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1 Preliminaries

For an alphabet X ={0,1,...,¢— 1} we con-

sider the set X" of words x = (v, 22+, Tp)
of length n.
r = (x1,%9,...,%,) is n-subword of y =

(Y1, 92, ..., yx) if thereisi,i € {0,1,..., k—n}
such that

Yi+1 = T1,Yi+1 = X1y -+ - s Yin = T

x is n-subword of y if there are [ and r such
that y = lxr where |l| =17 € {0,1,...,k—n}.



The shadow of y is the set of all n-subwords:

shad(y) = {x : x is n — subword of y}.

Now for any subset A C X% we define the
shadow

shad(A) = U shad(a).
acA

For fixed n and k we are interested in

V(N) = min{|shad(4)| : A c X" |A| = N}.



The shadow-up of x is the following set:

up(x) ={y : xis n — subword of y}.

Now for any subset B C X" we define the
shadow-up

up(B) = ] up(b).

beB

For fixed n and k we are interested in

A(M) =min{|up(B)| : BC X", |B| = M}.



For an alphabet X = {0,1,...,¢ — 1} we
consider the set X¥ of words ¥ = x129 - - - 1
of length k. For a word a* = ajay- - - a;, € X*
we define the left shadow

shad”(a*) = as - - - ay,

that is, the subword resulting from the omis-
sion of the first letter a; from a”, and the right
shadow

shadR(ak) = Q- Qp_1,

that is, the subword resulting from the omis-

sion of the last letter from a”.

We define the shadow of a* by

shad(a"*) = shad®(a") Ushad®(a"). (1)

Now for any subset A C X% we define the
shadow

shad(A) = U shad(a"). (2)

akFe A



We are interested in finding optimal or at

least asymptotically optimal lower bounds on
the cardinality of N-sets A C X*, that is, the
function

Vi(q, N) = min{|shad(A)| : A c X* |A| = N}.

We write in short Vi (V)
V(N), if also k is fixed.

if q is fixed, and

)

Example 1. For any ¢; < g we have
Vilgr) < ¢
In particular, for ¢z = 2, k = 4 we have
V4(16) < 8.

Example 2. In X BX q words xzby, y € X,
have the same right shadow and, analogously,
for left shadow.

shad(X0"2X) = X0" 2 U 0F %X

So we have Vi(¢?) <2¢—1, k> 3.
In particular, V4(16) < 7 that is better then
in Example 1.



Clearly that

shad(4)] > é\A\. (3)

2 The Concept of Basic Sets

We improve the structure to building sets

xlomxr (4)
and by taking unions of such sets involving a

strong symmetry property. We define now our
main concept.

Definition 1. For non-negative integers [
(left), m, (middle), and r (right) satisfying | >
rand k =1+ m + 7, we define the basic set
B(k,1,7) in X* as follows:

[—r
Blk,l,r)=Jx'omxrts. (5)
s=0



[—r
B(k,1,r) =[x s0marts.
5=0

For example B(7,3,1) is the union of the
rows in the matrix

SRR

X X
X 0
0 0

o O O

0
X
X

SR

0
0
X
for ¢ = 2

1B(7,3,1)] =16+ 848 =32

XX X 0 0 0
XX 0 0 0 X
X 0 0 04X X
00 0 &XA&x X
[shad B(7,3,1)| =8+4+4+4=20



Lemma For everyl >r > 1, m+r > [,
that is, k =1+ m +r > 2l we have

(i) |B(k,1,7)| = 25420 =] —p) = 2 =1(]—
r+2) for q =2

(') |B(k,1,r)| = ¢ + ¢ (1 = 7)(g = 1)
(i1) shad B(k,l,r) =Bk —1,l,r — 1)
(ii) |shad B(k,1,7)] = 217" 2(1—r+3) forq = 2
(ii1’) |shad B(k,l,r)| = % + ¢ 2(qg - 1)

So we have the

Theorem 1. For N = ¢ + ¢ (I —
rq—1) andk=1l+m+r>20>2r>2

q [ —r+1
Actually, the lower bound holds for all N.

1 1 1
—Ngvk(q,N)g—(H )N
q



Definition 2. Consider a set C' of sequences
of length n with cardinality M (|C| = M).
Then s,(C, M) s the number of pairs (a,x),
a € X, x=(r1,T0,...,2,) € C such that we
have (a,x1,x9,...,x,1) € C also. Denote by

sp(M) = mazxcs,(C, M). (6)

Theorem 2. For any q and k

vk<8k_1<M)> = M

We have also

Theorem 3. For any q and k

AN(M) =2qM — s(M).
Theorem 4. For any q and k

sp(q" — M) = ¢"t —2gM + sp(M).
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