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ABSTRACT. We construct a linear representation of the group TA(F,,)
of TA-automorphisms of a free group Fj,, an extension of the Gassner
representation of the pure braid group P,. Although the problem
of faithfulness of the Gassner representation is still open for n > 3,
we prove that the restriction of our representation to the group of
basis conjugating automorphisms Cb,, contains a non-trivial kernel
even if n = 2. We construct also an extension of the Burau rep-
resentation to the group of conjugating automorphisms C,,. This
representation is not faithful for n > 2.

One of the generalizations of the braid group B, on the n strings
is the group of conjugating automorphisms C),. The pure braid group
P, is a normal subgroup of the group B,,. Similarly, the group of basis
conjugating automorphisms Cb, is normal in the group C,. In both
cases, the quotient groups B, /P, and C,/Cb, are isomorphic to the
group S, the symmetric group of degree n.

A. G. Savuschkina [14] proved that C,, is a semidirect product: C,, =
Cb, N\ S,. For the group B, the similar statement is not true, since
B,, is torsion-free. The group of basis conjugating automorphisms Cb,
is a subgroup of the group IA(F,) of the TA-automorphisms of a free
group Fj,.

Naturally, the solution of the problem of the linearity of the braid
groups B, for all n > 2 [3, 8] initiated the study of the problem of the
linearity of C,, (as well as an equivalent problem of linearity of Cb,)
[7, Problem 15.9] and of a more general problem of the linearity of the
group IA(F,) [7, Problem 15.10].
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One of the possible approaches to solution of these problems is to
try to extend known linear representations of P, to Cb, (to IA(F),))
and to try to extend known representations of B, to C,. The most
famous linear representation of B,, is the Burau representation [5] which
is faithful for n = 3 and has a non-trivial kernel for all n > 4 [13,
9, 2]. In the case when n = 4, it is not known whether the Burau
representation of B, is faithful. There is a linear representation of
P, which is called the Gassner representation. The problem of the
faithfulness of this representation for n > 3 is still open. Construction
of both these representations stems from a general construction of the
so-called Magnus representation [4, Ch. 3.

In this article using the Magnus representation we will construct a
linear representation IA(F,) — GL,(Z[t{', 3", ..., t*']), which is
an extension of the Gassner representation of P,. Then we can easily
obtain an extension of the Burau representation on C,,. Unfortunately,
the latter representation is not faithful. Moreover, we will show that its
restriction to the group of basis-conjugating automorphisms Cb,, has
a non-trivial kernel even if n = 2, and so the extension of the Burau
representation to C,, is not faithful for n > 2.

As we noted above the Burau representation is not faithful for n >
4. However, we apply it to calculate the Alexander polynomials of
knots which are closures of the corresponding braids. The Alexander
polynomials are one of the most important invariants of the knots.
Similarly, C,, is closely related to the so-called welded knots and links,
and the linear representations of Cb,, and C,, we have constructed might
be used to determine invariants of the welded links.

Acknowledgements. 1 would like to thank Vladimir Tolstykh for his
remarks on the first draft of this paper. Special thanks goes to the
participants of the seminar “Evariste Galois” at Novosibirsk State Uni-
versity for their kind attention to my work.

1. PRELIMINARIES

The braid group B,, n > 2, with n strings can be defined as the
group generated by n — 1 elements oy, 09, ..., 0,_1 with the following
defining relations

(1) 0i0i410; = 01100341, L = 1,2,...,n — 2,

(2) O'iO'j = O'jO'i, ’Z —j‘ 2 2.
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There is a homomorphism from the group B, to the symmetric group
S, of degree n defined via

vie))=(,i+1),i=1,2,...,n— 1.

The kernel of the homomorphism v is the pure braid group P,. The
group P, admits a presentation with generators

_ 2
Qi i+1 = Oy,

_ 2 _—1 -1 -1
Qi = 05-105-2...0i410; Ui+1 .. .O'j_20'j

1, 1<y <n,
and the following defining relations:

g agjag, = (aijar;)” arj (aijar;) ",
W Oej Oy, = (A1 @m)” Ok (Qkjmg) " m < j,

—€ e _[,—€ ,—€1¢, . [,—€ ,—€]°¢ ;
agrag;as, = a7 a5 ar [aij as] T, i<k <m,

ij » Amj mj
—€ e _ . .
iy Akj Vi, = Aej k<1, m<jorm<k,
where ¢ = £1.
The subgroup U, generated by a1, a2, ...,a,-1, 1S a free normal

subgroup of P,. The group P, is a semidirect product of U,, and P, _;.
Hence the group P, is a semi direct product

Po=Us X (Upa N (N (UsKTR)) .. ),

where U; = (a1, a0, .. .,0i-1,),1 = 2,3,...,n, is a free group of rank
1 — 1.

