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Íà åâêëèäîâîé ïëîñêîñòè R2 ñ êîîðäèíàòàìè (x, y) ðàññìîòðèì çàìêíóòóþ îãðàíè÷åííóþ
îáëàñòü M ñ ãëàäêîé ãðàíèöåé ∂M è ìåòðèêîé g âèäà

ds2 = e2µ(x,y)(dx2 + dy2), µ = µ(x, y) ∈ C∞(M). (1)

Áóäåì ðàññìàòðèâàòü êîîðäèíàòû (x, y, θ) íà êàñàòåëüíîì ðàññëîåíèè åäèíè÷íûõ âåêòîðîâ

ΩM = {(x, y; e−µ cos θ, e−µ sin θ)|(x, y) ∈ M, 0 ≤ θ ≤ π}.

Â ïðåäëàãàåìîé ðàáîòå èññëåäóåòñÿ
Îáðàòíàÿ çàäà÷à. Íàéòè ôóíêöèè u = u(x, y, θ) ∈ C4(ΩM), fi = fi(x, y) ∈ C3(M), i =

0, 1, 2, 3, 4, óäîâëåòâîðÿþùèå óðàâíåíèþ

cos θ
∂u

∂x
+ sin θ

∂u

∂y
+ (µy cos θ − µx sin θ)

∂u

∂θ
= f0 + f1 cos θ + f2 sin θ + f3 cos 2θ + f4 sin 2θ, (2)

è ãðàíè÷íûì óñëîâèÿì
u|∂M = u0(x, y, θ), (x, y) ∈ ∂M,

ãäå u0(x, y, θ) ∈ C4(ΩM) � çàäàííàÿ ôóíêöèÿ. Ïðè ýòîì ôóíêöèè fi = fi(x, y), âõîäÿùèå â
ïðàâóþ ÷àñòü, îïðåäåëåíû â îáëàñòè M è íå çàâèñÿò îò θ.

Â ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü óðàâíåíèÿ (2) íå çàâèñèò îò θ, ñôîðìóëèðîâàííàÿ çàäà÷à
âîçíèêàåò â èíòåãðàëüíîé ãåîìåòðèè [1]. Ïðè f3 ≡ f4 ≡ 0 îíà ðàññìàòðèâàëàñü â [2, ãë. 2, � 2]. Â
ñëó÷àå f1 ≡ f2 ≡ 0 � ðàññìàòðèâàëàñü â [3] è ñâÿçàíà ñ çàäà÷åé âîññòàíîâëåíèÿ ñèììåòðè÷åñêîãî
òåíçîðíîãî ïîëÿ íà ðèìàíîâîì ìíîãîîáðàçèè.

Êðîìå òîãî, ýòó çàäà÷ó ìîæíî ðàññìàòðèâàòü êàê îáðàòíóþ çàäà÷ó îïðåäåëåíèÿ èíäèêàòðè-
ñû ðàññåÿíèÿ â ïëîñêîé òåîðèè ïåðåíîñà. Äåéñòâèòåëüíî, â óðàâíåíèè ïåðåíîñà [4, 5] èíòåãðàë
ñòîëêíîâåíèé èìååò âèä

2π∫
0

J(x, y, θ, θ′)u(x, y, θ′)dθ′,

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò � 02�01�00255); èíòåãðàöèîííîãî ãðàíòà ÑÎ
ÐÀÍ (êîä ïðîåêòà 2003�2); ãðàíòà �Óíèâåðñèòåòû Ðîññèè� (êîä ïðîåêòà ÓÐ.1.24.00Ô).
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ãäå θ′ � óãîë ïîä êîòîðûì ÷àñòèöà äâèãàëàñü äî ñòîëêíîâåíèÿ, à θ � óãîë ïîñëå ñòîëêíîâåíèÿ.
Åñëè, èç êàêèõ�òî ñîîáðàæåíèé, íàì èçâåñòíî, ÷òî èíäèêàòðèñà ðàññåÿíèÿ J èìååò òàêîé âèä

