NuaBapuanrer Yepuna — CaiiMoHCa KOHUYECKNX
MHOroooOpa3suii Ham 3amenyieHneM yaiirxenoa

H. B. Abpocumos !

HoBocubupckuii rocy1apcTBeHHbBIN YHUBEPCHTET

Pabora orHOCHTCA K TeOpun TPEXMEPHBIX MHOIOOOPA3HIiA, MOy CKAIOIINX BBE-
JIeHWE TIOJIHOW pUMAHOBOW METPHUKH TIOCTOSTHHON KPUBU3HBI, — WHTEHCUBHO Pa3-
BUBAIOIIEHCS 00JIACTH T€OMETPUM U TONoJoruu. B mocsenuue roapl 00beKTOM
AKTHUBHBIX MCCIEAOBAHUI CTATM TPEXMEPHBIE KOHUIECKHE MHOTOOOpasus, y KO-
TOPBIX METPUKA MMEET CHHTYJIAPHOCTH KOHHYECKOrO THIIA BJOJb Y3JI0B M 3a-
nertennii. BaxkHol XapaKTepUCTUKON TeOMEeTPUIEeCKONl CTPYKTYPBI SBJISIOTCS
TaKWe MHBAPUAHTHI, KaK 00béM, naBapuant Yepra — CaiiMoHCa, AJIUHBI CHHTY-
JIAPHBIX TEOIE3UIECKUX.

B pabore HailimeHbl IBHbIE WHTErpaJbHBIE (POPMY/IBI /IS BBIYUCICHWS WH-
sapuanros Uepua — CaiiMoHCa I N-TMCTHBIX HAKPLITHI S3, pasBeTBIéHHBIX
Has 3anemtenneM Yaitrxega W (27/n,2m/n) B runepbonndeckoMm u cdepude-
CKOM CJIy4asix; OUCAH WHBAPUAHT, TIOM00HbIH nnBapuanty Yepua — Caiimomnca
1uisi opbudosnos Hagz 3anerienuem Yaittxena W (27 /n, 2w /m) B runepbonnde-
ckoM u chepudeckoM ciydaax. Tak Ke 1MoJIy 9eHbl HHTErpAIbHbIE (POPMYJIbI JJIst
uyucna I(W(a, §)) ans AByxXmapaMeTpUYecKOro ceMefcTBa KOHHYECKHX MHOIO-
obpasuii Haj 3anensenuem Yaitrxena W(q, 5) B runepbosnaeckom u cepuye-
CKOM CJIyqasix.

'HosocubupcKuii rocymapCcTBeHHEIH yHEHBepcuTeT, yia. [Iuporosa, 2, Hopocubupck 630090,
Poccus.
E-mail: mathematic@Qgorodok.net
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DKcTpeMaibHbIE CBOIICTBA HEKOTOPBIX
KOH(OPMHBIX OTOOparKeHmit

H. P. Abybaxupos !

Kazanckuit rocy/iapcTBeHHBIIT yHUBEPCUTET

B teopun koH(MOPMHBIX OTOOPAsKEHWH YACTO BCTPEYAIOTCS CUTYAIUU, KO-
raa GyHKIwWs, 0TOOpAKAIONIAs TPOU3BONBHYIO 0OJIACTH HA HEKOTOPYIO KAHOHU-
YECKYIO, SIBJISETCS YKCTPEMAJIBHON JIJIsi HeKOTOphIX (hyHKImoHa oB. Kiraccuye-
ckuit ciry4dait — npunnun upuxie, chopmymupoBaHHbIl PuManoM, KOTOPBIi
Iaér yaoOHOe CPeiCTBO Tl JOKA3ATEILCTBA MHOTUX TEOPEM CYIIECTBOBAHUS B
TEOPUU AHATUTHIECKUX (PYHKIHUH. YKazaHHbIE (DyHKIMOHATBI MOTYT 3aBUCETh
OT JAHHOI 06slacTy U (DYHKINHU, TONHKO OT (DYHKIUH ¥ UMETh PA3HOOOPA3HbII
Buz (cM., Hampumep, [1,2]). Hac 6ymer nHTEpecoBaTh ciydail, pacCMOTPEHHBI
B crarbe [3]. Peub umér 06 0TOOpasKeHnH TPOU3BOJILHOM Nn-CBsA3HOM obmacth D,

n
cozeprkalieil GeCKOHEYHO yIaIéHHy0 TO4UKY, ¢ rpanuueit 0D = |J C; npu cie-
j=1
JYIOIIUX TIpeanosoxkenusx: 1) rpanura 0D pa3buBaercsa Ha JBe HENEPECEKAIO-
n
mmecs gactu IV = 6 Ciul” = |J Cj, upuuém f(I") ecrb coBOKymHOCTD
=1 j=p+1
KOHEUYHbIX BEPTHUKAJIBHBIX pa3pe3oB, a f(I') ecTb COBOKYMHOCTh KOHEYHBIX TO-
PU3OHTAJIBHBIX pa3pe3os; 2) f(z) = z+ a[f]/z+ o(1/z) npu z — oco.

