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ERGODICITY OF QUEUING NETWORKS

S. G. Foss UDC 519,21

We consider an open Jackson-type service network with single-channel stations. It is
shown that if the load on each station is less than 1, the process defined by the length of
the queue satisfies an ergodic theorem in discrete time. If it is additionally supposed
that the lengths of the intervals between the arrivals of calls possesses a nonlattice dis-
tribution, an ergodic theorem will also hold for the queue length process in continuous time.
These results are carried over to the case of multichannel stations. For the special case
of "acyclic networks,'" it is proved that an ergodic theorem will also hold in the most gen-
eral situation in which the elements of the control sequences form a stationary metrically
transitive sequence.

We alsc consider closed networks for which an ergodic theorem is proved under the con-
dition that the distributions of service times is nonlattice.

1. Introduction and Statement of Basic Results

Suppose that N > 0 is an integer. Let {Z(n); n=>0} denote a Markov chain with (N + 2)
states 0, 1,...,N, N + 1, initial value Z(0) = 0, and transition matrix ipijl, i, 3 = 0,...,
N + 1, where pN+i,N+1 = ls Pjo = 0 for all i. Moreover, we also assume that pj; = 0 for all
i<N (as noted in [1, 2] this assumption does not place any limitations on the generality
of the subsequent argument). We will assume taht state (N + 1) may be reached from any
state i= | and, consequently, is absorbing state. Let m;, 1<i<N denote the mean number of
sojourns of state i by the trajectory {Z(n): n=0} :

We will say that the matrix lpijl [and also the Markov chain {Z(n)}] is acyclic if no
two states i and j are absorbing states. In other words, a matrix fpijl is acyclic if states
{1, 2,...,N} may be renumbered in such a way that for all 1<<isN ,

N+1
& Pij= 1.
=i+l

Now consider an open service network with N single-channel stations into which a re-
cursive stream of calls arrives, i.e., it is assumed that the times between the arrivals of
calls {1,} are independent and identically distributed with mean Et,=1/0.>0. Each call from
the input stream is directed (independently of all the others) to the station numbered k with

probability pg, ipex = 1. Servicing times at the k-th station {s%} are independent and iden-
K

tically distributed with mean Es* =g, 0<a,<%°. Calls are serviced at each station in their
order of arrival. After its service at the k-th station has been completed, a call arrives,

with probability pkj, at the j-th station and, with probability py N+1, escapes from the net-
work. These types of networks are called Jackson-type networks.

For t=0, i=1, ..., N , we denote by qi(t) the number of calls at station i at time t + 0
(i.e., whether in queue or being serviced), while Xi(t) dgnotes the remaining time left to
service the first of these calls [we set xi(t) = 0 when qi(t) = 0}; q(t) = (q*(t),...,qN(t));
x(£) = (x2(t),...,xN(t)). We set Zy = {0, 1, 2,...}; Ry = [0, «).

In [1, 2] the following is proved:

THEOREM 1. If for a Jackson-type network,
a; < 1/a; (1)
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for all j = 1,...,N, then when conditions (C1)-(C3) (see below) are satisfied, the service
network is ergodic, i.e., there exists a natural distribution P(-) on the set Z} x R{ such
that for any initial condition (¢(0), x(0)) P({q(t). %(t))=B)~P(B) as t + = for any Borel set
B=ZY x RY of the form B={(l,, .. . Ivi 21, .., &x): &v<ugi=1 .. N e wmeRai=1 ... N

Conditions (C1)-(C3) are as follows:
(C1) There exist numbers C > 0 and vy > 0 such that for alls, z=0,

Pt >t 4 2/t 1)< Ce™ ™) P(sh>t + ot >1) < Ce™
(C2) The random variables Ty are not bounded [i.e., P(1.>2)>0 for all x].
(C3) The random variables T, Possess a nonlattice distribution.
In the present work we will show that the following assertion holds.
THEOREM 2. Theorem ! holds under conditions (1) and (C3).

It is known that if either one of the two conditions (1) and (C3) does not hold, Theorem
2 is false (except for the degenerate case). Therefore, Theorem 2 is conclusive in nature
and may be stated in the form of a criterion.

Set ty = Ty +...+ 1, and denote by ¢u={(n ..., gn) = q(a)s %u={%h ... 70 ) = 1(f») the
length of a queue and the remaining service time at successive arrival times, respectively.
Then

THEOREM 3.* If (1) holds, a stationary sequence {(qR, x®); = < n < »} may be specified
in the same probability space with {{(q,, xn)} such that P((q, z)=(¢" ¥) for all I=n)—>1 as
n > o,

An analogous assertion was stated in [4], though under the following two additional as-
sumptions: (1) Px,N+1 > O for all k = 1,...,N; (2) for the Markov chain {(q,, X,)} there
exists a positive-definite recurrent compactum.

Note that it follows from the results of [5] that Theorem 2 is a direct corollary to
Theorem 3. Therefore, we will limit the discussion to a proof of the latter assertion.

Note, too, that under the conditions of Theorem 3 estimates of the rate of convergence
of the following form may be stated: if E(Si‘)s< o [or Eexp(psi) <] forallk=1,...,Nand
some B > 1 (B > 0), then for A=min{n: (¢, x)=(¢, ¥) for all I>n} it is true that Pr>n<
Cn~**!  [respectively, P(k>n)<Cexp(—p'n) ] for some constant C < » (and constant R' > 0).
These assertions were also deduced by the present author, though their proof will be pub-
lished elsewhere.

Consider networks with multichannel stations, where the i-th station constitutes a multi-
channel system with m; channels. We suppose that at each station calls are serviced according
to the principle of "first in—first out.” We will prove the following assertion.

THEOREM 4. Jackson-type networks with multichannel stations satisfy the assertions of
Theorems 2 and 3 if condition (1) is replaced by the following:

;< ms/a; (2)
for all j = 1,...N.

For the case of acyclic networks with single-channel stations we will prove that Theorem
3 remains valid under conditions more general than independence and identically distributed
service time. This assertion will be stated in Sec. 2 (Theorem 6).

Let us now consider closed systems. Consider a finite Markov chain with N essential

N
absorbing states and transition matrix lpll, 1<i, j< N, 2 piy=1 for all i, and by analogy
j=1

*The article [3] appeared after the present article had been submitted; the assertion of
Theorem 3 was stated in [3]. However, a rigorous proof of the assertion is given in [3] only
for the case of limited service time, i.e., even under stronger comnstraints than in [1, 2],
and a proper proof cannot be established for the general case from informal and very abbrevi-
ated arguments. Note, too, that the proof proposed in the present article uses entirely dif-
ferent concepts, and for that very reason differs in substantial respects from the proof
given in [3].
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with the previously introduced concept of an open network, define a Jackson-type closed net-
work with N single-channel stations and M calls. Then

THEOREM 5. If service time distribution in a closed service network is nonlattice,
Theorem 2 will hold.

An analogous assertion, though under the assumption of conditions (Cl) and (C2), was
proved in [1]. I have also learned that a result close to Theorem 5 was obtained indepen-
dently by E. V. Morozov and is to be published in 1991 in a collection from VNIISI (Moscow).

The present article consists of four sections. In Sec. 2 we study the open acyclic net-
works. The results obtained in Sec. 2 are applied in Sec. 3 to prove Theorems 3 and 4. In
Sec. 4 we prove an ergodic theorem (Theorem 5) for closed networks.

