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Finite 
hain rings

De�nition. A ring (asso
iative, 1 6= 0, ring homomorphisms preserving 1) is
alled a left (right) 
hain ring if the latti
e of its left (right) ideals forms a
hain.Theorem. For a �nite ring R with radi
al N 6= 0 the following 
onditions areequivalent.(i) R is a left 
hain ring;(ii) the prin
ipal ideals form a 
hain;(iii) R is a lo
al ring and N = Rθ for any θ ∈ N \ N2;(iv) R is a right 
hain ring.� XII International Workshop on ACCT, Novosibirsk, Russia, 05.-11.09.2010 � 1



Moreover, if R satis�es the above 
onditions, every proper left (right) ideal of Rhas the form N i = Rθi = θiR, for some i ∈ N.W.E. Clark, D.A. Drake, Abh. aus dem Math. Sem. der Univ. Hamburg39(1974), 147�153.B. M
Donald, Finite rings with identity, 1974.A. Ne
haev, Mat. Sbornik 20(1973), 364�382.Example. Chain Rings with q2 Elements
R : |R| = q2, R/ rad R ∼= Fq

R > rad R > (0)
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R. Raghavendran, Compositio Mathemati
a 21 (1969), 195�229.A. Cronheim, Geom. Dedi
ata 7(1978), 287�302.If q = pr there exist r + 1 isomorphism 
lasses of su
h rings:

• σ-dual numbers over Fq, ∀σ ∈ Aut Fq: Rσ = Fq ⊕ Fqt; addition �
omponentwise, multipli
ation �
(x0 + x1t)(y0 + y1t) = x0y0 + (x0y1 + x1σ(y0))t;

Rσ = Fq[t;σ]/(t2).

• the Galois ring GR(q2, p2) = Zp2[X ]/ (f(X)), f(X) is moni
 of degree

r, basi
 irredu
ible (irredu
ible mod p).
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Proje
tive and a�ne Hjelmslev planes

• M = R3
R; M∗ = M \ Mθ;

• P = {xR | x ∈ M∗};
• L = {xR + yR | x, y linearly independent};
• I ⊆ P × L � in
iden
e relation;
• ⌢⌣ - neighbour relation:(N1) X ⌢⌣Y if ∃s, t ∈ L : X, Y Is,X, Y It;(N2) s⌢⌣t if ∃X,Y ∈ P : X,Y Is,X, Y It.� XII International Workshop on ACCT, Novosibirsk, Russia, 05.-11.09.2010 � 4



De�nition. The in
iden
e stru
ture Π = (P,L, I) with neighbour relation ⌢⌣is 
alled the (right) proje
tive Hjelmslev plane over the 
hain ring R.Notation: PHG(R3
R)

A. Kreuzer, Resultate der Mathematik, 12 (1987), 148�156.A. Kreuzer, Projektive Hjelmslev-Räume, PhD Thesis, Te
hnis
he UniversitätMün
hen, 1988.F.D. Veldkamp, Handbook of In
iden
e Geometry, 1995, 1033�1084.
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PHG(Z3
9)

� XII International Workshop on ACCT, Novosibirsk, Russia, 05.-11.09.2010 � 6



AHG(R2
R)Points: (x, y), x, y ∈ RLines: Y = aX + b, X = cY + d, a, b, d ∈ R, c ∈ rad RThe line Y = aX + b has slope a;the line X = cY + d has slope ∞j if c = θγj, γj ∈ Γ

Γ(R) � a set of q elements of R no two of whi
h are 
ongruent modulo rad R
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Multisets of points

De�nition. A multiset in Π = (P,L, I) = PHG(R3
R) is de�ned as amapping

K : P → N0.

• Q ⊂ P : K(Q) =
∑

x∈Q
K(x).De�nition. (n, w)-blo
king multiset in Π is a multiset K with1) K(P) = n;2) for every plane H : K(H) ≥ w;3) there exists a plane H0: K(H0) = w;
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Blo
king Sets in PHG(R3
R)

Theorem. R �nite 
hain ring with |R| = qm, R/ rad R ∼= Fq. The minimalsize of a (n, w)-blo
king set in PHG(R3
R) is wqm−1(q + 1).Corollary. The minimal size of a (n, 1)-blo
king set is qm−1(q + 1). In 
ase ofequality, it 
onsists of the points of a line.
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Blo
king Sets with n = q2 + q + 1