Jlist moceyonero u3IoKeHnst 0003HAINM depes A;,r/ % cemeicTBo dyHK-
Ui, YI0BJIETBOPAIONINX YCJIOBUIO 2) U mepeBoadiuX [V B COBOKYITHOCTh KOHEY-
HBIX BEPTUKAJBHBIX Pa3pe30B, a depe3 ’Ag ceMeiicTBO (DYHKIIUH, YIOBIETBOPSI-
IOIUX YCJIOBUIO 2) U MepeBoisamux [/ B COBOKYITHOCTh KOHEUHBIX TOPU3OHTAIb-
HbIx paspesos. Torna B pabore [3] mokasbiBaercs ciemyioinas dbopMmysia: eciu

feAy? e Al o

[ 15 - dsay < 2nretale) - al1) o
D
[Toce 3TOrO MOKA3BIBAETCS TEOPEMA O TOM, UTO CYIIECTBYET €IWHCTBEH-

Hasg (PyHKIUS U3 KJIacca Ag/ 2 N ’Ag st J1r000ro p, oTobpazkaroas JI0yI0

'Kazanckumit rocymapcTBeHHEIH yHEmBepcuTeT, yia. Kpewmmesckas, 18, Kaszamp 420008,
Poccus.
E-mail: Nail. Abubakirov@ksu.ru
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n-CBsI3HY0 obOmacTb DD KOH(MOPMHO W OJHOJHMCTHO HA ILJIOCKOCTH C TOPU30H-
TaJbHBIMU M BEPTUKAJIbHLIMEU pa3pe3aMu. JJ0Ka3aTe/ibCTBO 3TOr0 yTBEPK ACHUS
HY2KJ2eTCsd B yTOYHEHWUH, [JIsi 9ero IPUXOIUTCH IPUMEHSTH KPaeByIO 3aady
T'nnnbepra.

Janee aBTOp 000OIIAET 3Ty TEOpEMYy HA TOT CIy4ail, KOT[Ia KarXKIas rpa-
HuyHag Komnonenta C; pa3buBaercs IPOU3BOJIBHBIM 0OPAa30M Ha 2m; dacreil

2?77,]' n My n Mmj
Ci=UCu|ul=U U Cjour-1,I" = U U Cjok, nocne gero BHoBb
k=1 =1 k=1 =1 k=1

yTBEPKIaeTCsA, YTO CYIIECTBYeT eIWHCTBEHHAsS (DYHKIHs, OTOOPAXKAIOINIAT 00-
sgacth D KoH(OPMHO W OTHOJUCTHO HA MIOCKOCTH TaK, 9TO 1 MepexomuT B ro-
PHU3OHTAIBLHYIO, & [”/ — B BepTHKAIBHYIO TPAHUYHYIO 9acTh. VIckoMas GyHKIus
UILETC KaK DellleHue dKcTpeMasibHoli 3agadn Rea[f] = Max B kuacce dyHk-
uuit, orobpazkatoniux [V B BeprukasbHyo rpanudtyo yacrb (wimm Re aff] = Min
B Kyacce dbyHKIHit, orobpaxkaromux [ B rOPU30HTANTBHYIO IPAHAYHYO 9aCTh).
Jloka3areabCTBO €IMHCTBEHHOCTH WMCKOMON (DYHKIMK ONMUPAeTCs Ha (DOopMmy-
ay (1), KoTopasi B 3TOM CjIydae He uMeer MecTa. I10CTpoeHo 2 KOHTPIIpUMEpa,, 10~
Ka3bIBAIONIUX HEEAUHCTBEHHOCTH oroOpaskenusi. Hampumep, dbyukims fg(z) =
(z — D)V2(2 — €8)3/2 /2, 3amannas B obmactu D = {2 : |z| > 1} npu B = 27/3
u 8 = 4m/3 nepesogur D B I'-00pa3ublit pa3pes, jexaiuii Ha BEIIECTBEHHON U
2 2iB\/.2 _ _—2iB

z
MEEMOIT ocu. JIpyroit npuvep paér dynkmus Fz(z) = [ (
1

Koropast ipu Bcex —7/2 < B < 0 oroGparkaer BHENTHOCTh eANHUIHOTO KPyTa Ha,
HEKOTOPBIA MHOTOYTOJIbHUK, CTOPOHBI KOTOPOT'O MapaJlIe/IbHbI BEIIIECTBEHHON 1
MHUMOMN ocu. Hamu npesjiokeH BapuaHT TEOPEMbl, B KOTOPOM €HHCTBEHHOCTH
oTobpazkaroIeil PyHKINKN y>Ke IMEET MECTO.