The braid group B, can be embedded into the automorphism group
of a free group F,, with a free basis {x1, 25, ..., x,}. The said embedding
is induced by a map from B, to Aut(F,) defined by

-1
Ty — ;T T,

;. Tip1 — Ly,
T — T [ #1,1+ 1.
The generator a,, of P, determines the following automorphism of F,
(T — T; if s<iori<r,

—1,.-1

Ty — TpXsXp Xy X,

Qps
zp— [ e e, a0 i r<id<os,

-1
( Ts — T,TsT, .



4 VALERIJ G. BARDAKOV

By a theorem of Artin [4, Theorem 1.9] an automorphism 3 in
Aut(F),) belongs to (the image of) B, if and only if [ satisfies the
following two conditions

1) Bx) = fi_lxw(i)fm 1<i<n,

2) Blxizg...x,) = 2129 ... Ty,

where 7 is a permutation of {1,2,...,n} and f; = fi(z1,29,...,2,) is
a word in the generators of F,.

An automorphism of F), is called a conjugating automorphism if it
satisfies condition 1). Let C, be the group of conjugating automor-
phisms. An automorphism of F), is called a basis—conjugating auto-
morphism if it satisfies condition 1) for the identical permutation 7, i.
e., maps each generator x; to a conjugating element. Let Cb, be the
group of basis—conjugating automorphisms. Evidently, Cb,, is normal
in C,, and the quotient group C,,/Cb, is isomorphic to the symmetric
group 5,. The elements of the group Cb, are called basis-conjugating
automorphisms. J. McCool [12] proved that the group Cb,, is generated
by automorphisms

_ { xT; — :pj_la:ixj, i # 7,
Eij .
T — 2 I #1,

iSiFEjSn
Recall (see [10, chapter 1, § 4]) that the group of IA-automorphisms

IA(F},) is generated by the automorphisms ¢;;, 1 < i # j < n and the
automorphisms

c . I‘z|—>l’z[l’],fl}k], 1fk$é27j7
ik T —— I, if [ 7£ i,

where [a,b] = a~ b~ ab.

2. FOX’S DERIVATIVES AND MAGNUS REPRESENTATION

Recall the definitions and main properties of Fox’s derivatives [4,
Chapter 3; 6, Chapter 7).

Let F,, be a free group of rank n with free generators xy, xo, ..., z,.
If ¢ is any homomorphism defined on F},, then we use the symbol F¥
to denote the image of F), under . Consider also the group ring ZF,,
of the group F,, over the ring Z of integers.
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For every 7 = 1,2,...,n define the mapping

i - ZF, — 7ZF,
8:6]-
using the following conditions
or; 0, ifi#j,
—1 _ 1 e s
SR
0z, 0, if 1 #£ j,
d(wv)  Ow ov
3 = —(v)" —, w,v € LZF,,
) ax]’ al‘j (U) +w8$] W

where 7 : ZF,, — 7 is the operation of trivialization which sends all
elements of F), to 1,

0 0
4) 0_1’] <Zagg> :Zaga—i, g€eF,, a, €.

If we denote the fundamental ideal of ring ZF,, (the kernel of the
homomorphism 7) by A,,, then it is easy to see that for every v € ZF,
the element v — v™ belongs to A,,. The following formula is true:

"L v
— 7 = _ —1):
v v Z ax] (x] )7
7=1
this formula is called the “Fundamental formula” of free calculus. In
particular, we have as a consequence that {x; — 1,29 — 1,..., 2, — 1}
is a basis of the fundamental ideal A,,.