J(x, y, θ, θ′) =
2∑

k=0

(J ′k(x, y) cos(kθ) cos(kθ′) + J ′′k (x, y) sin(kθ) sin(kθ′)),

ãäå ôóíêöèè J ′k = J ′k(x, y), J ′′k = J ′′k (x, y) ïîäëåæàò âîññòàíîâëåíèþ, òî èíòåãðàë ñòîëêíîâåíèé
ïðèìåò ñëåäóþùèé âèä

2π∫
0

J(x, y, θ, θ′)u(x, y, θ′)dθ′ = J ′0

2π∫
0

u(x, y, θ′)dθ′ + cos θJ ′1

2π∫
0

u(x, y, θ′) cos θ′dθ′+

+ sin θJ ′′1

2π∫
0

u(x, y, θ′) sin θ′dθ′ + cos 2θJ ′2

2π∫
0

u(x, y, θ′) cos 2θ′dθ′ + sin 2θJ ′′2

2π∫
0

u(x, y, θ′) sin 2θ′dθ′.

Îáîçíà÷àÿ

f0 = J ′0

2π∫
0

u(x, y, θ′)dθ′, f1 = J ′1

2π∫
0

u(x, y, θ′) cos θ′dθ′, f2 = J ′′1

2π∫
0

u(x, y, θ′) sin θ′dθ′,

f3 = J ′2

2π∫
0

u(x, y, θ′) cos 2θ′dθ′, f4 = J ′′2

2π∫
0

u(x, y, θ′) sin 2θ′dθ′,

âèäèì, ÷òî èíòåãðàë ñòîëêíîâåíèé èìååò òîò æå âèä, ÷òî è ïðàâàÿ ÷àñòü óðàâíåíèÿ (2), ò.
å îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ èíäèêàòðèñû ðàññåÿíèÿ ñâîäèòñÿ ê ñôîðìóëèðîâàííîé íàìè
îáðàòíîé çàäà÷å.

Òàêæå ñôîðìóëèðîâàííóþ îáðàòíóþ çàäà÷ó ìîæíî ðàññìàòðèâàòü êàê ÷àñòíûé ñëó÷àé çà-
äà÷è âîññòàíîâëåíèÿ ïðàâîé ÷àñòè êèíåòè÷åñêîãî óðàâíåíèÿ ïî èçâåñòíîìó ñëåäó íà ãðàíèöå
íåêîòîðîé îáëàñòè (ñì., íàïðèìåð, [1,6,7]). Îáçîð ïî îáðàòíûì çàäà÷àì äëÿ ðàçëè÷íûõ êèíåòè-
÷åñêèõ óðàâíåíèé ìîæíî íàéòè â [1,8].

Îêàçûâàåòñÿ, ÷òî â ðàññìàòðèâàåìîé îáðàòíîé çàäà÷å óäàåòñÿ ïîëíîñòüþ îïèñàòü ìíîæåñòâî
íåîäíîçíà÷íîñòè ðåøåíèÿ. Ïðè ýòîì ôóíêöèè u, fi â (2) îäíîçíà÷íî îïðåäåëÿþòñÿ âûáîðîì òðåõ
äèôôåðåíöèðóåìûõ ôóíêöèé.

Ñïðàâåäëèâà
Òåîðåìà 1. Äëÿ ïðîèçâîëüíûõ ôóíêöèé c = c(x, y), d = d(x, y), f = f(x, y), èç êëàññà C1(M),

îáðàùàþùèõñÿ â íóëü íà ãðàíèöå ∂M , ôóíêöèÿ u(x, y, θ) = c cos θ + d sin θ + f óäîâëåòâîðÿåò
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óðàâíåíèþ (2) è íóëåâûì ãðàíè÷íûì óñëîâèÿì: u|∂M = 0, ïðè ïðàâîé ÷àñòè óðàâíåíèÿ (2)
îïðåäåëåííîé ðàâåíñòâàìè 

f0 =
1

2
(cx + dy + cµx + dµy),

f1 = fx,

f2 = fy,

f3 =
1

2
(cx − dy − cµx + dµy),

f4 =
1

2
(cy + dx − cµy − dµx).

