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The basic idea was motivated by the cloths of Jacket. As our two sided Jacket is inside and outside 
compatible, at least two positions of a Jacket matrix are replaced by their inverse; these elements 
are changed in their position and are moved, for example, from inside of the middle circle to 
outside or from to inside without loss of sign.
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Written in different form is

Where : A * is the transpose of the matrix of inverse entries of A , i.e.

In  mathematics a Jacket matrix is a square matrix A = aij of order n whose entries are 
from a field (including real field, complex field, finite field ), if

AA * = A * A = nIn
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Category : Matrices (from Http://en.wikipedia.org/wiki/Category:Matrices)

H                              I                J                                 L
▪Hadamard matrix       ▪Identity matrix           ▪Jacket matrix ▪Laplacian matrix
▪Hamiltonian matrix   ▪Incidence matrix        ▪Jacobian matrix         ▪Lehmer matrix
▪Hankel matrix            ▪Integer matrix              and determinant        ▪Leslie matrix 
▪Hasse-Witt matrix     ▪Invertible matrix        ▪Jones calculus            ▪Levinson recursion
▪Hat matrix                 ▪Involutory matrix                    K ▪List of matrices
▪Hermitian matrix       ▪Irregular matrix         ▪Kernel (matrix)
▪Hessenberg matrix                                        ▪Krawtchouk matrices 
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Jacket Basic Concept from Center Weighted Hadamard

   














































 


1111
12/12/11
12/12/11

1111

,

1111
1221
1221

1111

1
44 WHWH

     22/ HWHWH NN 


  










11

11
2Hwhere

Sparse matrix and its relation to construction of center weighted Hadamard
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* Moon Ho Lee, “Center Weighted Hadamard Transform” IEEE Trans. on CAS, vol.26, no.9, Sept. 1989
* Moon Ho Lee, and Xiao-Dong Zhang,“Fast Block Center Weighted Hadamard Transform” IEEE Trans. On
CAS-I, vol.54, no.12, Dec. 2007.
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Jacket Definition:  element inverse and transpose

and Simple Inverse

Examples: 

where 
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A general 4*4 Jacket matrix is:
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Its inverse matrix is:

and:
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CDMA Multiplexer:

Sending message 0 0 1 1
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CDMA  Demultiplexer:
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Output matrix is Jacket matrix:

and,

…
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.0 6 1 5 3 2 1 1
 0 6 1 5 3 2 1
6  0 6 1 5 3 2
5 6  0 6 1 5 3
4 5 6  0 6 1 5
2 4 5 6  0 6 1
6 2 4 5 6  0 6
1 6 2 4 5 6  0

.1

J8= mod 7,  J8
1= .

0 6 6 3 2 4 6 1
6 0 6 6 3 2 4 6
1 6 0 6 6 3 2 4
3 1 6 0 6 6 3 2
5 3 1 6 0 6 6 3
4 5 3 1 6 0 6 6
1 4 5 3 1 6 0 6
1 1 4 5 3 1 6 0

     1
88 8

1 mod 7 4 : 2 4mod 7 1
2
1 mod 7 5 : 3 5mod 7 1
3
1 mod 7 2 : 4 2mod 7 1
4
1 mod 7 3: 3 5mod 7 1
5
1 mod 7 6 : 6 6mod 7 1
6
1 6 mod 7

1 0(:mod 7)J J n I
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ui+1=a.uib.ui1. (a,b)=(1,1) - Fibonacci sequence.
(a,b)=(,) - hire…
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Example: GF(5)
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Cryptography
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Eigenvalue decomposition of Jacket matrix of order 2
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Eigenvalue Decomposition of Jacket matrix of order 3
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Eigenvalue Decomposition of Jacket matrix of order 4
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Eigenvalue Decomposition of Jacket matrix of order n
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OUTLINE

Hadamard Matrices

Jacket Matrices Definition and Examples

Jacket Matrices of Small Orders

Construction of Jacket Matrices
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An n × n matrix whose entries are +1or −1is  called  a  Hadamard  matrix if

,T

n
HH nI

where  T denote  transpose  of H,     identity  matrix.
n

I

For example:
1 1
1 1

H  
   

2
2 .THH I

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

H

 
   
  
   

4
4 .THH I
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Center Weighted Hadamard Matrices

4

1 1 1 1
1 2 2 1
1 2 2 1
1 1 1 1

W

 
   
  
   

†

4

1 1 1 1
1 11 1
2 2
1 11 1
2 2

1 1 1 1

W

 
 
  
   

  
    

i.e. transpose matrix of elements inverse of W.