2. Acyclic Open Networks

2.1. Single-Channel Systems. Consider a single-channel waiting system with calls
served in their order of arrival. Control of the system is defined in a more complex way
than is usually the case, the point of which will become clear in the course of studying
service networks.

Suppose that we are given a sequence of pairs {(1,, m,); n=0} of random variables, where
1, > 0 almost certainly (i.e., with probability one) and the up are integral and nonnegative.
Moreover, if p.=>1 we define the random variables 0 <Tuni Luna << ... KlUny, < Ta with probability
one. Let Wy= (Uny ... Uny,) (setting w,=@ if py =0) and ty = 1y +...+ Ty, An input stream
of calls into the system is defined in the following way: if the equality p, = 0 holds, this
will mean that over the time interval (tn_l, tn] no calls arrive in the system, and when k=1
the equality u, = k asserts that over the time interval (t,.,, tp]l k calls arrive in the
system at times tj_, + Up;,...,tp-1 + upk, respectively. We also define the random vectors

Sn=(Sn1> ..+ Suu,) (here s,=% if u, = 0), where s,; is understood as the time required to ser-
vice a call that arrives in the system at time t,., + un; (i.e., the i-th call in the n-th
group). We define Sp = sny+ ... + Sny, (where Sy = 0 if py = 0) and Er={Tn, Un, Uy, S.}.

Note that if m.=1 and uyi = Tty when 1{<<i<p,, the incoming stream described above is a
grouped-arrival stream, i.e., calls arrive in the system at times t, in groups of size uj.
These types of systems are considered in [6].

Given call c, we let t(c) denote the time it arrives in the system and y(c) the time its
service is concluded. For t>0 and u>0 , we let Q(t, u) denote the number of calls that
have arrived in the system by time t + 0 and have not yet been fully serviced by time t + u +
0, i.e., Ot u)=%#{c: t(c)<<t; y(c)>t+u}. Note that the function Q(t, u) is continuous with
probability one on the right in both arguments. Moreover, Q(t, u) is not increasing in u for
any fixed t and Q(t, u) + 0 with probability one as u » =, i.e., for any t=0 there exists
(with probability one) a finite random variable w(t) such that Q(t, u(t)) = 0 with probability
one.

If ta=mi+...+ 1, u=0, we set Q,(u)=0 (., u); Q.=
of calls in the system by time t.+0; w,=inf{u=0: Q0.(u
service these calls.

{0.(n); u=0}; ¢.=Q.(0) is the number
y=0} is the total time remaining to

We introduce the space D% = D% [0, o) of nonnegative, integral, nonincreasing, right-
continuous functions with finite support on [0, =] with metric

p(f, g) = inf {suplh(x)— z| +sup|f(h(z))—g (x)l},
hel (x=0 220

where H is the set of strictly increasing continuous functions h: [0, ©») » [0, ») such that
h(0) = 0. Note that the space (D}, p) is separable and possesses the property that if the
sequence {f.}, fne D% is fundamental, a function /< D% may be found such that f(z)=fa(z) for
all z=0, n=>1. It is easily seen that Q(t, u) and Q,(u) (for any fixed t and n) are random
elements with values in this space.

Note that the sequences {w,} and {Q,} are related by the recursive relations wp = f(wp-1»
En) and Q, = F(Qn—1: En), where the functions f and F possess a rather cumbersome form.

LEMMA 1. Suppose that the sequence {£,} is stationary and metrically transitive. If
Et,>ES,, a stationary sequence {Q"}, Q"< Dy with probability one may be found such that
P{0.,=0Q" for all k=n}—~1 as n > », for any initial distribution Q, such that Pwp<»)=1
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Proof. Let us first prove that a stationary sequence {u"}, w" <o with probability one
may be found such that P (wy = wE if k=n)~ lasn > = We begin with the case w, = 0.

Consider the following auxiliary system with grouped arrival: calls arrive at times ty
in groups of size uy. We dencte the characteristics of this system by Q and w,. Assuming
the sequence {f{,} to be given for all n, —~ < n < =, we define the shift operation U of these
random variables in such a way that Uf, = £,4,. We let UD denote the iteration of this trans-
formation. It has been shown [6] that the sequences {U—"#%.] and {U-"0,} are monotonically
nondecreasing and that there exist a random variable %% < « with probability one and a random
element (°< D% with probability one such that P(UQ0., =0Q° if k= n)=P(U, =" ifk=n)—1.
Note that, first, #,>w, with probability one for all n and, second, the sequence Uy, is
monotonically nondecreasing. Consequently, it converges, with probability one, to a finite
random variable w?< #®° with probability one. Further, by virtue of monotonicity (< U *w,—
Uw, < U@, — U ", with probability one for any k=>n=>0. Taking limits as k + ©, we ob-
tain the inequalities O0<uw®— U—w, <& — U "%, Consequently, P(w’'=U"%w, if k=n)— 1 and,
thereby, P(w, =w")=P(w.,=w* if k=n)—>1 as n » », where w"=U"w’.

Now let P(wo>0)>0 . For any € > 0, we may find a number ¢ such that Puwy<u®+c)=1—ce.

Consider a system with initial condition w, + w® + ¢ and introduce the virtual waiting
time w(f)=inf{u=0: Q(f, u)=0}. It is easily seen that P(w(s)>0 for all :=>0)=0. Therefore,
if a random variable n=inf{t=>0: w(t)=0} is introduced, when tn > n those sequences {wy}
with initial condition w, = 0 and those with initial condition wy; = w° + ¢ may be "glued"
together. By virtue of monotonicity, a sequence with any initial condition 0<wo<u’+c
may also be "glued" together with these sequences. Consequently, liminfP (w, —u* if k>n)>>

71 —>00
l — ¢, and since ¢ > 0 is arbitrarily chosen, P(wy,=w* if k=n)—>1 as n » « for any initial
state w,.

To verify the lemma, it remains for us to note that, first, the monotonicity properties
stated earlier for {w,} hold also for {Q,} and, second, for n such that th > n, not only the
sequences {wn} but also the sequences {Qn} with initial conditions w, = 0 and W, = w' + ¢,
may be glued together. The lemma is proved.

Now consider the output stream of the system. Let fi;, denote the number of calls whose

servicing concludes within the time interval (tp-,, tpl, and | +un, << ... <tuoy Ty, » the

corresponding times when service concludes, u.={(Ua, Un, ...}. If fip = 0, we set Gn = ¢. Note
that the pair of random variables (fi,, @i,) is uniquely determined from Qn-1 and E,, i.e.,
there exists a function H such that ({i,, U,) = H(Qy-,, £n) with probability one for all n.
The function H may be specified constructively, though it is quite cumbersome in form.

COROLLARY. Under the conditions of Lemma 1, there exists a stationary metrically tran-
sitive sequence {(n* u")}, {"<oo with probability one such that P( (s, )= (p*, w) fork=n)—1

as n » ». Moreover, Ep"=Enu,.

~

In fact, it suffices to determine (p”, 7{")=H(Q”“’, £.). In this case {(En, Lz,}=(7ﬂ", u'yl=
{Qn-1=(Q™'}). Next, assume the contrary, i.e., E;1>Em+6. Since for any ¢, (Q’*’+...+g’+")/

n—»Eﬁ’ with probability one, for every £ > 0 a number n, may be found such that P(E“ri + ok

~1 o]
n +n‘>%+ Wipr+ ... fuyn for all n=mny)=1-—e Let vy < » be the time at which the sequences

{Qp} and {Q"} are glued together. Let us find £ = 2(e) such that P(y<)=1—¢ Aad since

Heet o <@ 0)+wu+.. .t w,. for all 2 and n, P(Q{0)=n8/3 for all n=n¢)=1— 2¢, which
produces a contradiction.

