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and is independent of X (¢). We treat two different approaches to the study:
via the law of large numbers and by using the large deviation techniques. The
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length in a single server queue with subexponential service times. More gener-
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1. Introduction

Let &, &,, n=1,2,..., be i.i.d. non-negative random variables with positive
mean value p = E£ > 0. Put S, =& + -+ &, So = 0. Let X(¢) = max{n >
0:5, <t} be the undelayed renewal process.

The main goal of the paper is to study the asymptotic behaviour of the prob-
ability P{X (T') > n}, where T is a stopping time, independent of {X (¢), ¢ > 0},
with heavy-tailed distribution F'.

Definition 1.1. A distribution F’ with an unbounded support is called a heavy-
tailed distribution (or a long-tailed distribution) if F(x +t) ~ F(x)! as 2 — oo,
for each fixed t.

Note that for any random variable 7" with a heavy-tailed distribution F' it
holds that Eexp(eT) = oo for each € > 0 or, equivalently,

F(z)e®® — o0 asx — 0o. (1.1)
We have

PIX(T)>n} = P{Spy <T)}
= E{P{T > Snt1 | Sn+1}} = EF(&HI - 0)7

where F(z) = F((z,0)) is the right tail of F. Hence, as n — oo, we concentrate
on the quantity B
EF(S,) = Eexp(—g(Syn)),

where
g(z) = —log F(z). (1.2)

By definition, g(z) = 0 for x < 0 and g(z) is a non-decreasing function such
that g(z) — oo as x — oo.

Definition 1.2. A distribution F' with the tail exp(—z®), x > 0, 8 > 0, is
called a Weibull distribution with parameter (3.

In a recent paper [1], Asmussen, Kliippelberg and Sigman considered two
distinct cases when T has either a heavier or a lighter tail than that of the
Weibull distribution with parameter 1/2. In the first case, they showed that

P{X(T) > n} ~ F(nu), n— oo,

under mild conditions on X (¢). In the second (“moderately heavy”) case, the
asymptotics is obtained under restriction that X (t) is a homogeneous Poisson
process with intensity 1/u and F(z) = y(x) exp(—z?), where 3 € [1/2,1) and v

IHereinafter, a(z) ~ b(z) means that a(z)/b(x) — 1 as x — oo.



Sampling at a random time with a heavy-tailed distribution 545

is a continuous function satisfying certain conditions. In particular, it is shown
that the tail of X (7T) is heavier than that of T/pu.

In this paper, we study both of the mentioned cases and find the asymptotics
of P{X(T) > n} under more general conditions: for any renewal process X (t)
and for a wide class of functions F. Our technique differs from that of [1]: in
Section 3, we make use of the law of large numbers (LLN), while the results of
Sections 5-8 are based on tools from the large deviations theory.

Our investigations are motivated in particular by the following queueing
problem: find the tail asymptotics of a stationary queue length @ in a stable
“first-in-first-out” queueing system. Due to distributional Little’s law (see [4]),
Q is equal in distribution to N (U) where N (t) is a stationary (delayed) renewal
input process with interarrival times &,, U is independent of N and has the
distribution of the stationary sojourn time of a “typical” customer. Assume
that the asymptotics of P{U > x}, © — o0, is known and is heavy-tailed. Then
(see Section 2) P{N(U) > n} ~ P{X(U) > n} as n — oo and the asymptotics
of P{X(U) > n} can be found by using the results of Sections 3 and 5-8.

For instance, let us consider a stable GI/GI/1 queue (among other examples,
one can mention a FCFS multi-server queue, a tandem of queues, etc.). Let o
be a “typical” service time and p = Eog/E& < 1. Then the asymptotics of
P{U > z}, © — oo, is well known (see, e.g., [9]): it is either exponential if
Eexp(\o) is finite for a certain A > 0 or

P{U >z} ~ p(1—p) ' P{oc® > 2} asz — oo

if the distribution of (%),

oo

P{c®) >z} = (Eo)! / P{o > y}dy,

x

is subexponential (see definition in [9]). In [1], one can find a further discussion
and references on the topic and related problems.

The paper is organized as follows. Section 2 contains some preliminary
results. In particular, we show that the asymptotics of N(U) and X (U) do not
differ in the heavy-tailed case. In Section 4 we give definitions and properties
of the Cramer transform and the rate function and obtain uniform estimates of
the probability for the sum S,, to be in a compact set.

The main results of the paper concerning Eexp(—g(S,
Sections 3 and 5-8. We use two different approaches: (a)
tions of g(S,) around ny and the LLN (see Section 3) and (
techniques (see Sections 5-8).

Section 3 deals with the case g(z) = o(x'/?). In [1], it is shown that the
equivalence P{X(T) > n} ~ F(nu) holds for a general process {X(t), t > 0}
satisfying the CLT, under certain conditions on the distribution of 7. We obtain

)) are obtained in
linear approxima-
b) large deviations
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an analogue of this result for a general renewal process which may not satisfy
the CLT; we do not assume the existence of E £2. Conditions on the distribution
of T are also weakened.

In Section 5, we obtain a general result concerning the desired asymptotics
of functions ¢ such that g(x) = o(z). Namely,

Eexp(—g(Sy)) ~ exp(—Hy(tn)), n — oo,

where H, (z) = g(z) + nA(z/n), A is the rate function of £ and t,,, ¢, < np, is
a root of a certain equation.

In Section 6, we investigate the properties of H,, t, and the asymptotic
behaviour of H,(t,) under further restrictions on g. Specific examples and
applications of the results are given when F(x) = 27 exp(—2®) with v > 0
and 8 € (0,2/3); see Corollaries 6.1, 6.2 and 6.4. A counterexample to the
asymptotics in [1, Remark 4.4] is given, and the proper convergence rate is
derived in (6.11).

In Section 7, we develop a generalization of the results of Section 6 by using
an iterative procedure. In general, it is not easy to obtain t,. The iterative

procedure replaces t,, by some t%k) in a finite number of steps, where t%k) is

easy to derive and where the replacement of H, (t,) by Hy( %k)) causes only
an error of o(1) as n — oco. Special assumptions on g are required. This leads
to a methodology for asymptotic estimation for a large class of heavy-tailed
distributions F'.

