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Â. Ã. Áàðäàêîâ

Êëàññè÷åñêèì îáúåêòîì èññëåäîâàíèÿ êîìáèíàòîðíîé òåîðèè ãðóïï ÿâëÿåòñÿ ãðóïïà àâ-
òîìîðôèçìîâ Aut(Fn) ñâîáîäíîé ãðóïïû Fn ðàíãà n ≥ 2 ñî ñâîáîäíûìè ïîðîæäàþùèìè
x1, x2, ..., xn. Èçâåñòíî [1, 2], ÷òî ãðóïïó Aut(F2) ìîæíî ïîñòðîèòü èç öèêëè÷åñêèõ ãðóïï ïðè
ïîìîùè ñâîáîäíîãî è ïîëóïðÿìîãî ïðîèçâåäåíèÿ. Âîïðîñ î òîì, ìîæíî ëè ðàñïðîñòðàíèòü
ýòîò ðåçóëüòàò íà ñëó÷àé n > 2 îñòàåòñÿ îòêðûòûì. Åñëè îáîçíà÷èòü An = Fn/F

′
n � ôàêòîð�

ãðóïïà ãðóïïû Fn ïî åå êîììóòàíòó F ′
n, òî âñÿêèé àâòîìîðôèçì ãðóïïû Fn èíäóöèðóåò

íåêîòîðûé àâòîìîðôèçì ãðóïïû An, à ïîòîìó ñóùåñòâóåò ãîìîìîðôèçì

ξ : Aut(Fn) −→ Aut(An).

ßäðî ýòîãî ãîìîìîðôèçìà, ñîñòîÿùåå èç àâòîìîðôèçìîâ, äåéñòâóþùèõ òîæäåñòâåííî ïî
ìîäóëþ êîììóòàíòà F ′

n íàçûâàåòñÿ ãðóïïîé IA�àâòîìîðôèçìîâ è îáîçíà÷àåòñÿ ñèìâîëîì
IA(Fn) (ñì. [3, ãë. 1, � 4]). Òàê êàê An ' Zn � ñâîáîäíàÿ àáåëåâà ãðóïïà ðàíãà n, òî Aut(An)
èçîìîðôíà îáùåé ëèíåéíîé ãðóïïå GLn(Z) íàä êîëüöîì öåëûõ ÷èñåë Z. Ïîýòîìó ïðè èçó-
÷åíèè ãðóïïû Aut(Fn) æåëàòåëüíî áûëî áû èçó÷èòü ñòðîåíèå ãðóïïû IA(Fn). Ãðóïïà IA(F2)
èçîìîðôíà ãðóïïå âíóòðåííèõ àâòîìîðôèçìîâ Inn(F2), êîòîðàÿ, â ñâîþ î÷åðåäü, èçîìîðôíà
F2, à ïîòîìó îñíîâíîé èíòåðåñ ïðåäñòàâëÿåò ñëó÷àé n ≥ 3.

Ä. Íèëüñåí äëÿ ñëó÷àÿ n ≤ 3 è Â. Ìàãíóñ äëÿ âñåõ n ïîêàçàëè (ñì. [3, ãë. 1, � 4]), ÷òî
ãðóïïà IA(Fn) ïîðîæäàåòñÿ ñëåäóþùèìè àâòîìîðôèçìàìè

εijk :

{
xi 7−→ xi[xj, xk] ïðè k 6= i, j,
xl 7−→ xl ïðè l 6= i,

εij :

{
xi 7−→ x−1

j xixj ïðè i 6= j,
xl 7−→ xl ïðè l 6= i,

ãäå [a, b] = a−1b−1ab � êîììóòàòîð ýëåìåíòîâ a è b. Îïðåäåëÿþùèå ñîîòíîøåíèÿ ãðóïïû
IA(Fn) ïðè n ≥ 3 äî ñèõ ïîð íåèçâåñòíû, à êàê óñòàíîâèëè Ñ. Êðñòè÷ è Ä. Ìàêêóë [4] ãðóïïà
IA(F3) íå ÿâëÿåòñÿ êîíå÷íî îïðåäåëåííîé.

Ïîäãðóïïà ãðóïïû IA(Fn), ïîðîæäåííàÿ àâòîìîðôèçìàìè εij, 1 ≤ i 6= j ≤ n, íàçûâàåòñÿ
ãðóïïîé ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ. Â äàëüíåéøåì áóäåì îáîçíà÷àòü åå ñèìâîëîì
Cbn. Ä. Ìàêêóë [5] ïîêàçàë, ÷òî ãðóïïà Cbn ÿâëÿåòñÿ êîíå÷íî îïðåäåëåííîé è íàøåë åå
îïðåäåëÿþùèå ñîîòíîøåíèÿ.

Ãðóïïà Cbn ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû ñîïðÿãàþùèõ àâòîìîðôèçìîâ Cn. (Íàïîìíèì,
÷òî âñÿêèé àâòîìîðôèçì èç Cn ïåðåâîäèò ïîðîæäàþùèé xi â ýëåìåíò f−1

i xπ(i)fi, ãäå fi ∈ Fn, à
π � íåêîòîðàÿ ïîäñòàíîâêà èç ñèììåòðè÷åñêîé ãðóïïû Sn.) Î÷åâèäíî, åñëè π � òîæäåñòâåí-
íàÿ ïîäñòàíîâêà, òî ýòîò àâòîìîðôèçì ëåæèò â ãðóïïå Cbn. Ìíîæåñòâî àâòîìîðôèçìîâ èç
Cn, îñòàâëÿþùèõ íà ìåñòå ïðîèçâåäåíèå x1x2...xn îáðàçóåò ãðóïïó êîñ Bn. Ãðóïïà Bn ñî-
äåðæèò íîðìàëüíóþ ïîäãðóïïó Pn, íàçûâàåìóþ ãðóïïîé êðàøåíûõ êîñ, òàêóþ, ÷òî ôàêòîð-
ãðóïïà Bn/Pn èçîìîðôíà ñèììåòðè÷åñêîé ãðóïïå Sn. Êàê óñòàíîâèëà À. Ã. Ñàâóøêèíà [6,
ëåììà 3], ãðóïïà êîñ Bn ïåðåñåêàåòñÿ ñ ïîäãðóïïîé Cbn ïî ãðóïïå êðàøåíûõ êîñ Pn. Ñòðîå-
íèå ãðóïïû Pn äîñòàòî÷íî õîðîøî èçâåñòíî [7, 8]. Èíòåðåñíî áûëî áû âûÿñíèòü: êàê ãðóïïà
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Pn ðàñïîëîæåíà â Cbn? Êðîìå òîãî, ãðóïïà Pn ðàçëàãàåòñÿ â ïîëóïðÿìîå ïðîèçâåäåíèå ñâî-
áîäíûõ ãðóïï

Pn = Un h (Un−1 h (. . . h (U3 h U2)) . . .),

ãäå Ui ' Fi−1, i = 2, 3, . . . , n. Âîçíèêàåò åñòåñòâåííûé âîïðîñ: ìîæíî ëè ãðóïïó Cbn àíàëî-
ãè÷íûì îáðàçîì ðàçëîæèòü â ïîëóïðÿìîå ïðîèçâåäåíèå íåêîòîðûõ ãðóïï?

Â ïðåäëàãàåìîé ðàáîòå äàåòñÿ ïîëîæèòåëüíûé îòâåò íà ýòîò âîïðîñ, à òî÷íåå, äîêàçûâà-
åòñÿ

Òåîðåìà 1. Ãðóïïà ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ Cbn, n ≥ 2, ðàçëàãàåòñÿ â ïîëó-
ïðÿìîå ïðîèçâåäåíèå

Cbn = Dn−1 h (Dn−2 h (. . . h (D2 h D1)) . . .),

ãäå ïîäãðóïïàDi, i = 1, 2, . . . , n−1, ïîðîæäàåòñÿ ýëåìåíòàìè εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1.
Ïðè ýòîì ýëåìåíòû εi+1,1, εi+1,2, . . . , εi+1,i ïîðîæäàþò ñâîáîäíóþ ãðóïïó ðàíãà i, à ýëåìåíòû
ε1,i+1, ε2,i+1, . . . , εi,i+1 ïîðîæäàþò ñâîáîäíóþ àáåëåâó ãðóïïó ðàíãà i. Ýòî ðàçëîæåíèå ñîãëà-
ñîâàíî ñ ñîîòâåòñòâóþùèì ðàçëîæåíèåì ãðóïïû êðàøåíûõ êîñ Pn, ò. å. èìåþò ìåñòî
âêëþ÷åíèÿ Ui+1 ≤ Di, i = 1, 2, . . . , n− 1.

Îòìåòèì, ÷òî åñëè G = G1 ? G2 ? . . . ? Gn � ñâîáîäíîå ïðîèçâåäåíèå è êàæäûé ìíîæèòåëü
Gi � íåðàçëîæèì è íå èçîìîðôåí áåñêîíå÷íîé öèêëè÷åñêîé ãðóïïå, à G = G1×G2× . . .×Gn

� ïðÿìîå ïðîèçâåäåíèå ýòèõ æå ãðóïï, òî äëÿ ïîäãðóïïû ãðóïïû àâòîìîðôèçìîâ Aut(G),
ÿâëÿþùåéñÿ ÿäðîì ãîìîìîðôèçìà Aut(G) −→ Aut(G), àíàëîãè÷íàÿ òåîðåìà óñòàíîâëåíà â
ðàáîòå Ä. Äæ. Êîëëèíñà è Í. Ä. Äæèëüáåðòà [8].

Â êà÷åñòâå ñëåäñòâèÿ ýòîé òåîðåìû ìû ïîëó÷èì íîðìàëüíóþ ôîðìó ñëîâ â ãðóïïå Cbn.
Òàê êàê ãðóïïà ñîïðÿãàþùèõ àâòîìîðôèçìîâ Cn ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíèåì ãðóï-
ïû Cbn è ñèììåòðè÷åñêîé ãðóïïû Sn, òî ìîæíî ïîñòðîèòü íîðìàëüíóþ ôîðìó ñëîâ è â ãðóïïå
Cn.

Ðàçëîæåíèå ãðóïïû Cbn â ïîëóïðÿìîå ïðîèçâåäåíèå, ïîñòðîåííîå â òåîðåìå 1 íå åäèí-
ñòâåííî. Â � 4 ìû íàéäåì äðóãîå ðàçëîæåíèå. Êðîìå òîãî, áóäóò óñòàíîâëåíû íåêîòîðûå
ñâîéñòâà ãðóïï Cn è Cbn. Â ÷àñòíîñòè, áóäåò äîêàçàíî, ÷òî ïðè n ≥ 4 â ýòèõ ãðóïïàõ íåðàç-
ðåøèìà ïðîáëåìà âõîæäåíèÿ â êîíå÷íî ïîðîæäåííûå ïîäãðóïïû. Òàêæå áóäåò äîêàçàíî,
÷òî ãðóïïà Cn äëÿ âñÿêîãî n ≥ 2 ïîðîæäàåòñÿ íå áîëåå ÷åòûðüìÿ ýëåìåíòàìè è íàéäåí ñî-
îòâåòñòâóþùèé ãåíåòè÷åñêèé êîä. Äëÿ ãðóïïû Cbn ïðè n ≥ 2 áóäåò äîêàçàíî, ÷òî îíà íå
èìååò ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï êîíå÷íîé øèðèíû. Ýòî óòâåðæäåíèå òåñíî ñâÿçàíî
ñ âîïðîñîì 14.15 èç "Êîóðîâñêîé òåòðàäè"[9].