(1) a subplane ∼= PG(2, q)(2) Lines: ℓ0, ℓ1 with ℓ0 ⌢⌣ℓ1; x ∈ ℓ0 \ ℓ1.
K(P ) =

{

1 if P ∈ (ℓ0 \ [x]) ∪ {x} or P ∈ ℓ1 ∩ [x]
0 otherwise.Theorem. Let K be an irredu
ible (q2 + q + 1, 1)-blo
king set in PHG(R3

R),

|R| = q2, R/ rad R ∼= Fq. Then either SuppK is a proje
tive plane of order qor else K is a blo
king set of the type (2). If R = GR(q2, p2), then K is of thetype (2).
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Rédei-type Blo
king Sets in PHG(R3
R)

De�nition. Let U be a set of q2 points in AHG(R2
R). We say that the in�nitepoint (a) is determined by U if there exist di�erent points P,Q ∈ U su
h that

P,Q and (a) are 
ollinear in PHG(R3
R).

Theorem. Let U be a set of q2 points in AHG(R2
R). Denote by D the set ofin�nite points determined by U and by D(1) the set of neighbour 
lasses in thein�nite line 
lass 
ontaining points from D. If |D| < q2 + q then there existsan irredu
ible blo
king set in PHG(R3

R) of size q2 + q + 1 + |D| − |D(1)| that
ontains U . In parti
ular, if D 
ontains representatives from all neighbour 
lasseson the in�nite line, then B = U ∪D is an irredu
ible blo
king set of size q2+ |D|in PHG(R3
R).
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De�nition. A blo
king set of size q2 + u is said to be of Rédei type if thereexists a line ℓ with |B ∩ ℓ| = u and |B ∩ [ℓ]| = u.We are interested in sets U that are obtained in the form

U = {(x, f(x)) | x ∈ R}for some suitably 
hosen fun
tion f : R → R. Let P = (x, f(x)) and Q =
(y, f(y)) be two di�erent points from U . We have the following possibilities:
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Let x, y ∈ R, x 6= y. We have the following possibilities:1) If x−y 6∈ rad R then (x, f(x)) and (y, f(y)) determine the point (a), where

(a) = (f(x) − f(y))(x − y)−1.2) If x − y ∈ rad R \ {0}, and f(x) − f(y) 6∈ rad R the points (x, f(x)) and

(y, f(y)) determine the point (∞i) if
(x − y)(f(x) − f(y))−1 = θγi, γi ∈ Γ.3) If x − y = θa ∈ rad R \ {0}, and f(x) − f(y) = θb ∈ rad R, a, b ∈ Γa) if b 6= 0, (x, f(x)) and (y, f(y)) determine all points (c) with c ∈

ab−1 + radR;b) if b = 0, (x, f(x)) and (y, f(y)) determine the points (∞0), . . . , (∞q−1).� XII International Workshop on ACCT, Novosibirsk, Russia, 05.-11.09.2010 � 15



Theorem A. Let R be a 
hain ring with |R| = q2, R/ rad R ∼= Fq. Let G bea subgroup of R∗ with q − 1 < |G| < q2 − q. De�ne the pointset U by

U = {(aθ, 0) | a ∈ Γ} ∪ {(a, 0) | a ∈ G} ∪ {(0, b) | b ∈ R∗ \ G}. (1)The number of dire
tions determined by U is q2+q−|G|. There exists a blo
kingset of Rédei type of size at most
2q2 + q − |G| + |H|,where H = ν(G) is the homomorphi
 image of G under the natural homomor-phism ν : R → R/ rad R.
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In the 
ase of Galois rings R = GR(q2, p2), q = pr,

R∗ = G1 × Cp × . . . × Cp,where G1 is a 
y
li
 group of order q − 1 and r 
y
li
 groups of order p.If we take G to be a subgroup of R∗ 
ontaining G1 then |D(1)| = q + 1.For example, if |G| = (q2 − q)/p then we get a blo
king set B of size

|B| = (2 −
1

p
)q2 + (1 +

1

p
)q.

In the 
ase of p = 2, we get |B| = 3/2(q2 + q).
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Theorem B. Let G be a proper subgroup of (R, +) with q < |G| < q2.De�ne
U = {(a, 0) | a ∈ G} ∪ {(b, 1) | b 6∈ G}. (2)The number of dire
tions determined by U is q2 + 2q − |G|. Consequently, thereexist blo
king sets of Rédei type of size at most 2q2 + 2q − |G|.
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If G is a group of order q2/p with R = 〈G ∪ rad R〉 then G/G ∩ rad R ∼=
R/ rad R and the blo
king set in question has size

(2 −
1

p
)q2 + 2q,

whi
h in 
ase of p = 2 gives size
3

2
q2 + 2q.
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