Clearly by a simple calculation,
†

4 4 4.
4WW I

In particularly, if w=1, it is a Hadamard matrix and if w=2 it is a special Center 
Weighted Hadamard Matrix.
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and
2 2 2

1 1
,

1 1n n
W W H where H  

     

Furthermore, there exists a permutation matrix P (each row and column of P
has exactly 1) such that 

 
2 2 2

,T T

n n n
PW P P W H P H W   

where PT is the transpose matrix of P. Hence,

   †

2 2 2 2

†

2
2 .

T T

n n n n

n n n nT

n

n n n n

W W P H W PP H W P

W W W W
P P nI

W W W W

  

  
   

  

† 1 †

2

12 ,
2n

WW nI W W
n
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Turyn-type Hadamard Matrices

An  n × n  matrix  H whose  entries  ±1, ±i (i2=-1) is called Turyn-type Hadamard 
matrix, if

* ,
n

HH nI

where * denote conjugate transpose.

Example:

2 3

2 4 6

3 6 9

1 1 1 1 1 1 1 1
1 1 1

,
1 1 1 1 1
1 1 1

i i i i i
A

i i i
i i i i i

   
        
    
       

2 3

†

2 4 6

3 6 9

1 1 1 1
1 1 1 1 1 1 11

1 1
1 1 1 1 1 1 11

1 11 1 11

i i i i i
A

i i i
i i

i i i
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† *

4
4AA AA I 

Hence A is a Turyn-type Hadamard matrix and also a DFT matrix, but not a real 
Hadamard matrix.

An n × n matrix H  whose entries are power of q-th root of unity is called a Butson-
type Hadamard  matrix  if

*

n
HH nI

For example, let ω is  a  third  root  of unity, i.e.                    2 / 3 2, 1 andiw e i  

2

2

1 1 1
1 ,
1

B w w
w w

 
    
 

1 2

2

2

2

1 1 1 1 1 1
1 11 1

11 11

B w w
w w

w w

w w



 
 

  
        

   
 
 

so † *

3
3BB BB I 
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2 2

2 2

2 2

2 2

1 1 1 1 1 1
1 1

1 1

w w w w
i iw iw iw iw i

C
w w w w

i iw iw iw iw i
i i i i i i

 
 
 
   

  
 
        

An n x n matrix A=(ajk) is called a complex Hadamard matrix if

*| | 1 ,j ka A A n I n 

2 2

2 2

† *

2 2

2 2

1 1 1 1 1 1
1 1 1 1 11

1 1 1 1 11

1 1 1 1 11

1 1 1 1 11

1 1 11 1 1

w iw w iw i

w iw w iw i
C C

w iw w iw i

w iw w iw i

i i i

 
 
 
 
 
 
 
  

   
 
 

   
 
    
 

Complex Hadamard Matrices
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Jacket Matrix Definition and Examples

Let A = (ajk) be an n × n matrix whose elements are in a Field F (including real fields, 
complex fields and finite fields, etc). Denoted by A† the transpose matrix of elements 
inverse A.ie.                  A is called Jacket matrix if † 1 .

kj
A a 

† † ,
n

AA A A nI 

where In is the identity matrix over field F.

For example:

1

1 1

, ,
1 1

a ac a acA A
ac c

cac



 
  
         
 

So A is a 2x2 Jacket matrix. When a=c=1, it is a 2x2 Hadamard matrix.
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The  class  of  Jacket  matrices contains

Real  Hadamard  Matrices;
Turyn-type  Hadamard  matrices;
Butson-Type  Hadamard  matrices 
Complex  Hadamard  matrices;
Center Weighted Hadamard matrices.