Â ñâÿçè ñ ïîëó÷åííûìè ðåçóëüòàòàìè âîçíèêàþò ñëåäóþùèå åñòåñòâåííûå âîïðîñû, îòâå-
òû íà êîòîðûå ïîçâîëèëè áû ëó÷øå ïîíÿòü ñòðîåíèå ãðóïïû IA�àâòîìîðôèçìîâ.

Âîïðîñ 1. Êàê óñòðîåíà ãðóïïà, ïîðîæäåííàÿ àâòîìîðôèçìàìè εijk. Â ÷àñòíîñòè, áóäåò
ëè îíà êîíå÷íî îïðåäåëåííîé?

Âîïðîñ 2. Ìîæíî ëè äëÿ ãðóïïû IA(Fn), n ≥ 4, ïîëó÷èòü ðàçëîæåíèå â ïîëóïðÿìîå ïðî-
èçâåäåíèå, àíàëîãè÷íîå ðàçëîæåíèþ ãðóïïû Cbn èç òåîðåìû 1? Êàê ãðóïïà Cbn ðàñïîëîæåíà
â ãðóïïå IA(Fn)?

Àâòîð áëàãîäàðèò Î. Â. Áîãîïîëüñêîãî, ïðî÷èòàâøåãî ðóêîïèñü è ñäåëàâøåãî ðÿä ïîëåç-
íûõ çàìå÷àíèé, òàêæå áëàãîäàðèò Äæîíà Ìåéåðà, óêàçàâøåãî íà ðàáîòó [8] è íà íåêîòîðûå
íåòî÷íîñòè â ïåðâîíà÷àëüíîé âåðñèè ñòàòüè.

� 1. Íåêîòîðûå âñïîìîãàòåëüíûå óòâåðæäåíèÿ
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Íàïîìíèì (ñì. [10, � 6]), ÷òî ãðóïïà G ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíèåì ãðóïï A è
B, åñëè â G ñóùåñòâóþò òàêèå ïîäãðóïïû H, K, ÷òî

G = HK, A ' H E G, B ' K, H ∩K = 1.

Îáîçíà÷àåòñÿ ïîëóïðÿìîå ïðîèçâåäåíèå ñèìâîëîì G = A h B. Î÷åâèäíî, åñëè

A = ãð(a1, a2, . . . , ak ‖ A1, A2, . . . , Ap), B = ãð(b1, b2, . . . , bl ‖ B1, B2, . . . , Bq)

� ãåíåòè÷åñêèå êîäû ãðóïï A è B ñîîòâåòñòâåííî, òî ïîëóïðÿìîå ïðîèçâåäåíèå G = A h B
èìååò ñëåäóþùèé ãåíåòè÷åñêèé êîä

G = ãð(a1, a2, . . . , ak; b1, b2, . . . , bl ‖ A1, A2, . . . , Ap; B1, B2, . . . , Bq; b
−1
i ajbi = Cij,

1 ≤ i ≤ l, 1 ≤ j ≤ k),

ãäå A1, A2, . . . , Ap, Cij � ñëîâà â àëôàâèòå {a±1
1 , a±1

2 , . . . , a±1
k }, B1, B2, . . . , Bq � ñëîâà â àë-

ôàâèòå {b±1
1 , b±1

2 , . . . , b±1
l }, ýëåìåíòû Ci1, Ci2, . . . , Cik ïîðîæäàþò ãðóïïó A äëÿ ëþáîãî i ∈

{1, 2, . . . , l}, è ñîïðÿæåíèå ýëåìåíòîì bi èíäóöèðóåò àâòîìîðôèçì ãðóïïû A, i = 1, 2, . . . , l.
Òàêæå íàïîìíèì íåêîòîðûå èçâåñòíûå ôàêòû î ãðóïïàõ êîñ (ñì. [7,8]).
Ãðóïïà êîñ Bn, n ≥ 2, íà n íèòÿõ çàäàåòñÿ ïîðîæäàþùèìè ýëåìåíòàìè σ1, σ2, . . . , σn−1 è

îïðåäåëÿþùèìè ñîîòíîøåíèÿìè

σiσi+1σi = σi+1σiσi+1 ïðè i = 1, 2, . . . , n− 2, (1)

σiσj = σjσi ïðè |i− j| ≥ 2. (2)

Ñóùåñòâóåò ãîìîìîðôèçì ãðóïïû êîñ Bn íà ãðóïïó ïîäñòàíîâîê Sn, ïåðåâîäÿùèé ïîðîæäà-
þùèé σi â òðàíñïîçèöèþ (i, i + 1), i = 1, 2, . . . , n − 1. ßäðî ýòîãî ãîìîìîðôèçìà íàçûâàåòñÿ
ãðóïïîé êðàøåíûõ êîñ è îáîçíà÷àåòñÿ ñèìâîëîì Pn. Ãðóïïà Pn ïîðîæäàåòñÿ ýëåìåíòàìè aij,
1 ≤ i < j ≤ n, êîòîðûå âûðàæàþòñÿ ÷åðåç ïîðîæäàþùèå ãðóïïû Bn ñëåäóþùèì îáðàçîì

ai,i+1 = σ2
i ,

aij = σj−1σj−2 . . . σi+1σ
2
i σ

−1
i+1 . . . σ−1

j−2σ
−1
j−1, i + 1 < j ≤ n.

Ãðóïïà êðàøåíûõ êîñ Pn ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíèåì íîðìàëüíîé ïîäãðóïïû Un,
êîòîðàÿ ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé ñî ñâîáîäíûìè ïîðîæäàþùèìè a1n, a2n, . . . , an−1,n è
ãðóïïû Pn−1. Àíàëîãè÷íî, Pn−1 ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíèåì ñâîáîäíîé ãðóïïû Un−1

ñî ñâîáîäíûìè ïîðîæäàþùèìè a1,n−1, a2,n−1, . . . , an−2,n−1 è ïîäãðóïïû Pn−2 è ò. ä. Ñëåäîâà-
òåëüíî, ãðóïïà Pn èìååò ñëåäóþùåå ðàçëîæåíèå

Pn = Un h (Un−1 h (. . . h (U3 h U2)) . . .), Ui ' Fi−1, i = 2, 3, . . . , n.

Ãðóïïà êðàøåíûõ êîñ Pn îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (ïðè ν = ±1)

a−ν
ik akja

ν
ik = (aijakj)

ν akj (aijakj)
−ν ,

a−ν
kmakja

ν
km = (akjamj)

ν akj (akjamj)
−ν , m < j,

a−ν
imakja

ν
im =

[
a−ν

ij , a−ν
mj

]ν
akj

[
a−ν

ij , a−ν
mj

]−ν
, i < k < m,

a−ν
imakja

ν
im = akj, k < i; m < j èëè m < k.
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Ãðóïïà êîñ Bn âêëàäûâàåòñÿ â ãðóïïó àâòîìîðôèçìîâ Aut(Fn). Ïðè ýòîì ïîðîæäàþùèé
σi, i = 1, 2, . . . , n− 1, îïðåäåëÿåò àâòîìîðôèçì

σi :


xi 7−→ xixi+1x

−1
i ,

xi+1 7−→ xi,
xl 7−→ xl ïðè l 6= i, i + 1.

Ïîðîæäàþùèé ars ãðóïïû êðàøåíûõ êîñ Pn îïðåäåëÿåò àâòîìîðôèçì

ars :



xi 7−→ xi ïðè s < i èëè i < r,

xr 7−→ xrxsxrx
−1
s x−1

r ,

xi 7−→ [x−1
r , x−1

s ]xi[x
−1
r , x−1

s ]−1 ïðè r < i < s,

xs 7−→ xrxsx
−1
r .

Êàê óñòàíîâèë Ý. Àðòèí, àâòîìîðôèçì β èç Aut(Fn) ïðèíàäëåæèò ãðóïïå êîñ Bn òîãäà
è òîëüêî òîãäà, êîãäà β óäîâëåòâîðÿåò ñëåäóþùèì äâóì óñëîâèÿì:

1) β(xi) = a−1
i xπ(i)ai, 1 ≤ i ≤ n,

2) β(x1x2 . . . xn) = x1x2 . . . xn,

ãäå π � íåêîòîðàÿ ïîäñòàíîâêà èç Sn, à ai ∈ Fn.
Êàê áûëî îòìå÷åíî âûøå, àâòîìîðôèçìû, óäîâëåòâîðÿþùèå óñëîâèþ 1), íàçûâàþòñÿ

ñîïðÿãàþùèìè àâòîìîðôèçìàìè. Ñîïðÿãàþùèé àâòîìîðôèçì, äåéñòâóþùèé òîæäåñòâåííî
ïî ìîäóëþ êîììóòàíòà F ′

n íàçûâàåòñÿ ñîïðÿãàþùèì áàçèñ àâòîìîðôèçìîì. Êàê ïîêàçàë
Ä. Ìàêêóë [5], ãðóïïà ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ Cbn ïîðîæäàåòñÿ àâòîìîðôèç-
ìàìè εij, 1 ≤ i 6= j ≤ n, îïðåäåëåííûìè âî ââåäåíèè, è èìååò ñëåäóþùèå îïðåäåëÿþùèå
ñîîòíîøåíèÿ (óñëîâèìñÿ çäåñü è â äàëüíåéøåì îáîçíà÷àòü ðàçíûå èíäåêñû ðàçíûìè áóêâà-
ìè):

εijεkl = εklεij, (3)

εijεkj = εkjεij, (4)

(εijεkj)εik = εik(εijεkj). (5)

Ïóñòü Γ = (V, E) � íåîðèåíòèðîâàííûé ãðàô ñ êîíå÷íûì ìíîæåñòâîì âåðøèí V ; ìíîæå-
ñòâîì ðåáåð E, êîòîðîå íå ñîäåðæèò ïåòåëü è êðàòíûõ ðåáåð. Ãðàô�ãðóïïîé G(Γ) íàçûâàåòñÿ
ãðóïïà ñ ìíîæåñòâîì ïîðîæäàþùèõ vi, vi ∈ V è ìíîæåñòâîì îïðåäåëÿþùèõ ñîîòíîøåíèé
vivj = vjvi, åñëè âåðøèíû vi è vj ñîåäèíåíû ðåáðîì â ãðàôå Γ. Ãðàô-ãðóïïû èçó÷àëèñü â
ðàáîòàõ [12, 13]. Â ðàáîòå [14] èññëåäîâàëàñü øèðèíà âåðáàëüíûõ ïîäãðóïï ãðàô�ãðóïï.

� 2 Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû

Äîêàæåì âíà÷àëå íåñêîëüêî âñïîìîãàòåëüíûõ óòâåðæäåíèé.
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Ëåììà 1. Â ãðóïïå ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ Cbn ñïðàâåäëèâû ñëåäóþùèå
ôîðìóëû ñîïðÿæåíèÿ (ïðè ν = ±1):

1) ε−ν
ij εklε

ν
ij = εkl,

2) ε−ν
ij εkjε

ν
ij = εkj,

3) ε−ν
ij εkiε

ν
ij = εν

kjεkiε
−ν
kj ,

4) ε−ν
ij εikε

ν
ij = εν

kjεikε
−ν
kj ,

5) ε−ν
ij εjkε

ν
ij = [ε−ν

kj , εik]εjk.