Let us assume that Ep, —Ep'+38. Since ¢/ (0)+ nti 4. . 4+ W+ = Qp -+ Juss +.. .+ = L+
My, With probability one on the set {y<<1} , then,P(Q""(0)=n8/3 for all n=n)=1—2% for
any € > 0 and no=ng(e), [=1{(e). In particular, P(Q“”(<J)>£§):P(Q°(0)>na/3)>1—28 , which
produces a contradiction. The corollary is proved.

Remark 1. 1In a perfectly analogous way, it is possible to prove that a system with an
infinite number of channels is ergodic. For multichannel waiting systems and constrained sys-

tems (with failures, with a limited number of waiting places, with limited waiting time, etc.)},

an analogous result may be obtained only under the additional condition that there exist so-
called renovating events.
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2.2. Acyclic Networks. Consider an open acyclic network and for k = 0, 1,...,N define

sequences of random variables {¥} = (vE, vk, ...)}, and for k = 1,...,N, sequences {sk = (&,
sty ...)} . Let us describe how the network functions. At its input there arrives the stream

of calls {t., Ms u,} described in Sec. 2.1. For arbitrary n, a call that has arrived at time
tp-1 + upi is directed towards the station numbered vpi- If j=1 calls have arrived at
station k within the time interval (tj-,, t,], they are "assigned" service times sgl...snj.
If servicing of /=1 calls concludes within the time interval (t,.,, t,] at station k, the
first of these calls is directed towards station v%l, the second towards station vy,, and so

on. We then Set§n=={TnvunsMna{ViL{SﬁH'

THEOREM 6. Suppose that an open acyclic network satisfies the following conditions:
(1) the sequence {{,} is stationary and metrically transitive;
(2) the sequences {(r,, u,)}; {¥31:{sil: [v3l; .. (sn)i (vn) are mutually independent;

(3) for fixed k = 0, 1, 2,...,N, the random variables {vﬁj} are identically distributed;
P (v =1) = pais
(4) for fixed k = 1, 2,...,N, the random variables {sﬁj} all process the same mean
Esh; = a, > 0.
Then if for all k,
amEw < 1/a,, (3)

the assertion of Theorem 3 will hold.

The proof may be conducted by means of induction. We partition the set of stations
{1, 2,...,N} into subclasses D,UD;U...UD;, where D ={i=1: ps=0 for all 1<j< N}, and for
<r<l—1 D,,={i=l:ps=0 for all j&¢D,. .., j¥D,}
Consider k<D, Over the time interval (t,-,, tp] a total of pi= 2 7 (v} =%) calls
. i<hp
arrive at the k-th station, and E;LZ = Epn xP (v}, = k) = Eppos EX shi = akEﬁfﬁ = ayEp,por- There-
S~
i<y
fore, Lemma 1 holds, and the output stream from the k-th station may be glued to the sta-
tionary stream.

Consider k<D, At the input of this station a stationary input stream arrives from
outside with the set of output streams from stations i=D, which, beginning with some random
station number, are glued to the stationary stream. And since the union of stationary streams
again forms a stationary stream, we may apply Lemma 1. It is then only necessary to verify
that the conditions of the lemma are satisfied. In fact, if, for jeD;, we let p%(k) denote
the number of calls that arrive at the k-th station from the j-th station over the time in-

terval (tg-,, tpl, then (in the steady state) Ew (h)=Ep’, pj = Ewpopin- And since o=
'21) H‘i;(k) + > I(v?”- = k) we find that Eﬁ,’i = EM;(POh —+ Epoj-pjh) = Ep;m, , and the conditions of
jEeD, i<y i

Lemma 1 follow from (3). If i=3,...,1I, k=D,, the reasoning is entirely analogous. The
theorem is proved.

2.3. Acyclic Networks with Multichannel Stations. Let us show how to prove Theorem 4
for an acyclic network.

We begin by considering the m-channel controlled system described in Sec. 2.1, opera-
ting by the principle| "first in—first out." As before, we set w,=inf{u=>0: Q.(u)=0}. The
following, weaker version of Lemma 1 holds.

LEMMA 2. Suppose that the sequence {f,} is stationary and metrically transitive. If
mEt; <ES, and P(wo<c)=1 for some c < », a stationary sequence({Q"}, Q" e D% with prob-
ability one may be found such that P(Q,< Q" for all n=0)=1.

The proof follows directly from the properties of monotonicity of multichannel systems
and Lemma 2 from [7, p. 356].

Let us now consider acyclic Jackson-type networks and prove Theorem 4 for the following
two special cases:
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(1) so-called multiphase—multichannel systems;
(2) a single network with three stations.

We first remark that the proof may be carried out in analogous fashion for an arbitrary
acyclic network.

We begin with case 1. A service network is called a multiphase—multichannel system if
Pi,i+1 = 1 for all i =0, 1,...,N [i.e., the output stream from the i-th station forms the
input stream of the (i + 1)-th station]. Note that a different type of proof (for other
characteristics of systems) was given in [8].

Let us conduct the proof by means of induction on N. If N = 1, the network constitutes
a single multichannel system GI/GI/m for which the assertion of Theorem 4 holds {cf. [7,
p. 3611). Consider the case of N = 2 stations with m, and m, channels, respectively. We
then require the concept of a renovating event, the definition of which may be found in
[7, p. 340], for example. Since the output stream from the lst station is glued to the
stationary stream, beginning from some random time A < « with probability one, a stationary
stream of calls will arrive at the second station. For any € > 0, a number n. may be found
such that P(A<n.)>1-—e¢, and for this ng a function f.e= D% may be found such that P(Qies;
k);?1—‘8- Consider for n>=>n. a network in which a stationary input stream arrives at the
second station, and denote the characteristics of such a network by [QL, 02}. By Lemma 2
there exists a stationary sequence {J"; n>n,} such that Q.< Q" with probability one for
all n=n, i=1, 2.

Consider for n=n. the events
Bp= 0" )< w"<<e i=12).

These events form a stationary sequence and possess positive probability for sufficiently
large r and x. Consider, also, the events

L

1 . 2 . p 3

Co=Cn(r.x, & 8) =0 {Tn+i>d; myd—e— 0 sy Kmyd — &5 sk ;<< myd—e;, j=1,2, ...+ il
=0

From the conditions of the theorem, it follows that numbers d and ¢ may be found such that
event G, possesses positive probability for any 6 > 0.and L > 0. Moreover, the events {C,}
are stationary and L-dependent, while the events Bp and C, are independent for any n.