1

1 11 2
2 31 1 1 1
1 12 2 2 2 1 2

1 2 3, .3 3 3 3 1 14 1 21 1 1 1 2 3
2 2 2 2 1 11 2

2 3

A A

 
 

   
         

     
    
    
   

  
 

Any pair of rows of A are 
orthogonal and A is a Jacket 
matrix since          but it is not a 
r e a l  H a d a m a r d  m a t r i x .

†
44AA I
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Properties of Jacket Matrices

An  n × n  matrix A = (aij ) over a field F is a Jacket matrix if and only if

1

1

0

0

n
ji

i

ki

n
ji

i

ik

a
for all j k

a
a

for all j k
a





 

 

For any integer n, there exists at least a Jacket matrix of order n.
There exists a Jacket matrix of any order. 

Let  A = (ajk)  be  an  n × n  Jacket  matrix.
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(I)If                                           then is a complex Hadamard matrix.

(II)If     is real and,                                        then A is a real Hadamard matrix.

1 , 1,...,
jk

a for all j k n 

jk
a 2 1 , 1,...,

jk
a for all j k n 

Let A be a Jacket matrix.

(I) Then                     are also Jacket matrices.

(II)                       

† 1, TA A and A

  †det det .nA A n

Let A be nxn Jacket Matrix and let D and E be diagonal matrices. Then DAE is also 
a Jacket matrix.

Let A be an n x n Jacket matrix and let P and Q be n x n permutation matrices. 
Then PAQ is also a Jacket matrix
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Jacket matrices of small orders

Theorem : (1) Any Jacket matrix A of order 2 is equivalent to the following matrix

2

1 1
.

1 1
J  
   

(2) Any Jacket matrix A of order 3 is equivalent to the following Jacket matrix

2

3

2

1 1 1
1 .
1

J w w
w w

 
    
 

Proof:
22

22

1 1
Let  be a normalized Jacket matrix, then 1+a 0.

1
A

a
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22 23

32 33

1 1 1
 1

1
B b b

b b

 
    
 

1

22 32

32 33

1 1 1
1 1 11
3

1 11

B
b b

b b



 
 
 
 

  
 
 
 
 

Let

be a normalized Jacket matrix and its inverse matrix  and from properties of Jacket 
matrix, we have

22 23
1 0,b b  

22 23

1 11 0,
b b

  

32 33
1 0,b b  

32 33

1 11 0,
b b

  

22 23

32 33

1 0,b b
b b

   32 33

22 23

1 0.b b
b b
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Theorem: Any Jacket matrix of order 4 is equivalent to the following Jacket matrix.

1 1 1 1
1 1

.
1 1
1 1 1 1

w w
w w

 
   
  
   

if w = 1, then it is a real Hadamard matrix;

if w = i, then it is a Turyn-type Hadamard matrix;

If w = 2,then  it is a Center Weighted Hadamard   matrix.
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88



89
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Construction of Jacket Matrices 

Proposition 1: The Kronecker product of two Jacket matrices is also a Jacket matrix.

Proof:
†

† † † †

Let A be an m m Jacket matrix and B be an n n Jacket matrix. Then AA I and 
BB .Clearly (A B) .Hence

m

n

m
nI A B

  
   

† † † † †(A B)(A B) (A B)( ) ( ) ( ) .
 is a Jacket matrix.

mn
A B AA BB mnI

So A B
       


Let and be two Jacket matrices.ThenA B n nProposition 2:
A B
A B




 
  

is also a Jacket matricesof order 2n, where 0. 
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Example : Let

2 2

2 2

1 1 1 1 1 1
1 , 1 .
1 1

A w w B w w
w w w w

   
          
   

1, thenif  

2 2

2 2

2 2

2 2

1 1 1 1 1 1
1 1
1 1
1 1 1 1 1 1
1 1
1 1

w w w w
w w w w

w w w w
w w w w

 
 
 
 
    
   
 

   

is a Jacket matrix of order 6. If =2, then
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2 2

2 2

2 2

2 2

1 1 1 2 2 2
1 2 2 2
1 2 2 2
1 1 1 2 2 21
1 2 2 2
1 2 2 2

w w w w
w w w w

A

w w w w
w w w w

 
 
 
 

     
   
 

   
is also a Jacket matrix. 