(Íàïîìíèì, ÷òî ìû îáîçíà÷àåì ðàçíûå èíäåêñû ðàçíûìè áóêâàìè.)
Äîêàçàòåëüñòâî. Ôîðìóëû 1)�2) ëåãêî ñëåäóþò èç îïðåäåëÿþùèõ ñîîòíîøåíèé (3)�(5)

ãðóïïû Cbn.
Èç ñîîòíîøåíèÿ (5) èìååì ðàâåíñòâî

(εkjεij)εki = εki(εkjεij). (6)

Äîìíîæèì îáå åãî ÷àñòè ñëåâà íà ε−1
kj , à ñïðàâà íà ε−1

ij , ïîëó÷èì

εijεkiε
−1
ij = ε−1

kj εkiεkj,

à ýòî â òî÷íîñòè ðàâåíñòâî 3) ïðè ν = −1. Âîñïîëüçîâàâøèñü ïåðåñòàíîâî÷íîñòüþ ýëåìåíòîâ
εkj è εij, ïåðåïèøåì ðàâåíñòâî (6) â òàêîì âèäå

(εijεkj)εki = εki(εijεkj).

Äîìíîæèì îáå ÷àñòè ýòîãî ðàâåíñòâà ñëåâà íà ε−1
ij , à ñïðàâà íà ε−1

kj , ïîëó÷èì ðàâåíñòâî

εkjεkiε
−1
kj = ε−1

ij εkiεij,

à ýòî â òî÷íîñòè ðàâåíñòâî 3) ïðè ν = 1.
Äëÿ äîêàçàòåëüñòâà ôîðìóëû 4) ðàññìîòðèì ñîîòíîøåíèå

(εijεkj)εik = εik(εijεkj), (7)

âûïîëíåííîå â ãðóïïå Cbn. Äîìíîæèì îáå åãî ÷àñòè ñëåâà íà ε−1
ij , à ñïðàâà íà ε−1

kj , ïîëó÷èì
ðàâåíñòâî

εkjεikε
−1
kj = ε−1

ij εikεij,

à ýòî è åñòü ðàâåíñòâî 4) ïðè ν = 1. Âîñïîëüçîâàâøèñü ïåðåñòàíîâî÷íîñòüþ ýëåìåíòîâ εij è
εkj, ïåðåïèøåì ðàâåíñòâî (7) â òàêîì âèäå

(εkjεij)εik = εik(εkjεij).

Äîìíîæàÿ îáå ÷àñòè ñëåâà íà ε−1
kj , à ñïðàâà íà ε−1

ij , ïîëó÷èì

εijεikε
−1
ij = ε−1

kj εikεkj,
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ò. å ðàâåíñòâî 4) ïðè ν = −1.
Äëÿ äîêàçàòåëüñòâà ôîðìóëû 5) âîñïîëüçóåìñÿ ñîîòíîøåíèåì

(εikεjk)εij = εij(εikεjk),

âûïîëíåííûì â ãðóïïå Cbn. Èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò ðàâåíñòâî

ε−ν
ij (εikεjk)ε

ν
ij = εikεjk.

Ïåðåïèøåì åãî â òàêîì âèäå

(ε−ν
ij εikε

ν
ij)(ε

−ν
ij εjkε

ν
ij) = εikεjk.

Âîñïîëüçîâàâøèñü óñòàíîâëåííûì ðàâåíñòâîì 4), ïîëó÷èì

(εν
kjεikε

−ν
kj )(ε−ν

ij εjkε
ν
ij) = εikεjk.

Èç ýòîãî ðàâåíñòâà
ε−ν

ij εjkε
ν
ij = εν

kjε
−1
ik ε−ν

kj εikεjk = [ε−ν
kj , εik]εjk.

Ñëåäîâàòåëüíî, ôîðìóëà 5), à âìåñòå ñ íåé è ëåììà 1 óñòàíîâëåíû.
Â ãðóïïå Cbn îïðåäåëèì ïîäãðóïïû

Di = ãð(εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1), i = 1, 2, . . . , n− 1.

Ñïðàâåäëèâà
Ëåììà 2. Ïóñòü k, l � íàòóðàëüíûå ÷èñëà, óäîâëåòâîðÿþùèå íåðàâåíñòâàì: 2 ≤ k <

l ≤ n. Òîãäà ãðóïïà Dk−1 ëåæèò â íîðìàëèçàòîðå ãðóïïû Dl−1.
Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ,

Dk−1 = ãð(εk,1, εk,2, . . . , εk,k−1, ε1,k, ε2,k, . . . , εk−1,k),

Dl−1 = ãð(εl,1, εl,2, . . . , εl,l−1, ε1,l, ε2,l, . . . , εl−1,l).

Âîçüìåì íåêîòîðûé ïîðîæäàþùèé εk,i, 1 ≤ i ≤ k − 1, ãðóïïû Dk−1 è ïîêàæåì, ÷òî ñîïðÿãàÿ
èì ëþáîé ïîðîæäàþùèé ãðóïïû Dl−1, ïîëó÷èì ýëåìåíò èç ãðóïïû Dl−1. Ââèäó ëåììû 1,
èìååì ñëåäóþùèå ôîðìóëû ñîïðÿæåíèÿ:

ε−ν
ki εljε

ν
ki = εlj, ε−ν

ki εjlε
ν
ki = εjl, j 6= i, k,

ε−ν
ki εliε

ν
ki = εli,

ε−ν
ki εlkε

ν
ki = εν

liεlkε
−ν
li ,

ε−ν
ki εklε

ν
ki = εν

liεklε
−ν
li ,

ε−ν
ki εilε

ν
ki = [ε−ν

li , εkl]εil,

òàê êàê ïðàâûå ÷àñòè ýòèõ ðàâåíñòâ ëåæàò â Dl−1, òî ìû ïîëó÷èì òðåáóåìûå ôîðìóëû.
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Ðàññìîòðèì òåïåðü ýëåìåíò εik, 1 ≤ i ≤ k − 1. Îïÿòü èç ëåììû 1 èìååì ðàâåíñòâà

ε−ν
ik εljε

ν
ik = εlj, ε−ν

ik εjlε
ν
ik = εjl, j 6= i, k,

ε−ν
ik εlkε

ν
ik = εlk,

ε−ν
ik εliε

ν
ik = εν

lkεliε
−ν
lk ,

ε−ν
ik εilε

ν
ik = εν

lkεilε
−ν
lk ,

ε−ν
ik εklε

ν
ik = [ε−ν

lk , εil]εkl.

Òàê êàê ïðàâûå ÷àñòè ýòèõ ðàâåíñòâ ëåæàò â Dl−1, òî ïðè ñîïðÿæåíèè ýëåìåíòîì εν
ik ïî-

ðîæäàþùèõ ãðóïïû Dl−1 ìû ïî-ïðåæíåìó îñòàåìñÿ â ãðóïïå Dl−1. Ñëåäîâàòåëüíî, Dk−1

äåéñòâèòåëüíî ëåæèò â íîðìàëèçàòîðå ãðóïïû Dl−1.
Èñïîëüçóÿ èíäóêöèþ, èç ýòîé ëåììû ëåãêî âûâîäèòñÿ
Ñëåäñòâèå. Ïîäãðóïïà Dn−1 íîðìàëüíà â ãðóïïå Cbn.
Ñëåäóþùàÿ ëåììà ÿâëÿåòñÿ îäíèì èç óòâåðæäåíèé îñíîâíîé òåîðåìû.
Ëåììà 3. Ãðóïïà ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ Cbn ïðè n ≥ 2 ÿâëÿåòñÿ ïîëóïðÿ-

ìûì ïðîèçâåäåíèåì
Cbn = Dn−1 h (Dn−2 h . . . (h(D2 h D1)) . . .),

ãäåDi = ãð(εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1), à ãð(εi+1,1, εi+1,2, . . . , εi+1,i) ' Fi, ãð(ε1,i+1, ε2,i+1, . . . , εi,i+1) '
Zi, i = 1, 2, . . . , n− 1.

Äîêàçàòåëüñòâî. Ïðè n = 2 èìååì

Cb2 = D1 = ãð(ε21, ε12).

Òàê êàê ãðóïïà Cb2 íå ñîäåðæèò ñîîòíîøåíèé, òî D1 ' F2 = F1 ∗ Z è áàçèñ èíäóêöèè
óñòàíîâëåí.

Ïîêàæåì, ÷òî Cbn = Dn−1 h Cbn−1. Ââèäó ëåììû 2 ïîäãðóïïà Dn−1 íîðìàëüíà â Cbn.
Ðàññìîòðèì ñîîòíîøåíèÿ (3)�(5), îïðåäåëÿþùèå ãðóïïó Cbn. Ðàçîáúåì èõ íà òðè íåïåðå-

ñåêàþùèõñÿ ïîäìíîæåñòâà. Â ïåðâîå ïîäìíîæåñòâî áóäóò âõîäèòü ñîîòíîøåíèÿ, ñîäåðæàùèå
òîëüêî ïîðîæäàþùèå ãðóïïû Dn−1. Òàê êàê ó ëþáîé ïàðû ïîðîæäàþùèõ ãðóïïû Dn−1 îäèí
èç èíäåêñîâ ðàâåí n, òî â ïåðâîå ïîäìíîæåñòâî âõîäÿò òîëüêî ñîîòíîøåíèÿ èç (4) ñëåäóþùåãî
âèäà

εinεjn = εjnεin, 1 ≤ i 6= j ≤ n− 1. (8)

Ñëåäîâàòåëüíî, ýëåìåíòû ε1n, ε2n, . . . , εn−1,n ïîðîæäàþò àáåëåâó ïîäãðóïïó ãðóïïûDn−1. Òàê-
æå ëåãêî ïðîâåðèòü, ÷òî ýëåìåíòû εn1, εn2, . . . , εn,n−1 ÿâëÿþòñÿ ñâîáîäíûìè ïîðîæäàþùèìè
ñâîáîäíîé ãðóïïû Fn−1.

Âî âòîðîå ïîäìíîæåñòâî ñîîòíîøåíèé âõîäÿò ñîîòíîøåíèÿ, ñîäåðæàùèå òîëüêî ïîðîæ-
äàþùèå ãðóïïû Cbn−1. Íàêîíåö, òðåòüå ïîäìíîæåñòâî ñîñòîèò èç ñîîòíîøåíèé, ñîäåðæàùèõ
îäíîâðåìåííî ïîðîæäàþùèå ãðóïï Dn−1 è Cbn−1. Ïîêàæåì, ÷òî ýòè ñîîòíîøåíèÿ îïðåäåëÿþò
äåéñòâèå ãðóïïû Cbn−1 íà ïîäãðóïïå Dn−1.

Ðàññìîòðèì ñîîòíîøåíèÿ èç (3), ñîäåðæàùèå îäíîâðåìåííî ïîðîæäàþùèå ãðóïï Dn−1 è
Cbn−1. Ýòî ñîîòíîøåíèÿ îäíîãî èç ñëåäóþùèõ äâóõ âèäîâ

εijεkn = εknεij, εijεnk = εnkεij, 1 ≤ i, j, k < n. (9)
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Èç ýòèõ ñîîòíîøåíèé ñëåäóþò ôîðìóëû ñîïðÿæåíèÿ

ε−ν
ij εknε

ν
ij = εkn, ε−ν

ij εnkε
ν
ij = εnk, ν = ±1. (10)

Åñëè ñîîòíîøåíèå èç (4) ñîäåðæèò îäíîâðåìåííî ïîðîæäàþùèå ãðóïï Dn−1 è Cbn−1, òî
îíî èìååò âèä

εnjεkj = εkjεnj, 1 ≤ k, j < n.