If L » 1, 6§ €1, in the event 4,=5,nC, all calls beginning with some call with number
n, = n,(r, x, d, €, §) arrive at a free device at the first station. We let yn denote time
when servicing of the n-th call concludes at the first station and, for nt+i= nl, compare
the times when servicing of two neighboring calls terminates: yﬁ+pHg=tn+H4—~Sn+h4 = Yati+
Tatitr — 0 » and analogously, Yaiivt < fYesit e 8. Consequently, for 4>8, n+i=n in the
event Ap, calls exit from the first system in their order of arrival at the system over time
intervals 1n+“ Tppi— O <iTn+zS§Tn+l+—6 Therefore, if & < g, in the case of event A, all calls
beginning with some number n, arrive at a free device at the second systen. Consequently, a
number L » 1 may be specified such that event A, will be a renovating event on (n, n + L)
for the entire network. From {7, p. 341] it follows that there exists a stationary sequence
{Q", @™ such that P((QF §2) =(Q*', ") for all k=n)~1. Therefore, the original network
satisfies the inequality

lim jan((Qlt: O;_:) = (()kl, QM) for all k> R) >=1— 2e.

Since € > 0 is arbitrarily chosen, we obtain the desired assertion. The proof for N > 2 may
be carried out by induction in an entirely analogous fashion.

Consider case 2. More specifically, consider a network of three stations (systems)
with my, m,, and m; channels, respectively, such that p,; > 0, py, > 0, pyy + Poz = 1, p;5 =
P23 = 1.

Repeating the arguments presented in case 1, it may be verified that the output streams
from the first and second stations may be glued to corresponding stationary streams, and,
consequently, the input stream to the third station, understood as a superposition of these
output streams, alsoc may be glued to a stationary stream. Denoting the time this occurs by
A, we find for & a number n¢ and function f. such that P(A<<n,)=1—¢ and>P(an<i7c):>1——c

Consider a network in which when n>=n, , a statlonary input stream arrives at the third sta-
tion, and dencte its characteristics by ({}. Q2. 0%). We introduce the events B,={0"(0)<r;
pU<x; i=1, 2, 3} and Cps which are defined in somewhat different fashion. Take numbers
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ki, k, » 1 such that pa = ki/(k + k). Recall that v} denotes the number of the station to
which the n-th call from the input stream is directed, P(v)=i)=pu, i= 1, 2. We set

ol

Con = Cn (r1 z, d, e, 6) = {T7l+i>d: \igH_i = hi;

i=0
(mpd — & — 8)/pon K shys < (mpd — &) per; k=12
S?’L+L,j) < ”3‘3d"‘ g i=1,2, ..., 2r+ i}‘

Here hj = 1 whenever [(k -+ k)t 1<i<I(ki+hk)+k and hj = 2 whenever I(ki+ k)t khk +1<i<(l+
1Yy (b1t ky), 1=0, 1, 2,.... In other words, in the case of event C, the first (beginning with
n) k; calls arrive at the first station, the next k, calls at the second station, and the
next k, at the first station, and so on.

By means of direct computations, it is easily shown that if k, » 1 and k, » 1, the
events 4,—=B,NC, are renovating events for the construction of the network. Now we only
have to repeat the corresponding arguments presented in case 1.

The proof of Theorem 4 for an arbitrary acyclic Jackson-type network may be obtained by
means of induction using the required number of iterations of the constructions presented
above.

3. Proof of Theorems 3 and 4

3.1. Monotonicity Properties. We will require an elementary arithmetic assertion.

LEMMA 3. Suppose that (1) holds for all j = 1,...,N. Then numbers bj > aj may be
found such that

. &I ; < 1,"173:, (4)
2 Pailbn + 2po < 1ibs (5)

for all j = 1,...,N.

Proof. It is known that the numbers {ﬂj} satisfy the relations
e
T = Poj T };1 Ty Prjs

If k, 3 =1, ,N, we set Prj=Pni + Prniy/N.  Consider a Markov chain with N states {1, 2,...,
N} and tran51t10n matrix }’-—“pkm By definition there exists at least one k such that puys1>
0 and, consequently, p;;>0 for all j =1, 2,...,N. Therefore, all the states of the par-
ticular chain are absorbing and essential, and the chain is aperiodic. Consequently, there
exists a unique ordered sequence of numbers {fk, k = 1,...,N} (called an invariant measure)

N

such that X8, =1 and B; = > Bupn; for all j. And since for any fixed j the strict inequality
h=1

pri<<pr; holds for at least one k, we have ﬁj:>:2ﬁkph; for all j.

Take € > 0 so small that an]+~sﬁj<:1hu holds for all j, and define the numbers {b } from
the equalities b, ={omn;+ ef;) ™’ By definition b > aj, and (4) holds. Moreover,

2 Puilby + 0pg; =& >,: PR+ € “e F’kph.i + 0P = aut; + % ePrpr; < owx; + €f; = b;_l-'
k h

The lemma is proved.

Now consider an open network with nonrandom characteristics which may be conceived as a
realization of a Jackson-type network with a single elementary outcome. As before, denote
by tgp = T, +...+ T, the time the n-th call arrives, by v, the number of the station to which

this call is d1rected, and by T{ the time the i-th call from the input stream Tk __t§ arrives
1

at the k-th station, where 8" =min{n>>1: v, =k} and 8, =min{n>8:va="k} for i =1, Z,k...
By sk we denote the time it takes to service the j-th call at the k-th statlon, and by V3 the
number of the station to which the call is directed after being serviced (v =N+ 1 if

this call exits the network).

The behavior of the service network I over the entire time interval [0, ) may be
uniquely determined by the sequence{(T?,ﬁ,v?% k=1, ..,N;i,j=1,2,...] introduced above as
long as
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S (6)

for any k¥ = 1,...,N. Note that (6) holds with‘probability one for Jackson-type networks.
ky
We will use the notation (z})<{(y}) for two number sequences (x?) and (yj) if 2¥<<y} for
all 1, k, and (xf) = (y§) if =k = y¥ for all 4, k

We let Vk denote the time when servicing of the j-th call at the k-th station con-
cludes. If for fixed k, we consider only times when calls exit the network after having been
serviced at the k-th station, then V?O will be understood as the time the j-th call exits.

In [2] the following assertion was proved.

LEMMA 4. Consider two service networks

= {(73) (), (v))ana £ = ((T}); (55); (W)
that satisfy {(6), If
2) (1) <(T9), ) (H<GH, ) (65) = (W),

then (V4) < (V) and (v3%) < (V1.

We will require a number of corollaries from this lemma. We introduce certain addi-
tional characteristics. For a network I and number t we introduce an auxiliary network %(t)
by the rule

(s7@) = (), (i @) = (+4),
Th ir TE<,
oo Otherwise.

T} () =

In other words, in the auxiliary network we "terminate'" the process in which calls arrive at
time t.

If u=0 we let Q(t, u) denote the number of calls into the network :(t) at time t +
u + 0. Note that {Q(t,u): u>0}= D% for any fixed t.

COROLLARY 1, Consider two service networks & and 1. If
a) (1)) =(T), B (H<GH. o) () = (D),
then Q(f, u)<Q(t u} for all t and u.
In fact, consider the networks 5(t) and I{(t) and note that
0w = (TE<) — ZI (V<1 + u)

Since (7}) = (7f), and by Lemma 4, (V¥(5)) <(V3(1)) , we have that Q(t, u)<{Q(t, u).
As before, let Qu(u) = Q(t,, u).
COROLLARY 2. Consider two service networks § and %. If

a) (W< (), ) (v) =G, ) () = (5%), a) () =(5D),
then Q,(u)=> J.(u) for all n and u.

In fact, it suffices to note that "contraction" of the intervals between the times that
cells arrive is equivalent to "dilatation' of the service times.

