q2−

−e−2µ(−µyy + µ2
y) cos θ

√
p2 + q2 + µ2

ye
−2µ cos θ

√
p2 + q2 − µxµy sin θe−2µ

√
p2 + q2

]
+

+
p

p2 + q2
FxFθ

[
−e−2µµy cos θ sin θ − e−2µµx

q2

p2 + q2
− µye

−2µ pq

p2 + q2
+ µx cos2 θe−2µ

]
+

+
p

p2 + q2
FyFθ

[
e−2µµy cos2 θ + e−2µµx

pq

p2 + q2
− µye

−2µ q2

p2 + q2
+ µx sin θ cos θe−2µ

]
.

Ïðèâîäÿ ïîäîáíûå è, óìíîæàÿ ýòî âûðàæåíèå íà

e2µ p2 + q2

q
,

ïîëó÷èì

2µxFθ(sin θLF + cos θL∗F )− ∂

∂x
[Fθ(sin θLF + cos θL∗F )] +

+2µyFθ(sin θL∗F−cos θLF )− ∂

∂y
[Fθ(sin θL∗F − cos θLF )]+

∂

∂θ
[Fθ(−µy sin θLF + µx sin θL∗F )] +
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+
p

q

∂

∂θ
[Fθ(−µx sin θLF − µy sin θL∗F )]− (F 2

x + F 2
y )+

+
q

p2 + q2
F 2

θ

[
−µxx sin θ

√
p2 + q2 − µyy sin θ

√
p2 + q2−

]
−FxFθ

[
µy sin2 θ − µy cos2 θ − 2µx cos θ sin θ

]
−FyFθ

[
µx(cos2 θ − sin2 θ)− 2µy cos θ sin θ

]
−

− cos θF 2
θ [µxx cos θ + µyy cos θ] +

p

q
FxFθ

[
µx(cos2 θ − sin2 θ)− 2µy cos θ sin θ

]
+

+
p

q
FyFθ

[
µy(cos2 θ − sin2 θ)− 2µx cos θ sin θ

]
.

Ïåðåãðóïïèðîâàâ ñëàãàåìûå, ïîëó÷èì

− ∂

∂x
[Fθ(sin θLF + cos θL∗F )]− ∂

∂y
[Fθ(sin θL∗F − cos θLF )] +

+
∂

∂θ
[Fθ(−µy sin θLF + µx sin θL∗F )] +

p

q

∂

∂θ
[sin θFθ(−µxLF − µyL

∗F ]−

−(F 2
x + F 2

y ) + F 2
θ

[
− sin2 θ(µxx + µyy)

]
− FxFθ

[
µy(sin

2 θ − cos2 θ)− 2µx cos θ sin θ
]
−

−FyFθ

[
µx(cos2 θ − sin2 θ)− 2µy cos θ sin θ

]
− F 2

θ

[
cos2 θ(µxx + µyy)

]
+

+
p

q
FxFθ

[
µx(cos2 θ − sin2 θ)− 2µy cos θ sin θ

]
+

p

q
FyFθ

[
µy(cos2 θ − sin2 θ) + 2µx cos θ sin θ

]
+

+2µxFθ(sin θLF + cos θL∗F ) + 2µyFθ(sin θL∗F − cos θLF ). (10)

Áóäåì ïî-ïîðÿäêó ðàññìàòðèâàòü ñëàãàåìûå â ýòîì âûðàæåíèè è èñïîëüçóÿ îïðå-
äåëåíèÿ îïåðàòîðîâ L è L∗, ïîëó÷èì ðàâåíñòâà

− ∂

∂x
[Fθ(sin θLF + cos θL∗F )] = − ∂

∂x

[
FyFθ − µxF

2
θ

]
, (11)

− ∂

∂y
[Fθ(sin θL∗F − cos θLF )] = − ∂

∂y

[
−FxFθ − µyF

2
θ

]
. (12)