In Section 8 (Theorem 8.1), we apply the results of Section 6 to the case of
the standard Poisson process X (t) and F(z) = exp(—u(x) — z?), 8 € (0, 1), for
a suitable u(x).

2. Preliminaries
In the sequel we use the following general qualitative results.

Lemma 2.1. Let F' be any distribution satisfying condition (1.1). If § > 0,
then P{S,, < n(u—0)} = o(EF(S,)) as n — cc.

Proof. By the Chebyshev inequality in the exponential form, for A > 0 we have

the following estimate:

P{S, <n(u=0)} = P{exp(=A(Sn —n(u—0)) = 1}
Eexp(—A(Sn — n(u—0)) = (Eexp(~A(€: — ju+6))".

Since E(§1—p+60) =6 > 0, Eexp(—A(&1—p+9)) < 1 for sufficiently small A > 0.
Thus, there exists € > 0 such that

IN

P{S, < n(p—08)} =o(e™"%) asn — oo.
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According to the law of large numbers, P{S,, < 2nu} — 1 as n — oo. Hence,
EF(S,) > F(2np) P{S, < 2nu} ~ F(2np).
Now the relation of the lemma follows from condition (1.1). a

Lemma 2.2. Let two distributions F and G be tail equivalent, i.e. F(x) ~ G(x)
as ¥ — oo. If condition (1.1) holds, then E F(S,) ~ EG(S,) as n — oc.

Proof. Putting 6 = /2, from Lemma 2.1 we obtain

EF(S,) ~ E{F(S.); Sn>nu/2},
EG(S,) ~ E{G(S.); Sn >nu/2}
asn — 00. Now the conclusion of Lemma 2.2 follows from the condition F(x) ~

G(z). a

Lemma 2.3. Let £y > 0 be a random variable independent of everything else.
If F is a heavy-tailed distribution, then

EF(& + Sn) ~EF(S,) as n — oo.

Proof. A heavy-tailed distribution satisfies condition (1.1). By Lemma 2.2, for
each fixed t > 0, EF(t + 5,) ~ EF(S,) as n — oo. We also have F(t + 5,) <
F(S,). Therefore, the representation

EF(& + Sh) :/Ez(tnLSn) Pic, ¢ di)
0

EF(S,)

and the Lebesgue bounded convergence theorem complete the proof. O

Corollary 2.1. Consider a stable GI/GI/1 queue (see Introduction). Let the
distribution of U be heavy-tailed. Then

P{Q >n} =P{NU) >n} ~P{X(U) >n} asn — 0o,
where N is the stationary (delayed) input renewal process and X is the unde-

layed one.

3. Asymptotic behaviour of Eexp(—g(S,)) in the case g(z) = o(z'/?)

3.1. Decomposition of a characteristic-type function at zero point

In [8], the series expansion for the characteristic function Eexp(iAn) of a
random variable 77 was established at the point A = 0 under assumption that
7 has some moment of non-integer order. The following lemma extends some
results of [8] to a wider class of functionals of 7.
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Lemma 3.1. Letn be a random variable and let f(\) : R — C be a continuous
function such that |f(A\)| < fo for some fo < oo. Define the function f(\) =
E f(A\n), A € R. Fix a positive integer k. Let f have the kth order derivative,

sup | )] = fi < o0,

and let E |n|® be finite for some a € [k—1,k). Then the function f()\) admits
the following decomposition, as A — 0:

R k-1
-3
§=0

T+ o(A%),

where p; = Enl.

Proof. Since E|n|* < oo, E{n’; |n| > ¢} = o(1/c* ) as ¢ — oo, for any
€ [0,k—1]. Therefore, there exists a function d(c) such that d(c)/c — 0 as
¢ — oo and

Pilnl > d(e)} = o(1/c%), (3.1)
E{lnl’; In| >d(c)} = o(1/c*77), j<k-1 3.2
We have
N k=l 4() ,
Fov -3 P
j=0
k=1 1)
< [efrom - s il < ato))
j=0

= OO
+ foP{Inl > d(e)} + Tl/\lj E{Inl’; Inl > d(c)}. (3.3)
Jj=0 '
Taking into account that
’ k—
j=
for any z € R, k —a > 0 and () o(c) as ¢ — oo, we get

o -3 48

‘ fk||

Ly ol < (o)}

< SulAFE{n®s Il < d(e)}
< SelAPE{I®/ I 0l < d(e)}
< SulAFEET O BT = A Fo(ct ). (3.4)



Sampling at a random time with a heavy-tailed distribution 549

Putting ¢ = 1/X and substituting (3.1)—(3.4) into (3.3), we reach the conclusion
of the lemma. |
3.2. LLN in the case E|n|* < co for some « € [1,2)

Let n,, n > 1, be i.i.d. random variables. For T,, = n; + --- + 1, the
following Kolmogorov—Marcinkiewicz strong law of large numbers is valid (see,
e.g., [6, p. 243]).

Lemma 3.2. Let E || be finite for some o € [1,2) and let En; = 0. Then
T,,/n'/® — 0 as n — oo almost surely.

1/«

Note that the weak convergence T),/n = 0 follows from Lemma 3.1.

Indeed, for any fixed A € R,

Eexp(iAT, /n'/®) = (Eexp(idn /n'/*))" = (14 o((n~Y)*)™* -1 as n — oo.

3.3. Asymptotic behaviour of Eexp(—g(S,))

The following theorem deals with a function d(x) = o(x'/?), and, in partic-
ular, with any Weibull distribution with parameter 5 € (0,1/2).

Theorem 3.1. Let v € (1/2,1]. For any function d(z) such that d(z) — oo as
T — 00, let
glx +27/d(z)) = g(x) + o(1) asz — oo. (3.5)

If E€YY is finite, then
Eexp(—g(Sn)) ~ exp(—g(np)) = F(np)  asn — ooc.
Remark 3.1. Given v < 1, the function g(z) = x'~7 satisfies condition (3.5).

Corollary 3.1. Let F(x) ~ a7 exB(—c:cﬁ), meR, >0 0¢€(0,1/2). If
E&Y/(1=8) js finite, then EF(S,) ~ F(nu) as n — oo.