Finally, there is one more corollary that will be useful to us. Consider a network ¥
and "color" all the calls arriving in this network in white. Consider another stream of

calls {(T}), (5%),(¥})) , which we call the "red" stream. We form a new network 3 which both
streams of calls enter. Network I functions in the following way. Calls are serviced in
their order of arrival, independently of color. The number of service actions is computed
separately for each color, and if a red (white) call arrives at the k-th station as the j-th
of all red (white) calls, it "receives" service time §j (respectively, sj), and following the

"

conclusion of the service is directed to station 0? (respectively, v?). Let é(t, u) denote
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the total number of calls in %(t) at time t + u + 0, and él(t, u) denote the number of white
calls at the same time in the network.

COROLLARY 3. For the networks % and I just introduced, Q(t, u)s;@(a u) for all t, u > 0.
In fact, we need only note that, by Lemma 4, Q(¢ u)< Qi(% u) for all t and u.

3.2. Proof of Theorem 3. Note that the sequence (g, X,) forms a homogeneous Markov
chain. Therefore, as follows from [9], to prove Theorem 3 it suffices to verify that there
exists a natural probability distribution P(-) on ZE x Ry such that for any initial state
(dgs Xo)»

sup [P ((qn, %)= B)~P(B)| =0 as n— o,
where the supremum is taken over all Borel sets l?E;ijx.Rf.

Let Qﬁ(u) denote the number of calls in x(t) at the k-th device at time t, + u + 0, so
that Q,(u) = Ek} Q5 (@)

Consider the following method of specifying a family of networks in a common probability
space. We will assume that calls may possess either positive (n > 0) or nonpositive (n<0)
number. To each call numbered n that has arrived in the network, we assign a set G, = |{vy;
{s&;}; [vE;}} of independent random variables where, as before, v, denotes the number of the
device to which a call is directed at the time it arrives; spj, the time it takes to service
the j-th call at the k-th device; and v%j, the number of the device to which the call is
directed after this servicing event. Denote as well by 6% the total number of times the n-th
call is serviced at the k-th device, E8!® =n,. We also introduce a sequence of independent
identically distributed variables {1, —o <n <o},

For given N, denote by 5?5 a o-algebra of sets generated by the random variables {(Ti,
G:), h<1ﬁ;9rN==97£; and by U a metrically transitive measure-preserving shift transformation
of F¥ -measurable random variables, so that (tai1, Guel)=U(7., G.), finally let T denote the
corresponding transformation of sets from &7, The symbols T% and U7, —» < n < », will de-
note the n-th iteration of T and U, respectively.

. n . s
If m=0, —o<p<w, we construct a set of service networks I in a common probability

space, letting @;un) denote the number of calls at the k-th station in EE at time t, + u + 0.

Let am,n (uy= (@'}nm (u)1 cee /Q\frlt,_n (u)) and Qmn(u) = % ’Q\zz,n (u).

We begin with case n = 0, and define the network Zp by induction.

Into £J there arrives a single call numbered O at time t, = 0, and into I} two calls
numbered 0 and (—1), respectively, at times 0 and t_; = —ty. From Corollary 3 it is easily
deduced that Qo(u)= Qu(w) with probability, one for all u=>0. In the network ${ we introduce
certain new notation, i.e., denoting by ¥, the time when the k-th station services its j-th
call (where the number of the call is arbitrary), and by ﬁlj the number of the device to
which the call is directed after having been serviced there. Formally speaking, the random
variables §§j and %%- are defined only when 1<(j<(6f + 6%,. Without any loss in generality,
however, we may extend their definitions for i>65+ 8", by means of two arbitrary ordered
sequences of independent random variables. Let @_1=={h%,v,ﬁ,{§%},{;§ﬂ} denote the control

in £?. Here, as before, | &;] and [¥%] are sequences of independent identically distributed
random variables.

Consider a network %3 into which there arrive two ordered sequences of calls, calls
numbered {0, —1} with control G-, and a call numbered (—2) with control G_.» which arrives
at time to=—1_;— 1) From Corollary 3 it follows that Q(u)= Qy(n) with probability one
for all u > 0. In IJ we introduce, as before, a new service enumeration {s%) and enumera-
tion of transitions {V%} , i.e., we specify the control G_2, after which we define the
network % in which the two ordered sequences of calls arrive, i.e., calls numbered {0, —1,
—2} with control G_; and a call numbered (—3) with control G.3, which arrives at time
f 4=-—T9—1T-1—Tg , and SO on.

Thus, for every m=0 we have defined a service network E& into which there arrive
(m + 1) calls numbered -m, -m + 1,...,~1,0 with arrival times t_§ = —T-j+; — ...~ To, while
Qne10{it) = Qmo(u) with probability one for all u=0 and m = 0, 1,.
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We repeat the above construction for every n, —~ < n < «, assuming that for any fixed
n there arrive in erfl, exactly (m + 1) calls numbered i =n —m, n —m + 1,...,n at times ti,
where for n < 0

—it1
ti=— 2 7
=0
while for n > 0
[
2 T; if >0,
=1
t‘i ={0 if i == U,
0
J— 2 Tj if 1 = O
J=it+1

From the construction it is clear that the random elements Qm n satisfy the relations
an“ Uan for all k,1<k<N, m=0, —o<n [<w, We have the follow1ng assertion:

LEMMA 5. Suppose that (1) holds. Then there exists a random element {°< D% with
probability one such that Qo< Q°® with probability one for all m=0,

Let us present one corollary. Given a network Z we denote by q}; n the number of calls
at the k-th device at time t, + 0, and by Xm,n the tlme left to service the call being ser-
viced at this time at the k- th device, with {@*=U"Q% @ =inf{u=0: 0" (u)=0}, wm.=inf{u=0:

Qmn(u)=0}. From Lemma 5 it follows that since Zan Qmn (0)<<0™(0) with probability one,

qh’"ssup qﬁl,n< oo with probability one, and since xm,n<wm,n<5n with probability one, xk’nE

B L . : .
3Up Ympn < 00 with probability one. Moreover, if Ym,n denotes the number of service events
m

in Zf}l which begin following time tp, it follows from the preceding relations and the strong
law of large numbers that y*=supYm.<% with probability one.
m

Further, note that if in the original network the initial conditions are null (i.e.,
9q = Xo = 0), then the joint distribution of the random variables (xmo,ékzm 1<k<<N) and
(Xm+1,0m+1,1<\k<<fV) are the same for any m. Therefore, speaking not very rigorously, how-
ever, the assertion of Lemma 5 may be restated as follows: For networks with null initial
conditions there exists a stationary majorant. Analogously, a stationary majorant may be
constructed given initial conditions lylng, with probability one, in some compactum. Con-
sider, for example, the case g} = 1, qg =0, j# i.

For m>0 we will consider a network Ij into which there arrives at time t.p — 0 an addi-
tional single call with control

Gi—m—l = {Vg.m_l: {Sim—l,j}, {V’im—l,j}? k# l, {X‘l()v Sim—~1,j]j>2; {Vi—m—l,j} },

where v, =1, yi<{c with probability one is the first service time and, as before {5 m_s;)
and {v*,,_, ;] are sequences of independent identically distributed random variables. Denote
the new network by Zm 1.

Together with I we consider for e, 0 < € < 1, a network g9’ € that dlffers from Iy only

by the fact that in Zg>€ calls numbered i = 0, —1,...,~m arrive at times t = (1 - ¢elt;. We
select e >0 to be so small that condition (1) remains valid when a=(Et)"~ 1 is replaced by
=[(1—¢)E%;]!