Theorem : Let                         be the core of Jacket matrices of  of order n, 
respectively. Then                    if and only if 

1 1 1 1
, ,  andA B C D , , ,A B C D

† †AC BD
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1 1

1 1

1 1

1 1

T T

T T

e e
e A B e

X
e C D e

e e

 
 
 
  
   

is a Jacket matrix of order 2n , where e is a column vector of all one.

Proof: Let
1

1
 is a Jacket matrix,

Te
A

e A
 

  
 

† †

1 11 1

1 11 1
.

T TT T

n

e ee e
nI

e A e Ae A e A
      

       
      

Hence,
  †

1 1 1 1 1
0, 0, .T T T

n
e e A A I e ee A A nI
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Similarly, we have
  †

1 1 1 1 1
0, 0, .T T T

n
e e B B I e ee B B nI


     

  †

1 1 1 1 1
0, 0, .T T T

n
e e C C I e ee CC nI


     

  †

1 1 1 1 1
0, 0, .T T T

n
e e D D I e ee D D nI


     

†

† †

1 1 11

11 0
0

TT

T

ee n
AC

e Ce A ee AC
    

         

†

† †

1 1 11

11 0
.

0

TT

T

ee n
BD

e De B ee B D
    

         

So

Therefore,                    if and only if† †AC BD † †.

1 1 1 1
AC B D



Binary erasure Channel
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Binary erasure channel
• A binary erasure channel with erasure 

probability p is a channel with binary input,      
ternary output, and probability of erasure p. 
That is, let X be the transmitted random 
variable with alphabet {0, 1}. Let Y be the 
received variable with alphabet {0, 1, e}, 
where e is the erasure symbol. Then, the 
channel is characterized by the conditional 
probabilities

• Pr( Y = 0 | X = 0) = 1-p
• Pr( Y = e | X = 0) = p
• Pr( Y = 1 | X = 0) = 0 
• Pr( Y = 0 | X = 1) = 0 
• Pr( Y = e | X = 1) = p
• Pr( Y = 1 | X = 1) = 1-p
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Jong Nang Binary Code
���� �� ��� �� ���(digit) �� ���/���� ���

��

�� ��� ��
(��3� �� ��

�� ��) 000 �(�)

�� �� �
(� �� � �� ��

�� ��) 100 �(�)

�� ��� ���(�, 
� ��� �� ��)

101 �(�)

��� ��
���(��

������) 111 �(�)

0
0
0

1

1
0
0

0

0 0
1

1

1 0
1

1
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Example 1
• P (y=0|x=100)=1  P (y=0|x=101)=1

P (y=0|x=111)=1   P (y=1|x=000)=1

To calculate capacity:    
C=max I (x;y)=max{H (y)- H (y|x)}

Let P (x=100)=a, P (x=101)=b, P (x=111)=c, P (x=000)=1-(a+b+c)
P (y=0)=a+b+c, P (y=1)=1-(a+b+c)

H (y)=-P (y=0)*log P (y=0)- P (y=1)*log P (y=1)

= -q*logq-(1-q)*log(1-q)           where q=a+b+c

Since                          ,         H (y|x)=0.

2
1

( ) ( ) log ( )
m

i i
j

H Y p y p y


 

2
1 1

( ) ( , ) log ( )
n m

i j j i
i j

H Y X p x y p y x
 

  

2log ( ) 0j ip y x 
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Example 1
• I (x;y)=H (y)- H (y|x)= H (y)= -q*logq-(1-q)*log(1-q)

I (x;y)=H (y)- H (y|x)= H (y)= -q*logq-(1-q)*log(1-q)=1

Thus    C=max I (x;y)=1

( ; ) 1 1 1log log(1 ) (1 ) log( )
ln 2 (1 ) ln 2

dI x y qq q q q
dq q q q


       



1 1log( ) 0
2

q q
q


  

[ ( ) ( )] ( ) ( )( ) ( )
x x x

d u x v x du x dv xv x u x
d d d

  2

ln
log 1 ln 1 1ln 2

x x ln 2 x ln 2

xdd x d x
d d d x

  

