The contact process on evolving scale-free networks

Peter Morters

UNIVERSITY OF

BATH

joint work with

Emmanuel Jacob (Lyon)



Setup of the talk

1
2

(1) The contact process

(2)

(3) The contact process on static scale-free networks
(4)

(5)

Scale-free networks

4
5

The contact process on evolving scale-free networks

Ideas, insights and method of proof

Peter Morters (Bath) The contact process on evolving scale-free networks

2/13



The contact process

A well-established model for the spread of an infection on a finite graph is the
contact process, or SIS model.
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The contact process

A well-established model for the spread of an infection on a finite graph is the
contact process, or SIS model.

@ Every vertex can either be infected or healthy.
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@ An infected vertex recovers with a fixed rate one.
°

Once recovered, a vertex is again susceptible to infection by its neighbours.
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The contact process

A well-established model for the spread of an infection on a finite graph is the
contact process, or SIS model.

@ Every vertex can either be infected or healthy.

@ An infected vertex infects each of its neighbours at a fixed rate A > 0.
@ An infected vertex recovers with a fixed rate one.
°

Once recovered, a vertex is again susceptible to infection by its neighbours.

Key observation:

After a random finite extinction time T,y all vertices become healthy
and remain so forever.

We start the process with all vertices infected and ask
How large is the extinction time?
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The contact process

How large is the extinction time?
We look at graphs with a large number N of vertices.
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The contact process

How large is the extinction time?

We look at graphs with a large number N of vertices.

Quick extinction: The expected extinction time is at most polynomial
in the number N of vertices in the network.
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The contact process

How large is the extinction time?

We look at graphs with a large number N of vertices.
Quick extinction: The expected extinction time is at most polynomial
in the number N of vertices in the network.

Slow extinction: With high probability the extinction time is
at least exponential in the number N of vertices in the network.

N\
N\

Figure : Schematic energy landscape for quick and slow extinction.
Slow extinction is due to metastability.
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Scale-free networks

A feature of many networks is that they are scale-free, which means that for very
large N and large k,

proportion of nodes of degree k ~ k™7,

for some positive power law-exponent 7, which is believed to determine the
universality class of the network for many relevant problems.
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Scale-free networks

A feature of many networks is that they are scale-free, which means that for very
large N and large k,

proportion of nodes of degree k ~ k™7,

for some positive power law-exponent 7, which is believed to determine the
universality class of the network for many relevant problems.

Easiest model: The vertex set is {1,..., N} with small indices indicating large
strength. Every pair of vertices connects independently and the probability of
connecting the ith and jth indexed vertex in the network of size N is

6,\/2—\/—1

Pij = I"‘/j"/

)

where > 0 and 7 € (0,1) are the parameters of the model.
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Scale-free networks

A feature of many networks is that they are scale-free, which means that for very
large N and large k,

proportion of nodes of degree k ~ k™7,

for some positive power law-exponent 7, which is believed to determine the
universality class of the network for many relevant problems.

Easiest model: The vertex set is {1,..., N} with small indices indicating large
strength. Every pair of vertices connects independently and the probability of
connecting the ith and jth indexed vertex in the network of size N is

6,\/2«/—1
pPij = W7

where > 0 and 7 € (0,1) are the parameters of the model.

The expected degree of the jth ranked vertex is ~ (:0115‘5.(7’\.’)V and therefore the
power law exponent 7 is given by 7 = 1 + %/
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The contact process on static scale-free networks
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The contact process on static scale-free networks

Mean-field prediction of Pastor-Sattoras and Vespignani (2001):
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The contact process on static scale-free networks

Mean-field prediction of Pastor-Sattoras and Vespignani (2001):

e If 7 < 3, the infection survives for a time exponential in the network size, for
all infection rates A > 0, i.e. the contact process is metastable.
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Mean-field prediction of Pastor-Sattoras and Vespignani (2001):

e If 7 < 3, the infection survives for a time exponential in the network size, for
all infection rates A > 0, i.e. the contact process is metastable.

e If 7 > 3, for small infection rate A\ > 0, the expected extinction time is
polynomial in the network size, i.e. there exists a quick extinction regime.