Note that by Corollary 2 the network ij»§ (which is obtained from I s E by adding at
time t.p — O the call with control Gl,_;) maJorlzes, in a certain sense, the network Zm 1s

Now select m to be so large that ¢ < glt_p_,|. We define the network Zm § obtained from
tm’® by the addition at time (1 — €)t-p-, of the call with control Gy = (Vo [Py
{vf‘_m_ ;13 7>=1}. By Corollary 2 the network Zm S majorizes Zm if c<elt_pl.

Finally, consider the network %} ’3 in which an additional call arrives at time t = 0
and which possess control G = {i; {s,5}); {vf;1}, while the remaining calls possess controls G =
{(vory; ,{8}11—1,;~}; {Vliz-l,_;ﬂ for —m<<I<<(0. Then, by Corollary 2, the network zm’;f majorizes the

network Z&:% We let Quo., Gmoe Wmo. denote the characteristics of Zm 3. Since c=elt,]
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holds, with probability one, for a finite ordered sequence of numbers m, it remains for us to

show that there exists an element @“gezDﬂ_ with probability one such that Qnp.<J% for all m.
By Corollary 3, we have Qumo:<Qmii0. with probability one for all m. Therefore, it suffices
to show that supP(gmo.>z)—0 and supP(wme.>z)>0 as x » «. But this result follows at

n n

once from the proof of Lemma 5, which we will now present.

Proof of Lemma 5. By the remarks given above, it suffices to show that supP(g.>z)—>0
ki3
and sup P(w,>2z)> 0 as x > », where q, and w, are characteristics of the original service
n
network introduced in Sec. 1. The latter result will, in turn, hold if we can prove that

sup P (g, > z) — Oand sup max P(yh>z)—>0

n n 1<k<N
as x » », Let us introduce, as in Sec. 3.1, a sequence of processes {Qn(u)} and let q, =
0.(0); wo=1inf{u=0: Q.(u)=0}. Consider the network I which differs from the original net-
work only in service times: 1] = 8§ + (g + efy) " —a, >s} with probability one, where the num-
bers € and By are defined in Lemma 3. From Lemma 3 it follows that bk==Eﬁ§ satisfies (4)
and (5). Moreover, by Corollary 1, 1Q.(z)= Q.(z) with probability one for all n, u.

Take numbers h > 0 and N>1, and define the random variables {,t3} and {23%} by the
rule

gli =

{lh if nmhu<<(n+ Dh, <N,
Nk if T >=Nh,
=+ 1+M)r it < <+ Db,

where {n%} is a sequence of independent identically distributed random variables that do
not together depend upon {{t,}, {sf}, {va), [Vi}}; P (=1 =P(n}=0)=12

Consider the network ,% = {(,7.); (va); (,87); (+v¥)}.

It is clear that by choosing a sufficiently small number h > 0 and sufficiently large
N=1 , (4) and (5) will be satisfied for o =Est, and b, = Es}. Moreover,

6.c.0.{n>=1: P(yst=nh)>0} =1

for any k = 1,...,N. Applying Corollaries 1 and 2 of Lemma 4 in succession, we find that
9Qn ()= 10.(u) for all n=1 and u=0.

Finally, construct a network ,I which majorizes ,I by means of the construction set
forth below. The essence of the construction is as follows. At every time of, =yt t... T 2T,
a certain random number of calls is added from outside to each station of the network so that
within the time interval (sf., st..;] there are no down times in the corresponding station,
i.e., so that there is always at least one call at that station.

Formally speaking, the construction has the following form. For n = 1 and k = 1,...,N,
we let ,w; denote the time remaining to service calls that have arrived at the k-th device up
until time ,t, + 0. Consider for every k a sequence of independent identically distributed
random variables {3j} that do not depend upon those already introduced and such that §j =
25%. Set ff=min{n =1 si- ... + 5 =T)

If‘ﬂ”§<:ﬂ§, at time ,t; an additional Y% calls are directed to station k to which
service times &Y, §3,..., respectively, are assigned. All the additional calls will be
assumed to be "red" (cf. Corollary 3). If a sequence of random variables that describes the
transitions from station to station and the lengths of subsequent servicing of red calls is
specified in a common probability space with the previously introduced random variables, we
find from Corollary 3 that the new network "majorizes' the preceding network. In particular,
we may assume that the probability distribution of the transitions and the service lengths for
the red calls is the same as for the while calls.

In the new service network, 2w§ denotes the remaining service time for calls that have
arrived at the k-th device prior to time ,t, + 0, and we add to those stations for which LWk <
,Ts new "batches" of red calls in accordance with the procedure described above. Analogous
additions are made for n = 3, 4,.... The network thus constructed is denoted ,I. Meanwhile
0Qn(#)= Q. (u) with probability one for all rn=1 and u=0.

700



We let {wn, oIn» Oqi, Oxm denote the characteristics of ,%. It suffices to show that sup
’ n
P(,gn>z)->0 and S]:LPP(OX2>$)_+O as x > ». From here it follows that supP(og.>z)~0 and
supP(ow,>2z)—> 0 as x » ». The latter relations together with the fact that o¢. ¢, with
n
probability one and ow.=w, with probability one prove the lemma.

Let us fix 1(k<N and consider the operation of each k-th station in ,I taken sepa-
rately. We let %, 1{;2, ... denote the successive service times for calls at this station.
The sequence {y}] consists of independent identically distributed random variables }2 ¢
and is independent of {,t;}. Moreover, the random variables [u}} and {;v} are lattice vari-
ables with step h. Therefore (cf. [10]), there exists a stationary sequence {y**} such that
Py = th for all I=n)>1 as n > » that is specified in a common probability space with
{p#] and {v). The random variables y®K have distribution

P(y"=jh) = (iP(wbﬂz)) /Ew’i,

and xnl,...,x“N are independent for any n =1, 2,.... 1In fact, if the initial conditions
11 1

xtt, oo, X are specified to be independent, then
P(y*eB, ... eBy)= PG, =P =B, ...
XN E BNty =) = D P (= )P (=B, ...y =By =P e B). ... P (Y = By).

We let A=min{n>=1: Oxﬁ-——xnh for all k =1,...,N}. Since A < » with probability one, sup

ngh
Wrne D% also. For any ¢ > 0, a number n. may be found such that P(A<n.)=1—g. We con-
sider for n=>n, the network (I with initial (at time tng) state {(% ¢™); 1<<k<N}. By

51mp11fy1ng the notation, we perform a left time shift by n¢ units, i.e., we set ne = 0.
Let u? denote the number of service events that are completed over the time interval (#., 4]
at the k-th station, le (i) the number of calls that have arrived at the i-th station from the
k-th station during this time, and {1171,1» 1<{i<<u}} the corresponding service lengths. Note
that the family {1])1{‘,1; 1<Ci<Too, 121} consists of independent identically distributed random
variables and that the sequences {pj,1>>1]} and [p%(i); I>>1] are stationary and metrically
transitive for any k and i. Therefore,
T,
Euj = = g = azi,—k’ Epf (i) = Enfpn =

Eys

Pri
ab,

where the numbers o and by satisfy (4) and (5). Without any loss of generality, it may be
assumed that the random variables Ml,m (i), v, are defined for all 2, —= < % < o,

