On Cavicchioli-Hegenbarth-Repovs groups

Valerij Bardakov, Andrei Vesnin

Abstract

The class of cyclically presented groups which contains Fibonacci groups and Sieradski
groups is studied. There are obtained conditions for these groups to be finite, pairwise iso-
morphic, or aspherical. As a partial answer on the question of Cavicchioli, Hegenbarth and
Repovs, it is shown that the wide subclass of groups with odd number of generators can not be
realized as fundamental groups of hyperbolic three-dimensional manifolds of finite volume.
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1. Introduction

In the present paper the class of cyclically presented groups introduced by Cavicchioli, Hegenbarth
and Repovs in [1] is studied. The interest to this class is motivated by the following. From one side,
this class contains such well-known groups as the Fibonacci groups and the Sieradski groups. From
the other side, the following question was posed in [1]: whether groups from this class are fundamental
groups of three-dimensional manifolds?

The fundamental groups of compact 2-dimensional manifolds are well-studied [2]. At the same
time [3, § 5.1], for n > 4 any finitely defined group can be realized as fundamental group of some closed
orientable n-dimensional manifold. The case of 3-dimensional manifolds is much more complicated.
It was shown by Stallings [4], that there no algorithm which for a given finite presentation of a group
admits to say whether this group is fundamental group of a 3-dimensional manifold.

The problem of distinguishing of groups of 3-manifolds is important in 3-dimensional topology,
because fundamental group is one of the most valuable invariants of a manifold. This problem is
also important in group theory, because the knowledge that the group is fundamental group of a
3-manifold can gives us more information about the structure of the group. In particular, if G is
fundamental group of a 3-manifold of constant negative curvature, then it is hyperbolic in the sense
of Gromov, and therefore, the equality problem and conjugacity problem are solvable in G.

One of classes of groups for which the problem of distinguishing of 3-manifold groups seems most
actual, is the class of cyclically presented groups. We say that a group G is cyclically presented if it
has the following presentation:

Gn(w) = (r1, 29, ..., 2, | w=1,n(w)=1,... ,n”_l(w) =1),

where w is a word in the alphabet X = {z',z3',... 2!}, and 5 is the automorphism of the free
group F,, = F,(z1,...,x,) defined by its action on the generators by the following rule: n(z;) = x;11
for e = 1,...,n, where all indices are taken by mod n.

Algebraic properties of cyclically presented groups (their finiteness and abelian invariants) were
studied in [5, 6, 7, 8, 9]. Three-dimensional manifolds fundamental groups of which are cyclically
presented were investigated in [10, 11, 12, 15, 13, 14, 16, 17]. In particular, there was especially
studied the case when the automorphism of G, (w), induced by the above automorphism 7 of F),,
corresponds to the cyclic branched covering of the 3-dimensional sphere (see [18, 19, 20, 21, 22, 23]).

In the present paper there are considered cyclically presented groups with the defining word
w = xlemxfjk for some integers m and k, i.e. groups

Gn(m, k) = Gn(x1x1+ma:1_+1k) = (T1,%9, ..., Ty | Tiligm = Tivg, 1 =1,...,10),
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where all indices are taken by mod n and belong to the set {1,2,... ,n}.

Remark that the class of groups G, (m,k) contains some well-known groups studied by many
authors before. For m = 1 and k = 2 we have G,,(1,2) = F(2,n), the Fibonacci groups introduced
by Conway in [5]. It was shown in [21] by Helling, Kim and Mennicke that for each even n > 4
the group F'(2,n) is fundamental group of a 3-dimensional manifold which can be presented as the
(n/2)-fold cyclic branched covering of the 3-sphere, branched over the figure-eight knot. Moreover,
for n > 8 these manifolds are hyperbolic. ;From the other side, it was pointed out by Maclachlan
in [24] that for odd n the group F(2,n) can not be fundamental group of a hyperbolic 3-orbifold (in
particular, 3-manifold) of finite volume. Various generalizations of Fibonacci groups were considered
in [7, 15, 16, 9]. Asphericity and atoricity of a wide class of generalized Fibonacci groups were
investigated by Prischepov [25]. For m = 2 and k = 1 we have G,(2,1) = S(n), the Sieradski
groups investigated in [26], where it was shown that these groups are 3-manifold groups. Cavicchioli,
Hegenbarth and Kim [27] proved that these manifolds can be obtained as the n-fold cyclic branched
coverings of the 3-sphere, branched over the trefoil knot (see also [12] and [28]). For k = 1 we have
the family of groups G,,(m, 1) investigated by Gilbert and Howie [29]. They studied HNN-extensions
of these group, their finiteness and asphericity. It was shown in [30], that the abelizator of G, (m, 1)
is infinite if and only if n is divided by 6 and m = 2 (mod 6).

The present paper is organized as follows. In Section 2 some results about structure and pairwise
isomorphisms of groups G, (m, k) are presented. There are obtained conditions for these groups to
be cyclic, decomposable in a free products, and to be pairwise isomorphic. In Section 3 the approach
from [29] is generalized, and using results from [31], the condition of asphericity for these groups
is given. In Section 4 the partial answer on the question from [1] is obtained. More precisely, it is
shown that a sufficiently wide subclass of groups G, (m, k) with odd number of generators can not
be realized as fundamental groups of hyperbolic 3-orbifolds (in particular, hyperbolic 3-manifolds) of
finite volume. In Section 5 there are listed orders of groups G, (m, k) and their abelizators for small
values of parameters, obtained by using the computer program GAP [32]. In Section 6 some open
problems about properties of groups G, (m, k) are formulated.

Authors are thankful to participants of the seminar “Evarist Galya” at Novosibirsk State Uni-
versity for the attention to our work, to O.V. Bogopolskii and M.B. Neshadim for useful discussions,
and to A.V. Timofeenko, due to whom we were able to produce computer calculations.