Proof of Theorem 3.1. Let a twice differentiable function f be such that f(x) =
exp(z) for z < 1 and let the second derivative of f be bounded. Due to the
conditions 1/v € [1,2) and E£'/7 < 0o, Lemma 3.1 implies that E f(A(& —p)) =
1+ o(AY/7) as A — 0. Taking into account that ¢ is non-negative we obtain for

A€ (=1/p,0)
EcrEm —Ef(AE—p) =14 0(AYY) as A T0.
Therefore, there exists a sequence d; (z) — oo such that

Eexp(—di(nu)(§ —p)/n?) =14 0(1/n) asn — oo.
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Hence,

Eexp(—di(np)(Sn —np)/n”)

(Eexp(—dy(nu)(§ — M)/n’y))n
= (1+o(1/n)" — 1.

On the other hand, according to Lemma 3.2, there exists a function dy(z) —
oo such that da(nu)(S, — nu)/nY converges weakly to 0. We set d(z) =
min(dy (), d2(z)). Then d(z) — oo and

Eexp(—d(nu)(S, —nu)/nY) —1 as n — oo (3.6)

and d(nu)(S, — np)/nY converges weakly to 0. Taking into account that it
implies the convergence
E { exp(—d(ng2) (Sn — np)/n); d(ngs)|Sy — npl fr7 <1} — 1,
from (3.6) we deduce that
E { exp(—d(np1)(Sn — np)/n); d(ng)(Sn — np) /Y < —1} =0 asn — oo,

(3.7)
Now turn to condition (3.5). First it implies that

Y

9(Sn) = glnge) = g (e g sd(np) (Su =) 0") = gl

converges weakly to 0 as n — oo. Therefore, by (3.6),
E{ exp(—(9(Sn) — 9n)); d(np)(Su—np)/n? > -1} = 1. (38)
Second, (3.5) provides the existence of a constant ¢ such that
9(y) —g(z) = —p7 (x—y)d(x) /27 — ¢
for all x > 0 and y € [z/2, x]. Therefore, the inequality
exp(—(9(Sn) — g(np))) < exp(—d(np)(Sp —np)/n” + c)

holds if S,, € [nu/2,nu]. (From this inequality and from (3.7), we obtain the
convergence

E { exp(—(9(S) — g(n)); d(np)(Su—np)/nT < —1, S, = np/2} = 0.
Together with Lemma 2.1, this convergence implies that
E {e_g(s”'); d(np)(Sp—np)/nY < -1} = o(e=9(mm) as n — oo.

Combining this with (3.8) we complete the proof. O
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4. Some estimates via the rate function

In this section, we remove the assumption that £ is positive and that y = E&
is finite. Define ¢(A) = Eexp(A). In the sequel we assume that

Ao =inf{A <0: ¢o(\) < o0} <0.
Then, in particular, u € (—o0, c0].

4.1. The rate function and the Crameér transform

We recall the notions and some properties of the rate function and the
Cramer transform. We set

_ . ! _ .
a- = lim ¢'(A)/p(X) = lim dlnp(X)/dX.

It is well known (see, e.g., [3, Chapter XVI, §7]) that the function lnp(}\) is
strictly convex. Hence, a_ < ¢’(0)/¢(0) = u, where ¢'(0) is the left derivative
at zero.

If the random variable £ is bounded from below, then A_ = —oco and a_
coincides with essential infimum of &, i.e. a— = inf{x: P{{ < x} > 0}. If the
random variable ¢ is unbounded from below and A\_= — oo, then a_ = —o0.

If the random variable £ is from below and A_ is finite, then a_ may take any
value from the interval [—oo, u).

Since the function In () is strictly convex, for o € (a_, p] the function
ad—1In () has a unique maximum, say, at point A(a). Then

dln go()\)/d)\|/\:/\(a) =a.
The function A(«) is increasing and A(u) = 0. The function

Aa) = sup {ad —Inp(A)} = ad(@) —Inp(A(a)), ac(a,pl,  (41)

is called the rate function. By differentiating (4.1) we have A’(a)) = A(«); there-
fore, the function A is strictly convex. We have A(u)=A’(1)=0. For convenience,
we set A(a) = A(a) =0 for all a > p.

Definition 4.1. A random variable £(®) with the distribution
P € du} = N P{¢ € du}/p(Ma))

is called the Cramér transform of the random variable &.
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Note that £(® = ¢ for @ > p. By definition,

) Q, if a< )
E€Y = ¢WN/eW)] iy = { p, it 0‘>Z
S@2 — Varé(o‘) _ <p”()\)/</7()\)|,\:,\(a)_o‘2 = (11190()\))/,},\:)\((1)'

By differentiating the relation ¢’(\)/p(\) |)\:>\(a) = o with respect to @ < p and
taking into account that A’(a) = A(«a) we get

o2 = 1/N\"(a). (4.2)
In particular, if Var¢ < oo, then A”(u) = 1/Varg > 0.

4.2. Estimate of the probability that S, is in a compact set

Let r be a parameter from a certain parameter set. For any r, let {&£}72
be a sequence of i.i.d. random variables with an arbitrary distribution, S,, =
€r1+"'+€rn7 n > 1.

For any ¢ > 0, define a random variable E}fl] with the distribution

P{) e By =P{¢,1 € B| & € [—c, ).

We need the following extension of Theorem 9 in [7, Chapter III] to the
parametric case.

Lemma 4.1. If there exists a constant ¢ > 0 such that
inf P{¢1 € [—c, ]} > 0O, (4.3)
il}_f Var §£61] > 0, (4.4)
then there exists a constant ¢, such that

sup P{S, € [z,24+1]} < a1 /v/n
zER
for eachn > 1.

Remark 4.1. Lemma 4.1 can be derived from uniform estimates of the concen-
tration function (see, e.g., [5, §2.2]). We prefer however to give a direct proof,
which follows [7, Chapter III, § 2].