For our ¢ we find a number x; > 0 such that P(gf<Cz, for all k)=1—¢ We let 3t =

ZHZ; (k) + I (vp = k) — pfi.  Note that for any k, the {n%} form a stationary metrically transitive
7
sequence and Enf< 0 by (5). Further, for any k the numbers Oqﬁ are related by the formulas

) B ,
o@nt1 = ofn + Nn + ]ﬁ+11 (owgﬂ < oTns1)s

where o¥nt1 is the total service time remaining for all an+nﬂ calls at time ,tp4,. Since
by construction zs] >=h>0 with probability one, own+1>h(oqn + k- 1) with probability one.
Consequently

B
odnt1 <092 + M + 'Vﬁﬂf (Oqﬁ + 0k < (pn+1) a.8.,

where @at1 =2Tns1/h+1, B,y <o, Writing down the latter inequality by induction, we find
that on the set {,f<Cz,]

. ‘
odn+1 <L max {xe + 2 n§; max ((PJH + ?a+1 + 2 7]:)} Te + sup (2 g + Di+1 + 1’3+1> =g

i=p 0<i<n i=j —00<j<n \i=}
The sequence {g™; —o <n< =} is statlonary and metrically transitive and, as noted in [7,

p. 358], from the two relations Enf <0 and E(g, + %) <o it follows that ¢"¥ < « with prob-
ability one.
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Let us summarize the above arguments. First,

sup P (gxn > 7) < s+maxP(oyn>x)+supP(x >2) =+ max Pk >2) + P(3™>2)

nLng
that is hm supP(oXn>x) ¢ for any € > 0. Thus, supP(y5>2)—>0 as x > ». Second, if x >
Xe, n

sup P (g8 > 2) << 2¢ + ma\: P(gr>z)+P(g™>x)
n

g

for any ¢ > 0 and, consequently, supP(oqn>a:)—>0 as x > o, In light of the above remarks,
Lemma 5 is proved.

Let us now move on to the proof of Theorem 3. We will require the following fact from
arithmetic. If a matrix lpijl satisfies conditions (1), a matrix of transition probabili-
ties lej } may be found such that

(1) lejﬂ satisfies (1) for the same a and ay;
(2) for any i and j, if pjj = 0, then Pij = 0;
(3) the numbers {1, 2,...,N} may be renumbered so that in the new enumeration péj =0
for any 1 2 j.
In other words, Hpi-ﬂ defines an acyclic network. We will not prove this assertion, noting
only that it may be easily deduced by means of induction.

Let us specify some initial condition Q and consider the family of networks ZE(Q) with
this initial condition. We denote the characteristics of these networks by Qm n(Q) xrlfl a(Q),
and so on. We will show that there exists a stationary sequence of events B, Eg'n such that

for n=L in the event B, an(Q) QLn for allm=>L, 1<k<N .

Let us denote by {Q1} the stationary maJorant for the family Zn(Q) We will determine
large integers Kij and M such that the numbers pjij = Kjj/M are close to pij (Kj3 = 0 if pij =
0) and, consequently, leJH satisfies (1).

For n such that —o<n<<ow, d=1, ¢, ¢y, c3>0, we determine the events

. i—1 i
An={v;+r,1=]‘ if glK“<r ZK LiKN, 1

Dun==Dy(cys ey 05) = {q" < epy "
En-‘{":n+i 1/a,sn+11<ah if 1<\i<\ﬂf;1<k<N};

Han == ( Nn En-HM) N Dn.

It is easily seen that a number d » 1 may be found such that in the event H, 4 in any of the
networks 3%, [>0 every call, after the next time it is serviced, either enters a station .
with higher number beginning with time tpi4qyM, or exits the network. Now take numbers c.,
cys Cy and ¢y, c;, Cy So that the event Hy, .| Dnsam (e cs,cs) has positive probability, and con-
sider the event

R
Hygr=H: 4N Duran ( _ﬂd En+jM) )
j=

where R » d. If the networks are considered only at times f,,im, R=i=0 , then in the event
Hp,d,M the behavior of these networks will be the same as the behavior of an acyclic network
w1th stationary control. Therefore, Theorem 6 may be applied, and, consequently, a random
variable a, may be found and from this variable a large number R such that in the event of
positive probability Buiss= H,., (0 {a, < RM} the desired relations are satisfied with prob-
ability one for L = RM. It remains for us to note that if stationary sequences QusK are de-
fined for 1<k<N from the equalities

o0 — i""l
nk __ > Qtnil (Bﬂ,i\'u Bn,,'),,-
i=0 =0

then it follows from what has already been poroved that
P(Q:.(Q)=0Q0™)—>1 as n—>oo,
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Therefore, in particular, for B=Z¥xRY ,
IP((gn 1) S B)=P((¢", ") = B)| S P(Qn* ")~ 0
as n » », Theorem 3 is proved.

3.3. Proof of Theorem 4. The proof of this assertion is analogous to that of Theorem
3, and therefore, we will limit ourself to an outline. First, under conditions (2) a natural
analog of Lemma 3 holds if 1/bj is replaced in (4) and (5) by mj/bj, ji=1,...,N. Becond,
for networks with multichannel stations the monotonicity properties (Lemma 4 and its corol-
laries) remain valid. Third, Lemma 5 may be proved in virtually the same way if in the
course of the proof additional batches of calls in each channel are directed towards the
stations, independently of the other channels. Finally, at the concluding step we construct
an event B, in which there exists an identity with an acyclic network over a lengthy time
interval, where the loads on all the stations satisfy condition (2). Consequently, the argu-
ments of Sec. 2.3 may be applied.

4. Proof of Theorem 5

. So as not to burden the proof with extraneous technical details, we further suppose that
st > 0 with probability one for all i = 1,...,N.

Let us specify the initial condition {(g’;, Xg); 1<k N}, where Zq’g=M and x% =0 if
E

q% = 0. We denote by 0<f; <fz<<... the successive times at which servicing terminates at

the stations, i.e., t; is the first moment of time at which the servicing of at least one
station terminates, t, > t,; is the next moment of time, and so on. We introduce the control
{(#Lvﬁ);n;ai} which has the following meaning. If at time t, servicing of some call ter-
minates at the k-th station, this call is directed to station vns if at this time, servicing
of some call begins at the k-th station, the length of this servicing is set equal to sj.
For all k, we set gy = ¢"(t, + 0), 3% =9y"(ta—0), Ta=t.—ta1. Note that if n>2 , the inequal-
ity 1,<{maxs)= ¢, < oo holds with probability one and, consequently, Et, < 2 Esk < co.
B F

We first present two proofs of Theorem 5 under certain special assumptions, and then
the proof in the general case.

Case (a). Suppose that there exists a number k such that pkk > C.

For i, j =1,...,N, let pgj denote the probability of a transition from state i to
state j in n steps. The set of states {1, 2,...,N} is partitioned into a certain number of
classes DyUD;U...UD, by the rule Dy={k}; D;=1{i: i#Fk, p>0} and for 1 <r<] s Dy =i i=£k,
Pin=0,ph=0,..., 00 =0,p5>0}. Ifr=1, 2,...,% and -ieD, we let j=j(i)eD,., denocte a
number such that pij > 0. 1If there are several such numbers, we select one of them.

We fix a number [ >1 and consider for n=1 the events
Ap = Vhow =I5 Vo = j(i) if itk 1<o<L].