Ðàññìîòðèì äàëåå âûðàæåíèå

∂

∂θ
[Fθ(−µy sin θLF + µx sin θL∗F )] +

p

q

∂

∂θ
[sin θFθ(−µxLF − µyL

∗F )] =

=
∂

∂θ

[
−µy cos θ sin θFxFθ − µy sin2 θFyFθ − µ2

y cos θ sin θF 2
θ − µx sin2 θFxFθ+

+µx cos θ sin θFyFθ − µ2
x cos θ sin θF 2

θ

]
+ ctg θ

∂

∂θ

[
−µx cos θ sin θFxFθ − µx sin2 θFyFθ+

+µ2
x sin2 θF 2

θ + µy sin2 θFxFθ − µy cos θ sin θFyFθ + µ2
y sin2 θF 2

θ

]
,

è âîñïîëüçóåìñÿ ñëåäóþùèì óòâåðæäåíèåì.
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Ëåììà 3. 1) Äëÿ âñÿêîé íåïðåðûâíî�äèôôåðåíöèðóåìîé ôóíêöèè A = A(θ)
ñïðàâåäëèâî òîæäåñòâî

ctg θ
∂A

∂θ
=

1

sin2 θ
A +

∂

∂θ
(ctg θA) .

2) Äëÿ îïðåäåëåííûõ âûøå îïåðàòîðîâ ñïðàâåäëèâû òîæäåñòâà

sin θLF + cos θL∗F = Fy − µxFθ, sin θL∗F − cos θLF = −Fx − µyFθ.

Èñïîëüçóÿ ïåðâóþ ÷àñòü ýòîé ëåììû, ïåðåïèøåì ïîñëåäíåå âûðàæåíèå ïåðåä
ëåììîé â òàêîì âèäå

∂

∂θ
[−µyFyFθ − µxFxFθ]+

[
(µy − µx ctg θ)FxFθ + (−µx − µy ctg θ)FyFθ + (µ2

x + µ2
y)F

2
θ

]
.

(13)
Ó÷èòûâàÿ âûðàæåíèÿ (11)�(13), ïåðåïèøåì (10) â òàêîì âèäå

− ∂

∂x

[
FyFθ − µxF

2
θ

]
− ∂

∂y

[
−FxFθ − µyF

2
θ

]
+

+
∂

∂θ
[−µyFyFθ − µxFxFθ]+

[
(µy − µx ctg θ)FxFθ + (−µx − µy ctg θ)FyFθ + (µ2

x + µ2
y)F

2
θ

]
−

−(F 2
x + F 2

y )− F 2
θ sin2 θ(µxx + µyy)− FxFθ

[
µy(sin

2 θ − cos2 θ)− 2µx cos θ sin θ
]
−

−FyFθ

[
µx(cos2 θ − sin2 θ)− 2µy cos θ sin θ

]
− F 2

θ cos2 θ(µxx + µyy)+

+ ctg θFxFθ

[
µx(cos2 θ − sin2 θ)− 2µy cos θ sin θ

]
+ctg θFyFθ

[
µy(cos2 θ − sin2 θ) + 2µx cos θ sin θ

]
−

−2F 2
θ (µ2

x + µ2
y) + 2µxFyFθ − 2µyFxFθ. (14)

Ïðè ýòîì ìû âîñïîëüçîâàëèñü âòîðûì óòâåðæäåíèåì ëåììû è ïåðåïèñàëè ïîñëåä-
íèå ñëàãàåìûå èç (10):

2µxFθ(sin θLF+cos θL∗F )+2µyFθ(sin θL∗F−cos θLF ) = −2F 2
θ (µ2

x+µ2
y)+2µxFyFθ−2µyFxFθ.

Ïðåîáðàçóÿ âûðàæåíèå (14), ïîëó÷èì

− ∂

∂x

[
FyFθ − µxF

2
θ

]
+

∂

∂y

[
FxFθ + µyF

2
θ

]
+

+
∂

∂θ
[−µyFyFθ − µxFxFθ]−F 2

x−F 2
y −F 2

θ

[
µxx + µyy + µ2

x + µ2
y

]
−2µyFxFθ +2µxFyFθ =

= − ∂

∂x

[
FyFθ − µxF

2
θ

]
+

∂

∂y

[
FxFθ + µyF

2
θ

]
−

− ∂

∂θ
(µyFyFθ + µxFxFθ)− (Fx + µyFθ)

2 − (Fy − µxFθ)
2 − F 2

θ (µxx + µyy) .

Êàê ëåãêî çàìåòèòü, ýòî âûðàæåíèå îòëè÷àåòñÿ îò ïðàâîé ÷àñòè òîæäåñòâà Ïåñòî-
âà òîëüêî óìíîæåíèåì íà -1. Òåîðåìà äîêàçàíà.

Àâòîð áëàãîäàðèò Þ. Å. Àíèêîíîâà çà ïîñòàíîâêó çàäà÷è è âíèìàíèå ê ðàáîòå.
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