Proof of Lemma 4.1. Let wk]()\) = Eexp(z’/\@[_cll) be the characteristic function

of dcl] Since the random variables |§£Cl]| are bounded by ¢, the following repre-
sentation holds:

PN = exp(iAEE) Eexp(in(€l] — E€)))
Varf[c]

- exp(z‘AEgL“f)@ - >\2<TT1 + GT(A))),
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where 6.(A\) — 0 as A — 0 uniformly in r. Taking into account (4.4), we
conclude that there exists 6 > 0 such that for |A| < ¢ and for any r,

[BIN)] < 1—6X°% (4.5)
Let 9,.(\) = Eexp(iXéq1) be the characteristic function of &.1. Since
dr(A) = AN P{& € [—e,d} + Efexp(irén); (€] > ¢},
from (4.5) we obtain that
e W] < (1=03°) P{& € [, c]} +P{[&1] > c} S1—eX? (4.6

for |A| < e, where € = d min, P{&1 € [—¢, ]} is positive, due to condition (4.3).
Consider a random variable n with the characteristic function (see [3, Chap-
ter XVI, § 3])

; 1—1|A/e, if Al <e
_ i __ P ;
Y(A) = Ee™ = { 0, it |\ > e

We assume 1 to be independent of .S,,,. The characteristic function of the sum
Srn + 1 is equal to ¥ (A)(A). Since the function [i(N)| is integrable, the
following inverse formula (see [3, Chapter XV, § 3]) holds for every y < z:

—iAY _ —iAz
PSmotn€ lnal} = o [ S e

Therefore, for ¢y = (2 — y)/2m,

€

P{Som 41 € [y, 2]} < / 1 (VBN < e /(1—5/\2)”d>\,

—€

by the definition of 1)(\) and (4.6). Since 1 — el? < exp(—e)?),

oo

P{S,n +1 € [y, 2]} < 62_4 exp(—neA?) d\ = C\Q/g = % (4.7)

Let w be such that P{|n| < u} > 1/2. Put y = z—u and z = z+1+u. We get
the inequalities

P{Srntn € ly, 2]} = P{Srn € [z, 241], ] <u} > P{Smn € [z, 2+1]}/2.

Combining this with (4.7) we obtain the assertion of the lemma. a
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4.3. Estimate for the probability that S, is in a compact set via the
rate function

Lemma 4.2. Let a; € (a—,p]. Then there exists a constant ¢ such that the
following inequality holds for each n > 1 and « € [a,00):

P{S, € [na—1,na)} < cre ™M)/ /n. (4.8)

Remark 4.2. Under the assumption E|£]3 < oo, Lemma 4.2 follows from the
uniform large deviation principle (see, for example, [2, Lemmas 3 and 4]).

Proof of Lemma 4.2. Consider independent copies fy(la), n > 1, of the random
variable £(®). Let S = §1a)—|— e +§7(La). The following inverse formula holds:

P{S, € du} = " (\(a))e MV P{S() ¢ duy}.

Hence,
P{S, € [na—1,na)} = ¢"(A () / e MU pLgl) ¢ gy}
na—1

< 9" (M@)e MO PLSE) € [na-1,na)}
_ e—n/\(oz) P{Sr(La) c [na—l,na)}, (4'9)

by definition (4.1) of the rate function A(a). The family of random variables

{510‘), a > i} satisfies the conditions of Lemma 4.1 with respect to r = a.
Hence

P{S{) € [na—1,na)} < e1/v/n, (4.10)
for some ¢, uniformly in n» > 1 and « € [ag, 00). Substituting (4.10) into (4.9),
we obtain (4.8). a

5. Asymptotic behaviour of Eexp(—g(S,)) in the general case, via the
linear approximation at another point

From our point of view, the tools of Section 3 (linear approximations at
the point nyu plus LLN or even CLT) cannot be used to treat the asymptotic
behaviour of Eexp(—g(S,)) = EF(S,) in the general case, g(z) = o(x). For
example, if g(z) = z” with 8 € (1/2,1), then the advantage of the linear
approximation of g(S,) at the point nu is doubtful. It seems reasonable to
approximate the value of ¢(S,,) at a point which is located to the left of npu.

We assume that there exist functions g*(x) and d(z) such that g*(x) > 0 is
continuous, g*(z) — 0, d(z) — oo as © — oo and

l9(y) — g(z) — g" () (y—2)| < e1(x), (5.1)
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uniformly in {y : |y—z| < d(z)\/z}, where e;(x) | 0. In particular, the distri-
bution F' is heavy-tailed. We set

H(z) = Hn(z) = g(x)+nA(z/n),

hMz) = ha(z) = g"(x) + Az/n);
here the function h(z) plays the role of the “derivative” for H(z).

Fix ag € (a—, p). Note that a«— > 0, because P{{ > 0} = 1. Since g*(x) > 0
and A(u) = 0, h(nu) > 0. Since g*(x) — 0, the value of h(nag) tends to the
negative limit A(ap) < 0 as n — oo. In view of these relations and because of
the continuity of ¢g* and A, for n large enough, there exists at least one point
t =t € (nag,nu] such that h(t) =0, ie.

g (t) = =A(t/n). (5.2)

If there are many solutions to equation (5.2), we can take any of them. Note that
there is no solution to equation (5.2) in the domain [0, nay] for all sufficiently
large n. Therefore, nu — t, < n(pu — ag) for all sufficiently large n. Since we
may take ag € (a—, ) as close to u as we like, nu—t, = o(n) as n — oo. In the
next section, we prove that in “regular” cases, nu—t ~ ng*(nu)o? if 0 = Var ¢
is finite.

Theorem 5.1. Let (5.1) hold. Moreover, let for any x > 0 and y > («g/p)x,

l9(y) = g9(2) — g" (@) (y=2)| < e2(2)(1 + |y—af* /), (5.3)

where e5(x) | 0 as ¥ — oo. If 02 = Var¢ is finite, then
EF(S,) = Eexp(—g(S,)) = exp(—H(t))(1 +o(1)) asn — oo.
Remark 5.1. Note that (5.1) implies (5.3) in the domain |y—z| < d(z)\/z for
ga(x) = e1(x).
Remark 5.2. Conditions (5.1) and (5.3) hold if the function g is twice differen-
tiable and zg”(x) — 0 as * — oo. In this case, g*(z) = ¢'(x). For instance, if
g(z) = 2P, 3 €(0,1), then g*(z) = ¢'(z) = BT,
0>y" —a’ — B Hy—2) 2 ~(1-B)2" ! (y—2)*/x,

and one can take d(x) = o(z'=7)/2) and ey(z) = (1-3)2" .
Proof of Theorem 5.1. We use the estimate

| Eexp(—g(S5)) — Eexp(—g(t) — " (1)(Sn — 1))|
< E{|exp(—9(Sn)) — exp(—g(t) — g"()(Sn — 1))[; [Sn—t] < d(n)vn}
+E{exp(—g(Sn)) +exp(—g(t) — g"(t)(Sn = 1)); Sn—t < —d(n)v/n}
+E{exp(—g(Sn)) +exp(—g(t) = g"(t)(Sn — 1)); Sn—t > d(n)v/n}
= B+ Es+ Es.
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Condition (5.1) yields
Ey < (exp(en(t)) — 1) E{exp(=g(Sn)); |9n — t] < d(n)v/n} = o(Eexp(—g(5n))).