Formula:



100

0y 1y  y e
011
101
110

010, 001
001,100
100, 010

000

Assumption: At most one error occurs from “1” to “0”

Let  P (x’=010 or 001|x=011)=p
P (x’=001 or 100|x=101)=p
P (x’=100 or 010|x=110)=p

P (y=1)=1-(a+b+c)=1-q
P (y=e)=p*(a+b+c)=pq
P (y=0)=(1-p)(a+b+c)=(1-p)q          
where q=a+b+c

P (x=011|x=011)=1-p
P (x=101|x=101)=1-p
P (x=110|x=110)=1-p

2
1

( ) ( ) log ( )
m

i i
j

H Y p y p y


 

2
1 1

( ) ( , ) log ( )
n m

i j j i
i j

H Y X p x y p y x
 

 

2 2(1 ) log (1 ) log (1 ) log(1 )q q pq pq p q p q       

P (x=000,y=1)=1-q
P (x=011,y=e)=ap
P (x=101,y=e)=bp          
P (x=110,y=e)=cp
P (x=011,y=0)=a(1-p)
P (x=101,y=0)=b(1-p)
P (x=110,y=0)=c(1-p)

(1 ) log1 log log logq ap p bp p cp p     
(1 ) log(1 ) (1 ) log(1 ) (1 ) log(1 )a p p b p p c p p        

log (1 ) log(1 )qp p q p p    

Example 2
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Example 2
C=max I (x;y)=max{H (y)- H (y|x)}

I (x;y)= H (y)- H (y|x)

2 2(1 ) log (1 ) log (1 ) log(1 )q q pq pq p q p q        [ log (1 ) log(1 )]qp p q p p    

2 2 2(1 )log (1 ) log log (1 ) log(1 ) (1 ) log log (1 )log(1 )q q pq p pq q p q p p q q qp p q p p             

2 2(1 ) log (1 ) log (1 ) logq q pq q p q q      

( ; ) 1 1 1log(1 ) (1 ) log (1 ) log (1 )
(1 ) ln 2 ln 2 ln 2

dI x y q q p q pq p q p q
dq q q q

         


1log(1 ) log( ) 0
2

q q q     

( ; ) 0.5log 0.5 0.5 log 0.5 0.5(1 ) log 0.5I x y p p    
0.5log 0.5 0.5log 0.5

1
  


Thus, 1C 



A Novel Class of Element-wise-
inverse Jacket Transform With 

Many Parameters
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OUTLINE

• some preliminaries and notations are 
presented

• Element  inverse jacket transform with 
many parameters

• the proposed EIJT transform is efficient 
algorithm

• results
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PRELIMINARIES AND NOTATIONS
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• The Jacket Transform has following three 
advantages

• element inverse orthogonality
• the entries of the forward and inverse 

transforms have reciprocal relation
• the fast algorithm
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PROPOSED FOR 
EIJT WITH MANY  PARAMETERS

110



111



112



113



114



115



FAST EFFICIENT ALGORITHM FOR 
THE EIJT TRANSFORM
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CONCLUSION
• A new reciprocal-orthogonal parametric jacket 

transform (EIJT) is proposed by combining the 
kernel of the basic jacket transform with five 
parameters and the well-known WHT transform. 
On the one hand, the proposed EIJT of a 
sequence N = 3 r has 2N-1 independent 
parameters, while the WHT transforms has no 
independent parameters and the ROP transform 
is for sequence of power of two. On the other 
hand, the proposed EIJT still preserves the nice 
properties of the WHT transforms, such as 
reciprocal orthogonality, reciprocal relation and 
fast algorithm. 
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On Odd Order Jacket Matrices 
with Some Applications

joint work with
Stefan M. Dodunekov

Institute of Mathematics and Informatics (IMI),
Bulgarian Academy of Sciences (BAS)
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• Motivation
• Definition & Examples
• Main Result
• Applications in Cryptography
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• In 2001, Lee et al. [1] introduced a generalized reverse 
Jacket transforms (GRJT) as a multi-phase or multilevel 
generalizations of the WHT and the even-length DFT. 
The matrix representing a primary GRJT is equivalent to 
the DFT matrix, and in addition has a border consisting 
entirely of ±1’s.