It is easily seen that by virtue of our choice of the number L » 1, the equalities gf ; = M
and ynir =0 will hold with probability one in the event 4,. Moreover, P(4,)>0 and {&n}
form a stationary sequence of events which are L-dependent. That is, for the sequence{gﬁ,xh
1<<i<< N} , which forms a Markov chain, the statelqﬁ==ﬂf;xﬁ==O;g;==0;xi==0 for 1 # k} is

a regenerating state where the length of the regenerating cycle possesses finite mathematical
expectation.

Let p denote the length of, say, the first regenerating cycle for the sequence Hﬁi,xiﬂ
and y the length of the first regenerating cycle for the process {¢'(¢), ¥'({)} in continuous
time. Note that, first, the random variable y has nonlattice distribution, since‘yils§+-w,
where ¢ is independent of s, and, second,

s

B K
Ey=E§11<E§@l=E}L-E¢I<oo

by Wald's identity. Therefore, Smith's theorem for regenerating processes may be applied,
and Theorem 6 is proved.

Case (b). Now assume that pii1 = 0 for all i, but that there exists a number k such
that
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P(s’§>§js§)>0. (7)

i£h
An ordered sequence of distinct indices i,, i,,...,ip may be found such that Pri*Pifiy,® oo Pigp >
0 and the stations renumbered such that in the new enumeration i, = 1,...,ip =m, k = m + 1.

From condition (7), it follows that there exist numbers d, bys...,by such that d > b, +...+
by and the event {d + 8, =77 >d; bi>>s\ >b;— &; 1<<i<<m} has positive probability for any
8gs S1s.0e58py. ,

Let us partition the set {1, 2,...,N} into classes DyUD;U...UD, by the rule
Dy ={4,2,...,m+ 1}; D1={i: i Dy 2 pij>o};
i€D,

D, ={zf: i D,UDy; 3 pij>0} etc.
JED,

and for r = 1,...,% and ieD, denote by j=j(i)€D,_; a number such that pij > O. If there
are several such numbers, we select one of them.

We fix L=1 and consider for the events 4, = {viid =1;vho=0(+ 1 if 1<li<{m;

Spyo= (1) if €Dy d+ 8 =smie =dibi s =b—8  if I<i<KmI<v<L}. It is

easily seen that a number L » 1 may be found such that for any initial (at time t,) condition,
the relation [¢hy» =M, xﬁ+,,= 0} holds for at least one number v, {<v</L, i.e., regeneration
of the sequence {gi,ys] occurs.

As in case (a), the {A,} form a stationary sequence of L-dependent random events, P(4.)>
0. Therefore, setting A=Ai{e)=min{rn=0: w = A4,,,;}, we have EA < ». Consequently, as before,
if the length p of the first regeneration cycle of the sequence {¢}, y,} is introduced, it fol-
lows from the relation u<<L(A+ 1) with probability one that Eu < e, Therefore, as in case
(a), Smith's theorem may be applied.

General Case. Suppose the assumptions of cases (a) and (b) do not hold. From the con-
ditions of the theorem a number k may be found such that

P(s’i‘>maxsi)>0. (8)
ik

We carry out the same constructions as in case (b), with the natural substitution of condi-
tion d>maxb; for condition d > by, +...+ by.

i<m
Consider, first, the case M<m+ 1. Suppose that L » 1. Then, as may be easily shown,
for sufficiently large L' < L, in the event A, the following set of conditions may be real-

ized: at any time t, {,.p <t<lnyr,
(1) all calls are found at stations numbered Dg;

(2) at any station numbered i< m , there is at most one call, that is, when any call
that has arrived at this station leaves, the station is empty.

Thus, there is at least one call at the (m + 1)-th station at any time.

Further, by choosing sufficiently small &,, &8;,...,8y it becomes possible to make the
sequence of service terminations at the stations cyclic with length of cycle (m+ 1). By the
above reasoning, it is possible to determine a stationary sequence {(g.(i), %.(i)); 1 <i <m+1;
n>1} such that for every n the ordered sequence {q.(i), y.(i); 1<i<m+1} is uniquely and
uniformly determined from the set of random variables s 1<i<<m+ 1;1<j<< M (m+1)] and
for v such that servicing at the (m + 1)-th station, L'<v<L , terminates at time tjiy, it
is true that ¢hiy= Gnio(D)s Yheo = xniv(®), 1<i<m+1 in the event A (where from the form of the
conditions ymit =0 and yl., = gnto = 0).

Let us introduce the random variable

w=min {n =M (m + 1): (ghs o1n) = (@ (), xn (D)}
Note that p<<L(h+ 1), where the variable A is defined in case (b). Therefore, Ep <<,

Consider for L » 1, L > M{m + 1) the sequence of random variables u, = pand for ;=1
Bisq = min {n>p; + L: (q;,&vxﬁl)=(qn(c‘), vo(i})}. 1t was noted in [11] that the random variables
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{(wp1—w;); j =1} are independent and identically distributed with finite mean. Therefore, for
R = GCD {i: P(w.1 —u;=1)>0} there exists a stationary sequence {(gr, yr), n>>1] such that

P((Q%ﬁ X%ﬂ =:(5?1£?) for all j=n)—>1 Let us now consider processes with continucus time and
note that the length y between renovating times has a nonlattice distribution and that Theo-
rem 6 follows from the results of [5].

Let us now consider the case M > m + 1. Here the computations become even lengthier,
and, therefore, we will not present a rigorous proof, but instead limit ourself to an out-
line.

Consider event A, defined earlier, and enumerate the calls numbered 1, 2,...,M in such
a way that they circulate along the route {1, 2,...,m + 1} in accordance with the numeration.
Note that by the conditions of the theorem at least one more number d' may be found such that
for sufficiently small §, the intervals (d, d + 6,) and {d', d' + §,) are disjoint, and
P(sﬁez@f,d’+-60)):>0. To simplify the discussion, consider only the case P(s%=d)>0; P (s} =
d’)>0: d'<d. We determine an event B, that describes the operation of the network when
v > L in the following way: Calls continue to circulate along the route {1, 2,...,m + 1};
the service times at stations from the route {1, 2,...,m} are the same, but at the {m + 1)-
th station we assign to call M service time of d', and to all the other calls service times
of d. Then if v » L, upon arriving at the (m + 1)-th station call M will always take the
place of call (M — 1). Set L' » 1 and if v > L+L? carry out the following analogous proce-
dure: At the (m + 1)-th station we assign to all calls numbered 1, 2,...,M — 2 service times
of d, and to calls numbered (M — 1) and M, service times of d'. If v>L-+L!, both types of
calls, i.e., those numbered (M — 1) and those numbered M, will always arrive at a busy sta-
tion. Performing similar constructions by induction, we find that for large v, in the event
A4.0B, , upon arriving at the (m + 1)-th station all calls numbered 2, 3,...,M will take the
place of the preceding call. We now consider the times when servicing of the first call
terminates at the (m + 1)-th station, and show that at these times the sequence we are study-
ing is "renovated,'" and we may reason as in the case M <m+1. The proof of the theorem is
concluded.

Remark Z. By means of slight improvements it is possible to deduce the assertion of
Theorem 6 in the case of multichannel stations as well.

In conclusion, the author would like to note the great influence upon the development of
his personal mathematical interests which has been the result of many discussions with
Aleksandr Alekseevich Borovkov and the study of his works, and for this I am deeply grateful.
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