The rest part of the proof is based on Lemmas 5.3-5.7, which are stated and
proved below. Lemmas 5.3 and 5.7 imply that

By = o(Eexp(—g(Sn)) + exp(—H(1))).

It follows from Lemmas 5.4-5.6 that F3 = o(Eexp(—g(Sy)) + exp(—H(t))) as
well. Therefore,

Eexp(—g(Sn)) = (1+0(1)) Eexp(—g(t) —g"(t)(Sn —t)) +ol(exp(—H(t))). (5.4)
‘We have
Eexp(—g"(t)(Sn — 1)) = ¢"(=g"(t)) exp(g”(t)t) = exp(g™ (1)t + nlnp(—g"(t)))

(as before, ¢(A) = Eexp(A£)). By the choice of the point t, g*(t) = —A(t/n).
Hence,
Eexp(—g"(t)(Sn — 1)) = exp(=A(t/n)t + nInp(A(t/n))).

By the definition of the point A(¢/n), the power of the exponent is equal to
—nA(t/n). Therefore,

Eexp(—g(t) — g"(t)(Sn — 1)) = exp(—g(t) — nA(t/n)) = exp(—H(t)).
Substituting this into (5.4) completes the proof of Theorem 5.1. o

Lemma 5.1. Under the conditions of Theorem 5.1, there exist a constant § > 0
and a sequence e3(n) | 0 such that

H(z) > H(t) + 6(z — £)%/n — e3(n) (5.5)
for any x € [nag, np+(nu—t)]. In addition, if |z — t| = o(\/n), then
H(z) = H(t) + o(1). (5.6)
Proof. Since t > nay, (5.3) and (5.2) imply

g(x) > gt)+g" )z —t)+o(1) + o((x — 1)*/t)
= g(t) = At/n)(x —t) +0o(1) + o((x — t)?/n), (5.7)

as n — oo, for any z. If x € [nag, ny, then from the Taylor expansion, for some
0 = 0(x) between t/n and x/n,

(z —1)?
2n?2

Az/n) = A(t/n) + )\(t/n)mT_t +N(0) (5.8)
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It follows from (5.7) and (5.8) that for = € [nag, nyl,

(z —t)*
2n

Due to (4.2), N (o) = 1/0(®? for o < p. Hence

H(z) > H(t) + XN (0) +o(1) +o((x —t)*/n) asn — oo.

inf N (u) =96 > 0.

u€lao,u]
Therefore, A'(8) > 96 and, for x € [nag, nyl,
H(z) > H(t) +46(z —t)?/n —e3(n), e3(n) | 0 as n — oc.

Thus (5.5) is proved in the domain x € [nag, nu]. It remains to consider the
domain z € [ny, nu+(nu—t)]. If > nu, then A(z/n) =0 and H(x) = g(z) =
H(np) + g(x) — g(np). Hence for x € [np, np+(np—t)],
H() > Hig) > H()+450m — 1)/ — 5(n)
> H(t)+6(x—1t)*/n —es3(n),

and (5.5) is proved.
Now let |x — t| = o(v/n). Then it follows from condition (5.1) that

g9(x) = g(t) + g"(t)(z — 1) + o(1) = g(t) = At/n)(x — t) + o(1). (5.9)
Further, sup M'(u) < oco. From (5.8) we obtain
u€E[og,p)
A(z/n) = At/n) + A(t/n)(z —t)/n+ o(1/n) (5.10)
and (5.9) together with (5.10) prove (5.6). O

Following the lines of the proof of Lemma 5.1, we obtain the following lemma.

Lemma 5.2. Under the conditions of Theorem 5.1, there exist a constant § > 0
and a sequence e3(n) | 0 such that

H(z) > H(t) + 6(x — )% /n — e3(n) (5.11)
for any x € [nag, nu+(nu—t)], where

H(x) = Hy(z) = g(t) + 9" (t)(x — ) + nA(x/n).
Lemma 5.3. Let condition (5.1) hold. Then

E{exp(—g(Sn)); Sn <nag} = o(Eexp(—g(Sn))),
E{exp(—g(t) — g"(t)(Sn —1)); Sn <nag} = o(Eexp(—g(Shn)))

asn — oQ.
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Proof. The first relation is implied by Lemma 2.1, since F' is heavy-tailed and
ag < p. Since g*(x) — 0, the second relation follows from the estimate

E{exp(—g(t) — ¢*(t)(Sn — 1)); Sn <nag} < exp(g(t)t) P{S, < nao}
= exp(o(n)) P{S, < naop},

and from the proof of Lemma 2.1. O
Lemma 5.4. Let 02 = Var¢ be finite. Then

E{exp(—g(Sa)); S > npu+d(n)V/2} = oEexp(—g(S)))  asn — oo.
Proof. Due to the CLT

Eexp(—g(Sn)) = exp(—g(np)) P{Sn < nu} ~exp(—g(np))/2  asn — oo.
Using this estimate and the Chebyshev inequality, we complete the proof:

E{exp(—g(5n)); Su > npa -+ d(n)v/n/2}
< exp(—g(np)) P{Sn = np + d(n)v/n/2}

< do?exp(—g(np))/d*(n) = o(Eexp(—g(Sn)))-

Lemma 5.5. Under the conditions of Theorem 5.1
E{exp(—g(t) = ¢"(t)(Sn —1)); Sn >np+d(n)yn/2} = o(exp(~H(t)))
Proof. By the Chebyshev inequality, we have
E { exp(—g(t) — g" (1)(Sn — £)); Su = npa+ d(n)v/n/2}
< exp(—g(t) — g"(t)(np — 1)) P{S = np + d(n)v/n/2}
0% exp(—g(t) — " (t)(nu — 1)) /d*(n)

o(exp(=g(t) — g™ (t)(np — 1))).