• However, it can be proven that such matrices with entries 
from the field of complex numbers, do exist only for even 
orders [2]. So, it is naturally to ask about the existence 
of similar transforms on different spaces of odd 
dimension.

Motivation

123



• W.l.o.g. we are focussed on the fields GF(p), where p is 
an odd prime:

Remark: The conventional Hadamard matrices are JMP 
modulo any prime p, which does not divide the order n.

Definition & Examples
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• An JMP modulo 3 matrix of order 7:

Definition & Examples

125



• More general example:

• its first row and column consist entirely of 1’s;
• its last row and column consist of −1’s with exception of 

the corner’s entries;
• all other entries are equal to 1 with exception of those on 

the main diagonal.

The previous example is obtained if p = 3 and k = 1.

Definition & Examples

126



Sketch of the Proof:

So, there exists JMP modulo arbitrary odd 
prime p matrix, whose order is also odd.

Definition & Examples

127



Main Result

• It is well-known that a necessary condition for the 
existence of a conventional Hadamard matrix is its 
order n to obey: n = 1, 2 or n  0 mod 4.

• Analogously in this work, we try to find (and found) 
some necessary conditions for the existence of odd 
order JMP matrices.

128



The following proposition holds:

Main Result

129



Example 1:
Take p = 3. We have: 20 = 1, 21 = 2.
Proposition 0.2 claims:

Main Result

• the order of any JMP matrix mod 3 must be  1 (mod 6);
• and there exists no such a matrix of order  5 (mod 6). 

For example, one cannot find a construction of JMP 
matrix mod 3 whose order is 5 or 11, etc.

Of course, the requirement for non-singularity 
implies that the order cannot be multiple of 3.

130



Example 2:
Take p = 5. We have: 20 = 1, 21 = 2, 22 = 4, 23 = 3.
Proposition 0.2 claims:

Main Result

• we cannot construct JMP matrices of orders  3, 7 (mod 10);
• J9 (p = 5, k = 1) is an JMP matrix mod 5 of order 9. We 

also, construct an JMP modulo 5 matrix of order 21, which 
is  1 (mod 10) by using finite projective plane of order 4.

Of course, the requirement for non-singularity 
implies that the order cannot be multiple of 5, i.e.,  
5 (mod 10). 131



An Application in Cryptography

We shall denote such a function as an (s, v)−AONT.

�.

�.
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An Application in Cryptography

The cryptographic significance of all-or-nothing 
transform:

The usage of such a transform affords a certain amount of 
additional security (over the block cipher encryption) 
since it requires an adversary to decrypt all s blocks of 
cipher-text (by means of a brute force key search, say) in 
order to determine any one block of plain-text. As such, it 
can be thought of as an additional mode of operation that 
could be used instead of the usual ECB, CFB, CBC or OFB 
modes.
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An Application in Cryptography

Theorem 0.3. (Stinson’1999)

134



An Application in Cryptography
Finally, we would like to mention 3 points:
• Stinson gave an example of a linear (s, p)−AONT, where 

s  0 mod 4 and p > 2 is a prime number, by taking in the 
role of M (from Theorem 0.3) an ordinary Hadamard 
matrix whose entries are reduced modulo p (of course, 
when such matrix does exist for given s).

• The existence of JMP matrices (and the corresponding 
constructions) whose orders are not  0 mod 4 (discussed 
in the present work) extends in an obvious way the 
above described cryptographic application.