2. Elementary properties of groups G, (m, k)

Directly from the presentation of the group G, (m, k) one get

LEMMA 2.1. Groups Gy(m, k) have the following properties:
1) If n and k are coprime then G, (0,k) = Zgn_;.

2) If k =0 orm =k then G,(m, k) is trivial.

3) Gn(m, k) = G,(n —m,n—m+k).

4) Gop(k —1,k) = Gop(k+ 1,1) = Zor 4.

PROOF. 1) The group G,(0, k) has the following presentation:

Gn(0,k) = {z1,...,¢0 | 22 =2ipp, 1=1,2,...,0).

If i =n—k we get the relation 22_, = z,. Substituting this expression for z,, into the relation
22 = x5, we will get

n —

Gn(0,k) ={z1,...,0pn1 |2} =24, 22 =ai4p, i#n—k i=1,...,n—1).



Analogously, we can eliminate the generator z,_;, after that x,_5, and so on. At the end of this
process we will get
Gn(0,k) = (x1 | ) = 21) 2 Zign_1.

2) The statement follows immediately from the definition of G, (m, k).
3) Denote y; = x; ' for i = 1,2,...,n and remark that G, (m, k) can be defined by the following
presentation:
Gn(m, k) = (y1, .-, Un | Yiem¥i = Yivk, 1=1,...,n).

Setting j = 7 + m we rewrite this system of defining relations in the form: y;y;_m = ¥j_m+r, Where
7 =1,...,n. Since all indices are by mod n, we see that

Gn(m7 k) = <y17 - Yn | YiYj+(n—m) = Yj+(n—m+k)s 1= 17 B an> = Gn(n —m,n—m-+ k) .

4) The first isomorphism follows from item 3), and the second is established in [29, Proposition
2.2].
The proof of Lemma is completed.

In some cases G, (m, k) decomposes in a free product. Here and below we denote by ged(ay, as, . . ., a,)
the greater common divisor of integers a, as, ..., ay,.

LEMMA 2.2. For a given group G,(m, k) denote u = ged(n, k) and r = ged(n, k —m). Then

1) For any positive integer ¢ the group Ge,(¢m, k) is isomorphic to a free product of ¢ copies of
Gn(m, k).

2) If ged(u, ) > 1 then ged(n, m, k) > 1 and G, (m, k) decomposes into a non-trivial free product.

PROOF. 1) It is easy to see that for each j = 1,..., /¢ the subgroup G; = (x;, Tjts, - - -, Tjto(n-1))
of G, (¢m, Ck) is isomorphic to G,,(m, k) and the above sets of generators of groups G; and G; do
not intersect if j # 7/ . From the presentation of Gy, (¢m, (k) we see that it is isomorphic to the
following free product: G x Gy * ... * Gy.

2) In this case n, k and m have a common divisor d = ged(u,r) > 1, and the statement follows
from the previous item. The Lemma is proven.

Groups G,(t,1) were investigated in [29]. The following statement shows that in many cases
groups G, (m, k) reduce to them.

LEMMA 2.3. Ifged(n, k) =1 or ged(n,m —k) = 1 then G,,(m, k) is isomorphic to G,(t,1) for
some positive integer t.

PROOF. Let ged(n, k) = 1. We reorder generators of G, (m, k) defining

ClL =21, C2 =214ky -+ CG = T14(i—1)ks --+1» Cn = T14(n—1)k-

Remark that the set of generators {ci,...,¢,} coincides with the set {xy,...,2,}. Then the first
relation x1x1,, = x11% will be rewritten in the form cyc;y = o, where ¢14y = 14 = 2144, and ¢
is defined from the condition tk = m (mod n). Next relation cocyiy = c3 corresponds to the relation
T4k Tiqhtm = T142k, DECAUSE Cott = Tit(146)k = Ti4k+m- Analogously, cjcjiy = ¢j41 corresponds to
the relation xl—i—(j—l)k: x1+(j+t_1)k = T1+jk which is equivalent to :E1+(j_1)k x1+(j—1)k+m = x1+(j_1)k+k.

If j runs over the set {1,...,n} then 1+ (5 — 1)k, taken by mod n, runs over the set {1,...,n}
too. Therefore, G,,(m, k) = G,(t,1).

The case ged(n,m — k) = 1, by item (iii) of Lemma 2.1, is equivalent to the above considered
case. The Lemma is proven.



In virtue Lemma 2.1 and Lemma 2.2, we can consider below only groups G,,(m, k) with parameters
n, m and k satisfying the following conditions:

O<m<k<n, ged(n,mk)=1. (1)

The group G,(m, k) with parameters satisfying conditions (1) will be referred as irreducible since
otherwise it is trivial, or cyclic, or can be decomposed into a free product. Nevertheless, there are
pairwise isomorphic groups among irreducible. More precisely, the following statement holds.

THEOREM 2.1. Let G,(m,k) and G,(m', k") be two irreducible groups. If k' is divided by
r = ged(n, k —m) and if there exist positive integers i and j such that

i+j(k—m)=1—-m (mod n),
m' +1=i+ jk' (mod n), (2)
1<i<r, 1<j5<n/r

then Gy(m, k) is isomorphic to G,(m’, k).

Before proving the theorem we will illustrate its application on two examples.

EXAMPLE 2.1. Let n =4, m=m' =1, k =2, k¥ = 3. Then r = 1 and numbers i = 1 and
J = 3 satisfy system (2). It follows from Theorem 2.1 that G4(1,2) = G4(1,3). Indeed, it is easy to
check directly that G4(1,2) = G4(1,3) = Z;.

EXAMPLE 2.2. Let n =5, m=1,k=2,m' =2, k' =3. Then r = 1 and numbers i = 1 and
J = 4 satisty system (2). Therefore, by Theorem 2.1, G5(1,2) = G5(2, 3).