Chatterjee and Durrett (2009) following Berger et al. (2005) have shown that this
prediction is wrong and the contact process on a scale-free network is always
metastable. Refined results are due to Mountford, Valesin and Yao (2013).
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The contact process on static scale-free networks

Mean-field prediction of Pastor-Sattoras and Vespignani (2001):
@ If 7 < 3, the infection survives for a time exponential in the network size, for
all infection rates A > 0, i.e. the contact process is metastable.

e If 7 > 3, for small infection rate A\ > 0, the expected extinction time is
polynomial in the network size, i.e. there exists a quick extinction regime.

Chatterjee and Durrett (2009) following Berger et al. (2005) have shown that this
prediction is wrong and the contact process on a scale-free network is always
metastable. Refined results are due to Mountford, Valesin and Yao (2013).

Real networks change over time. We seek to understand how time-variability can

influence the spread of disease on networks. We look at a situation where the time
scales of network change and of the spread of the disease coincide.

Peter Morters (Bath) The contact process on evolving scale-free networks 6 /13



The contact process on static scale-free networks

Mean-field prediction of Pastor-Sattoras and Vespignani (2001):

@ If 7 < 3, the infection survives for a time exponential in the network size, for
all infection rates A > 0, i.e. the contact process is metastable.

e If 7 > 3, for small infection rate A\ > 0, the expected extinction time is
polynomial in the network size, i.e. there exists a quick extinction regime.

Chatterjee and Durrett (2009) following Berger et al. (2005) have shown that this
prediction is wrong and the contact process on a scale-free network is always
metastable. Refined results are due to Mountford, Valesin and Yao (2013).

Real networks change over time. We seek to understand how time-variability can
influence the spread of disease on networks. We look at a situation where the time

scales of network change and of the spread of the disease coincide.

How does the behaviour change when the network is evolving?
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Our evolving scale-free network model
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Our evolving scale-free network model

We look at the following evolving network (¥;):>o.
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Our evolving scale-free network model

We look at the following evolving network (¥;):>o.

@ at all times the vertex set is given as {1,..., N}.

@ % is formed by independently connecting every pair {/,j} with probability

BNZ'y—l

Pij = T

@ The network evolves by vertex updating:

» Every vertex has a clock which strikes after an exponential time with
paramter x > 0.
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Our evolving scale-free network model

We look at the following evolving network (¥;):>o.

@ at all times the vertex set is given as {1,..., N}.

@ % is formed by independently connecting every pair {/,j} with probability

6N2fy—1
pl',j = W.
@ The network evolves by vertex updating:

» Every vertex has a clock which strikes after an exponential time with
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We look at the following evolving network (¥;):>o.

@ at all times the vertex set is given as {1,..., N}.

@ % is formed by independently connecting every pair {/,j} with probability

6/\/27—1
pl,j = W.
@ The network evolves by vertex updating:
» Every vertex has a clock which strikes after an exponential time with
paramter x > 0.
» When it stikes, say for vertex i/, all adjacent edges are removed, and
> new edges i <+ j are formed with probability p;;, independently for every
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Our evolving scale-free network model

We look at the following evolving network (¥;):>o.

@ at all times the vertex set is given as {1,..., N}.

@ % is formed by independently connecting every pair {/,j} with probability

6/\/27—1
pl,j = W.
@ The network evolves by vertex updating:

» Every vertex has a clock which strikes after an exponential time with
paramter x > 0.

» When it stikes, say for vertex i/, all adjacent edges are removed, and

> new edges i <+ j are formed with probability p;;, independently for every

Je{1,...,N}\ {i}.
o Note that ¥, 4 4y for all t > 0.
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The contact process on evolving scale-free networks

Theorem: Jacob, M (2015)

Consider the contact process on the evolving network (%;):>0, where at time
t = 0 every vertex is infected.