We shall need Blanchfield’s theorem [4, Theorem 3.5] which says that
if ¢ be an arbitrary homomorphism acting on F,,, an element v € F,
v

lies in the commutator subgroup [kerp, kery] if and only if (a—x]) ’ =0
forall j=1,2,...,n.
Let A, be any subgroup of AutF), which satisfies the condition
¥ = (x4)¥

for every x € F,, and for every a € A,. If a € A, we define ||a]| to be

the n X n matrix
o)) 1"
lal| = [(—a )
j ij=1
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with entries in ZF)?. This mapping defines the Magnus representation
p: A, — GL,(ZFY).

Taking as ¢ a homomorphism from F}, onto an infinite cyclic group (t),
that is, assuming that

xfl=t, i=1,2,...,n,
we obtain the Burau representation
pB : B, — GL,(Z[t*"])

of the braid group B,,.

Similarly, if ¢ is a homomorphism from F;, onto a free abelian group
A, with free generators tq,%s, ..., t,,

then the resulting representation is the GGassner representation
pe : Po— GLu(Z[ 657, 177])

of the group P,.

3. THE CONSTRUCTION OF pg

It is easy to check that for every x € F), and every automorphism
a € TA(F),) the following equality is true:

¥ = (x%)¥,

where the homomorphism ¢ : F,, — A, is defined in the end of the
previous section. Consequently, we can construct the Magnus repre-
sentation

p: TIA(F,) — GL,(R),

where R = Z[tF' t5',...,t5]. In order to define the action of p on
generators of IA(F),) we should calculate the Fox’s derivations.
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Lemma 1. The following formulas are true in the group ring ZF,
(where i, j, k are pairwise distinct):

€ijk
Oz,

0%,

:O7 mQ{Z’Z7‘77k’}7

Eijk
Oz,

axl = Y l ¢ {]7k}7

awégk

(3

(9.1'3‘

-1 -1,.-1
= =X +[EZ'{Ej Ty,

8x§ijk

]

8$k

1

=11 -1,
= —Tx; Ty —i—mlxj

We will consider the matrix p(e;;) as an automorphism of a free left
R-module W,, with base ey, e, ..., ¢,.

Then the action of this automorphism (from the right) on the base
vectors is as follows:

eip(gijk) =e; + tlt;l(tlzl — 1)6]' + tzt];1<1 — tj_l)€k,
ep(cijr) = e if [ #1.

In order to construct the matrices p(e;;), we will use the following
simple lemma.

Lemma 2. The following formulas are true in the group ring ZF,
(where i, j,1,m are pairwise distinct):

Oz, " oz, oz, ., Ox;Y .
b :O, ) :1,8—21']-, 9 :l’j (.’131—1)
Lm, X ZT; T
-1 -1 -1 -1
.. g g g
oz, " Oz, " dx,; " oz, " .
=0, =1, =z, —5— =1—zzz; .
5?3:m 8xl 8@ 8a:j

Then the matrix p(e;;) defines the action on the base of W), by the
next formulas:

eip(gij) = tj_l(tl — ]_)6]' + tj_lei,

ep(eis) = e if | # 4.
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For the automorphism
T; — mjxixj’l if 1 # 4,
T — I if | # 1,
the matrix p(s;jl) is defined by the action on the base of W, as follows:
eip(gi_jl) = tje; + (1 —ti)ey,

ep(e;') = e if [ # 1.

It is easy to check that being defined in this way the mapping p is a
linear representation of IA(F),).

Restricting p to C'b,, we obtain that
pc = plev, : Cby — GLy(R).

Theorem 1. The linear representation
pc : Cb, — GL,(R)
is an extension of the Gassner representation of the pure braid group
P,.

Proof. The group P, is a subgroup of Cb, and its generators a;;,
1 < i < j < n can be expressed via the (standard) generators of Cb,
in the following way [1, Lemma 4]:

-1 -1
Qiit+1 = €5401€541,55

_ —1_—1\_—1 -1 1
Qi = €j—1,i€j—2,i - - ‘5i+1,i(€z‘j €ji )5z‘+1,z‘ s €5 0485 14
=€, 165 0 Eir14(Ej €50 JEit1y - Ej2jEi-14, 2Xi+1<j<n

Using these formulas we find the matrix p(a;;), 1 < i < j < n and
then comparing it with the Gassner matrix from [4, p. 118] we get the
desired conclusion.