PROOF of the theorem. Consider an irreducible group

Gn(m, k) = (x1, ..., 20 | Ti%izwm = Tigg, 1=1,...,n).
Defining ¢; = x; ', i = 1,...,n, we will get:
Gn(m, k) ={c1,...,cn | CiomCi = Civr, 1=1,...,n).

Denote j = i+m. Then i = 7 —m and the system of defining relations can be rewritten as following:

CiCi—m = Cj—msk, J=1,...,n.

Denote ¢ = n/r, where r = ged(n, k — m) and separate generators ¢, ..., ¢, into r groups with ¢
elements in each group:

A = {017 Cl4(k—m)y C142(k—m)s- -+ » Cl+(€fl)(kfm)}7

~

Ay = {027 Cot(k—m)y C242(k—m)s -+« CQ—!—(Z—l)(k—m)}v
Ar = {CT; Cri(k—m)y Cr42(k—m)y -+ > CT—%—(K—l)(k:—m)}‘
Remark that the separation of generators in classes Ay, ..., A, induces the separation of relations in
r classes Ry, ..., R, with ¢ relations in each of them:
Ry: cicimm = Cl4(k—m)s Cl4(k—m)Cl+k—2m = C142(k—m); - - - s Cl+(4=1)(k—m)C14+-(£—1)(k—m)—m — Cl4l(k—m)-
Ryt coCom = Cog(k—m)s Cot(k—m)C2tk—2m = Co42(k—m)> - - - » Co4(£—1)(k—m) C2+(£—1)(k—m)—m = C24-L(k—m)-
R, : ¢ = Crt(k—m)s Cr4(k—m)Cr+k—2m = Cr42(k—m), - - -y Cr+(¢—1)(k—m) Cr+(¢—1)(k—m)—m = Cr+L(k—m)-
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Remark that c,qek—m) = ¢, for p = 1,... 7. Indeed, since r = ged(n, k —m), we suppose n = rn;
and k —m = rr; where ny,r; € N and ged(ng, ) = 1. Then £(k—m) = (n/r)(k—m) = (n/r)rr; =
nr1 = 0 (mod n) and hence cpqgk—m) = ¢p. Therefore, for each relation from R, the first generator
from the left part and the generator from the right part are from the class A,.

Consider the presentation of the second group:

Gn<m/7k/> - <y17 sy Yn | YilYitm' = Yitk', 1= 17 R ?n>'

Separate its generators in r classes with ¢ elements in each of them:

By ={y1, yitws Yiow,-- - y1+(é—1)k’}7
By = {y2, Yarhs Yoroks - y2+(€—1)k’}7
By ={Yr, Yrak's Yrioks- s err(éfl)k/}-

Analogously to the previous case, let us separate defining relations of G,,(m/, k') in r classes with ¢
relations in each:

Q1 YYiem = Yitk's Y1ek Yok +m! = Y142k, - - - y Y1+ (=D Y1+ (=) +m! = Y1+ek’ -
Q2 YoYoym' = York's Youk'Yotk'+m! = Y242k - - - y Yo+ (- Y24+ (b— 1)K +m! = Y2-4+0k/ -
Qr S UrYrdmd = Yrak!s Yrd k' Yrpk/tm! = Yrd 2k - - Yrd(0=D)E Yr4+-(=1)K +m! = Yr4ek' -

Since (k' = (n/r)k’ = 0 (mod n), using that r divides k', we get yp+ur = yp, p = 1, ..., 7. Therefore,
for each defining relation from @), the first generator from left part and the generator from right part
are from the class B,,.

Define the correspondence ¢ : G, (m, k) — G,(m/, k') by its action on generators:

90<Cp+q(k—m)) = yp+qk’7 1 S p S T, 0 S q S g - 17

and check that each defining relation of G,,(m, k) goes to the defining relation of G,,(m’, k).

Indeed, consider the relation c¢icy_p, = ¢14k-m. By the assumption of the theorem, there exist
positive integers i and j with 1 < ¢ <r and 1 < j < (n/r) = [ such that i+j(k—m) = 1—m (mod n).
Therefore, the relation under consideration can be rewritten in the form ¢i¢iqjk—m) = ci4x—m- The
image of this relation under ¢ is y1¥;1jr = y14x. Using the assumption m'+1 =i+ j&' (mod n) we
will get the relation y;y1 1, = Y144 that is the defining relation in the irreducible group G, (m/, k).

To complete the proof it is enough to remark that all defining relations of G, (m, k), as well as all
defining relations of G, (m’, k'), arise from the first relation under the cyclic permutation of indices
of generators in the first relation. Therefore, ¢ is a homomorphism. It is easy to see that it is
convertible, and so, it is an isomorphism. Thus, the theorem is proven.

As a particular case of Theorem 2.1 we get the following result of Gilbert and Howie [29,
Lemma 2.1].

COROLLARY 2.1. Letn and t be such positive integers that n >t and ged(n,t — 1) = 1. Let
s be such integers that 0 < s <n and t = (t — 1)s (mod n). Then groups G,(t,1) and G,(s,1) are
isomorphic.

PROOF. By item 3) of Lemma 2.1 we have G,(t,1) = G,(n —t,n —t + 1) and G,(s,1) =
Gn(n—s,n—s+1). Thus, it is enough to proof that groups G,,(n—t,n—t+1) and G, (n—s,n—s+1)
are isomorphic. Setting m =n—t, k=n—t+1, m' =n—sand k' = n — s+ 1, we see that



r = ged(n, k—m) = 1, and the assumption of Theorem 2.1 that &’ is divided by r holds. Considering
i =1 and j =t in the system of conditions (2), we will get:

l+t=14+t+n (modn),
n—s=1+tn—s+1)—1 (modn).

The first condition holds obviously. The second condition is equivalent to ¢t = s(t — 1) (mod n) that
holds by the assumption. The Corollary is proven.

LEMMA 2.4. Let n, m and ¢ such positive integers that ged(n,m) =1, £ > 2, and fm < n.
Then

1) G, (m,¢m) is isomorphic to G,(1,0);

2) Gp(fm,m) is isomorphic to G,(¢,1).