(a) If 7 < 4 (or equivalently v > 1/3 ), then whatever the other parameters of
the network, there exists ¢ > 0 such that, uniformly in N > 0,

P(Text < eCN) <e N,

(b) If 7 > 4 (or equivalently v < 1/3), then there exists a parameter A, > 0 such
that, for all A < A, there exists C > 0 such that, uniformly in N > 0,

E[Text] < CN” log N.
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The contact process on evolving scale-free networks

Theorem: Jacob, M (2015)

Consider the contact process on the evolving network (%;):>0, where at time
t = 0 every vertex is infected.

(a) If 7 < 4 (or equivalently v > 1/3 ), then whatever the other parameters of
the network, there exists ¢ > 0 such that, uniformly in N > 0,

P(Text < eCN) <e N,

(b) If 7 > 4 (or equivalently v < 1/3), then there exists a parameter A, > 0 such
that, for all A < A, there exists C > 0 such that, uniformly in N > 0,

E[Text] < CN” log N.

Surprising observation: In the evolving network a quick extinction regime is
possible, but only if 7 > 4, not if 7 > 3 as predicted by the mean field calculation.
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Insights: Metastable states
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@ In scale-free networks there are vertices of high degree or stars.
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@ In the static network these vertices cause metastability.
> if a star gets infected and does not recover quickly it infects a proportion
of its neighbours,
> once it recovers it will be reinfected quickly by one of its infected neighbours,
Hence metastable states arise when stars become infected and do not
recover quickly.
@ In the evolving network there is an additional effect.

» An infected star may update and then recover before it infects
its neighbours, whence
> reinfection is unlikely and the process may leave the metastable state.
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@ In scale-free networks there are vertices of high degree or stars.
@ In the static network these vertices cause metastability.
> if a star gets infected and does not recover quickly it infects a proportion
of its neighbours,
> once it recovers it will be reinfected quickly by one of its infected neighbours,
Hence metastable states arise when stars become infected and do not
recover quickly.
@ In the evolving network there is an additional effect.
» An infected star may update and then recover before it infects
its neighbours, whence
> reinfection is unlikely and the process may leave the metastable state.
If there are not too many stars, or equivalently 7 is big enough, this effect
can destroy metastability.
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Insights: Metastable states

@ In scale-free networks there are vertices of high degree or stars.
@ In the static network these vertices cause metastability.
> if a star gets infected and does not recover quickly it infects a proportion
of its neighbours,
> once it recovers it will be reinfected quickly by one of its infected neighbours,
Hence metastable states arise when stars become infected and do not
recover quickly.
@ In the evolving network there is an additional effect.
» An infected star may update and then recover before it infects
its neighbours, whence
> reinfection is unlikely and the process may leave the metastable state.
If there are not too many stars, or equivalently 7 is big enough, this effect
can destroy metastability.

Observation: Updating can help the infection process to get out of metastable
states. It therefore speeds up extinction.
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Insights: Metastable states

But there is a second effect going in the opposite direction.
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Insights: Metastable states

But there is a second effect going in the opposite direction.

@ The probability that a star updates and then recovers before it infects its
neighbours is of order ©(/degree). We call this a successful recovery.
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But there is a second effect going in the opposite direction.

@ The probability that a star updates and then recovers before it infects its
neighbours is of order ©(/degree). We call this a successful recovery.

@ Hence the number of updates of an infected star before a successful recovery
is of order ©(degree).

@ At each update a star gets of order ©(degree) new neighbours. An infected
star therefore infects of order ©(degree?) vertices before a successful recovery.

@ Taking this into account a mean-field calculation predicts a phase transtion
at 7 = 4 for the evolving network instead of 7 = 3 as in the static case.
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Insights: Metastable states

But there is a second effect going in the opposite direction.

@ The probability that a star updates and then recovers before it infects its
neighbours is of order ©(/degree). We call this a successful recovery.

@ Hence the number of updates of an infected star before a successful recovery
is of order ©(degree).

@ At each update a star gets of order ©(degree) new neighbours. An infected
star therefore infects of order ©(degree?) vertices before a successful recovery.