Èç ýòîãî ñîîòíîøåíèÿ èìååì ñëåäóþùèå ôîðìóëû ñîïðÿæåíèÿ

ε−ν
kj εnjε

ν
kj = εnj, 1 ≤ k, j < n ν = ±1. (11)

Åñëè ñîîòíîøåíèå èç (5) ñîäåðæèò îäíîâðåìåííî ïîðîæäàþùèå ãðóïï Dn−1 è Cbn−1, òî
îíî ìîæåò áûòü îäíîãî èç ñëåäóþùèõ òðåõ âèäîâ

(εijεnj)εin = εin(εijεnj),

(εnjεij)εni = εni(εnjεij),

(εinεjn)εij = εij(εinεjn), 1 ≤ i, j < n.

Èç ýòèõ ñîîòíîøåíèé òàê æå, êàê è â äîêàçàòåëüñòâå ëåììû 1, âûâîäÿòñÿ ôîðìóëû ñîïðÿ-
æåíèÿ

ε−ν
ij εinε

ν
ij = εν

njεinε
−ν
nj , (12)

ε−ν
ij εniε

ν
ij = εν

njεniε
−ν
nj , (13)

ε−ν
ij εjnε

ν
ij = [ε−ν

nj , εin]εjn, 1 ≤ i, j < n, ν = ±1. (14)

Ñëåäîâàòåëüíî, ñîîòíîøåíèÿ ãðóïïû Cbn, ñîäåðæàùèå îäíîâðåìåííî ïîðîæäàþùèå ãðóïï
Dn−1 è Cbn−1 ðàâíîñèëüíû ñîîòíîøåíèÿì (10)�(14), îïðåäåëÿþùèì äåéñòâèå ãðóïïû Cbn−1

íà ïîäãðóïïå Dn−1. Òàê êàê Dn−1

⋂
Cbn−1 = 1, òî Cbn = Dn−1 h Cbn−1. Âîñïîëüçîâàâøèñü

èíäóêòèâíûì ïðåäïîëîæåíèåì, ïîëó÷èì òðåáóåìîå ðàçëîæåíèå. Ëåììà äîêàçàíà.
Îòìåòèì, ÷òî ââèäó ëåììû 2, ïîðÿäîê ðàññòàíîâêè ñêîáîê â ïîëó÷åííîì ðàçëîæåíèè

ìîæåò áûòü ïðîèçâîëüíûì.
Ãðóïïà ñîïðÿãàþùèõ àâòîìîðôèçìîâ Cn ñîäåðæèò ãðóïïó ñîïðÿãàþùèõ áàçèñ àâòîìîð-

ôèçìîâ Cbn. Ïðè ýòîì, êàê ïîêàçàíî â ðàáîòå [6], ãðóïïà Cn ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâå-
äåíèåì Cn = Cbn h Sn, ãäå ñèììåòðè÷åñêàÿ ãðóïïà Sn ïîðîæäàåòñÿ àâòîìîðôèçìàìè

αi :


xi 7−→ xi+1,
xi+1 7−→ xi, i = 1, 2, . . . , n− 1,
xl 7−→ xl, l 6= i, i + 1,

è îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

α2
j = 1, j = 1, 2, . . . , n− 1, (15)

αiαi+1αi = αi+1αiαi+1, j = 1, 2, . . . , n− 2, (16)

αkαl = αlαk, 1 ≤ k, l ≤ n− 1, |k − l| ≥ 2. (17)
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Ïðè ýòîì ãðóïïà Cn ïîðîæäàåòñÿ àâòîìîðôèçìàìè εij, 1 ≤ i 6= j ≤ n; αk, 1 ≤ k ≤ n − 1 è
îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (3)�(5), (15)�(17) è ñîîòíîøåíèÿìè

εijαk = αkεij, k 6= i− 1, i, j − 1, j, (19)

εijαi = αiεi+1,j, εijαj = αjεi,i+1, εi,i+1αi = αiεi+1,i, (20)

(ñì. [6, ëåììà 1]).
Î÷åâèäíî, ãðóïïà êðàøåíûõ êîñ Pn ñîäåðæèòñÿ â ãðóïïå Cbn. Âûðàçèì ïîðîæäàþùèå

ãðóïïû Pn ÷åðåç ïîðîæäàþùèå ãðóïïû Cbn. Ñïðàâåäëèâà
Ëåììà 4. Ïîðîæäàþùèå ãðóïïû êðàøåíûõ êîñ Pn ïðåäñòàâèìû â ñëåäóþùåì âèäå

ai,i+1 = ε−1
i,i+1ε

−1
i+1,i, i = 1, 2, . . . , n− 1, (21)

aij = εj−1,iεj−2,i . . . εi+1,i(ε
−1
ij ε−1

ji )ε−1
i+1,i . . . ε

−1
j−2,iε

−1
j−1,i =

= ε−1
j−1,jε

−1
j−2,j . . . ε−1

i+1,j(ε
−1
ij ε−1

ji )εi+1,j . . . εj−2,jεj−1,j, 2 ≤ i + 1 < j ≤ n. (22)

Äîêàçàòåëüñòâî. Íåîáõîäèìî âñïîìíèòü, êàê äåéñòâóþò ñîîòâåòñòâóþùèå ýëåìåíòû íà
ïîðîæäàþùèõ ñâîáîäíîé ãðóïïû Fn. Äîêàçàòåëüñòâî ðàâåíñòâà (21) çàêëþ÷àåòñÿ â íåïîñðåä-
ñòâåííîé ïðîâåðêå. Äëÿ äîêàçàòåëüñòâà ïåðâîãî ðàâåíñòâà èç (22) äîñòàòî÷íî ïðîâåðèòü, ÷òî
àâòîìîðôèçì

aijεji(εj−1,iεj−2,i . . . εi+1,i)εij(ε
−1
i+1,i . . . ε

−1
j−2,iε

−1
j−1,i)

ÿâëÿåòñÿ òîæäåñòâåííûì. Äëÿ äîêàçàòåëüñòâà âòîðîãî ðàâåíñòâà èç (22) äîñòàòî÷íî óñòàíî-
âèòü ñëåäóþùåå ñîîòíîøåíèå

εki(ε
−1
ij ε−1

ji )ε−1
ki = ε−1

kj (ε−1
ij ε−1

ji )εkj, i + 1 ≤ k ≤ j − 1. (23)

Èç ëåììû 1 èìååì ôîðìóëû ñîïðÿæåíèÿ

εkiε
−1
ij ε−1

ki = ε−1
ij [εkj, εji], εkiε

−1
ji ε−1

ki = ε−1
ji .

Èñïîëüçóÿ ýòè ôîðìóëû, ïåðåïèøåì ëåâóþ ÷àñòü ðàâåíñòâà (23) â òàêîì âèäå

εki(ε
−1
ij ε−1

ji )ε−1
ki = ε−1

ij [εkj, εji]ε
−1
ji = ε−1

ij ε−1
kj ε−1

ji εkj.

Âîñïîëüçîâàâøèñü ïåðåñòàíîâî÷íîñòüþ ýëåìåíòîâ ε−1
ij è ε−1

kj , ïîëó÷èì òðåáóåìîå ðàâåíñòâî
(23) èç êîòîðîãî ëåãêî ñëåäóåò òðåáóåìîå ïðåäñòàâëåíèå. Ëåììà äîêàçàíà.

Òåïåðü ìû ìîæåì äîêàçàòü îñòàâøóþñÿ ÷àñòü òåîðåìû 1. Âñïîìèíàåì, ÷òî

Di = ãð(εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1),

à ñâîáîäíàÿ ãðóïïà Ui+1 ïîðîæäàåòñÿ ýëåìåíòàìè a1,i+1, a2,i+1, . . . , ai,i+1. Òàê êàê ââèäó ëåììû
4 ñïðàâåäëèâû ðàâåíñòâà

ak,i+1 = ε−1
i,i+1ε

−1
i−1,i+1 . . . ε−1

k+1,i+1(ε
−1
k,i+1ε

−1
i+1,k)εk+1,i+1 . . . εi−1,i+1εi,i+1, 1 ≤ k ≤ i− 1,

ai,i+1 = ε−1
i,i+1ε

−1
i+1,i,

òî Ui+1 ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû Di.
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Áîëåå òîãî, èñïîëüçóÿ ïðåîáðàçîâàíèÿ Òèòöà, íåòðóäíî ïîêàçàòü, ÷òî ãðóïïà Di ïîðîæ-
äàåòñÿ ýëåìåíòàìè a1,i+1, a2,i+1, . . . , ai,i+1; ε1,i+1, ε2,i+1, . . . , εi,i+1. Òàêèì îáðàçîì òåîðåìà 1 ïîë-
íîñòüþ äîêàçàíà.

Äîêàçàííàÿ òåîðåìà ñâîäèò îïèñàíèå ãðóïïû Cbn ê îïèñàíèþ åå ïîäãðóïïDn−1, Dn−2, . . . , D1.
Ïîêàæåì, ÷òî ïîñëåäíèå (çà èñêëþ÷åíèåì D1) óñòðîåíû äîâîëüíî ñëîæíî. Áîëåå òîãî, â ðà-
áîòå [9, ñ. 167] âûñêàçàíà ãèïîòåçà î òîì, ÷òî îíè íå ÿâëÿþòñÿ êîíå÷íî îïðåäåëåííûìè.

Ïî òåîðåìå 1 ãðóïïà Cb3 ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíèåì Cb3 = D2 h D1, ãäå
D2 = ãð(ε31, ε32, ε13, ε23), D1 = ãð(ε21, ε12) ' F2. Â ãðóïïå D2 ýëåìåíòû ε13 è ε23 ïåðåñòàíîâî÷-
íû. Ïîêàæåì, ÷òî â D2 âûïîëíÿåòñÿ è ìíîæåñòâî äðóãèõ ñîîòíîøåíèé. Äåéñòâèòåëüíî, êàê
áûëî çàìå÷åíî ïðè äîêàçàòåëüñòâå òåîðåìû 1, ñîïðÿæåíèÿ ýëåìåíòàìè èç D1 èíäóöèðóþò àâ-
òîìîðôèçìû ãðóïïû D2. Ñëåäîâàòåëüíî, ñîïðÿãàÿ ñîîòíîøåíèå ïåðåñòàíîâî÷íîñòè, ìû îïÿòü
ïîëó÷èì ñîîòíîøåíèå, âûïîëíåííîå â D2. Â ÷àñòíîñòè, ñîïðÿãàÿ ñîîòíîøåíèå ε13ε23 = ε23ε13

ðàçëè÷íûìè ñòåïåíÿìè ýëåìåíòîâ ε12 è ε21, ïîëó÷èì ñëåäóþùèå ñîîòíîøåíèÿ

[ε13ε23, ε
k
32ε13ε

−k
32 ] = 1,

[ε13ε23, ε
k
31ε23ε

−k
31 ] = 1,

ñïðàâåäëèâûå äëÿ ëþáîãî öåëîãî k.

� 3. Íåêîòîðûå ñâîéñòâà ãðóïïû ñîïðÿãàþùèõ àâòîìîðôèçìîâ

Íàéäåì âíà÷àëå ôàêòîð�ãðóïïû Cn/C
′
n è Cbn/Cb′n. Äëÿ ýòîãî âîñïîëüçóåìñÿ ñëåäóþùèì

óòâåðæäåíèåì
Ëåììà 5 ([6, òåîðåìà 1]). Ãðóïïà Cn ïîðîæäàåòñÿ àâòîìîðôèçìàìè σi, αi, i = 1, 2, . . . , n−

1, è îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (1)�(2), (15)�(17) è ñîîòíîøåíèÿìè

αiσj = σjαi, |i− j| ≥ 2, (24)

σiαi+1αi = αi+1αiσi+1, αiσi+1σi = σi+1σiαi+1. (25)

Èç ýòîé ëåììû è ãåíåòè÷åñêîãî êîäà ãðóïïû Cbn ëåãêî âûâîäèòñÿ
Ïðåäëîæåíèå 1. à) Ôàêòîð�ãðóïïà Cn/C

′
n, n ≥ 2, ãðóïïû Cn ïî êîììóòàíòó C ′

n èçî-
ìîðôíà ãðóïïå Z2 × Z.