IN

In view of Lemma 5.2,

9(t) + 9" () (np — t) = H(np) = H(t) + o(1) = H(t) + o(1).

This completes the proof of the lemma. a
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Lemma 5.6. Under the conditions of Theorem 5.1, as n — oo, we have

Ey = E{exp(—g(Sn)); t+d(n)vn < S, < nu+d(n)v/n/2}

= olexp(=H(1))); (5.12)
E {exp(—(t) — g*(1)(5n — 1); H4d(m)ViT < S < npbd(n) v /2}

= o(exp(—H(t))). (5.13)

Proof. First,
E; < E, =E{exp(—g(5n));t +d(n)v/n < S, <nu+ (np—t)}.

Indeed, if d(n)y/n/2 < npu —t, then the domain of integration in E', is larger
than in Ey. If d(n)y/n/2 > nu —t, then

t+d(n)yn =t+d(n)v/n/2+d(n)yn/2 > np+ d(n)y/n/2

and the domain of integration in E is empty, as well as in £',. In this case
E, =FE, =0.
Put t; =t +d(n)y/n and t2 = nu + (np —t). We have

Ey = Y E{exp(—g(Sn));k—1< 8, <k}
k=t
< S exp(—glk— 1) P{Sy € [k-1,1)}
k=t
< ey exp(—gh) PLSa € [b-1, k),
k=t1

since exp(—g(k — 1)) ~ exp(—g(k)). Applying Lemma 4.2 we obtain

to to

< 5 —g(k) ,—nA(k/n) _ ©5 —H(k)
E+§\/ﬁ269 e —\/ﬁZe . (5.14)
k=t k=t1
According to the first assertion of Lemma 5.1 we have
ta to
Yo e HE = ot HO YT o (HE-HW)
k:tl k:tl
to
< e MO N " exp(=d(k —t)?/n + e3(n))
k=t

to—t

~ e HO Z exp(—k?/n)
k=d(n)v7



560 S. Foss and D. Korshunov

oo

< e H® / exp(—dz?/n) dx
d(n)v/m
= MOV [ exp(-8y)dy = ofe v,
d(n)

since d(n) — oo. Substituting this into (5.14) we get (5.12); (5.13) can be
obtained in the same way, by using Lemma 5.2. ]

Lemma 5.7. Under the conditions of Theorem 5.1, as n — oo, we have
E_ = E{exp(—g(Sn)); nag < Sp <t —d(n)yn} = o(e ")
E{exp(—g(t) — g (t)(Sn — 1)); nag < Sy <t —d(n)y/n} = o(e W),

Proof. 1t follows the lines of the proof of Lemma 5.6. For example, let us show
that E_ = o(e " ®). Put t3 = nag and t4 =t — d(n)/n. Then

ty
E_<ci Y e 9WP{S, € [k-1,k)}.
k=t3

Applying Lemma 4.2 and the first assertion of Lemma 5.1, we obtain

1 cee HO A

E. < SN HR o B0 7 xp(—8(k — )2 /n)
Z NG I;tsep

—d(n)v/n
exp(—6z2/n)dx = o(e W),

:

— 0o

since d(n) — oo. The lemma is proved. a

6. Asymptotic behaviour of the point ¢t = ¢, and the value of e 7(®),
in particular cases

Lett=1, € (nag, nu] be any point satisfying the relation
g (t) = —=\(t/n) +o(1/y/n) asn — oc. (6.1)
In particular, one can take t,, = t,, where ¢, is from (5.2).

Lemma 6.1. Under the conditions of Theorem 5.1, tn = tn + o(y/n) and
Eexp(—g(Sn)) ~ exp(—H(t)) as n — oo.



Sampling at a random time with a heavy-tailed distribution 561

Proof. It follows from (6.1) and (5.2) that

g(1)=g"(t) = At/n) = A(T/n) +o(1/vn) = N(O)(t—1)/n+o(l/vn)

= (t—1t)/no*+o(1/yn+|t—1|/n) (6.2)
as n — oo, since X' () — 1/0%. Condition (5.3) implies
g(t) = g(F)+ g (1)t =) + o1+ (t—1)*/n);
g(t) = gW)+g* (T —t) +o(l+(t—1)"/n).
Thus, R
(9" (1) —g" ()t =) = o(L+ (t =1 )*/n). (6.3)

Combining this with (6.2) we obtain
(t—t)/n=o(t—t|/vVn+1)= o((|t —t|/vn+ 1)%) as n — 00.

Hence, (t—t )//n = o(|t—t|//n + 1), which implies the first assertion of the
lemma. Now the second assertion follows from (5.6) and Theorem 5.1. o

Lemma 6.2. Let u(x) be a function satisfying the condition:
u(x +y) = u(x) + o(1 + [y|/ V) (6.4)
as x — oo uniformly in y > —x. Then, under the conditions of Theorem 5.1,
Eexp(—u(S,) — g(Sn)) ~ exp(—u(t) — H(t)) asn — oo.

Remark 6.1. Typical examples of functions u satisfying (6.4) are z° for 8 < 1/2
and (logz)? for any 3 € R.

Proof of Lemma 6.2. Taking into account that |y/v/z| < 1+ y?/x, we obtain
the relation
u(@ +y) = u(x) + o(1 +y*/x).

Note that the function ¢;(z) = u(x) 4+ g(z) satisfies conditions (5.1) and (5.3)
with g7 = ¢*. In this case, H; = u+H and h; = h. Hence ¢ satisfies the equation
g5 (t) = —A(t/n) and, due to Theorem 5.1, Eexp(—g1(Sy)) ~ exp(—H;(t)). The
proof is complete. O

Lemma 6.3. Let 02> = Var¢ be finite. Then any solution t,, to equation (5.2)
satisfies
np —t, = (1+o0(1))ng*(t,)o* asn — oco. (6.5)

If
9" (z—o(x)) = g"(x) + 0 (¢"(z) + 1/Vz) asz — oo, (6.6)



562 S. Foss and D. Korshunov

then
np —t, = (1+0(1))ng*(np)o? + o(v/n) asn — oo. (6.7)

Moreover,
np —t, = (1+0(1))ng* (nu)o? asn — oo, (6.8)

provided that
g"(z—o(x)) = (1+0(1))g*(z) asz — oo. (6.9)

Remark 6.2. The function 27, 3 € R, satisfies condition (6.9).