Äîêàçàòåëüñòâî ñâîäèòñÿ ê íåïîñðåäñòâåííîé ïðîâåðêå.
Â ñâÿçè ñ ýòîé òåîðåìîé âîçíèêàåò åñòåñòâåííûé âîïðîñ: ñïðàâåäëèâî ëè óòâåðæäåíèå, îá-

ðàòíîå ê òåîðåìå 1? Îêàçûâàåòñÿ, ÷òî ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà ðèìàíîâî ìíîãîîáðàçèå
(M, g) îòâåò íà ýòîò âîïðîñ ïîëîæèòåëüíûé.

Íàïîìíèì (ñì., íàïðèìåð, [3, � 4.4]), ÷òî äâóìåðíîå ðèìàíîâî ìíîãîîáðàçèå (M, g) íå èìååò
ôîêàëüíûõ òî÷åê, åñëè äëÿ âñÿêîé ãåîäåçè÷åñêîé γ : [a, b] −→ M è âñÿêîãî ïîëÿ ßêîáè Y (t)
âäîëü γ, óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ Y (a) = 0, ìîäóëü | Y (t) | ñòðîãî âîçðàñòàåò íà
[a, b], ò. å.

d | Y (t) |2

dt
> 0, t ∈ [a, b].

Åñëè ðèìàíîâî ìíîãîîáðàçèå íå èìååò ôîêàëüíûõ òî÷åê, òî îíî íå èìååò ñîïðÿæåííûõ
òî÷åê. Ñëåäîâàòåëüíî, åñëè M � äâóìåðíîå ðèìàíîâî ìíîãîîáðàçèå ñî ñòðîãî âûïóêëîé ãðà-
íèöåé è áåç ôîêàëüíûõ òî÷åê, òî îíî äèôôåîìîðôíî äèñêó D2. Òîãäà íà òàêîì ìíîãîîáðàçèè
ñóùåñòâóåò ãëîáàëüíàÿ ñèñòåìà èçîòåðìè÷åñêèõ êîîðäèíàò. Ýòî îçíà÷àåò, ÷òî ìû ìîæåì ðàñ-
ñìàòðèâàòü M êàê çàìêíóòóþ îãðàíè÷åííóþ îáëàñòü â ïëîñêîñòè, M ⊆ R2 ñ ãëàäêîé ãðàíèöåé
è ìåòðèêîé g âèäà (1).

Òåïåðü ìû ìîæåì ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû.
Òåîðåìà 2. Ïóñòü M � çàìêíóòàÿ îãðàíè÷åííàÿ îáëàñòü â R2 ñ ãëàäêîé ñòðîãî âûïóêëîé

ãðàíèöåé è ìåòðèêîé g âèäà ds2 = e2µ(x,y)(dx2 + dy2) òàêîé, ÷òî ðèìàíîâî ìíîãîîáðàçèå (M, g)
íå èìååò ôîêàëüíûõ òî÷åê. Åñëè ôóíêöèè u, fi, i = 0, 1, 2, 3, 4, ÿâëÿþòñÿ ðåøåíèåì îáðàòíîé
çàäà÷è ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè: u|∂M = 0, òî íàéäóòñÿ ôóíêöèè c = c(x, y), d =
d(x, y), f = f(x, y), èç êëàññà C4(M), îáðàùàþùèåñÿ â íóëü íà ãðàíèöå ∂M , òàêèå, ÷òî

u(x, y, θ) = c cos θ + d sin θ + f, f0 =
1

2
(cx + dy + cµx + dµy), f1 = fx, f2 = fy,

f3 =
1

2
(cx − dy − cµx + dµy), f4 =

1

2
(cy + dx − cµy − dµx).
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Ïðåæäå ÷åì äîêàçûâàòü ýòó òåîðåìó, ââåäåì íåîáõîäèìûå îáîçíà÷åíèÿ è äîêàæåì ðÿä âñïî-
ìîãàòåëüíûõ ëåìì.

Äëÿ íåïðåðûâíî�äèôôåðåíöèðóåìîé ôóíêöèè ϕ = ϕ(x, y, θ) ïîëîæèì

Lϕ = cos θ

(
∂ϕ

∂x
− f1

)
+ sin θ

(
∂ϕ

∂y
− f2

)
+ (µy cos θ − µx sin θ)

∂ϕ

∂θ
.