• Yet another cryptographic application of JMP matrices 
was announced by Chang-Hui Choe, who proposed their 
usage in a running Hill cipher.
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MIMO

S/P COD/
MOD

TX RX

DEC/
DEM P/S

H

Multiple-Antenna (MIMO) System

multiplexing (=rate) gain vs diversity (power) gain
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Index Mapping of STBC
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Index mapping
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Pilot Channel Estimation

   termsnoiseˆ

achieved becan diversity perfect, are estimates channel If

ˆˆˆ

ˆˆˆ
estimates Symbol

2
ˆ   and

2
ˆ

estimates Channel

number real isA   where2 antennafor  A)(A,                        
1 antennafor  A)(A, :patternsPilot 

T2 tat time  

T tat time    

1
2

2
2

11

**
22

**
11

21
2

21
1

4212

3211

22
*

122

12
*

111

211

221

1

2






















s s

rr s

rr s

pp pp 

nA Ap
nA Ap

nS Sr

nS Sr


















2010-10-11 141

Jacket Matrix

11 ][][][ HJJ kk  , 2k . 
11 ][][][ HHH kk  , 1k .  
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Weighted and Quasi Orthogonal
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Feature selection in sparse 
matrices
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 Jacket Unitary pattern from generalizing 
Walsh and weighted Hadamard.

 Quasi orthogonal after extending the 
orthogonal cases. 

 Analysis the existing patterns to find the 
unitary properties. 

Analysis of Existing Designs
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Jafarkhani Quasi-Orthogonal
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H. JAFARKHANI, IEEE Trans. Communications, vol. 49, No.1, Jan 2001, 
pp. 1-4

Same as Jacket Matrix

Diversity gain:

Correlation:
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TBH Quasi-Orthogonal
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Measurement of the matrices
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Unitary of TBH and Jafarkhani

• The same determinant of the matrices 
shows TBH and Jafarkhani are unitary. 

• We can derive the some patterns from 
unitary transform. 

• From investigation, the distribution of the 
conjugates is major point.  
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Jafarkhani with TBH Sparse 
Matrices
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Performances of Modified 
Jafarkhani
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TBH with Jafarkhani Sparse 
Matrices
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Performances of Modified TBH

Red line is modified TBH and Blue line is TBH
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Distribution of conjugates on the bottom (1)

•
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Jia Hou, and Moon Ho Lee, “Matrices analysis of quasi orthogonal STBC” IEEE 
Comm. June, 2003.
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Distribution of conjugates on the bottom (1)

•
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DCT/DFT/Wavelet Hybrid 
Architecture Via Recursive 

Factorization
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Contents
• Jacket Matrix(JM) Concept
• Properties of Jacket-like Sparse Matrix

– Element Inverse and Block Inverse
• Recursive Factorization

– DCT-II matrix
– DFT matrix
– Wavelet based on Haar matrix

• Dual Use of Cooley-Tukey Type Data Flow Diagram 
– DFT data flow diagram
– DCT-II data flow diagram
– Wavelet data flow diagram

• Discussions
• Conclusions
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Jacket Matrix(JM) Concept
• General case : 

– A=QR factorization can be viewed as a Reverse Jacket Matrix 
representation.

– Normally, matrix R is a sparse matrix and matrix Q is a unitary 
matrix.

• Special case : matrix Q can be fixed to a trigonometric transform 
matrix by a constraint.
– A Reverse Jacket Matrix(RJM) is a generalized weighted 

Hadamard transform matrix [9] and refers to  such a case. 
Here[S]m is a sparse matrix of [J]m.

      (1) ,...}4,3,2,1{,2 ,1 1   kmSH
m

J k
mmm
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Properties of Jacket-like Sparse 
Matrix

• Jacket matrix [J]m has an element inverse property.
• The inverse of [J]m is also a Jacket matrix.
• All trigonometric transform matrix(DFT, DCT, DST, WHT, Haar Transform, 

Hartley Transform, etc) can be represented as a Jacket-like sparse matrix. 
For example, DFT matrix for N=8 case can be represented as follows:
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Recursive Factorization(1 ):DCT-II

• A typical forward DCT of type II of a 
sequence length N is given by:

 

(2)      ,0,
2

1
1,...,2,1,1

 where

1,...,1,0,  ,
)
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1(

cos2
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DCT-II: 
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Recursive Factorization(2 ):DCT-II
• To generalize a recursive factorization of size N DCT-II , we start with 

N=2,4, and 8:
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Recursive Factorization(3 ):DCT-II

• Similarly, for N=8, we obtain the followings:
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Recursive Factorization(4 ):DCT-II

• Top left block matrix [C]N/2 of [C]N has a recursive factorization, but 
bottom right block matrix [B]N/2 of [C]N does not.