@ Taking this into account a mean-field calculation predicts a phase transtion
at 7 = 4 for the evolving network instead of 7 = 3 as in the static case.

Observation: Updating helps the infection process to infect more vertices.
It therefore slows down extinction.
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Method of proof: Existence of a quick extinction phase

Coupling with a mean-field model
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Method of proof: Existence of a quick extinction phase
Coupling with a mean-field model

In the mean-field model every vertex can have three states healthy, ready, or
infected. The state ready means that the vertex is infected but ready to recover.
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In the mean-field model every vertex can have three states healthy, ready, or
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@ Recovery and update times are taken from the original process. For every pair
{i,j} of vertices there is a Poisson process of infection times with rate Ap; ;.
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In the mean-field model every vertex can have three states healthy, ready, or
infected. The state ready means that the vertex is infected but ready to recover.

@ Recovery and update times are taken from the original process. For every pair
{i,j} of vertices there is a Poisson process of infection times with rate Ap; ;.

o If at an infection time of the pair {/, j} one of the vertices is not healthy,
both become infected.
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Method of proof: Existence of a quick extinction phase

Coupling with a mean-field model

In the mean-field model every vertex can have three states healthy, ready, or
infected. The state ready means that the vertex is infected but ready to recover.

@ Recovery and update times are taken from the original process. For every pair
{i,j} of vertices there is a Poisson process of infection times with rate Ap; ;.

o If at an infection time of the pair {/, j} one of the vertices is not healthy,
both become infected.

o If at an update time the vertex is infected, it becomes ready.
o If at a recovery time a vertex is ready, it becomes healthy.
It is possible to couple the original process to the mean-field model in such a way

that, at every time t > 0, every vertex which is infected in the original model, is
either ready or infected in the mean-field model.
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Method of proof: Existence of a quick extinction phase

Coupling with a mean-field model

In the mean-field model every vertex can have three states healthy, ready, or
infected. The state ready means that the vertex is infected but ready to recover.

@ Recovery and update times are taken from the original process. For every pair
{i,j} of vertices there is a Poisson process of infection times with rate Ap; ;.

o If at an infection time of the pair {/, j} one of the vertices is not healthy,
both become infected.

o If at an update time the vertex is infected, it becomes ready.
o If at a recovery time a vertex is ready, it becomes healthy.
It is possible to couple the original process to the mean-field model in such a way

that, at every time t > 0, every vertex which is infected in the original model, is
either ready or infected in the mean-field model.

Hence the extinction time in the mean-field model is a stochastic upper bound to
the original extinction time.
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Method of proof: Existence of a quick extinction phase
Extinction time in the mean-field model

If v < % and X is small enough, the process

N N

M(t) == Z 1{i ready at time t} s;(/) + Z 1{i infected at time t} s,(1)
i=1 i=1
with ] N 2 ' ' N\
Sl(l) = <T> 52(1) = Sl(l) + <T> ,
satisfies 1
EE[ (t+ dt) — M(t)|.F] < —c N~ M(¢).
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N N
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ith , N\ , N
" si(i) = <T> s (i) = s1(i) + <7> ,
satisfies 1
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We introduce Z(t) = log M(t) + cN~7t, and get
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Method of proof: Existence of a quick extinction phase
Extinction time in the mean-field model

If v < % and X is small enough, the process

N N

M(t) == Z 1{i ready at time t} s;(/) + Z 1{i infected at time t} s,(1)
i=1 i=1
ith , N\ , N
v si(i) = <T> s (i) = s1(i) + <7> ,
satisfies 1
EE[ (t+ dt) — M(t)|.F] < —c N~ M(¢).

We introduce Z(t) = log M(t) + cN~7t, and get

1 ar
EE[Z(t +dt) - Z(t)| 7] <.

Hence (Z(t))o<t<T... is a positive supermartingale, and we deduce

ETox ~ ¢ *NTE[Z(T,,)] < ¢ INYEZ(0) = O(N” log N).
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Thank you very much for your attention!
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