á) Ôàêòîð�ãðóïïà Cbn/Cb′n, n ≥ 2, ãðóïïû Cbn ïî êîììóòàíòó Cb′n èçîìîðôíà ãðóïïå
Zn(n−1).

Ãðóïïà âíóòðåííèõ àâòîìîðôèçìîâ Inn(Fn) ñâîáîäíîé ãðóïïû Fn ñîäåðæèòñÿ â ãðóïïå
ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ Cbn. Ñïðàâåäëèâî

Ïðåäëîæåíèå 2. Ïåðåñå÷åíèå Bn

⋂
Inn(Fn), n ≥ 2, ÿâëÿåòñÿ áåñêîíå÷íîé öèêëè÷åñêîé

ãðóïïîé, êîòîðàÿ ïîðîæäàåòñÿ âíóòðåííèì àâòîìîðôèçìîì � ñîïðÿæåíèåì ýëåìåíòîì
x1x2 . . . xn.

Äîêàçàòåëüñòâî ñëåäóåò èç îïèñàíèÿ ãðóïïû êîñ, êàê ïîäãðóïïû ãðóïïû àâòîìîðôèç-
ìîâ Aut(Fn), äàííîãî Àðòèíîì (ñì. � 1). Ýëåìåíòû èç Bn îñòàâëÿþò íåïîäâèæíûì ïðî-
èçâåäåíèå x1x6 . . . xn. Ñðåäè âíóòðåííèõ àâòîìîðôèçìîâ ýòèì ñâîéñòâîì îáëàäàåò òîëüêî
ñîïðÿæåíèå ïîñðåäñòâîì (x1x2 . . . xn)k, k ∈ Z. Îòñþäà è ñëåäóåò òðåáóåìîå óòâåðæäåíèå.

Ïîêàæåì òåïåðü, ÷òî ãðóïïà Cn, n ≥ 7, ïîðîæäàåòñÿ íå áîëåå ÷åòûðüìÿ ýëåìåíòàìè.
Äåéñòâèòåëüíî, íåïîñðåäñòâåííî èç ëåììû 1 ñëåäóåò, ÷òî

C2 = ãð(α1, σ1 ‖ α2
1 = 1) ' Z2 ∗ Z.
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Ïðè n ≥ 3 ñïðàâåäëèâî
Ïðåäëîæåíèå 3. Ãðóïïà ñîïðÿãàþùèõ àâòîìðôèçìîâ Cn, n ≥ 3, ïîðîæäàåòñÿ ýëåìåí-

òàìè α1, α, σ1, σ è îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

σn = (σσ1)
n−1, σ1(σ

−jσ8σ
j) = (σ−jσ1σ

j)σ1, 1 ≤ j ≤ n/6, (26)

α2 = 1, αn = (α1α)n−1, α1(α
−jα1α

j) = (α−jα1α
j)α1, 2 ≤ j ≤ n/2, (21)

α−iα1α
iσjσ1σ

−j = σjσ1σ
−jα−iα1α

i, 1 ≤ i, j ≤ n− 2, |i− j| ≥ 2, (25)

σi−1σ1σ
−(i−1)α−iα1αα1α

i−1 = α−iα1αα1α
i−1σiσ6σ

−i, 5 ≤ i ≤ n− 1, (22)

σi−1σ1σσ9σ
−iα−(i−1)α1α

i−1 = α−iα1α
iσi−1σ1σσ1σ

−i, 2 ≤ i ≤ n− 1. (30)

Ïðè ýòîì íîâûå è ñòàðûå ïîðîæäàþùèå ñâÿçàíû ôîðìóëàìè

σ = σ1σ2 . . . σn−1, α = αn−1αn−2 . . . α1, (31)

σi+1 = σiσ1σ
−i, αi+1 = α−iα1α

i, 1 ≤ i ≤ n− 2. (32)

Äîêàçàòåëüñòâî. Õîðîøî èçâåñòíî [15, ãë. 6], ÷òî ãðóïïà êîñ Bn, n ≥ 3, ïîðîæäàåòñÿ
ýëåìåíòàìè σ1 è σ è îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (26). Àíàëîãè÷íî, ñèììåòðè÷åñêàÿ ãðóïïà
Sn ïîðîæäàåòñÿ ýëåìåíòàìè α1, α è îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (27). Ïðè ýòîì ñâÿçü ìåæäó
ñòàðûìè è íîâûìè ïîðîæäàþùèìè äàåòñÿ ôîðìóëàìè (31) è (32). Ñëåäîâàòåëüíî, â ïðåä-
ñòàâëåíèè ãðóïïû Cn èç ëåììû 5, ìû ìîæåì çàìåíèòü ïîðîæäàþùèå αi, σi, i = 1, 2, . . . , n−1,
ïîðîæäàþùèìè α1, α, σ1, σ, ñîîòíîøåíèÿ (1)�(2) ñîîòíîøåíèÿìè (26), ñîîòíîøåíèÿ (15)�(17)
� ñîîòíîøåíèÿìè (27). Ïîäñòàâèâ â ñîîòíîøåíèÿ (24)�(25) âûðàæåíèÿ ïîðîæäàþùèõ αi, σj

÷åðåç ïîðîæäàþùèå α, α1, σ1, σ, ïîëó÷èì ñîîòíîøåíèÿ (28)�(30). Ïðåäëîæåíèå äîêàçàíî.
Ïîêàæåì òåïåðü, ÷òî â ãðóïïå ñîïðÿãàþùèõ àâòîìîðôèçìîâ Cn ìîæíî îïðåäåëèòü íîð-

ìàëüíóþ ôîðìó.
Äëÿ ýòîãî â ãðóïïå Di, i = 1, 2, . . . , n− 1, óïîðÿäî÷èì ïîðîæäàþùèå ñâîáîäíîé àáåëåâîé

ãðóïïû ãð(ε1,i+1, ε2,i+1, . . . , εi,i+1) ' Zi ñëåäóþùèì îáðàçîì:

ε1,i+1 < ε2,i+1 < . . . < εi,i+1.

Òîãäà âñÿêèé ýëåìåíò èç ýòîé ãðóïïû îäíîçíà÷íî ïðåäñòàâèì â âèäå εβ1

1,i+1ε
β2

2,i+1 . . . εβi

i,i+1 äëÿ
íåêîòîðûõ öåëûõ β1, β2, . . . , βi.

Ïîëîæèì äàëåå ωij = αi−1αi−2 . . . αj ïðè 1 ≤ j < i ≤ n − 1 è ωij = 1 â ïðîòèâíîì ñëó÷àå.
Ââåäåì ìíîæåñòâî

Ωn = {
n∏

i=1

ωij|1 ≤ j ≤ i}.

Ñïðàâåäëèâî
Ïðåäëîæåíèå 4. Âñÿêèé ýëåìåíò c èç ãðóïïû Cn ïðåäñòàâèì â âèäå

c = d1d2 . . . dnβ,

ãäå di ∈ Di, i = 1, 2, . . . , n− 1, β ∈ Ωn.
Äîêàçàòåëüñòâî. Êàê áûëî îòìå÷åíî âûøå, ãðóïïà Cn ïîðîæäàåòñÿ ýëåìåíòàìè εij, 1 ≤

i 6= j ≤ n, αk, 1 ≤ k ≤ n − 1. Ïðè ýòîì ýëåìåíòû εij ïîðîæäàþò ãðóïïó ñîïðÿãàþùèõ
áàçèñ àâòîìîðôèçìîâ Cbn, à ýëåìåíòû αk � ñèììåòðè÷åñêóþ ãðóïïó Sn. Ïóñòü ýëåìåíò c
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ïðåäñòàâëåí íåêîòîðûì ñëîâîì â àëôàâèòå {ε±1
ij , αk|1 ≤ i 6= j ≤ n, 1 ≤ k ≤ n − 1}.

Òàê êàê ãðóïïà Cn ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíèåì ãðóïïû Cbn è Sn, òî, èñïîëüçóÿ
ñîîòíîøåíèÿ (19)�(20), ìû ìîæåì ïåðåäâèíóòü âñå ïîðîæäàþùèå αk âïðàâî è ïðåäñòàâèòü
ýëåìåíò c â âèäå c = dw, ãäå d � íåêîòîðîå ñëîâî, ñîäåðæàùåå òîëüêî ïîðîæäàþùèå ε±1

ij , à
w � ñëîâî, ñîäåðæàùåå òîëüêî ïîðîæäàþùèå αk. Òàê êàê ñëîâî w ïðåäñòàâëÿåò íåêîòîðûé
ýëåìåíò èç ãðóïïû Sn, òî ýòîò ýëåìåíò ðàâåí íåêîòîðîìó ýëåìåíòó èç ìíîæåñòâà Ωn. Ýòîò
ýëåìåíò ìû è îáîçíà÷èì ÷åðåç β.

Ðàññìîòðèì òåïåðü ñëîâî d. Âîñïîëüçîâàâøèñü ðàçëîæåíèåì ãðóïïû Cbn â ïîëóïðÿìîå
ïðîèçâåäåíèå ãðóïï Di èç òåîðåìû 1, ïðåäñòàâèì ýëåìåíò d â âèäå ïðîèçâåäåíèÿ

d = d1d2 . . . dn−1, di ∈ Di.

Ïðåäëîæåíèå äîêàçàíî.
Ïóñòü òåïåðü V � ìíîæåñòâî òåîðåòèêî�ãðóïïîâûõ ñëîâ.Øèðèíîé (ñì. [16, � 12] wid(G, V )

âåðáàëüíîé ïîäãðóïïû V (G), îïðåäåëåííîé â ãðóïïå G ìíîæåñòâîì ñëîâ V , îòíîñèòåëüíî
ýòîãî V , íàçûâàåòñÿ íàèìåíüøåå m ∈ N

⋃
{+∞} òàêîå, ÷òî âñÿêèé ýëåìåíò ïîäãðóïïû V (G)

çàïèñûâàåòñÿ â âèäå ïðîèçâåäåíèÿ ≤ m çíà÷åíèé ñëîâ èç V .
Ïîäãðóïïà íàçûâàåòñÿ ñîáñòâåííîé, åñëè îíà îòëè÷íà îò åäèíè÷íîé è âñåé ãðóïïû. Ìíî-

æåñòâî V íàçûâàåòñÿ ñîáñòâåííûì ìíîæåñòâîì ñëîâ, åñëè âåðáàëüíàÿ ïîäãðóïïà V (F2)
ÿâëÿåòñÿ ñîáñòâåííîé ïîäãðóïïîé ñâîáîäíîé ãðóïïû F2. Â ïðîòèâíîì ñëó÷àå V íàçûâàåò-
ñÿ íåñîáñòâåííûì ìíîæåñòâîì ñëîâ. Øèðèíà âåðáàëüíîé ïîäãðóïïû îòíîñèòåëüíî íåñîá-
ñòâåííîãî ìíîæåñòâà ñëîâ âñåãäà êîíå÷íà [17, ëåììà 1]. Åñëè â ãðóïïå G âñÿêîå ñîáñòâåííîå
ìíîæåñòâî ñëîâ îïðåäåëÿåò ñîáñòâåííóþ âåðáàëüíóþ ïîäãðóïïó, òî ãîâîðÿò, ÷òî G áîãàòà
âåðáàëüíûìè ïîäãðóïïàìè. Èíûìè ñëîâàìè, ãðóïïà, áîãàòàÿ âåðáàëüíûìè ïîäãðóïïàìè, ñî-
äåðæèò ñòîëüêî æå ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï, ñêîëüêî è ñâîáîäíàÿ ãðóïïà F2. Áóäåì
ãîâîðèòü, ÷òî ãðóïïà G íå èìååò ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï êîíå÷íîé øèðèíû, åñëè
äëÿ âñÿêîãî êîíå÷íîãî ñîáñòâåííîãî ìíîæåñòâà ñëîâ V øèðèíà wid(G, V ) áåñêîíå÷íà.