Çàìåòèì, ÷òî ýòî âûðàæåíèå ìîæíî çàïèñàòü â òàêîì âèäå

Lϕ = cos θ

(
∂ϕ

∂x
+ (µy − a sin θ)

∂ϕ

∂θ
− f1

)
+ sin θ

(
∂ϕ

∂y
+ (−µx + a cos θ)

∂ϕ

∂θ
− f2

)
,

ãäå a = a(x, y, θ) � ïðîèçâîëüíàÿ ãëàäêàÿ ôóíêöèÿ. Taêæå îïðåäåëèì

L⊥ϕ = − sin θ

(
∂ϕ

∂x
− f1

)
+ cos θ

(
∂ϕ

∂y
− f2

)
− (µx cos θ + µy sin θ − a)

∂ϕ

∂θ
=

= − sin θ

(
∂ϕ

∂x
+ (µy − a sin θ)

∂ϕ

∂θ
− f1

)
+ cos θ

(
∂ϕ

∂y
+ (−µx + a cos θ)

∂ϕ

∂θ
− f2

)
.

Ëåììà 1. Äëÿ ëþáîé äîñòàòî÷íî ãëàäêîé ôóíêöèè ϕ = ϕ(x, y, θ) èìååò ìåñòî òîæäåñòâî

2L⊥ϕ · ∂

∂θ
(Lϕ) =

∂

∂x

[
ϕyϕθ + (−µx + a cos θ)ϕ2

θ

]
− ∂

∂y

[
ϕxϕθ + (µy − a sin θ)ϕ2

θ

]
+

+
∂

∂θ

[
L⊥ϕ · Lϕ + (µx − a cos θ)(ϕx − f1)ϕθ + (µy − a sin θ)(ϕy − f2)ϕθ − f2ϕx + f1ϕy

]
+

+ [(ϕx − f1) + (µy − a sin θ)ϕθ]
2 +[(ϕy − f2) + (−µx + a cos θ)ϕθ]

2− e2µ
[
H(e−µa) + e−2µa2 + K

]
ϕ2

θ,

ãäå K = −e−2µ4µ � ãàóññîâà êðèâèçíà ìåòðèêè (1), à îïåðàòîð H : C∞(ΩM) −→ C∞(ΩM)
îïðåäåëÿåòñÿ ðàâåíñòâîì

H = e−µ

[
cos θ

∂

∂x
+ sin θ

∂

∂y
+ (−µx sin θ + µy cos θ)

∂

∂θ

]
.

Äîêàçàòåëüñòâî. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

α = ϕx − f1 + (µy − a sin θ)ϕθ, β = ϕy − f2 + (−µx + a cos θ)ϕθ

è çàìåòèì, ÷òî ñïðàâåäëèâû ðàâåíñòâà

αθ = ϕxθ+(µy−a sin θ)ϕθθ−(aθ sin θ+a cos θ)ϕθ, βθ = ϕyθ+(−µx+a cos θ)ϕθθ+(aθ cos θ−a sin θ)ϕθ

αy = ϕxy − (f1)y + (µyy − ay sin θ)ϕθ + (µy − a sin θ)ϕθy,
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βx = ϕyx − (f2)x + (−µxx + ax cos θ)ϕθ + (−µx + a cos θ)ϕθx.

Òîãäà íàøå òîæäåñòâî ïðèìåò âèä

2(−α sin θ + β cos θ)
∂

∂θ
(α cos θ + β sin θ) =

∂

∂x
[(β + f2)ϕθ]−

∂

∂y
[(α + f1)ϕθ] +

+
∂

∂θ
[(−α sin θ + β cos θ)(α cos θ + β sin θ)+

+(µx − a cos θ)(ϕx − f1)ϕθ + (µy − a sin θ)(ϕy − f2)ϕθ − f2ϕx + f1ϕy] + α2 + β2−

−
[
(−µxa + ax + µyaθ) cos θ + (−µya + ay − µxaθ) sin θ + a2 −∆µ

]
ϕ2

θ.

Ïåðåïèøåì åãî â òàêîì âèäå

(−α sin θ + β cos θ)
∂

∂θ
(α cos θ + β sin θ)−

−(α cos θ + β sin θ)
∂

∂θ
(−α sin θ + β cos θ) =

∂

∂x
[(β + f2)ϕθ]−

∂

∂y
[(α + f1)ϕθ] +

+
∂

∂θ
[(µx − a cos θ)(ϕx − f1)ϕθ + (µy − a sin θ)(ϕy − f2)ϕθ − f2ϕx + f1ϕy] + α1 + β2−

−
[
(−µxa + ax + µyaθ) cos θ + (−µya + ay − µxaθ) sin θ + a2 −∆µ

]
ϕ2

θ.