PROOF. 1) Consider groups

G=G,(1,0)=(x1,29,..., 2y | ®iTiy1 = Tize, 1 =1,...,n)

and
H=G,(m,tm) = (y1, Y2, Un | YiYYirm = Yizem, i =1,...,n).

Define the correspondence ¢ : G — H by its action on the generators:

©(Z5) = Y14m(i-1)» j=12,...,n.

Obviously this is a map “onto”. Let us check that ¢ maps defining relations of G to defining relations
of H. Indeed,

¥ (xz Li+1 %_fz) = Y1+m(i-1) Y1+mi yl_—i}m(i—&-é—l) = Yi Yj+m yj_+1€m7
where j = 1+m(i—1). Therefore, ¢ is a homomorphism. Since ¢ is convertible, it is an isomorphism.
The statement 2) follows by similar considerations. The Lemma is proven.

The above remarked property admits to reduce studding of some groups to the well-known Fi-
bonacci groups and Sieradski groups.

COROLLARY 2.2. 1) A group G,,(m,2m) either is isomorphic to the Fibonacci group F(2,n) =
Gn(1,2), or is a free product.

2) A group G,(2m,m) either is isomorphic to the Sieradski group S(n) = G,(2,1), or is a free
product.

PROOF. 1) If ged(n,m) # 1 then by item (ii) of Lemma 2.2 the group is a free product. If
ged(n,m) = 1 then by Lemma 2.1 we can suppose that 2m < n. Then, by Lemma 2.4 G,,(m, 2m) is
isomorphic to G,(1,2).

The proof of the statement 2) is analogously. The Corollary is proven.

3. Asphericity of groups G, (m, k)
In the investigation of topological properties of groups the question about asphericity of their

presentations naturally arises (see [33, 34]). Roughly speaking, asphericity of a presentation means
that there are no nontrivial identities between defining relations.



Asphericity of groups G, (t, 1) was studied by Gilbert and Howie in [29], where they gave condi-
tions of asphericity for values of parameters (n,t) different from (8,3), (9,4) and (9, 7). Remark that
groups G,(m, k) are particular cases of the following groups introduced by Prischepov in [25]:

P(r,n,k,s,q) = (x1,..., 2 | TiLitq - Titq(r—1) = TitkLitk4q " " 'xi+k+q(571)>

where ¢ = 1,...,n and all indices are taken by mod n. Obviously, we have G,,(m, k) = P(2,n,k, 1,m).
In [25] there were obtained conditions of asphericity and atoricity for groups P(r,n, k, s, q) with the
assumption r > 2s > 0. The results obtained in this section corresponds to the case r = 2s with
s =1, and in this sense are complementary to results from [25]. Asphericity of generalized Fibonacci
group F(r,2r + 1), F(r,2r) and some others, not considered in [25], was investigated in [35].

In this section we will obtain the condition of asphericity for presentations G, (m, k), as a gener-
alization of results from [29].

Following [33], we recall some facts about asphericity of group and asphericity of relative presen-
tations, which will be used below.

An relative presentation is a triple P = (H, X|R), where H is a group, X = {1,29,...} is a
set, and R is a set of words in the alphabet H U X U X! of the form r = y1hiyahs - - - Yy, hy,, Where
y; € XUX ™1 h; € H. We suppose that words are cyclically reduced in the following sense: if h; = 1
then 9,1 # y; ', where all indices by mod n. The elements of X U X! will be called X-symbols.

The words in R represent elements of the free product H * (X). The presentation P defines a
group which is the quotient group of the group H * (X) by the normal closer of the set R.

For a given subset S C R define by S* the set of all cyclic permutations of words from S U S™1
which begins from X-symbols.

Let us define the following operator on R*. Presenting a word r» € R* in the form r = sh, where
h € H and s begins and ends with X-symbols, we define 7 = s~ 'h~!. Remark that 7 = r and ¥ € R*.

A picture P is a closed disc D? whose interior contains a finite collection {Ay, ..., A4} of pairwise
disjoint closed discs together with a finite collection {ay,...,a,} of pairwise disjoint compact con-
nesced 1-dimensional manifolds «;, 7 = 1,...,¢q called arcs, such that the union of their boundaries
belong to boundaries of discs: Uj_,da; C 0D? U UL ,0A,. The boundary OP of the picture P is
the boundary 0D? of D?. Corners of a disc A;, i = 1,...,d are closes of the connected compo-
nents of 9A; \ Ui_; v, where JA,; is the boundary of the disc A;. The regions of P are the closures
of the connected components of D? \ (Ug-l:lAi U U?Zlaj). A simply-connected region is said to be
interior region of P if it does not meet OP. The picture P is non-trivial if d > 1; is connected if
ULl A U Uj_,; is connected; and is spherical if it is non-trivial and Uj_;a;; N OP = 0.

For a given relative presentation P = (H, X|R) a picture P is said to be labeled if the following
conditions are satisfied:

(i) each arc is to be equipped with a normal orientation, indicated by a short arrow meeting the arc
transversely and labeled by an element of X U X!
(ii) each corner of the picture P is to be oriented anticlockwise and labeled by an element of H.

For an corner ¢ of a disc A of a labeled picture P we denote by w(c) the word that arises when
we reading in anticlockwise order the labels on the arcs and corners meeting 0A beginning with the
label on the arc following after the corner c. In this case, a label t gives us t if the orientation of the
arc coincides with the orientation in which we read, and ¢~! otherwise.

A labeled picture P is said to be a picture over the relative presentation P if the following
conditions are satisfied:

(1) if ¢ is an corner of P then w(c) € R*;
(2) if hy, ho, ..., hy, is the sequence of all labels of corners listed in the anticlockwise direction along
boundary of some interior disc, then hihy---h,, =1in H.



