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1. Problem:
Let ξ(t) be a random process with continuous trajectories,
Φ : C [0,T ]→ R and η = Φ(ξ(·)) be a random variable. When do
we have Pη � m? What are the properties of the density?

2. Another problem:
Let R : C [0,T ]→ C [0,T ] be a linear mapping:
R(f + g) = Rf +Rg , R(αf ) = αRf and suppose that
R = R(ω) is a random linear mapping.

The question is if R is a.s. an integral operator and what is its
domain?
Rf (x) =

∫
r(x , y)f (y) dy

What are the properties of the kernel?
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Example: Let w(s), s > 0 be a standard Wiener process.

Rf (x) =

∫ t

0
f (x − w(τ))dτ,

Let us find the expression for the kernel:
f (x) =

∫
R f (y)δ(x − y)dy

Rf (x) =

∫
R
f (y)

∫ t

0
δ(x − y − w(τ)) dτ dy = f ∗ r(t, x),

where

r(t, x) =

∫ t

0
δ(x − w(τ)) dτ.

Consider the Fourier transform

r̂(t, p) =

∫ t

0
e ipw(τ) dτ.
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To prove r(t, ·) ∈ L2(R) a.s., it is sufficient to prove
r̂(t, ·) ∈ L2(Ω× R,P×m) or∫

R
dp E

∣∣∣∣ ∫ t

0
e ipw(τ)dτ

∣∣∣∣2 <∞
For |p| > 1 we have

E
∣∣∣∣ ∫ t

0
e ipw(τ)dτ

∣∣∣∣2 = 2Re
∫ t

0
dτ1

∫ τ1

0
dτ2 Ee ip(w(τ1)−w(τ2)) =

= 2
∫ t

0
dτ1

∫ τ1

0
dτ2e

− p2
2 (τ1−τ2) 6

C

p2 .

Additional possibilities: r(t, ·) ∈ Hα for any α ∈ [0, 1/2), where
Hα = {g : E

∫
(1 + |p|2α)|ĝ(p)|2 dp <∞}.

So we have proved that r(t, ·) ∈W α
2 (R) a.s.
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Let ξx(t), t > 0, x ∈ R be a solution of a stochastic differential
equation

dξx(t) = b(ξx(t))b′(ξx(t)) dt + b(ξx(t)) dw(t),

ξx(0) = x .

Assume that
1. b ∈ C 2

b (R).
2. θ0 = inf

x∈R
b(x) > 0.

3. ∃ b0 > 0 such that limx→±∞ b(x) = b0.
4. limx→±∞ b′(x) = limx→±∞ b′′(x) = 0.
5. b(x)− b0 ∈ L1(R) ∩ L2(R).
Suppose that

b0 = 1.
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The Markov family ξx(t), x ∈ R generates a semigroup
Pt : C (R)→ C (R), where for any f ∈ C (R)

u(t, x) = Pt f (x) = Ef (ξx(t)).

The function u(t, x) satisfies the backward Kolmogorov equation

∂u

∂t
= −Au,

with an initial condition

u(0, x) = lim
t↓0

u(t, x) = f (x),

where
A = − 1

2
d

dx

(
b2(x)

d

dx

)
> 0.
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Define Pt f (x) for f ∈ L2.

Pt f (x) = Ef (ξx(t)).

Consider the self-adjoint operator A, on the domain
D(A) = W 2

2 (R).
We have

Pt = e−tA,

and
e−tAf (x) = Ef (ξx(t)).

We are interested in a probabilistic representation of the resolvent
operator.
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Some ideas:
For any λ such that Reλ < 0 and any f ∈ C (R) we have

(A− λI )−1f =

∫ ∞
0

eλτe−τAf dτ

(A−λI )−1f (x) = E
∫ ∞

0
eλτ f (ξx(τ)) dτ = lim

t→∞
E
∫ t

0
eλτ f (ξx(τ)) dτ.

Consider a random operator Rt
λ, where

Rt
λ : f 7→

∫ t

0
eλτ f (ξx(τ)) dτ.

What can we say about Rt
λ? If λ = 0 the kernel is a local time.