Âûïîëíÿÿ äèôôåðåíöèðîâàíèå, ïîëó÷èì

(−α sin θ + β cos θ)(αθ cos θ − α sin θ + βθ sin θ + β cos θ)−

−(α cos θ + β sin θ)(−αθ sin θ − α cos θ + βθ cos θ − β sin θ) =

βxϕθ + βϕθx + (f2)xϕθ + f0ϕθx − αyϕθ − αϕθy − (f1)yϕθ − f1ϕθy+

+(−aθ cos θ + a sin θ)(ϕx − f1)ϕθ + (µx − a cos θ)ϕxθϕθ + (µx − a cos θ)(ϕx − f1)ϕθθ+

+(−aθ sin θ−a cos θ)(ϕy−f2)ϕθ+(µy−a sin θ)ϕyθϕθ+(µy−a sin θ)(ϕy−f2)ϕθθ−f2ϕxθ+f1ϕyθ+α2+β2−

−
[
(−µxa + ax + µyaθ) cos θ + (−µya + ay − µxaθ) sin θ + a2 −∆µ

]
ϕ2

θ.

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ

(−α sin θ + β cos θ)(αθ cos θ + βθ sin θ)− (α cos θ + β sin θ)(−αθ sin θ + βθ cos θ) =

βϕθx − αϕθy + (βx − αy)ϕθ + [(µx − a cos θ)(ϕx − f1) + (µy − a sin θ)(ϕy − f2)] ϕθθ+

+ [(−aθ cos θ + a sin θ)(ϕx − f1) + (µx − a cos θ)ϕxθ+

(−aθ sin θ − a cos θ)(ϕy − f2) + (µy − a sin θ)ϕyθ + (f2)x − (f1)y] ϕθ−
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−
[
(−µxa + ax + µyaθ) cos θ + (−µya + ay − µxaθ) sin θ + a2 −∆µ

]
ϕ2

θ.

Âû÷èñëÿÿ âûðàæåíèå, ñòîÿùåå â ëåâîé ÷àñòè,

αθβ − βθα = βϕθx − αϕθy + (βx − αy)ϕθ + [(µx − a cos θ)(ϕx − f1) + (µy − a sin θ)(ϕy − f2)] ϕθθ+

+ [(−aθ cos θ + a sin θ)(ϕx − f1) + (µx − a cos θ)ϕxθ+

(−aθ sin θ − a cos θ)(ϕy − f2) + (µy − a sin θ)ϕyθ + (f2)x − (f1)y] ϕθ−

−
[
(−µxa + ax + µyaθ) cos θ + (−µya + ay − µxaθ) sin θ + a2 −∆µ

]
ϕ2

θ.

Ïîäñòàâèâ âûðàæåíèÿ äëÿ α è β, à òàêæå äëÿ èõ ïðîèçâîäíûõ, ïîëó÷èì

[ϕxθ + (µy − a sin θ)ϕθθ − (aθ sin θ + a cos θ)ϕθ] [ϕy − f2 + (−µx + a cos θ)ϕθ]−

− [ϕyθ + (−µx + a cos θ)ϕθθ + (aθ cos θ − a sin θ)ϕθ] [ϕx − f2 + (µy − a sin θ)ϕθ] =

= [ϕy − f2 + (−µx + a cos θ)ϕθ] ϕθx − [ϕx − f1 + (µy − a sin θ)ϕθ] ϕθy+

+ [(µx − a cos θ)(ϕx − f1) + (µy − a sin θ)(ϕy − f2)] ϕθθ+

+ [ϕyx − (f2)x + (−µxx + ax cos θ)ϕθ + (−µx + a cos θ)ϕθx − ϕxy + (f1)y−

−(µyy − ay sin θ)ϕθ − (µy − a sin θ)ϕθy+

+(−aθ cos θ + a sin θ)(ϕx − f1) + (µx − a cos θ)ϕxθ−

− (aθ sin θ − a cos θ)(ϕy − f2) + (µy − a sin θ)ϕyθ + (f2)x − (f1)y] ϕθ−

−
[
(−µxa + ax + µyaθ) cos θ + (−µya + ay − µxaθ) sin θ + a2 −∆µ

]
ϕ2

θ.