An ordinary presentation Q = (X|R) can be considered as the particular case of a relative
presentation for which H = {1}. In this case every corner of a picture have labeled by 1 and the
condition (2) is satisfied. Ignoring these 1’s labels we get the (ordinary) picture over the (ordinary)
presentation Q (see [33]).

Let us return to a relative presentation P. A dipole in a picture over P is a pair of corners ¢ and
¢ with an arc o connecting the beginning of one corner with the end of other corner in such a way
that ¢ and ¢ belong to the same region of the picture and w(c') = w(c).

A picture over P is said to be reduced if it doesn’t contain dipoles. A relative presentation P is

said to be aspherical if every connected spherical picture over P contains a dipole, i.e. is not reduced.
LEMMA 3.1. Let G = A x B be a free product. The presentation G is aspherical if and only if
at least one of the presentations A and B is aspherical.

PROOF. Remark that the picture over GG is decomposed into two part, which are not connected
with each other. One corresponds to the picture over the presentation A, and other corresponds to
the picture over the presentation B. Thus the picture over G contains a dipole if and only if at least
one of pictures, over A or over B, contains a dipole. The lemma is proven.

Thus, below we discuss asphericity only for cases when a group G, (m, k) is not a free product,
or doesn’t reduce to groups Gy (t, 1) asphericity of which was investigated in [29]. We will say that
a group G, (m, k) is strongly irreducible if defining parameters of it satisfy the following conditions:

0<m<k<n,

ged(n,m, k) =1,

ged(n, k) > 1,
ged(n, k —m) > 1.

(3)

The following theorem gives a condition of asphericity for strongly irreducible groups.

THEOREM 3.1. Let G, (m, k) be a strongly irreducible group. It is aspherical if all of following
conditions are not satisfied:

1) there exists integer ¢ > 1 such that n divides £(2k —m) and %+

2)n=k+m;

3)n=2(k—m) and ged(n, k) <n/2;

4)n =2k and ged(n,k —m) <n/2 .

PROOF. Consider the split extension Y,,(m, k) of the group G,,(m, k) by the cyclic group of order
n with the generator s acting by the cyclic permutation on the generators x1, xs, . .., 2, of G,,(m, k),
i.e. s7twys = 2,1 fori =1,...,n. Therefore, s~‘xys* = z;,1. In this case, rewriting the first defining
relation of G,,(m, k) in the form 27}, 27 214, = 1 we will get s ™zs™zs ¥z ~1sk = 1, where z = 27"
Thus, the group Y, (m, k) (recall that 0 < m < k < n) has the presentation

ged(n, k) N ged(n, k —m)
n

> 1;

Yn(m; k?) = <x,s | s" =1, xsMas FpT ik = 1>,

Remark that these presentation can be considered as a relative presentation with H = (s|s" = 1).

The following property analogous to Lemma 3.1 from [29] holds.

LEMMA 3.2. If the presentation Y, (m,k) is aspherical, then the presentation G,(m,k) is
aspherical too.

PROOF. Let P be a picture over the presentation G,(m, k). Then P contains discs A; corre-

sponding to relations z;} x; "2, = 1 (see figure 1).

8



Z;

%

Titk
Titm
Figure 1.

Let us replace each disc A; by a picture Q; over Y, (m, k) considered as an ordinary (not relative)
presentation. The picture Q; is presented in figure 2.

Figure 2.

Here we replaced arcs labeled by z;, x;.,, and x;,; by families of arcs using relations

i _ s (=) g=1gi=1

Ty — Sf(i+mfl)x718i+mfl
i+m )

Tip = s Hh-lp-lgith-1

where z = z7'. Along the boundary 0Q; we get the relation

(S—(i+m—l)x8i+m—1)(S—(i—l)l,si—l)(S—(i-&-k—l)x—lsi—i-k—l) —1

! x'w; = 1. Along the boundary of the interior disc we get the relation

which is equivalent to z; ., ;

rs™rs Fr ik =1,
that is from the presentation Y, (m, k). Arcs of the picture Q; having both ends on 9Q; will give us
free circles which can be removed from the picture. We will replace all other arcs with labels s by

labels in corners on the disc (see figure 3).



Figure 3.

After repeating the same trick for each disc from the initial picture P over the presentation
Gn(m, k) we will get a picture Q over the relative presentation Y, (m,k). By the assumption of
asphericity of Y,(m, k), the picture Q contains a dipole, i.e. a pair of opposite oriented discs,
connected by an arc, which define pairwise inverse words (see figure 4).

S(m_k)

8_(m_k)
Figure 4.

It is easy to see that by the construction of Q each such a dipole in Q arises from a pair of the
same, but opposite oriented discs from P connected by an arc with label z; for some i. If Q has
a pair of cancelling discs then P has a pair of cancelling discs too. Therefore the initial picture P
contains a dipole. Thus, any non-empty picture over the presentation G, (m,k) is equivalent to a
picture having two discs less, and so, the presentation is aspherical. Thus, Lemma is proven.

To study asphericity of Y,,(m, k) we will use the following criteria due to Edjvet.

THEOREM 3.2. [31] Let G = (H, z | zaxbz~'c) for some group H. Suppose that the orders of
elements b and ¢ in H are equal to p and q respectively, where 1 < ¢ < p < oo and (p,q) # (8,4),(9, 3).
Then the group G is aspherical if and only if none of the following hold in H:

a) (a tbac™1)* = 1 for some integer { such that 1/{+1/p+1/q > 1,

b) a tbac =1,

c) a v?’ac=1 or a tbac* =1,

d) g =2 and a"'b"taca™ bac = 1,

e) q=2,p=3 and (a 'bac)*(a v ac)? =1,

f)p=q=3and a 'baca b lac™t =1,

9)q=3,p=06 and a 'V*ac! =1,

h) q=p =T and either a'b?’ac™t =1 or a='b"tac’* =1,

i) g =p=9 and either a '0?’ac™t =1 or a~ v tac® = 1.