• Many authors [Chen, Wang ] “High throughput VLSI architecures for 
the 1-D and 2-D discrete cosine transforms”, IEEE Trans. Circuits 
Syst. Video Technol., 1995, proposed a further decomposition 
algorithm to derive a fast implementation of [B]N/2 computation, 
which normally requires (N/2 x N/2 ) real multiplication.

• Our proposed algorithm partitions [B]N/2 into a recursive form using 
both generation matrix and the trigonometric identities and relations 
explained below:

     (3)   :matrix Generation
2/,

),(
22/ Nnm

nmf
NN CB 
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Recursive Factorization(5 ):DCT-II

• In case of NxN DCT-II matrix, [C]N can be 
represented using the form as:

 

,...}2,1,0{,1 where

,

2
1

2
1

2
1

2
1

2
1

1222221202

1222221202

1121211101

1020201000

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

2
4

















































iik
CCCCC

CCCCC
CCCCC
CCCCC

C

i

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

k
N

N

NNNNNNN

NN

NN

NN















2010-10-11 167

Recursive Factorization(6 ):DCT-II

• According to (3), a NxN matrix [B]N from [C]2N can be 
simply presented by:
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Using the trigonometric identities and relations, 
we can have the following equation:
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Recursive Factorization(7 ):DCT-II

• Using the trigonometric identities and relations,[B]N/2 can be 
expressed in terms of [C]N/2 and a simplified recursive form for [B]N/2
follows:
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Recursive Factorization(8):DCT-II
• By using the results obtained from the previous slides  , we have 

a new form for DCT - II matrix 
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Recursive Factorization(9):DCT-II

• Center diagonal matrix

can now be factorized in a recursive manner as
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Recursive Factorization(8):DCT-II
• Data Flow Diagram of DCT-II
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Recursive Factorization(1):DFT
• In a similar way, we can factorized a DFT matrix 

[F]N into a recursive form:
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Recursive Factorization(2):DFT
• Finally, based on the recursive form we have 
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Recursive Factorization(3):DFT
• Data Flow Diagram of DFT

2/PrN

4/PrN

4/PrN

2Pr

2Pr

2Pr

2Pr

 2F

0W
4/NW

 2W

0W

0W
2W

22/ NW

...

0W
2W

22/ NW

...

  4/NW

0W
1W

12/ NW

2W
3W

...

  2/NW

4/NW

0W

0W
4/NW

4/NW



2010-10-11 175

Recursive Factorization(1):Wavelet

• The discrete wavelet transform based on the Haar matrix 
(HWT). Analysis in discrete time:                and
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Recursive Factorization(2):Wavelet

• In a similar way, we can factorized a Wavelet 
which based on Haar matrix [A]N into a recursive 
form:
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Recursive Factorization(3):Wavelet

• Finally, based on the recursive form we can get the similar formula as 
following
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Recursive Factorization(4):Wavelet

• Data Flow Diagram of Wavelet
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Discussions : Dual Use of Cooley-
Tukey Type Data Flow Diagram

• Computational Complexity

23 / 2 (log 1) 2, 4N N M  

2log / 2 1N N N 

FFT Complex additions : 

Wavelet based o
n Haar

Real additions : 

DCT-II(Chen 
Wang)

Real additions : 

DCT-
RF(proposed)
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Discussions : Dual Use of Cooley-Tukey 
Type Data Flow Diagram

• Hybrid Architecture(switching to DCT or DFT)
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Generalized DFT/DCT/Wavelet by 
using Jacket Pattern 

The DFT and DCT Wavelet matrices can be simply generated by using the Element-wise 
Inverse Jacket Sparse matrices. Where:
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Conclusions
• Hybrid architecture achieves dual use of data 

flow structure in DCT and DFT/Wavelet
computation.

• Computational complexity of the proposed 
scheme is comparable to FFT, Chen’s DCT, 
and Wang’s DCT algorithms.

• Further investigation is needed for dual use of 
FFT architecture in other trigonometric 
transform computation.
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