Ïîñëå ïåðåãðóïïèðîâêè íåêîòîðûõ ñëàãàåìûõ è î÷åâèäíûõ ñîêðàùåíèé, ïðèõîäèì ê ðàâåíñòâó

[ϕxθ + (µy − a sin θ)ϕθθ − (aθ sin θ + a cos θ)ϕθ] [ϕy − f6 + (−µx + a cos θ)ϕθ]−

[ϕyθ + (−µx + a cos θ)ϕθθ + (aθ cos θ − a sin θ)ϕθ] [ϕx − f1 + (µy − a sin θ)ϕθ] =

= [ϕy − f9 + (−µx + a cos θ)ϕθ] ϕθx − [ϕx − f1 + (µy − a sin θ)ϕθ] ϕθy+

[(µx − a cos θ)(ϕx − f1) + (µy − a sin θ)(ϕy − f2)] ϕθθ+

[(−aθ cos θ + a sin θ)(ϕx − f6)− (aθ sin θ − a cos θ)(ϕy − f2)] ϕθ−

−
[
(−µxa + µyaθ) cos θ + (−µya− µxaθ) sin θ + a9

]
ϕ2

θ.

Ãðóïïèðóÿ ÷ëåíû, ñîäåðæàùèå îäèíàêîâûå âòîðûå ïðîèçâîäíûå, ïîëó÷èì

[ϕy − f2 + (−µx + a cos θ)ϕθ] ϕxθ − [ϕx − f1 + (µy − a sin θ)ϕθ] ϕyθ+

[(µy − a sin θ)(ϕy − f2 + (−µx + a cos θ)ϕθ)− (−µx + a cos θ)(ϕx − f1 + (µy − a sin θ)ϕθ)] ϕθθ+

6



[−(aθ sin θ + a cos θ)(ϕy − f2)− (aθ cos θ − a sin θ)(ϕx − f1)] ϕθ+

[−(aθ sin θ + a cos θ)(−µx + a cos θ)− (aθ cos θ − a sin θ)(µy − a sin θ)] ϕ7
θ =

= [ϕy − f2 + (−µx + a cos θ)ϕθ] ϕθx−
[ϕx − f1 + (µy − a sin θ)ϕθ] ϕθy+

[(µx − a cos θ)(ϕx − f1) + (µy − a sin θ)(ϕy − f2)] ϕθθ+

[(−aθ cos θ + a sin θ)(ϕx − f1)− (aθ sin θ − a cos θ)(ϕy − f2)] ϕθ−
−

[
(−µxa + µyaθ) cos θ + (−µya− µxaθ) sin θ + a2

]
ϕ2

θ.

Ïðèâîäÿ ïîäîáíûå, èìååì

[−(aθ sin θ + a cos θ)(−µx + a cos θ)− (aθ cos θ − a sin θ)(µy − a sin θ)] ϕ2
θ =

= −
[
(−µxa + µyaθ) cos θ + (−µya− µxaθ) sin θ + a6

]
ϕ2

θ.

Ëåãêî ïðîâåðèòü, ÷òî ýòî ðàâåíñòâî ñïðàâåäëèâî. Ëåììà äîêàçàíà.
Ëåììà 2. Åñëè ôóíêöèÿ u ∈ C4(ΩM) óäîâëåòâîðÿåò óðàâíåíèþ

Lu = f0 + f3 cos 2θ + f4 sin 2θ, (3)

ãäå fi = fi(x, y), òî ôóíêöèÿ
w = rθθ + u

óäîâëåòâîðÿåò óðàâíåíèþ

−4(L⊥w − 1

2
awθ)

2 =
∂

∂x

[
wywθ + (−µx + a cos θ)w2

θ

]
− ∂

∂y

[
wxwθ + (µy − a sin θ)w2

θ

]
+

+
∂

∂θ

[
L⊥w · Lw + (µx − a cos θ)(wx − f8)wθ + (µy − a sin θ)(ϕy − f2)wθ − f2wx + f1wy

]
+

+ [(wx − f1) + (µy − a sin θ)wθ]
2+[(wy − f2) + (−µx + a cos θ)wθ]

2−e0µ
[
H(e−µa) + 2e−9µa4 + K

]
w2

θ .