Let us continue the proof of Theorem 3.1.

Remark that the defining relation xs™xs *x~!'s*~™ =1 from the presentation Y,,(m, k) has the
form as in the Edjvet’s theorem, where H = (s | s" = 1) and a = s™, b = s7%, ¢ = s*"™. In this case
order of b = s7* is equal to n/ ged(n, k) and order of ¢ = s*~™ is equal to n/ ged(n, k — m). Denote
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p=n/ged(n, k), ¢ = n/ged(n, k —m), and suppose that ¢ < p. By the assumption of Theorem 3.1,
p>1andq>1.

In the case a) we have a *bac™! = s™ 2%, Since order of s is equal to n/ ged(n, 2k —m), if
for some positive integer £ we have s“?*=™) = 1, then n | £(2k — m). Therefore, the condition 1) of
Theorem 3.1 holds.

In the case b) we have a~'bac = s™™, but because of 0 < m < k < n, the equality s~
not hold.

In the case c) there are two possibility. To satisfy the condition a~'b%ac = s~*~™ = 1 it must be
n | (k+m). But since 0 < m < k < n, it is possible only if n = k + m. To satisfy the condition
a~tbac* = sF72™ =1 it must be n | (k—2m). But since 0 < k < m < n, it is possible only if k = 2m,
i.e. the group is G, (m,2m). If gcd(n,m) # 1, then the condition ged(n, m, k) = ged(n, m,2m) =1
is not satisfied. If gcd(n, m) = 1 then the condition ged(n, k —m) = ged(n, 2m —m) = ged(n,m) > 1
is not satisfied. In both cases the group does not satisfy the assumptions of Theorem 3.1. Thus, the
case ¢) implies the condition 2) of Theorem 3.1.

In the case d) to satisfy the condition a~'b~'aca 'bac = s**~™ = 1 it must be n | 2(k — m).
But since 0 < m < k < n, it is possible only if n = 2(k —m). Obviously, the condition ¢ = 2 will be
satisfied too. In this case the condition ¢ < p will become ged(n, k) < n/2. Thus, we have got the
condition 3) of Theorem 3.1.

Let us consider the case e). Since p = 3 and ¢ = 2, we get n = 3ged(n, k) = 2ged(n, k — m).
Hence, for some integer > 1 we have n = 6r with ged(n, k) = 2r and ged(n, k —m) = 3r. In virtue
of the condition ged(n, m, k) = 1 it is possible only if » = 1. Using that 0 < m < k < n, we conclude
n =6, k=4 and m = 1, that is a particular case of the condition 3) of Theorem 3.1.

The last cases f)-i) of Theorem 3.2 can not arise in our case. Indeed, if p = ug for some integer
u > 1, then uged(n, k) = ged(n, k — m). Denoting v = ged(n, k), we get v | n and v | k, where in
virtue of assumptions of Theorem 3.1 we have v > 1. Since v | ged(n, k — m), then v | m, that gives
the contradiction with ged(n, m, k) = 1.

Remark that above considered cases corresponded to the assumption ¢ < p, i.e. to the case
n/ged(n, k) < n/ged(n,k —m).

Now let us consider the situation when n/ged(n, k) > n/ ged(n, k—m). Remark that the relation
rsmrs Fr~lskT™ = 1 from Y, (m, k) is equivalent to the relation zs™™zs™ k2 715k = 1, where z = 271
This word is as in the Edjvet’s theorem, where a = s™™, b = s™ % and ¢ = s*. In this case order of
b is equal to n/ged(n, k —m) and order of ¢ is equal to n/ ged(n, k). Denoting p = n/ ged(n, k) and
g =n/ged(n, k —m) we get ¢ < p, and assumptions of the Edjvet’s theorem are satisfied.

Similar to the above considered situation, cases a), b) and c) give us conditions 1) and 2) of
Theorem 3.1.

In the case d) to satisfy the condition a 'b~'aca 'bac = s* = 1 it must be n | 2k. Since
1 < k < n, it is possible only if n = 2k. Obviously, the condition ¢ = 2 will be satisfied too. The
condition ¢ < p will give us ged(n, k—m) < n/2. Hence, we have got the condition 4) of Theorem 3.1.

Consider the case e). Since p = 3 and g = 2, we get n = 3 ged(n, k —m) = 2ged(n, k). Therefore,
for some integer » > 1 we have n = 6r, ged(n, k) = 3r and ged(n, k —m) = 2r. In virtue of the
condition ged(n, m, k) = 1 it is possible only if 7 = 1. Since 0 < m < k < n, we get n =6, k = 3
and m = 1, that is the particular case of the condition 4) of Theorem 3.1.

The last cases f)-i) of Theorem 3.2 can not arise in our case by the same arguments as in the
previous situation.

Summarizing the above considered cases and applying Lemma 3.2 we get the statement of The-
orem 3.1.

2k—m

m — 1 can
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4. Groups with odd number of generators

In [1] the following question was posed: for which values of n, m and k groups G,(m,k) are
fundamental groups of 3-manifolds? As it was observed in Section 2, groups G,(m,k) contains
Fibonacci groups and Sieradski groups for which corresponding 3-manifolds were described in [21]
and [27].

The following result, which is a generalization of the result from [24] for Fibonacci groups, shows
that in many cases the groups under consideration can not be fundamental groups of hyperbolic
3-manifolds (see for example [37] about geometrical structures on 3-manifolds).

THEOREM 4.1. Let n be odd, k —m even, and gcd(m — 2k,n) = 1. Then the group G,(m,k)
can not be group of a hyperbolic 3-orbifold (in particular, 3-manifold) of finite volume.