Proof of Lemma 6.3. Recall that nu — ¢, = o(n) as n — oco. By the Taylor
expansion, A\(t/n) = A(u) + XN (0)(t/n — ), where 6 € [t/n,p]. Since A(u) =0
and N () = 1/02, from (5.2) we obtain that

g (t) = (1/0® + o(1))(n — t/n),

which is equivalent to (6.5). Further, if condition (6.6) holds then g*(t) =

(1 4 o(1))g*(np) + o(1/+/n), which together with (6.5) implies relation (6.7).
Finally, (6.5) and (6.9) imply (6.8). |

Corollary 6.1. Assume that the conditions of Theorem 5.1 hold. If g*(z) =
o(1/\/x) as x — oo, then Eexp(—g(S,)) ~ exp(—g(nu)) as n — oo, which
coincides with the asymptotics in Theorem 3.1.

Proof. Since t,, > nag, g*(tn) = o(1/4/n). By this relation, it follows from (6.5)
that nu —t = o(y/n). Applying (5.6), we deduce H(t) = H(nu) + o(1). Now
the corollary follows from Theorem 5.1. |

Theorem 6.1. Assume that the conditions of Theorem 5.1 and (6.6) hold.
Then

H(tn) = g(ns) — (1-+0(1))n(g" (n)0)2/2 + 0(1) as n — ox.
Proof. By Lemma 6.3 we have
np —t, = (1+o(1))ng* (np)o® + o(v/n).

Put A = (1+0(1))ng*(nu)o?. By virtue of (5.6), H(t,) = H(nu— A) +o(1) as
n — oo. From (5.3) we have

glnp—A) = g(np) — g" (np)A + o(1 + A% /n)
= g(np) — (1+o(1))n(g* (nu)o)® + o(1).
Since A(p) = 0, A'() = 0 and A" () = 1/0?, we get
nA((np — A)/n) = n(1/0? + 0(1))A?/2n* ~ n(g* (np)o)? /2.

Now the assertion of the theorem follows from the last two relations. O
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Corollary 6.2. Assume that the conditions of Theorem 5.1 and (6.6) hold. If
g*(z) = O(1/\/x) as x — oo, then

Eexp(—g(Sn)) ~ exp(—g(np) + n(g*(nu)o)?/2)

In particular, the asymptotics Eexp(—g(S,)) ~ exp(—g(nu) + (co)?/8u)
holds if F(x) = 27 exp(—cz”) and 3 = 1/2. If 8 > 1/2, then it is necessary to
refine the asymptotics given in Lemma 6.3 and Theorem 6.1.

Lemma 6.4. Let the conditions of Theorem 5.1 and (6.6) hold. Let
9" (@ + O(zg"(@))) = ¢"(2) + O((g"(«))*) + 0o(1/Vx) asxz—oco.  (6.10)
If E€3 is finite, then
np —t, = g*(np)no® + O(n(g* (nw))?) + o(v/n) asn — oo.
Remark 6.3. The function 2%, 3 € R, satisfies condition (6.10).

Remark 6.4. Since E&3 < 0o, N’ (1) = —[¢"(0) —3¢" (0)¢’ (0) +2(¢'(0))3] /o® =
—E(¢& — p)3 /0% is finite.

Proof of Lemma 6.4. Tt follows from condition (6.10) that
9" (tn) = g"(np) + O((tn — np)* /n?) + o(1/V/n).
Since A(u1) = 0, N'(u) = 1/02 and \(u) is finite,
Mtn/n) = (tn —np)/no? + O((t, — nu)?/n?).
Therefore, from (5.2) we obtain that
9" (np) + O((np — 1) /n®) + o(1/v/n) = (npu — t) /no®.

Since nu—t ~ ng*(nu)o?, the proof is complete. m|

Corollary 6.3. Under the conditions of Lemma 6.4, assume that g*(x)
o(1/x*/*). Then t, = nu — g*(nu)no? + o(y/n).

Corollary 6.4. Under the conditions of Lemma 6.4, assume that g*(z)
o(1/x/3) and

g(x +y) =g(x)+g"(x)y +o(1) + O(y2g*(x)/x) as r — oo.
Then

Eexp(—g(Sn)) ~ exp(—g(np) +n(g"(np)o)?/2)  asn — oo.
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Proof of Corollary 6.4. Since g*(x) = o(1/z/3), Corollary 6.3 and (5.6) imply
H(t,) = H(np — g*(nu)no?) + o(1) as n — oo. By Theorem 5.1, we obtain

Eexp(—g(Sn))

~ exp(—H(np — g* (nu)na?))

= exp(—g(np —ng*(np)a?) — nA(u — g*(np)o?))

= exp{ — g(np) + n(g"(nu)a)? + o(1) + O(n(g* (np))?)

—nX (1) (9" (np)o®)* /2 + O(n(g* (n)*) }
= exp{ — g(nu) + n(g"(nu)o)* = nX () (g" (np)o®)* /2 + o(1) }.
Using the relation \'(u) = 1/0? we arrive at the conclusion. a
In particular, if F(z) = exp(—2?) and 8 < 2/3, then
Eexp(—9) ~ exp—g(np) + %0 (np)* =1 /2p1.

If F is the exponential distribution with parameter 1/u, then 02 = p?; in this
case we obtain the equivalence

Eexp(—5}7) ~ exp(—(np)” + B (np)*° ' 11/2). (6.11)

For any 8 € (1/2,2/3), the last inequality contradicts Remark 4.4 from [1],
which states that

Eexp(—5))) ~ exp(—(nu)” + (1 = §)6%(nu)** o). (6.12)
Indeed, (1 — 3)3% < %/2 and (6.12) cannot be true.