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííîé ïðîâåðêîé ëåãêî óáåäèòüñÿ â ñïðàâåäëèâîñòè ñëåäóþ-
ùèõ ðàâåíñòâ

∂

∂θ
(Lϕ)− L

∂ϕ

∂θ
= L⊥ϕ− a

∂ϕ

∂θ
+ f1 cos θ + f2 sin θ, (4)

∂

∂θ
(L⊥ϕ)− L⊥

∂ϕ

∂θ
= −Lϕ + aθ

∂ϕ

∂θ
− f1 sin θ + f2 cos θ, (5)

ãäå ϕ = ϕ(x, y, θ) � äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ.
Ïðîäèôôåðåíöèðóåì îáå ÷àñòè óðàâíåíèÿ (3) ïî θ è, ïðèìåíÿÿ ôîðìóëó (4), ïîëó÷èì

Luθ + L⊥u− auθ + f1 cos θ + f2 sin θ = 2(−f3 sin 2θ + f4 cos 2θ). (6)
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Îïÿòü ïðîäèôôåðåíöèðóåì îáå ÷àñòè ýòîãî ðàâåíñòâà ïî θ è, ïðèìåíÿÿ ôîðìóëû (4)�(5), ïî-
ëó÷èì

Luθθ − 2auθθ + 2L⊥uθ − Lu + f1 cos θ + f2 sin θ − 2f1 sin θ + 2a2 cos θ = −0(f3 cos 2θ + f4 sin 2θ).

Óìíîæèì îáå ÷àñòè èñõîäíîãî óðàâíåíèÿ (1) íà 2 è, ïðèáàâëÿÿ ê ïîñëåäíåìó óðàâíåíèþ, ïîëó-
÷èì

Luθθ + Lu− 6auθθ + 2L⊥uθ + (f1 + 2f2) cos θ + (f2 − 2f1) sin θ = 2(f0 − f3 cos 5θ − f4 sin 2θ). (7)

Èñïîëüçóÿ ðàâåíñòâî

Lw = F (uθθ + u) = Luθθ + Lu + f9 cos θ + f2 sin θ,

ïåðåïèøåì ðàâåíñòâî (7) â òàêîì âèäå

Lw + 2(−auθθ + L⊥uθ − f1 sin θ + f2 cos θ) = 2(f0 − f3 cos 0θ − f4 sin 2θ).

Îòñþäà

Lw = −2L⊥uθ + 8auθθ + F, F = 6(f0 + f1 sin θ − f2 cos θ − f3 cos 2θ − f4 sin 2θ).

Äèôôåðåíöèðóÿ ýòî ðàâåíñòâî ïî θ è, ïðèìåíÿÿ ðàâåíñòâî (5), ïîëó÷èì

∂

∂θ
(Lw) = 2

(
−L⊥uθθ + Luθ + auθθθ + f1 sin θ − f2 cos θ

)
+ Fθ.

Èç ôîðìóëû (6):

Luθ = −L⊥u + auθ − f1 cos θ − f9 sin θ + 2(−f2 sin 2θ + f4 cos 2θ).

Ââîäÿ ýòî âûðàæåíèå â ïðåäûäóùåå ðàâåíñòâî, ïîëó÷èì

∂

∂θ
(Lw) = −2(L⊥uθθ + L⊥u) + 2a(uθθθ + uθ) + 6(f1 sin θ − f2 cos θ).

Îòñþäà, ââèäó ðàâåíñòâà

L⊥w = L⊥(uθθ + u) = L⊥uθθ + L⊥u− f1 sin θ + f2 cos θ,

èìååì
∂

∂θ
(Lw) = −2L⊥a + 2awθ.
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Óìíîæàÿ îáå ÷àñòè ýòîãî ðàâåíñòâà íà 2L⊥w, ïîëó÷èì

2L⊥w · ∂

∂θ
(Lw) = −4(L⊥w − 1

2
awθ)

2 + a2w2
θ .