Äàëåå íàì ïîòðåáóåòñÿ
Ëåììà 6 ([14, ëåììà 3]). Åñëè ñóùåñòâóåò ýïèìîðôèçì ãðóïïû G íà ãðóïïó, íå èìåþ-

ùóþ ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï êîíå÷íîé øèðèíû è áîãàòóþ âåðáàëüíûìè ïîäãðóï-
ïàìè, òî è ñàìà G íå èìååò ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï êîíå÷íîé øèðèíû.

Èñïîëüçóÿ ýòó ëåììó, óñòàíîâèì
Ïðåäëîæåíèå 5. Ãðóïïà ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ Cbn, n ≥ 2, íå èìååò

ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï êîíå÷íîé øèðèíû.
Äîêàçàòåëüñòâî Èç òåîðåìû 1 ñëåäóåò, ÷òî ñóùåñòâóåò ýïèìîðôèçì ãðóïïû Cbn, n ≥

2, íà ãðóïïó Cb2. Ïîñëåäíÿÿ, â ñâîþ î÷åðåäü, èçîìîðôíà ñâîáîäíîé ãðóïïå F2 è äëÿ íåå
òðåáóåìîå óòâåðæäåíèå íåïîñðåäñòâåííî ñëåäóåò èç ðåçóëüòàòà À. Õ. Ðåìòóëëû [18]. Äëÿ
çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàåòñÿ âîñïîëüçîâàòüñÿ ëåììîé 6

Â ðàáîòå [19] óñòàíîâëåíî, ÷òî ãðóïïà êîñ Bn ïðè n ≥ 3 íå èìååò ñîáñòâåííûõ âåðáàëü-
íûõ ïîäãðóïï êîíå÷íîé øèðèíû. Âîçìîæíî, ÷òî èñïîëüçóÿ ðàçâèòóþ òàì òåõíèêó, ìîæíî
óñòàíîâèòü àíàëîãè÷íîå óòâåðæäåíèå è äëÿ ãðóïïû ñîïðÿãàþùèõ àâòîìîðôèçìîâ Cn ïðè
n ≥ 2.

� 4. Î äðóãèõ ðàçëîæåíèÿõ ãðóïïû ñîïðÿãàþùèõ áàçèñ àâòîìîðôèçìîâ
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Ðàçëîæåíèå ãðóïïû Cbn â ïîëóïðÿìîå ïðîèçâåäåíèå, ïîñòðîåííîå â òåîðåìå 1 íå åäèí-
ñòâåííî. Â ýòîì ïàðàãðàôå ìû íàéäåì íåêîòîðîå äðóãîå ðàçëîæåíèå, à òàêæå ïîêàæåì, ÷òî
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ãðóïïà Cb3 ÿâëÿåòñÿ HNN�ðàñøèðåíèåì íåêîòîðîé ãðàô�ãðóïïû.
Çàìå÷àíèå. Íåòðóäíî ïðîâåðèòü, ÷òî ãåíåòè÷åñêèé êîä ãðóïïû Cbn, n ≥ 3, ñ ìíîæå-

ñòâîì ïîðîæäàþùèõ εij, 1 ≤ i 6= j ≤ n, è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè (3)�(5) îáëàäàåò
ñëåäóþùèìè ñâîéñòâàìè:

à) ÷èñëî ñîîòíîøåíèé âèäà (3) ðàâíî (n− 3)(n− 2)(n− 1)n/2 ïðè n ≥ 4;
á) ÷èñëî ñîîòíîøåíèé âèäà (4) ðàâíî (n− 2)(n− 1)n/2;
â) ÷èñëî ñîîòíîøåíèé âèäà (5) ðàâíî (n− 2)(n− 1)n;
ã) âñÿêèé ïîðîæäàþùèé εij ãðóïïû Cbn âõîäèò â 3(n− 2) ñîîòíîøåíèÿ âèäà (5).
Òàêæå íàì ïîòðåáóåòñÿ
Ëåììà 7. Êàæäàÿ èç ïîäãðóïï ãð(εij, εji), ãð(εki, εkj), 1 ≤ i < j ≤ n, k 6= i, j, 1 ≤ k ≤ n,

ãðóïïû Cbn èçîìîðôíà ñâîáîäíîé ãðóïïå F2.
Äîêàçàòåëüñòâî. 1) Ïîëîæèì G = ãð(εij, εji) ≤ Aut(Fn). Î÷åâèäíî, G ñîäåðæèòñÿ â

ãðóïïå àâòîìîðôèçìîâ Aut(F2) ñâîáîäíîé ãðóïïû F2 ñ ïîðîæäàþùèìè xi è xj. Ìîæíî ïî-
êàçàòü, ÷òî íà ñàìîì äåëå G ' IA(F2), à òàê êàê ïîñëåäíÿÿ ãðóïïà èçîìîðôíà F2, òî îòñþäà
è ñëåäóåò òðåáóåìîå óòâåðæäåíèå.

2) Ïîëîæèì G = ãð(εki, εkj) è ðàññìîòðèì íåêîòîðîå ñëîâî w â àëôàâèòå {ε±1
ki , ε±1

kj }, êî-
òîðîå íåïóñòî è ñâîáîäíî ïðèâåäåíî. Ïîêàæåì, ÷òî îíî áóäåò îïðåäåëÿòü íåòðèâèàëüíûé
àâòîìîðôèçì. Äåéñòâèòåëüíî, ïóñòü

w = εα1
ki ε

β1

kj . . . ε
αp

ki ε
βp

kj ,

ãäå âñå ïîêàçàòåëè ÿâëÿþòñÿ öåëûìè ÷èñëàìè è âñå, çà èñêëþ÷åíèåì, âîçìîæíî, α1 è βp

îòëè÷íû îò íóëÿ. Ïîäåéñòâóåì ýòèì àâòîìîðôèçìîì íà ïîðîæäàþùèé xk ãðóïïû Fn. Òîãäà
xk ïåðåéäåò â ýëåìåíò

x
−βp

j x
−αp

i . . . x−β1

j x−α1
i xkx

α1
i xβ1

j . . . x
αp

i x
βp

j ,

êîòîðûé, î÷åâèäíî, îòëè÷åí îò xk. Ñëåäîâàòåëüíî, w îïðåäåëÿåò íåòðèâèàëüíûé àâòîìîð-
ôèçì. Ëåììà äîêàçàíà.

Ðàññìîòðèì ãðóïïó Cb3. Îíà ïîðîæäàåòñÿ ýëåìåíòàìè ε21, ε31, ε12, ε32, ε13, ε23. Îïðåäåëèì
ýëåìåíòû

a = ε21ε31, b = ε12ε32, c = ε13ε23. (33)

Ñïðàâåäëèâî
Ïðåäëîæåíèå 6. Ãðóïïà Cb3 ÿâëÿåòñÿ HNN�ðàñøèðåíèåì:

Cb3 = ãð(G, c ‖ c−1Ac = A, ϕ)

ãðàô�ãðóïïû G = ãð(a, b, ε31, ε32, ε23 ‖ aε31 = ε31a, aε23 = ε23a, aε32 = ε32a, bε32 = ε32b) ñ ïðîõîä-
íîé áóêâîé c, ñâÿçàííîé ïîäãðóïïîé A = ãð(aε−1

31 , b, ε23, ε32) è èçîìîðôèçìîì ϕ, îïðåäåëåííûì
äåéñòâèåì íà ïîðîæäàþùèõ:

ϕ :


aε−1

31 7−→ aε−1
31 ,

ε23 7−→ ε23,
b 7−→ ε−1

23 bε23,

ε32 7−→
(
ε−1
23 b−1ε23bε

−1
32

)−1
.

Äîêàçàòåëüñòâî. Èç ðàâåíñòâà (33) âûðàçèì ïîðîæäàþùèå ε21, ε12, ε13:

ε21 = aε−1
31 , ε12 = bε−1

32 , ε13 = cε−1
23 .
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Ïîäñòàâèâ ýòè âûðàæåíèÿ â îïðåäåëÿþùèå ñîîòíîøåíèÿ ãðóïïû Cb3, ïîëó÷èì íîâîå ïðåä-
ñòàâëåíèå:

Cb3 = ãð(a, ε31, b, ε32, c, ε23 ‖ aε31 = ε31a, aε23 = ε23a, aε32 = ε32a, bε32 = ε32b,

bε31 = ε31b, c−1(aε−1
31 )c = aε−1

31 , c−1ε23c = ε23, c−1(bε−1
32 )c = bε−1

32 , c−1(bε−1
23 )c = ε−1

23 b).

Çàìåòèì, ÷òî ïîñëåäíåå ñîîòíîøåíèå ìîæíî ïåðåïèñàòü â òàêîì âèäå

(c−1bc)(c−1ε−1
23 c) = ε−1

23 b

è, âîñïîëüçîâàâøèñü ïåðåñòàíîâî÷íîñòüþ ε23 è c, ïîëó÷èì ñîîòíîøåíèå

c−1bc = ε−1
23 bε23.

Îïðåäåëèì ïîäãðóïïû

A = ãð(aε−1
31 , ε23, bε

−1
32 , b), B = ãð(aε−1

31 , ε23, bε
−1
32 , ε−1

23 bε23).

Ëåãêî çàìåòèòü, ÷òî íà ñàìîì äåëå

A = B = ãð(aε−1
31 , b, ε23, ε32),

è ñîïðÿæåíèå ýëåìåíòîì c îïðåäåëÿåò àâòîìîðôèçì

ϕ :


aε−1

31 7−→ aε−1
31 ,

ε23 7−→ ε23,
b 7−→ ε−1

23 bε23,
ε32 7−→ ε−1

23 b−1ε23bε
−1
32 .