D(Rt
λ) =? How to define an operator in the case Reλ > 0?
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Let λ = a + bi .
First suppose that a = Reλ 6 0. In this case set

Rt
λf (x) =

∫ t

0
f (ξx(τ))eλτ dτ.

Using f (x) =
∫
f (y)δ(x − y) dy we get

Rt
λf (x) =

∫
f (y)

∫ t

0
eλτδ(ξx(τ)−y) dτ dy =

∫
f (y)rλ(t, x , y) dy ,

where

rλ(t, x , y) =

∫ t

0
eλτδ(ξx(τ)− y) dτ.

First idea is to use the Fourier transform.
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The operator A = −1
2

d
dx (b2(x) d

dx ) is self-adjoint,

σ(A) = σac(A) = [0,∞).

Let ϕ(x , k) be generalized eigenfunctions of the continuous
spectrum of the operator A. For any k ∈ R it is a solution

Aϕ(x , k) =
k2

2
ϕ(x , k)

such that ∫
ϕ(x , k)ϕ(x , k ′) dx = δ(k − k ′)

and ∫
ϕ(x , k)ϕ(x ′, k) dk = δ(x − x ′).

The choice of ϕ(x , k) is not unique, so we choose ϕ(x , k) such that
they have an analytical continuation on k to the upper half-plane
and for Im k > 0 we have limx→+∞ ϕ(x , k) = 0. (If A = −1

2
d2

dx2

then ϕ(x , k) = 1√
2π
e ikx).
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The functions ϕ(x , k) define the kernel of an unitary operator
Ψ : L2(R)→ L2(R). The operator Ψ weaves the operator A and
the multiplication operator by the function k2

2 .
Namely define the unitary operator by

Ψ : f (x) 7→ (L2) lim
M→∞

∫ M

−M
f (x)ϕ(x , k) dx = (Ψf )(k),

Ψ−1 : g(k) 7→ (L2) lim
M→∞

∫ M

−M
g(k)ϕ(x , k) dk = (Ψ−1g)(x).

Af = g ⇔ k2

2
(Ψf )(k) = (Ψg)(k).

F (A)f = g ⇔ F (
k2

2
)(Ψf )(k) = (Ψg)(k).
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Eϕ(ξx(t), k) = e−
k2t
2 ϕ(x , k).

D(F (A)) = {f ∈ L2(R) : F
(k2

2
)
(Ψf )(k) ∈ L2(R)}.

Lemma
There exists a constant L > 0 such that for any x ∈ R, and k ∈ R
we have |ϕ(x , k)| 6 L.

Lemma
ϕ(x , k) 6= 0 for Im k > 0.

Lemma
Let a function g satisfies the condition∫
R(1 + |k|2α)|g(k)|2 dk <∞ for some α ∈ (0, 1

2). Then
Ψ−1g ∈W α

2 (R).
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Suppose that a = Reλ 6 0. In this case

rλ(t, x , y) =

∫ t

0
eλτδ(ξx(τ)− y) dτ.

Let us calculate Ψrλ(t, x , y) with respect to y . We have

δ(ξx(τ)− y) =

∫
R
ϕ(y , k)ϕ(ξx(τ), k) dk

So that

rλ(t, x , y) =

∫
R
ϕ(y , k)

∫ t

0
ϕ(ξx(τ), k)eλτ dτ dk.

We get

(Ψrλ)(t, x , k) =

∫ t

0
ϕ(ξx(τ), k)eλτ dτ.

(It is a kernel of the operator Rt
λΨ−1 = Rt

λΨ∗.)
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Now suppose that a = Reλ > 0. For |k | >
√
2a we define Ψrλ as

before. For |k | <
√
2a set

(Ψrλ)(t, x , k) = − ϕ(x , k)

ϕ(0, i |k |)

∫ t

0
ϕ(ξ0(τ), i |k |)e−λτ dτ.

Define the space Hα of L2(R)-valued random variables g

Hα = {g : E
∫
R

(1 + |k |2α)|(Ψg)(k)|2 dk <∞},

If g ∈ Hα, then g ∈W α
2 (R) a.s.

N.V.Smorodina On kernels of some random operators.



