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We find exact small deviation asymptotics for some Brownian functionals beginning
by the Wiener process W on [0, 1] in the weighted L2-norm ‖ · ‖ψ for a large class of
weights ψ.

Theorem 1. Let the weight ψ, defined on [0, 1], be positive and twice continuously

differentiable. Put ϑ =
∫ 1

0

√
ψ(t)dt. Then as ε→ 0

P{‖W‖ψ 6 ε} ∼ 4ψ1/8(0)√
πϑψ1/8(1)

ε exp

(
−ϑ

2

8
ε−2

)
. (1)

Similar theorems are proved for Brownian bridge, Ornstein-Uhlenbeck process and
some similar Gaussian processes. From this we deduce many exact small deviation results
for integral functionals of weighted Bessel processes and bridges, Brownian local times,
and related processes. Next theorem gives the exact small deviation asymptotics for the
Brownian excursion e and the Brownian meander m in the weighted quadratic norm.
Theorem 2. Under conditions of Theorem 1, one has as ε→ 0

P{‖e‖ψ 6 ε} ∼ 2
√

6ϑψ3/8(0)ψ3/8(1)√
π

ε−2 exp

(
−9ϑ2

8
ε−2

)
,

P{‖m‖ψ 6 ε} ∼ 4

√
2

3π

ψ3/8(0)

ϑ1/2ψ1/8(1)
exp

(
−9ϑ2

8
ε−2

)
.

The relations of Theorem 2 are new even for the unit weight ψ ≡ 1.
Let Lxt (B) be the jointly continuous local time of a Brownian bridge B at the point

x ∈ R up to time t ∈ [0, 1].
Theorem 3. The following relation holds as ε→ 0 :

P

{∫ ∞

−∞
(Lx1(B))3dx 6 ε

}
∼ 8

√
6√
π
ε−1 exp

(
−9

2
ε−1

)
.

This proposition refines on the result from [1], where the asymptotic relation was proved
at the logarithmic level only. Many analogous results for other Brownian functionals can
be found in [2].
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