Îòñþäà è èç íîâîãî ãåíåòè÷åñêîãî êîäà ãðóïïû Cb3 ïîëó÷èì òðåáóåìîå HNN�ðàñøèðåíèå.
Ïðåäëîæåíèå äîêàçàíî.
Ðàññìîòðèì òåïåðü ãðóïïó Cbn äëÿ ïðîèçâîëüíîãî n ≥ 3. Ïîëîæèì m = [n/2], ãäå

êâàäðàòíûå ñêîáêè îçíà÷àþò âçÿòèå öåëîé ÷àñòè. Â ãðóïïå Cbn âûäåëèì ïîäãðóïïó Hn,
ïîðîæäåííóþ ýëåìåíòàìè ε2i−1,2i, ε2i,2i−1, i = 1, 2, . . . ,m. Ïî ëåììå 7, ïîäãðóïïà, ïîðîæäåí-
íàÿ ýëåìåíòàìè ε2i−1,2i, ε2i,2i−1 èçîìîðôíà ñâîáîäíîé ãðóïïå F2, à ó÷èòûâàÿ, ÷òî ýëåìåíòû
ε2i−1,2i è ε2i,2i−1 ïåðåñòàíîâî÷íû ñî âñåìè îñòàëüíûìè ïîðîæäàþùèìè ãðóïïû Hn, âèäèì,
÷òî Hn ' F2 × F2 × . . . × F2 � ïðÿìîå ïðîèçâåäåíèå m ýêçåìïëÿðîâ ñâîáîäíîé ãðóïïû F2.
Ñèìâîëîì Gn îáîçíà÷èì ïîäãðóïïó, ïîðîæäåííóþ ïîðîæäàþùèìè ãðóïïû Cbn, êîòîðûå íå
âîøëè â ñèñòåìó ïîðîæäàþùèõ ãðóïïû Hn. Â ýòèõ îáîçíà÷åíèÿõ ñïðàâåäëèâà

Òåîðåìà 2. Ãðóïïà Cbn, n ≥ 3, ðàçëàãàåòñÿ â ïîëóïðÿìîå ïðîèçâåäåíèå Cbn = Gn h Hn,
ãäå Hn ' Fm

2 , m = [n/2].
Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ãðóïïà Gn íîðìàëüíà â ãðóïïå Cbn. Äëÿ ýòîãî ðàññìîò-

ðèì ïîðîæäàþùèé ε2i−1,2i, 1 ≤ i ≤ m, è âûÿñíèì, ÷òî ïðîèñõîäèò ñ ïîðîæäàþùèìè ãðóïïû
Gn ïðè ñîïðÿæåíèè ýòèì ýëåìåíòîì. Ââèäó ëåììû 1 ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû ñî-
ïðÿæåíèÿ:

ε−ν
2i−1,2iεklε

ν
2i−1,2i = εkl,

ε−ν
2i−1,2iεk,2iε

ν
2i−1,2i = εk,2i,

ε−ν
2i−1,2iεk,2i−1ε

ν
2i−1,2i = εν

k,2iεk,2i−1ε
−ν
k,2i,

ε−ν
2i−1,2iε2i−1,kε

ν
2i−1,2i = εν

k,2iε2i−1,kε
−ν
k,2i,

ε−ν
2i−1,2iε2i,kε

ν
2i−1,2i = [ε−ν

k,2i, ε2i−1,k]ε2i,k.
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Çàìåòèì, ÷òî ïðè ýòîì ñîïðÿæåíèè ïîðîæäàþùèå ãðóïïû Gn ïåðåõîäÿò â ýëåìåíòû ãðóïïû
Gn. Äëÿ ïåðâîé è âòîðîé ôîðìóë ýòî î÷åâèäíî, à äëÿ òðåõ îñòàâøèõñÿ ýòî ñëåäóåò èç òîãî,
÷òî k 6= 2i− 1, 2i.

Àíàëîãè÷íûì îáðàçîì, äëÿ ýëåìåíòà ε2i,2i−1, 1 ≤ i ≤ m, ââèäó ëåììû 1 ñïðàâåäëèâû
ñëåäóþùèå ôîðìóëû ñîïðÿæåíèÿ:

ε−ν
2i,2i−1εklε

ν
2i,2i−1 = εkl,

ε−ν
2i,2i−1εk,2i−1ε

ν
2i,2i−1 = εk,2i−1,

ε−ν
2i,2i−1εk,2iε

ν
2i,2i−1 = εν

k,2i−1εk,2iε
−ν
k,2i−1,

ε−ν
2i,2i−1ε2i,kε

ν
2i,2i−1 = εν

k,2i−1ε2i,kε
−ν
k,2i−1,

ε−ν
2i,2i−1ε2i−1,kε

ν
2i,2i−1 = [ε−ν

k,2i−1, ε2i,k]ε2i−1,k,

êîòîðûå, êàê ëåãêî çàìåòèòü, ïåðåâîäÿò ïîðîæäàþùèå ãðóïïû Gn â ýëåìåíòû èç Gn.
Ñëåäîâàòåëüíî, ìû ïîêàçàëè, ÷òî ãðóïïà Gn íîðìàëüíà â Cbn. Òîãäà î÷åâèäíî, ÷òî Cbn =

GnHn. Âñå ñîîòíîøåíèÿ ãðóïïû Cbn ðàçáèâàþòñÿ íà òðè ïîäìíîæåñòâà. Ïåðâîå ïîäìíîæå-
ñòâî ñîñòîèò èç ñîîòíîøåíèé, ñîäåðæàùèõ òîëüêî ïîðîæäàþùèå ãðóïïû Hn, âòîðîå � èç
ñîîòíîøåíèé, ñîäåðæàùèõ òîëüêî ïîðîæäàþùèå ãðóïïû Gn, à òðåòüå � èç ñîîòíîøåíèé,
ñîäåðæàùèõ îäíîâðåìåííî ïîðîæäàþùèå èç Hn è Gn. Ñîîòíîøåíèÿ èç ïîñëåäíåãî ïîäìíî-
æåñòâà ìû ïåðåïèñàëè â âèäå ôîðìóë ñîïðÿæåíèÿ ïîðîæäàþùèõ ãðóïïû Gn ïîðîæäàþùèìè
ãðóïïû Hn. Îòñþäà è ñëåäóåò, ÷òî Gn

⋂
Hn = 1 è òðåáóåìîå óòâåðæäåíèå óñòàíîâëåíî.

Â ñëó÷àå n = 3 èìååì

H3 = ãð(ε12, ε21), G3 = ãð(ε31, ε32, ε13, ε23).

Òàê êàê H3 è G3 èçîìîðôíû ãðóïïàì D1 è D2 èç òåîðåìû 1, ñîîòâåòñòâåííî, òî ìû èìååì
òîæå ðàçëîæåíèå, ÷òî è â òåîðåìå 1. Íî óæå â ñëó÷àå n = 4 ðàçëîæåíèå Cb4 = G4 hH4 áóäåò
îòëè÷àòüñÿ îò ðàçëîæåíèÿ, ïîëó÷åííîãî â òåîðåìå 1. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå

H4 = ãð(ε12, ε21, ε34, ε43 ‖ εijεkl = εklεij) ' F2 × F2,

G4 = ãð(ε31, ε32, ε41, ε42, ε13, ε23, ε14, ε24).

Íåïîñðåäñòâåííî èç ýòîãî ðàçëîæåíèÿ ëåãêî ïîëó÷àåòñÿ
Ïðåäëîæåíèå 7. Â ãðóïïàõ Cn è Cbn ïðè n ≥ 4 íåðàçðåøèìà ïðîáëåìà âõîæäåíèÿ â

êîíå÷íî ïîðîæäåííûå ïîäãðóïïû.
Äîêàçàòåëüñòâî. Òàê êàê Cbn ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû Cn, òî ïðåäëîæåíèå äîñòà-

òî÷íî äîêàçàòü äëÿ ãðóïïû Cbn, n ≥ 4. Ãðóïïà Cb4 ñîäåðæèò â êà÷åñòâå ïîäãðóïïû ãðóïïó
H4 ' F2 × F2. Ñëåäîâàòåëüíî, ââèäó ðåçóëüòàòà Ê. À. Ìèõàéëîâîé (ñì. [3, ãë. 4, � 4]), â
Cb4 íåðàçðåøèìà ïðîáëåìà âõîæäåíèÿ â êîíå÷íî ïîðîæäåííûå ïîäãðóïïïû. Äëÿ çàâåðøå-
íèÿ äîêàçàòåëüñòâà îñòàëîñü çàìåòèòü, ÷òî Cb4 ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû Cbn ïðè n ≥ 4.
Ïðåäëîæåíèå äîêàçàíî.

Â äàëüíåéøåì íàì áóäåò óäîáíî èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ. Åñëè εij, 1 ≤ i <
j ≤ n, � íåêîòîðûé ïîðîæäàþùèé ãðóïïû Cbn, òî ñèìâîëîì ε∗ij áóäåì îáîçíà÷àòü ïàðó
ïîðîæäàþùèõ: εij, εji, ò. å. ε∗ij = {εij, εji}.
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Òåîðåìà 3. Â ñëó÷àå íå÷åòíîãî n = 2m + 1, m = 2, 3, . . ., ãðóïïà Gn ðàçëàãàåòñÿ â
ïîëóïðÿìîå ïðîèçâåäåíèå

Gn = (. . . ((Km h Km−1) h Km−2) h . . .) h K1,

ãäå
K1 = ãð(ε∗1n, ε

∗
2n),

Ki = ãð(ε∗n−2i,n−1, ε
∗
n−2i,n−2, . . . , ε

∗
n−2i,n−2i+2; ε

∗
n−2i+1,n−1, ε

∗
n−2i+1,n−2, . . . , ε

∗
n−2i+1,n−2i+2), 1 < i < m,

Km = ãð(ε∗1,n−1, ε
∗
1,n−2, . . . , ε

∗
1,3; ε

∗
2,n−1, ε

∗
2,n−2, . . . , ε

∗
2,3; ε

∗
3,n, ε

∗
4,n, . . . , ε

∗
n−1,n).

Äîêàçàòåëüñòâî. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Gn,j = ãð(Km, Km−1, . . . , Kj), j = 1, 2, . . . ,m.

Î÷åâèäíî, Gn,m = Km, Gn,j−1 = ãð(Gn,j, Kj−1), j = 2, 3, . . . ,m, Gn,1 = Gn.
Ïîêàæåì âíà÷àëå, ÷òî â ãðóïïå Gn,1 = ãð(Gn,2, K1) ïîäãðóïïà Gn,2 ÿâëÿåòñÿ íîðìàëüíîé.

Äëÿ ýòîãî ïðîâåðèì, êóäà ïåðåõîäÿò ïîðîæäàþùèå ãðóïïû Gn,2 ïðè ñîïðÿæåíèè ïîðîæ-
äàþùèìè ãðóïïû K1 = ãð(ε∗1,n, ε

∗
2,n). Äëÿ ïîðîæäàþùåãî εi,n, i = 1, 2, èç ëåììû 1 èìååì

ñëåäóþùèå ôîðìóëû ñîïðÿæåíèÿ

ε−ν
in εklε

ν
in = εkl, (38)

ε−ν
in εknε

ν
in = εkn, (39)

ε−ν
in εkiε

ν
in = εν

knεkiε
−ν
kn , (40)

ε−ν
in εikε

ν
in = εν

knεikε
−ν
kn , (41)

ε−ν
in εnkε

ν
in = [ε−ν

kn , εik]εnk. (42)

Òîãäà ãðóïïà Gn,2 ïîðîæäàåòñÿ âñåìè ïîðîæäàþùèìè ãðóïïû Cbn, çà èñêëþ÷åíèåì ε∗1n, ε∗2n,
� ïîðîæäàþùèõ ãðóïïû K1 è ε∗2i−1,2i, i = 1, 2, . . . ,m, � ïîðîæäàþùèõ ãðóïïû Hn. Ðàññìîò-
ðèì ïîðîæäàþùèé ε1n. Ðàçîáüåì âñå ïîðîæäàþùèå ãðóïïû Gn2 â îáúåäèíåíèå ñëåäóþùèõ
íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ

A1 = {ε∗kl ∈ Gn,2 ‖ 1 ≤ k < l ≤ n, k, l 6= 1, n},

A2 = {ε∗kn ‖ 3 ≤ k ≤ n− 1},

A3 = {ε∗1k ‖ 3 ≤ k ≤ n− 1}.