Theorem

1. For any α ∈ [0, 1
2) there exists the uniform in x ∈ R limit:

rλ(t, x , ·) = (Hα) lim
M→∞

rλ(t, x , ·,M),

where

(Ψrλ)(t, x , k ,M) = 1[−M,M](k)

∫ t

0
(Ψrλ)(τ, x , k) dτ.

2. If a = Reλ < 0 then for any α ∈ [0, 1
2) there exists the uniformly

in x ∈ R limit:

rλ(∞, x , ·) = (Hα) lim
t→∞

rλ(t, x , ·).
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Theorem
For any fixed 0 6 t <∞ with probability 1 the operator Rt

λ is a
bounded operator in L2(R).

Theorem
There exists a constant C > 0 such that for any f ∈ L2(R) we have

E‖Rt
λf ‖22 6 C‖f ‖22.
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Theorem
1. If Reλ < 0 then for any f ∈ L2(R) we have

E
∫

R
rλ(∞, ·, y)f (y) dy = (A− λI )−1f .

2. If Reλ > 0 and λ /∈ σ(A) then for any f ∈ L2(R) we have

(L2) lim
t→∞

E
∫
R
rλ(t, ·, y)f (y) dy = (A− λI )−1f . (1)

3. If λ ∈ σ(A) then (1) holds for any f ∈ D(A− λI )−1.
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Some generalizations

A = −1
2
d

dx
(b2(x)

d

dx
) + V (x),

where V (x) is a rapidly decreasing potential.

σ(A) = {−k2
1 , . . . ,−k2

N} ∪ [0,∞).

L2(R) = span{ϕ1, . . . , ϕN} ⊕ HAac

ϕj ∈ L2(R), j = 1, 2, . . . ,N; ϕ(·, k) /∈ L2(R).

Using ϕ(x , k) we define an isometric operator

Ψ : L2(R)→ L2(R), Ψ∗ : L2(R)→ HAac .

ΨΨ∗ = Id Ψ∗Ψ = PAac

the projector onto an absolutely continuous subspace.
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In this case for Reλ 6 0 set

Rt
λf (x) =

∫ t

0
eλτ
(
PAac f

)
(ξx(τ))e−

∫ τ
0 V (ξx (s)) ds dτ,

where PAac is the projector onto an absolutely continuous subspace.
The kernel tAac of the projector PAac has the form

tAac(x , y) =

∫
ϕ(x , k)ϕ(y , k) dk

We get

Ψrλ(t, x , k) =

∫ t

0
eλτϕ(ξx(τ), k)e−

∫ τ
0 V (ξx (s)) ds dτ.

We use the identity

Eϕ(ξx(τ), k)e−
∫ τ
0 V (ξx (s)) ds = e−

k2τ
2 ϕ(x , k).
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Non-self-adjoint case.

B = −1
2
b2(x)

d2

dx2 − a(x)
d

dx
+ W (x)

bb′ − a ∈ L1(R)
The operator B is similar to a self-adjoint one. Let A be
self-adjoint.

B = K−1AK, ‖K‖L2→L2 <∞, ‖K−1‖L2→L2 <∞

F (B) = K−1F (A)K.

The operator B is self-adjoint in the scalar product

〈u, v〉K = 〈Ku,Kv〉.
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Consider the operator

B = −1
2
b2(x)

d2

dx2 − a(x)
d

dx
+ W (x).

This operator is similar to the operator

A = −1
2
d

dx
(b2(x)

d

dx
) + W (x) + V (x),

where K−1f (x) = G (x)f (x)

G (x) = exp(

∫ x

0
H(y) dy), H(y) =

b(y)b′(y)− a(y)

b2(y)
.
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Let ξx(t), t > 0, x ∈ R be a solution of the stochastic differential
equation

dξx(t) = a(ξx(t)) dt + b(ξx(t)) dw(t), ξx(0) = x .

In this case

Rt
λf (x) =

∫ t

0
eλτ
(
PBac f

)
(ξx(τ))e−

∫ τ
0 W (ξx (s)) ds dτ,

where PBac = K−1PAacK is the projector on the absolute continuous
subspace.
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