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A-codes & permutation codes

A-word - symbols on all positions are distinct
A-subcode - code subset, consisting of A-words
A-code - all codewords are A-words

Permutation code (Permutation array)
codeword < a permutation of code alphabet

(n, M, d)g code, n - length, () - alphabet size

A-code n <
Permutation code n=_Q

(Q7M7d)Q - (Q —t,M,d — t)Q
shortening (puncturing)
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Terminology

A-code = Repetition free code

RF-code
RF-subcode
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n, k,n—k+1], RS codes, k = 2,3
L,, - alocation of the u-th position, L; # L, if i # j

G —

Generating matrices n < ¢+ b

I 1...1
L1 Lo...L,

12 2., 12

Lyt Lyt
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Goal of this work

Mq(b) (n,n — k + 1) - maximal possible cardinality of
A-subcode of [n, k,n — k+ 1], RS code. b = 0, —1

To estimate the values Mq(b) (n,n —k+ 1) for
k = 2,3 and distinct n and ¢

To obtain RS codes having maximal, by possibility,
cardinality of an A-subcode

We study special combinatorial properties of
Reed-Solomon codes and try to optimize them

Subcodes of Reed-Solomon code with special nroperties — p. 6/16



Main results. Exact values
A-subcodes of any [n, 2, n — 1], RS codes, k = 2

Mq(b)(n, n—1)=q(qg—1) foralln
A-subcodes of long [n, 3, n — 2], RS codes, k = 3

L%lj <n<qg-+b
Mq(_l)(n, n —2) = 2q(q — 1), arbitrary ¢

M" (n,n — 2) = 2q(q — 1), even ¢
My (n,n —2) = q(g — 1), odd g
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Main results. Lower estimates
(n, M,n — 2), A-subcodes of short [n,3,n — 2],

RS codes. n < L%J

M= (q+c—mn)g(q—1), c=12 (}
n|(g—1) ifb=—1. nlg ifb=

M= (qg+1-¢n)glg—1), £=55, ¢=p"

M=(@+3—-2n+A)glg—1), 0<ALE
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Comparison. Permutation codes

(n, M,n — 2), A-subcodes of RS codes
vs shortened permutation codes (SPC)

1. Cardinalities of A-subcodes are greater :
q — 1 1s not a prime power

1
RS (¢+2—n)q(q—1) = 2¢q(q — 1) SPCn < 4=
1
RS 2q(¢q—1)= q(q—1)SPCn > L~

2. Cardinalities of A-subcodes are smaller :
g — 1 1s a prime power

RS (¢+2—n)glg—1) <=q(g—1)(¢—2) SPC
P. Frankl, M. Deza 1977
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Bunches of code words
n,k,dl,codeC. u=(1,...,1)€C

Bunch B = {Ac+yu: A€ F;, ye€ F,, ce(}

¢ - basic word of the bunch

C = (f(Ll)a f(L2)7 e f(Ln))
f(x) - basic polynomial of the bunch is
the information polynomial of the basic word

b=0 — f(z)=z*4+aix or f(z)==x
b=—-1— f(x)=x+a_1z tor f(x)=a!
CLiEFq
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Repeating compositon of vectors

c - word of length n
s; - the number of the alphabet symbols repeating in

the word 7 times, 7 =0,1,...,n

comprep(c) = (sg, S1, S2, .. .)

Theorem 1. All words of a bunch have the same
repeating composition

4 types of code words and bunches with distinct
repeating compositions: A,B,C,D s; =0, 7 > 3

B-word ¢ : comprep(c) = (%q, 0, %q)
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Conditions

Lemma 4. Let the basic polynomials of a bunch be
b=0 = f(2)=2*+ax

b=-1 = flz)=z+a_jz™?

Then 1n the basic word of this bunch, symbols on
distinct positions with locations L and 1’ are the same,

ie. f(L)= f(T)forL T, iff

b=20 — L+T:—CL1
b=—-1 = LI =a_;
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Assignment of locations

A, ={L1, Lo,...,L,} - set of locations
Yo={L+T:LTeA, L#*T}

- set of sums of distinct locations
II,={LT:L,TeA\, L#*T}

- set of products of distinct locations

Lemma 5. B-,C- or D-bunch of a non shortened RS
code becomes an A-bunch of the shortened code iff

b=20 — —alqu\Zn
b=-1 = CL_1€Fq*\Hn

132,], |II,| - additive combinatorics problem
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Locations as subgroups. 6 = (
(n, M,n — 2), A-subcode of RS code

M =(qg+1—[Xa])q(q = 1)

m-—v

qg=p", n=p""" nlq
A, is an additive subgroup of 7,
qodd — |¥n|=n. geven— |X,|=n—1

M= (q+c—n)g(q—1), c=1,2 (I
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Locations as subgroups. b = —1
(n, M,n — 2), A-subcode of RS code

M = (qg+1—[Ia])q(q = 1)

nl(¢ —1)
A, is a multiplicative subgroup of 7

I, =A, |II,|=n

M= (q+1—-n)q(q—1) (")
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