Òîãäà íà ïîðîæäàþùèõ èç A1 ýëåìåíò ε1n äåéñòâóåò ïî ôîðìóëàì (38), íà ïîðîæäàþùèõ
èç A2 ïî ôîðìóëàì (39) è (42). Ïðè ýòîì ïîðîæäàþùèå εkn, ε1k, ñòîÿùèå â ïðàâîé ÷àñòè ôîð-
ìóëû (42), ëåæàò â ïîäìíîæåñòâàõ A2 è A3 ñîîòâåòñòâåííî, à ïîòîìó ïðàâàÿ ÷àñòü ðàâåíñòâà
(42) ëåæèò â ãðóïïå Gn,2. Íà ïîðîæäàþùèõ èç A3 ýëåìåíò ε1n äåéñòâóåò ïî ôîðìóëàì (40)
è (41). Ïîðîæäàþùèé εkn, ñòîÿùèé â ïðàâûõ ÷àñòÿõ ýòèõ ðàâåíñòâ, ëåæèò â A2, à ïîòîìó,
� è â ãðóïïå Gn,2. Ñëåäîâàòåëüíî, ìû ïîêàçàëè, ÷òî ïðè ñîïðÿæåíèè ýëåìåíòîì ε1n ïîä-
ãðóïïà Gn,2 ïåðåõîäèò â ñåáÿ. Àíàëîãè÷íûì îáðàçîì óñòàíàâëèâàåòñÿ, ÷òî ïðè ñîïðÿæåíèè
ïîðîæäàþùèì ε2n ïîäãðóïïà Gn,2 ïåðåõîäèò â ñåáÿ.

17



Ðàññìîòðèì ïîðîæäàþùèé εni, i = 1, 2, è ïîêàæåì, ÷òî ε−ν
ni Gn,2ε

ν
ni ⊆ Gn,2. Ââèäó ëåììû 1

ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû ñîïðÿæåíèÿ:

ε−ν
ni εklε

ν
ni = εkl, (43)

ε−ν
ni εkiε

ν
ni = εki, (44)

ε−ν
ni εknε

ν
ni = εν

kiεknε
−ν
ki , (45)

ε−ν
ni εnkε

ν
ni = εν

kiεnkε
−ν
ki , (46)

ε−ν
ni εikε

ν
ni = [ε−ν

ki , εnk]εik. (47)

Ðàññìîòðèì äàëåå ïîðîæäàþùèé εn1 (ïîðîæäàþùèé εn2 ðàññìàòðèâàåòñÿ àíàëîãè÷íî).
Èñïîëüçóåì òî æå ðàçáèåíèå ïîðîæäàþùèõ ãðóïïû Gn,2, ÷òî è âûøå. Òîãäà íà ïîðîæäàþùèõ
èç A1 ýëåìåíò εn1 äåéñòâóåò ïî ôîðìóëàì (43), íà ïîðîæäàþùèõ èç A2 � ïî ôîðìóëàì (45)�
(46). Ïðè ýòîì ïîðîæäàþùèå εk1, âõîäÿùèå â ïðàâóþ ÷àñòü, ëåæàò â ïîäìíîæåñòâå A3. Íà
ïîðîæäàþùèõ èç A3 ýëåìåíò εn1 äåéñòâóåò ïî ôîðìóëàì (44), (47), à ýëåìåíòû εk1 è εnk,
âõîäÿùèå â ïðàâóþ ÷àñòü ðàâåíñòâà (47), ëåæàò â ïîäìíîæåñòâàõ A3 è A2 ñîîòâåòñòâåííî, ò. å.
ïðèíàäëåæàò ãðóïïå Gn,2. Ñëåäîâàòåëüíî, ε−ν

n1 Gn,2ε
ν
n1 ⊆ Gn,2. Òàêèì îáðàçîì, ìû äîêàçàëè,

÷òî ïîäãðóïïà Gn,2 íîðìàëüíà â ãðóïïå Gn = Gn,1.
Ïîêàæåì òåïåðü, ÷òî ïîäãðóïïàGn,j, 3 ≤ i ≤ m, íîðìàëüíà â ãðóïïåGn,j−1 = ãð(Gn,j, Kj−1).

Âñïîìèíàåì, ÷òî ïîäãðóïïà Kj−1 ïîðîæäàåòñÿ ñëåäóþùèìè ýëåìåíòàìè

Kj−1 = ãð(ε∗n−2j+3,n−1, ε
∗
n−2j+3,n−2, . . . , ε

∗
n−2j+3,n−2j+4; ε∗n−2j+2,n−1, ε

∗
n−2j+2,n−2, . . . , ε

∗
n−2j+2,n−2j+4),

à ãðóïïà

Gn,j = ãð(ε∗kn, k = 3, 4, . . . , n− 1; ε∗n−2i+1,n−1, ε
∗
n−2i+1,n−2, . . . , ε

∗
n−2i+1,n−2i+2;

ε∗n−2i,n−1, ε
∗
n−2i,n−2, . . . , ε

∗
n−2i+1,n−2i+2, i = j, j + 1, . . . ,m).

Ðàññìîòðèì íåêîòîðûé ïîðîæäàþùèé εpq, ãäå p ∈ {n− 2j + 2, n− 2j + 3}, n− 2j + 4 ≤
q ≤ n− 1. Èç ëåììû 1 èìååì ñëåäóþùèå ôîðìóëû ñîïðÿæåíèÿ

ε−ν
pq εklε

ν
pq = εkl, (48)

ε−ν
pq εkqε

ν
pq = εkq, (49)

ε−ν
pq εkpε

ν
pq = εν

kqεkpε
−ν
kq , (50)

ε−ν
pq εpkε

ν
pq = εν

kqεpkε
−ν
kq , (51)

ε−ν
pq εqkε

ν
pq = [ε−ν

kq , εpk]εqk. (52)

Ïóñòü äëÿ îïðåäåëåííîñòè p = n − 2j + 2 (ñëó÷àé p = n − 2j + 3 ðàçáèðàåòñÿ àíàëîãè÷-
íî). Ðàçîáüåì âñå ïîðîæäàþùèå ãðóïïû Gn,j â îáúåäèíåíèå ñëåäóþùèõ íåïåðåñåêàþùèõñÿ
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ïîäìíîæåñòâ
D1

pq = {ε∗kl ∈ Gnj | 1 ≤ k < l ≤ n, k, l 6= p, q},

D2
pq = {ε∗kq | 1 ≤ k < p},

D3
pq = {ε∗kp | 1 ≤ k < p}.

Òîãäà ïîðîæäàþùèé εpq äåéñòâóåò íà ýëåìåíòàõ èç ìíîæåñòâà D1
pq ïî ôîðìóëàì (48); íà

ýëåìåíòàõ èç ìíîæåñòâà D2
pq ïî ôîðìóëàì (49) è (52). Ïðè ýòîì ïîðîæäàþùèå εkq è εpk,

ñòîÿùèå â ïðàâîé ÷àñòè ðàâåíñòâà (52), ëåæàò â ïîäìíîæåñòâàõ D2
pq è D3

pq ñîîòâåòñòâåííî.
Íà ïîðîæäàþùèõ èç D3

pq ýëåìåíò εpq äåéñòâóåò ïî ôîðìóëàì (50)�(51) è ïåðåâîäèò èõ â
ýëåìåíòû ãðóïïû Gn,j. Ñëåäîâàòåëüíî, ìû ïîêàçàëè, ÷òî ε−ν

pq Gn,jε
ν
pq ⊆ Gn,j.

Ðàññìîòðèì òåïåðü ïîðîæäàþùèé εqp, ãäå p ∈ {n−2j+2, n−2j+3}, n−2j+4 ≤ q ≤ n−1.
Ââèäó ëåììû 1 èìååì ñëåäóþùèå ôîðìóëû ñîïðÿæåíèÿ:

ε−ν
qp εklε

ν
qp = εkl, (53)

ε−ν
qp εkpε

ν
qp = εkp, (54)

ε−ν
qp εkqε

ν
qp = εν

kpεkqε
−ν
kp , (55)

ε−ν
qp εqkε

ν
qp = εν

kpεqkε
−ν
kp , (56)

ε−ν
qp εpkε

ν
qp = [ε−ν

kp , εqk]εpk. (57)

Ðàçáåðåì ñëó÷àé p = n− 2j + 2 (ñëó÷àé p = n− 2j + 3 ðàçáèðàåòñÿ àíàëîãè÷íî). Âèäèì,
÷òî ýëåìåíò εqp äåéñòâóåò íà ïîðîæäàþùèõ èç D1

pq ïî ôîðìóëàì (53), íà ïîðîæäàþùèõ èç
D2

pq � ïî ôîðìóëàì (55)�(56). Ïðè ýòîì ïîðîæäàþùèå εkp, âõîäÿùèå â ïðàâóþ ÷àñòü, ëåæàò
â ïîäìíîæåñòâå D3

pq. Íàêîíåö, íà ìíîæåñòâå D3
pq ýëåìåíò εqp äåéñòâóåò ïî ôîðìóëàì (54) è

(57), à ýëåìåíòû εkp è εqk, âõîäÿùèå â ïðàâóþ ÷àñòü ðàâåíñòâà (57), ëåæàò â ïîäìíîæåñòâàõ
D3

pq è D2
pq ñîîòâåòñòâåííî.

Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî ïîäãðóïïà Gnj íîðìàëüíà â ãðóïïå Gn,j−1. Èç ãåíåòè-
÷åñêîãî êîäà ãðóïïû Gn,j−1 âèäèì, ÷òî Gnj

⋂
Kj−1 = 1. Ñëåäîâàòåëüíî, Gn,j−1 = Gnj h Kj−1.

Èñïîëüçóÿ èíäóêöèþ ïî m, ïîëó÷èì òðåáóåìîå ðàçëîæåíèå ãðóïïû Gn. Òåîðåìà äîêàçàíà.
Ðàçáåðåì òåïåðü ñëó÷àé ÷åòíîãî n. Ñïðàâåäëèâà
Òåîðåìà 4. Â ñëó÷àå ÷åòíîãî n = 2m, m = 2, 3, . . ., ãðóïïà Gn ðàçëàãàåòñÿ â ïîëóïðÿìîå

ïðîèçâåäåíèå
Gn = (. . . ((Lm h Lm−1) h Lm−2) h . . .) h L2,

ãäå

Li = ãð(ε∗n−2i+1,n, ε
∗
n−2i+1,n−1, . . . ε

∗
n−2i+1,n−2i+3; ε∗n−2i+2,n, ε

∗
n−2i+2,n−1, . . . ε

∗
n−2i+2,n−2i+3), 2 ≤ i ≤ m.

Äîêàçàòåëüñòâî. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Gn,j = ãð(Lm, Km−1, . . . , Lj), j = 2, 3, . . . ,m.

Òàê æå, êàê è â òåîðåìå 3 ïðîâåðÿåòñÿ, ÷òî ïîäãðóïïà Gnj íîðìàëüíà â ãðóïïå Gn,j−1, à
èç ãåíåòè÷åñêîãî êîäà ãðóïïû Gn,j−1 ñëåäóåò, ÷òî Gnj

⋂
Lj−1 = 1. Ñëåäîâàòåëüíî, Gn,j−1 =

Gnj h Lj−1. Èñïîëüçóÿ èíäóêöèþ ïî m, ïîëó÷èì òðåáóåìîå ðàçëîæåíèå ãðóïïû Gn. Òåîðåìà
äîêàçàíà.
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