7. Sequential approximations for ¢t and H(t)

In the previous section, we found a number of first terms in the expansion of
H(t). Here we propose a sequential procedure which allows us to approximate
t and, therefore, H(t). We use the notation

L(A) = (Inp(N) = ¢ (V) /p(X) = E€eX/Ee.

By the definition of A(a), o = ¢’ (A)/p(A) for A = A(«). Therefore, L(A(a)) = «
and L is the inverse function to A. Therefore, t is a root of equation (5.2) if
and only if t = nL(—g*(t)). If 0 < XN(u) = 1/0? < oo, then t € (nag, ny
satisfies (6.1) if and only if

t=nL(—g*(t))+o(v/n) asn — oco. (7.1)
Recall that H(z) = g(z) + zA(z/n) — nlnp(A(z/n)). Set

D(z) = g(z) — 29" (z) —nlnp(—g"(z)).
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By (5.2), H(t) = D(t). Since A(L(=g"(x))) = —g" (@),

D(z) = H(nL(~g"(z))) = g(x)—g(nL(~g"(x))) + (nL(—g"(x))~2)g"(z)
= (1 + (nL(— *(x)) az)z/:c)
owing to condition (5.1). Setting x = t, by Lemma 6.1 and (5.6) we get

D(t) = H(nL(~g"(1)))+o(1) = H(t+o(v/n)) +o(1)
= H(t+o0(vn))+o(1) = H(t) + o(1).

Thus we obtained the following theorem.

Theorem 7.1. Let t satisfy (7.1). Then, under the conditions of Theorem 5.1,
H(t)=D(t)+o(l) asn — oc.

Put t) = nu and D = nL(—g*(t™)) for any integer k. Let L* =
supy<o L'(A). We have

1O O = nlL(—g" () - LO)| < Ing (), (72)
D 8] = p|L(—g () — L(—g" (D))
< L*nlg*(t®) — g* (")) (7.3)

Lemma 7.1. For any fixed k, t*) ~ nu as n — co. In addition, if there exists
6 > 0 such that

g () = oa™), (7.4)
g (z+v) —g*(x) = o(va™'™) (7.5)

as ¢ — oo uniformly in v > 0, then, for any fixed k > 1/24,
H(t)=Ht®) +0(1) = Dt®) +0(1)  asn — occ.

Proof. Since g*(nu) — 0, it follows from (7.2) that t®) ~ nu as n — oco. Then,
by (7.3), t*) ~ nu as n — oo, for any fixed k.
Due to (7.3) and (7.5), for all sufficiently large n,

D (B)) = o([¢tF) — (k=) |9,
By induction, (7.2) and (7.4) we get
tk D) 3 (B) = (112 — D= k=1)0) = o(nn=F) = o(y/n).

Thus, nL(—g*(t®)) — t*) = ¢t=+1) _ () = 5(,/n) and one can take ¢t = t(*)
and apply Theorem 7.1. O
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For example, assume that § = 1/4. Then we take k = 2 and use the
expansion L(A\) = L(0) + AL'(0) + o(A) = u+ Ao? + o(\). We get
t? = nL(—g*(np)) = n(u — o*g* (np)) + o(v/n).

Thus, H(t) = D( )+
the expansion of D(t
if 5 =1/3.

o(1), where t = ny —ng* (nu)o?. Now one can check that
) at the point nu yields the asymptotics of Corollary 6.4

8. Asymptotic behaviour of Eexp(—g(S,)) in the case of a Poisson
renewal process

In this section we apply the general results of the previous sections to the
special case of a Poisson process X (t) with intensity 1/u. Then £ has the expo-
nential distribution with mean p, variance o2 = 2 and the Laplace transform

e(A) =1/(1=An), A<1/p

We have a_ = 0. The solution to the equation dlng(X)/d\ = « is equal to
AMa)=1/p—1/a for a € (0, p].

Let F' be a Weibull distribution with parameter 5 € (0,1). In this case,
equation (5.2) has the form Bt°~1 = —\(t/n) or, equivalently,

Bt +t/u=n, (8.1)

which is identical to equation (4.2) from [1]. Since
a—p o
Ala) = | M0)d) = ——— +1In—
@= [Ao)ds =t v

Theorem 5.1 gives the asymptotics

Eexp(=SP?) ~ exp(—t® —nA(t/n)) = exp(—t® +n(l —t/nu))(t/nu)"
= exp(—(1 = B)tP +nin(1 — 5t°/n)) as n — oo, (8.2)

because t/ny = 1 — Bt8 /n. Since
In(1 — Bt%/n) = —pt7 /n — (8217 /2 + o(1))n?" 2,
we may write the following estimate for Eexp(—S?):
Eexp(—50) ~ exp(—(1 - A)t° — 57 — (/2 + o)) m® ). (83)

By Lemma 6.3, t = nu — (u8 + o(1))(nu)? as n — co. Hence, t¥ = (nu)? —
(8% 4 0(1))(np)?5~1 and it follows from (8.3) that

Eexp(—5;) ~ exp(—(1—B)t" — B(nu)” + (B> u(B—1/2)+0(1)) (nu)*~1). (8.4)
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Let us compare this with the asymptotics given in [1, Theorem 4.1]:
Eexp(—5) ~ exp(—(1 = )t” — B(np)”). (8:5)

For § > 1/2 it turns out that the latter two asymptotics are different; (8.4) is
heavier than (8.5).
Finally, we give the following correct version of Theorem 4.1 from [1].

Theorem 8.1. Let F(z) = exp(—u(z)—x?), where 8 € (0,1) and u(x) satisfies
condition (6.4). Then

Eexp(—5)) ~ exp(—u(t) — (1 = B)t° +nln(l - 5t7/n))  asn — oo,
where ¢ is the solution to equation (8.1). In addition, if
u(x + O(2?)) = u(z) +o(1) asz — oo, (8.6)
then
Eexp(—S2) ~ exp(—u(nu) — (1 — B)t° + nln(1 — Bt° /n)) asn — oo.

Proof. The first assertion follows from (8.2) and Lemma 6.2.

For g(z) = 2%, we may take g*(z) = ¢'(z) = B2°~!. By Lemma 6.3,
nu—t = O(ng’(np)) = O(g(n)). This relation and condition (8.6) imply u(t) =
u(np) + o(1) and, therefore, the second assertion of Theorem 8.1. 0
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