PROOF. We use the same method for the proof as in [24, 36]. Let us assume, controversy, that
G, (m, k) is group of a hyperbolic 3-orbifold of finite volume. Therefore, it can be realized as a group
of isometries of the three-dimensional Lobachevsky space H?, and moreover, it is a crystallographic
group of motions [39]. Consider the split extension W,,(m, k) of G,,(m, k) by the cyclic automorphism
s such that s : x; — z;41 for i = 1,2,...,n. Denote its order by n;. Obviously, n; | n. Recall [39,
p. 231] that any isomorphism of crystallographic groups of motions of the Lobachevsky space is
induced by a conjugation in the group of isometries of this space. Let us denote this conjugating
isometry by s also. Suppose

Wy(m, k) = (Gn(m, k), s) = (z1,...,2,,5 |

ny __

S 1, 15 ™xs™ = s Fry s, Ti1 =58 ‘s, i=1,... LMY

Using Tits transformations, we will get
Wo(m, k) = (z,s | s" =1, x5 Mas™ = s Fas"),

where © = x;. Let us consider the verbal subgroup of W = W, (m,k) generated by squares of
elements, W2 = (w? | w € W). From the second defining relation of the group W we get

sFrs™™ = gpsFmy

-1
Since k — m is even, s*~™ € W2. Therefore, xs*"™2~1 € W2, and then s*zs™™ ¢ W?, ie. x € W2
Since n; is odd, we have s € W2 Thus, the group W (which is supposed to be the group of
a hyperbolic 3-orbifold) contains only orientation preserving isometries of the Lobachevsky space.
Recall [37], that the full group of orientation preserving isometries of the Lobachevsky is isomorphic
to PSLy(C). Whence, W is a subgroup of PSLy(C).

Since W is a subgroup of PSLy(C), there exists a subgroup W of SL,(C) which is a preimage of
W in respect to the canonical projection. Suppose that for the generator x of W the corresponding

element in W is presented by a matrix ( 3 g > € SLy(C). Since W uniformizes a hyperbolic

3-orbifold of finite volume, it is not elementary (in sense of Kleinian group theory [38]) and so, 5 # 0
and v # 0.
For the generator s € W the corresponding matrix in W is ( g Col ) € SLy(C), where ( is a

primitive root from 1 of degree 2n,. Then the relation

s Mrs™ = s Fysk

12



induces the following relation for matrices:

()T @) &)= ) (506 &) ),

where € = +1. Multiplying matrices in left and right parts we get

o® + By BladPm+8) | e efC*
Yla+0¢*™) By +62 ) T\ e ed '

Hence, using 3 # 0 and v # 0, we have

o+ 6¢P = eC?*
al™Im 4§ =gl

Multiplying the second equation by (*™ we will get the equivalent system:

o+ 8¢ = g%k
o+ 5C2m — 8C2(mflc)

From this system we get ¢20™72%) = 1. At the same time, ¢(* = 1. Since we assumed that
ged(n,m — 2k) = 1, we have got a contradiction. Therefore, G, (m, k) can not be the group of a
hyperbolic 3-orbifold of finite volume. Theorem is proven.

Recall that groups G,(1,2) with even number of generators n > 8 are fundamental groups of
hyperbolic 3-manifolds and, therefore, don’t contain elements of finite order. The following statement
demonstrate that for the case of odd n the situation is different.

PROPOSITION 4.1. Group G,,(m,2m) with odd number of generators has a torsion.

PROOF. By Corollary 2.2 G,,(m,2m) is either isomorphic to the Fibonacci group G, (1,2) or
decomposes in a free product of Fibonacci group with less number of generators (and for each of

them the number of generators is also odd). Thus, it is enough to discuss only groups G, (1,2).
2n—1

Consider in G, (1,2) the element w = H Z14i, where all indices are taken by mod n. We claim
i=0
that this element is of order two. Indeed, presenting w in the form w = uwv, where

2n1 2n—1 2n1 2n1

n—1 n—1
u = H T14im = HI1+im and v = H T4 = H T14(n4i) = H$1+n+z’ = HII—H‘ = U,
i=0 i=0 i=n i=0 i=0 i=0

since all indices are by mod n, we get w = u?.
At the same time, in virtue of the relation x;x;;1 = x;12, which can be rewritten in the form
Tit1 = T; 'Tiy2, we have

2n—1 4n1+1 2n1 2n1 2n1q

-1
w = | | Ti4i = | | Ti4i = | | (T142iT212:) = | |$3+2z‘ = | | <9€2+2i)$4+2i> =
i=0 i=0 i=0

i=0 =0

-1 —1 —1 -1
=Ty Tayan, = Tg To12(2m4+1) = Ty Tojon = Ty T = L.

Therefore, u? = 1. Essentially, the idea to consider the element of such form is due to [6].
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Now we will show that w is trivial if and only if for each j = 1,...,n generators z; and x;_;
commutate. Indeed, the condition v = 1 means that for each j = 1,...,n the following relation
holds:

TjTip1 Tjpo  Tjp2n,—2) Tt (2ni-1) Tjgon, = L.

Using relation x;z;11 = x;.o for different indices, we will get

T Tigs o Tigan-2) Tit(em-1) Titan = 1,
whence
Lj+2 -T§+4  Tjg(2n1-2) Tj(2n-1) Tigon, = 1,
and then,
Ljr2 Lja = Tjt+(2n1-2) $?+2n1 =L
Whence,
(xj_-&lxj-&-fi) (17]113%%) (xj_—:(2n1—1)xj+(2”1+1)> Tjtron, = 1

and therefore,
%_+11 Tjtoni+1 Ljyom, = 1.
Since all indices are taken by mod n = 2n; +1, it gives z; x;_1 = x;4;. Recalling that x;_; x; = x; 11
we get that for each j = 1,...,n generators x; and z;_; commutate.
Remark, that it implies that any two generators, say x; and x;1,, also commutate. For p = 1 it
was just shown. Suppose that for all ¢ such that ¢ < p generators z; and z;4, commutate. Then

TiTitp = TiTitp—2Titp—1 = Tidp—2TiTitp—1 = Litp—2Ti4yp—1Ti = Tij4pLy.

