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Let X, X1, X2, . . . be independent identically distributed random elements with values in a
real separable Hilbert space H. Let (x, y) for x, y ∈ H denote the inner product in H and put
|x| = (x, x)1/2. We assume that E|X1|2 < ∞ and denote by V a covariance operator of X1

(V x, y) = E(X1 − EX1, x)(X1 − EX1, y).

Let σ2
1 ≥ σ2

2 ≥ . . . be the eigenvalues of V and let e1, e2, . . . be the corresponding eigenvectors
which we assume to be orthonormal. We define

Sn = n−1/2σ−1

n∑
i=1

(Xi − EXi),

where σ2 = E|X1 − EX1|2. For any integer k > 0 we put

ck(V ) =
k∏
1

σ−1
i . (1)

Let Y be H-valued Gaussian (0, V ) random element independent of X. Put for any a ∈ H

F (x) = P{|Sn − a|2 ≤ x}, F0(x) = P{|Y − a|2 ≤ x},

Define F1(x) as the unique function satisfying F1(−∞) = 0 with Fourier-Stieltjes transform
equal to

F̂1(t) = − 2t2

3
√

n
E exp{it|Y − a|2}

(
3(X, Y − a)|X|2 + 2it(X, Y − a)3

)
.

Introduce the error
∆n(a) = sup

x
|F (x)− F0(x)− F1(x)|.

Theorem. There exists an absolute constants c such that for any a ∈ H

∆n(a) ≤ c

n
· c12(V ) ·

(
E|X1|4 + E(X1, a)4

)
×

(
1 + (V a, a)

)
, (2)

where c12(V ) is defined in (1).

For earlier versions of this result with 12 eigenvalues and a detailed discussion of the connec-
tion of the rate of convergence problem in CLT with classical lattice point problem in analytic
number theory see Esseen (1945), the ICM-1998 Proceedings paper by Götze (1998), Götze and
Ulyanov (2000) and Bogatyrev, Götze and Ulyanov (2006).
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It follows from Lemma 2.6 in Götze and Ulyanov (2000) that for any given eigenvalues
σ2

1, . . . , σ
2
12 > 0 of a covariance operator V there exist a ∈ H, |a| > 1, and a sequence X1, X2, . . .

of i.i.d. random elements in H with zero mean and covariance operator V such that

lim inf
n→∞

n ∆n(a) ≥ c c12(V ) (1 + |a|6) E|X1|4.

Hence, in infinite dimensional H inequality (2) gives a bound which is the best possible one
with respect to dependence on n, on the moments of X1 and on the form of dependence in
terms of V .

Similar problem in finite dimensional space H, where situation is essentially different, is
considered in Götze and Zaitsev (2010).
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