Recall that the group of conjugating automorphisms C), can be de-
composed as a semidirect product C,, = Cb, X S,,.

As the matrix pg(e;;) depends on ty,ts,...,t,, we may set
h=ta=-=t, =1,

thereby obtaining the matrix which we shall denote by pp(e;;). Further,
for each automorphism from S,, < Aut(F,,) we assign the matrix of the
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corresponding permutation of the elements of the base W,,. We will
then obtain the representation

P : Cp — GL,(Z[tF]).

It is easy to check that p is an extension of the Burau representation
of the braid group B,,.

As Cb,, is a subgroup of finite index in C,, the representation pp is
faithful if its restriction to Cb,, is faithful.

It is well-known that the Burau representation pp and the Gassner
representations pg are reducible; however, both these representations

determine some irreducible representations of dimension n—1 [4, Lemma
3.11.1].

The following question naturally arises.

Question. Is it true that the presentations pp and pg are reducible?

4. KERNEL OF THE REPRESENTATION pg
In this section we will show that the representation p¢ is not faithful.
We shall prove the following result.

Theorem 2. The representation pg : Cb, — GL,(R) has a non-
trivial kernel for every n > 2.

The theorem implies that the representation p : IA(F,) — GL,(R)
has a non-trivial kernel for every n > 2.

Recall [1] that the group of basis-conjugating automorphisms Cb,,,
n > 2 can be decomposed as a semidirect product as follows:

Cbn - Dn,1 >\ (an2 >\ ( . >\ (DQ >\ Dl)) .. .),

where subgroup D; is generated by the elements

€i+1,1,€i41,25 - - -y Ei+1,i5 E1,i+15 E2,i4+15 - - - » Edit+1-
Moreover, the elements €;111,€i412,- .., €i+1, generate a free group of
rank ¢ which we will denote by L; and the elements €1 ;41,211,541

generate a free abelian group of rank 7 which we will denote by A;.

Let us show that if j > 3 then the second commutator subgroup L7
is contained in the kernel of the representation pg. Following the con-
struction of the matrix pg(e;;) = p(ei;), one sees that it different from
the identity matrix only in ith row. Let w = w(e;1, €50, ..,€i5-1) be a

+1 _+1 +1

reduced word over the elements €;;", ¢, ...,¢;,_,, the free generators
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of L; ;. The following lemma describes how the automorphism w acts
on a generator x; of the free group F,.

Lemma 3. Let w = w(ei, €0, -..,€ii-1) be a reduced word which
represents an element of L;_1. Then

xiw(gib 612’ N ’giﬂ'il) _ x?f«(xl,12,..-,$z'—1)7
where the word w*(xy, Ty, ..., x;_1) is the reverse word of the word
w(wy, Ta, ..., xi—1), that is the syllables of w* are the syllables of w

written in the reverse order.

Proof. The statement is a consequence of the following equations
that can be easily verified by induction on the number of syllables of
w (the syllabic length of w):

p q,.p
Tigy =", viggey =2, ", 1< k#FI<i—1, p,g € Z,
Obviously, if w = w(e;1, €0, ...,€14-1) represents an element of the
second commutator subgroup L |, then the word w* = w*(xy, zo,...,2;_1)

represents an element of the second commutator subgroup F.

Assume that w = w(egs, €2, - - ., €,i—1) represents an element of L7 ;.
In order to find the matrix pg(w) we have to find the derivatives
O(z;w)

aZL’k

, k=1,2,...,n. Let us check the following equality:

Oz 0, otherwise.

The case when k£ > 7 and the case when the word x;w does not contain
x) are simple. Suppose that & = 7. We have

O(xw) 8((w*)_1xiw*)‘

Using properties of the Fox’s derivatives, we obtain that
O((w*) " tww”) _ O((w*)™) -1 9(ziw”)
a *
— _<w*)71 w

ow*
*\—1 —

w*
ﬁxi
in the commutator subgroup F; and ¢ takes it to 1, that is, (w*)? = 1,
as required.

As w* does not contain x;, the derivatives become zero and w* lies
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Let, finally, £ <. Then

I((w*)tzw*) N ow*
o = (w*) " (z; — 1) T

Since kergp = F), then by Blanchfield’s theorem (taking into account

*

@
w

that w* € F) we have the equality (8 ) = 0. The statement is
Tk

proven.
As a consequence we have the following fact.