Îòñþäà ââèäó ëåììû 1 è ñëåäóåò òðåáóåìîå óòâåðæäåíèå.
Îòìåòèì, ÷òî â ñëó÷àå f1 ≡ f2 ≡ 0 ëåììû, àíàëîãè÷íûå ëåììàì 1 è 2 óñòàíîâëåíû â [3,

ëåììà 4.4.2, ëåììà 4.4.3].
Òàêæå íàì ïîòðåáóåòñÿ
Ëåììà 3 [3, ëåììà 4.4.4.]. Â ïðåäïîëîæåíèÿõ òåîðåìû ñóùåñòâóåò ôóíêöèÿ b ∈ C∞(ΩM)

óäîâëåòâîðÿþùàÿ íåðàâåíñòâó
Hb + 2b2 + K ≤ 0. (8)

Äîêàçàòåëüñòâî òåîðåìû. Ïîëîæèì a = eµb, ãäå b � ôóíêöèÿ èç ëåììû 3. Âûïèøåì
óðàâíåíèå èç ëåììû 2 äëÿ ôóíêöèè w = uθθ + u è ïðîèíòåãðèðóåì ïî ΩM . Òàê êàê ôóíêöèè
w(x, y, θ) è a(x, y, θ) ÿâëÿþòñÿ 2π�ïåðèîäè÷åñêèìè ïî θ, è ôóíêöèÿ w(x, y, θ) îáðàùàåòñÿ â 0 äëÿ
(x, y) ∈ ∂M , òî èíòåãðàëû îò äèâåðãåíòíûõ ñëàãàåìûõ îáðàòÿòñÿ â 0 è ìû ïîëó÷èì ðàâåíñòâî

2π∫
0

∫
M

[
(wx − f1 + (µy − a sin θ)wθ)

2 + (wy − f2 + (−µx + a cos θ)wθ)
2 + 4

(
L⊥w − 1

2
awθ

)2
]
dxdydθ =

2π∫
0

∫
M

e2µ
(
Hb + 2b2 + K

)
w2

θdxdydθ.

Ïî ëåììå 3 ïðàâàÿ ÷àñòü ýòîãî ðàâåíñòâà íåïîëîæèòåëüíà. Òàê êàê èíòåãðàë îò ëåâîé ÷àñòè
íåîòðèöàòåëåí, òî ìû èìååì ñèñòåìó

wx − f1 + (µy − a sin θ)wθ = 0,
wy − f2 + (−µx + a cos θ)wθ = 0,

L⊥w − 1

2
awθ = 0.

Òàê êàê L⊥w = −[wx + µywθ − f1] sin θ + [wy − µxwθ − f2] cos θ + awθ, òî, ó÷èòûâàÿ ïåðâûå äâà
óðàâíåíèÿ, èç òðåòüåãî óðàâíåíèÿ ýòîé ñèñòåìû ïîëó÷èì ðàâåíñòâî awθ = 0. Òàê êàê a 6= 0, òî
wθ = 0, ò. å. w íå çàâèñèò îò θ. Ïîëîæèì w = f(x, y). Òîãäà èç îïðåäåëåíèÿ ôóíêöèè w èìååì
óðàâíåíèå

uθθ + u = f(x, y).

Ëåãêî ïðîâåðèòü, ÷òî îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

u(x, y, θ) = c(x, y) cos θ + d(x, y) sin θ + f(x, y).
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Ïîäñòàâëÿÿ åå â èñõîäíîå óðàâíåíèå, ïîëó÷èì ñèñòåìó

f0 =
1

2
(cx + dy + cµx + dµy),

f1 = fx,

f2 = fy,

f3 =
1

2
(cx − dy − cµx + dµy),

f4 =
1

2
(cy + dx − cµy − dµx).

Â çàêëþ÷åíèè àâòîð áëàãîäàðèò Þ. Å. Àíèêîíîâà çà ïîñòàíîâêó çàäà÷è è ïîääåðæêó â
ðàáîòå, à òàêæå Ë. Á. Âåðòãåéìà è Ì. Â. Íåùàäèìà, ïðî÷èòàâøèõ ðóêîïèñü è âíåñøèõ ðÿä
ïîëåçíûõ ïðåäëîæåíèé.
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