Thus, w is trivial if and only if the group G, (1,2) is abelian. Recall that if n is odd, the Fibonacci
group F(2,n) = G,(1,2) is finite for n = 1,3,5,7 (and so, has a torsion), and is infinite for n > 9
(see [35]). In these cases, since the abelizator is finite (see [6]), the group can be abelian. Thus, u is
non-trivial element of order two. The Proposition is proven.

Since in the above proof the commutativety was the crucial point, we recall that due to Rei-
demeister (see, for example, [3, ch. 5]) the full list of abelian group that can arise as fundamental
groups as 3-manifolds is the following: Z,, Z, Z®Z ®Z, Z & Zs.

5. On a finiteness of groups G, (m, k)

Recall that the investigation of the Fibonacci groups F(2,n) = G,(1,2) was initiated in 1965
by the question of Conway [5] about finiteness of the group F(2,5). The survey of results about
the Fibonacci groups F'(2,n) is done in [9]: these groups are finite if and only if n = 1,2,3,4,5,7.
Moreover, F'(2,1) = F(2,2) = (1), F(2,3) = Qs that is the quaternion group of order 8, F'(2,4) = Zs,
F(2,5) 2 Zqy, F(2,7) = Zsg. The proof of infinitely of groups F'(2,n) for even n > 6 can be found
in [21] or [8], and for odd n > 9 in [35].

Considering the Cavicchioli-Hegenbarth-Repovs groups, the following question naturally arises:

QUESTION 1. For which values of defining parameters n,m,k with a natural assumptions
0<m<k<n and ged(n,m, k) =1 groups G,,(m, k) are finite?

The computer program GAP [32] is useful to find orders of groups G, (m, k) for small values of
n.

For n = 3 there is only one group G3(1,2) = F(2,3) that is the quaternion group of order 8. For
n =4 we have G4(1,3) = G4(1,2) & F(2,4) = Z5 (see Example 2.1), |G4(2,3)| = 24, |G3*(2,3)| = 3,
G4(2,3) is a 3-step-solvable. Other results of computations are presented in the tables below.
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n=5|m\k| 2| 3 | 4 n=6 ml\k 2 :; 3 5
1 | 11]120] 11 sl
2 - 19| 9
2 | [ 11 | 11 e e
3 | - | - 120
4 - | = 0
n=7|m\k|2[3|4|5]|6
1 29272729
2 | - 2929 7
3 | |- 129] 7 |29
a |7
5 | - || - | |
n=8 [ m\k| 2 3 45 6 7
1 | oo | 295245 | 17 | 17 | 295245 | 7
2 - ? oo | 7 00 ?
3 | - 17?7 | o 17
4 | - - 18 o~ ?
5 | - 295245 | 295245
6 | _ - - - ?

In these tables the intersection of m’s row and k’s column gives order of the group G,,(m, k). The
sign “~” means that parameters m and k do not satisfy the condition m < k.

The group Gg(1,2) is the Fibonacci group F'(2,6) and so is infinite [21], G¢(2,4) = G5(1,2) *
G5(1,2) is also infinite. Next we have that Gg(1,2) = F(2,8) = Gs(3,6) is infinite, Gg(2,4) =
G4(1,2)%Gy(1,2), Gs(2,6) = G4(1,3)xG4(1,3), Gs(4,6) = G4(2,3)xG4(2,3). The group G = Gg(3,4)
is metabelian, i.e. its second derived group is trivial G” = 1 and |G’| = 8, G/G" = Z7. The group
G5(1,3) coincides with its derived group. The group Gg(4,5) = Gg(2,1) has infinite abelizator [30],
so it is infinite.

Next one can ask about isomorphisms of groups.

QUESTION 2. Describe the function f(n) which for an integer n > 3 gives the number of
pairwise non-isomorphic groups Gp(m, k), where 0 < m < k < n.

From the above considerations we have f(3) =1, f(4) =2 and f(5) = 2.

For n = 6 from Theorem 2.1 and the table of abelizators below, we see that there are 6 classes of
pairwise isomorphic groups: Gg(1,2) = Gg(1,5), Ge(1,3) = Ge(1,4), Gs(2,3) = Ge(2,5), Gg(2,4),
Gs(3,4) = G(3,5), Ge(4,5). Hence f(6) = 6.

For n = 7 from Theorem 2.1 and the table of abelizators below, we see that there are 3 classes
of pairwise isomorphic groups:

1) {07(17 2)7 G?(L 6)7 G7(27 4)a G7(2> 5)7 G7(3’ 4)7 G7(37 6)}7

2) {G7(1> 3)7 G7(17 5)7 G7(27 3)7 G7(27 6)7 G7<4? 5)7 G7(4> 6)}7

3) {G7(17 4)7 G7<37 5)7 G7<57 6)}

Therefore, f(7) = 3.

=6 m\k|[ 2345 n=7 | m\k| 2 33 4 53 6
2 — | Zs | Z3 1 Z 2 — | Zy | Loy | Loy | 1y
21 -2 o9 3 — | = | Zy | 1 | Zy
3 - | - | 4| Zy 3 3
A N R R 4 - | - | 4y | 7y
5 | - |- - | - 1
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6. Some open questions

In conclusion we formulate some open questions, additionally to pointed out above, about Cavicchioli-

Hegenbarth-Repovs groups.

QUESTION 3. Find rank of a group G,(m,k), 0 <m <k <n.
QUESTION 4. For which values of n,m,k groups G,(m, k) are linear?
QUESTION 5. Can groups G,(m, k) and G,,(m', k") be isomorphic for n #n'?

It is well-known [6] that abelizator of the Fibonacci group F(2,n) is finite and its order is equal

to f, —1—(=1)", where f, is a Fibonacci number.

QUESTION 6. If there is a similar formula which gives the order of the abelizator of G,(m, k)

when t is finite? Can such kind of a formula be given in terms of numbers generalizing the Fibonacci

numbers?
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