Lemma 4. The representation pg of Cb,, n > 3, is not faithful,
since its kernel contains the subgroups L, i =2,3,...,n — 1. In par-
ticular, the above constructed representation pg of C,, an extension of
the Burau representation, is not faithful for alln > 3.

Let us demonstrate that actually the representation pg is not faithful
even if n = 2. In order to prove that, we shall need

Lemma 5. The following formulas

w(x2,r1) -

ZL‘Z‘U}(EU, 621) =Z; , 1= 1, 2.

are true in Fy = (x1,23). In particular, if w(ei2,€21) is in the second
commutator subgroup DY, then w(xq,x1) is in the second commutator

subgroup FY.

Proof. Recall that Cby = Dy = (g91,£12) ~ F5 and the automor-
phisms €15 and &9 are defined as follows:

-1
. T Ty T1X2, -1, Ty — I,
6]_2 . 621 . —1
To —— T2, To — Ty T2y,

i. e. €19 induces conjugation by x, in Fy and €91 conjugation by x.
The action of 136917 on the base 1, x5 is

_ T, — xflxglxlxle,
€12€21 -1
Lo — Ty T2l1,
. Tozi -
which means that z;e10601 = 27°"", 1 =1, 2.
If w = w(e1, 1) is a reduced word over the alphabet {3, 3},

then using induction on the length of w, we get the following statement.

Lemma 6. The kernel of the representation pg of Cbs coincides the
second commutator subgroup D7.
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Proof. Let us show that if w = w(eqa,€91) is in DY then pg(w) = 1.
It follows from the definition of the Magnus representation that

a(l’lw(€12>€21)) 8($1w(€12,521)) v
R 0y 0a
pa(w(eiz, €21)) =
O(waw(er12,€21)) O(T2w(E12,€01))
8901 an
Write wy for w(zs, ). We calculate the Fox’s derivatives:
O(rw) _ O(wy tww,) _ O(wi™) Lo O(zqwy) _
E)xl 8[E1 6m1 ! 81‘1
ow ow ow ow
_ 1 -1 it T IS O et} Z7)
= —wy; 8$1+w1 <1+x189&1) w, ( ax1+1—|—xlax1)

_ ow
:wll (1+<$1—1>a—x11> .

Using the homomorphism ¢ and taking into account the following for-

mulas .
ow
—1\ye _ 1 _
(wl ) Y (81‘1) 07

we obtain that

Then
O(z1w) _ O(wy twyw,) _ o(w;) +w_18(x1w1) _
O D, D b Ows
_ 0w, . Owy _ ow,
_ . —1vu SO e B o
N L 81’2 + Wi 8.1'2 w1 (1 -Tl) 8:1:1 .
@ @
Since (%) = 0, then (8(895110)) = 0. Similarly,
To T2
O(zqw) . ow;  0(xaw) ., ow,
= w1 — wy) ot - 1 — =1,
81’1 w1 ( 1'2) 8$1 ’ 8@ w1 * (1'2 ) 81’2

Using the homomorphism ¢ we see that
pc(w(erz, €21)) = 1.
The proof is completed.

Now Lemma 4 and Lemma 6 imply Theorem 2. It then follows
that the representations p : IA(F,) — GL,(R) and pp : C, —
GL,(Z[t*']) are not faithful for all n > 2. Note that the question
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about faithfulness of the Gassner representation of P,, n > 4, is still

open.

It is interesting to note that Cb, is generated by elements €5 and
g21 and corresponding matrices pg(ery ) and pg(ey) are

O(mier)) Omey) \°
oz 0xs _
b\G(El_Ql) = 1 ( t(? : 1tl ) )
a(35251_21) 8(x281_21)
81’1 (99[;2
Owizs) dment) |
N . 833'1 8$2 1 0
pG(EQI): _(1—t t )
a(95252_11) 8(x282_11) 2
81’1 3952

As we saw in the proof of the last Lemma these matrices do not generate
a free group. But the matrices

1 A 1 0
(0 1),(#1),&u€CJM>&W|

generate a group which is isomorphic to the free group F5.

WV

3,
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