Crucok aureparypsl

[1] Kucenés A. B. DkcrpemasbHble CBOWCTBA pelleHull 00paTHbIX KPaeBbIX
sazau // Hoxa. AH CCCP. 1995. T. 340, Ne 2. C. 161-163.

[2] IHIncppep M. HekoTopbie HOBBIE PE3YILTATH B TEOPUH KOH(MDOPMHBIX 0TOG-
paxennit // Hdomonnenne K kuure: Kypanr P. Ilpunnun Jdupuxie, KOH-
dopmuble oTOOpaxKeHus U MUHHUMAaJbHbIE moBepxuocTu. M.: WJI, 1953.
C. 234-301.

[3] Komatu Y., Ozawa M. Conformal mapping of multiply connected do-
mains I, IT // Kodai Math. Sem. Rep. 1951. P. 81-95; 1952. P. 39-44.
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Radon Ansatz: Spherical Transform, Wave Equation and
Contact Manifolds

Mark L. Agranovsky '

Bar-Ilan University

In the context, Radon Ansatz (the terminology due to Ehrenpreis) means the
general concept of reconstructions of objects from properties of their restrictions.
So, integral geometry studies reconstruction of functions from their integrals
over families of manifolds: lines, planes, spheres or more general manifolds.

In the first part of my talk I will focus mostly on the Radon transform over
spheres. The problem of injectivity and inversion for this transform is a subject
of an active research during last decade. In particular, due to its applications to
approximation theory, description of nodal (stationary) sets for the wave equa-
tion and newly developing types of tomography (thermoacoustic tomography).
A significant recent progress in this problem will be reflected in the talk.

In certain situations the kernel of Radon type transforms will be described
as traces of functions of certain class, similarly to characterization of bound-
ary values of holomorphic functions in a plane domain by vanishing of complex
moments on the boundary. This circumstance gives a bridge to a bunch of prob-
lems about description of holomorphic functions or, more generally, solutions of
a PDE in terms of extendibility from families of curves or closed surfaces.

In this connection, Ehrenpreis introduced, in his recently published book
“Universality of the Radon Transform”, the notion of contact manifolds and for-
mulated a problem of studying the phenomenon when global solution of a PDE
can be described in terms of tangency to solutions on a family of manifolds. The
second part of the talk will be devoted to results in this direction, in particular
to recent results on so-called “strip-problem” for holomorphic functions, as well
as to characterization of solutions of elliptic PDE in terms of high order con-
tacts with solutions on parametric families of manifolds. The talk is based on
my joint works with Quinto, Globevnik, Narayanan, and works of Ehrenpreis,
Kuchment and Ambartsumyan, Tumanov.

IBar-Tlan University, Ramat-Gan 52900, Israel.
E-mail: agranovs@macs.biu.ac.il
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O nuddepeHnanpbHBIX THBAPUAHTAX TPEXMEPHBIX
MHOT000pa3uii B moJjie TATOTEHU, JOIMYCKAIOIIEM I'PYIIITY
JABUXKEHUH MATOr0 MOPHIKa

H. II. Asanos?
Kazaxckuit nampona/ibubiil yHuBepcuter uM. ajab-Papadu
LT 9eThIpEXMEpHOTO PUMAHOBA, MMPOCTPAHCTBRA,
_ 4 _ 4 2
ds® = 2a13¢™% dx' dz® + agee 2" (da® + x' dr?)? + agy da?

(o, a;; = const), DOMyCKAIOIIEro IPYIMILy ABUKEHMUIT MATOrO MOPIIKA

_oF _OF | L OF _ LOF | ,0F
X(F) = Ox?’ XalF) = ot T o Xa(F) = —a ot T o
OF OF ~ ,0F\  OF
%) = g P =a (1  + 5 ) + 5

TOKA3bIBAETCS CJIEMYIONAs

Teopema. B wemupEéTMeprom nose mazomenus 3a0anH020 6uda Kastcdoe
mpéxmeproe mmozoobpasue (i = 1,4), zadannoe ypasmenuem ' = o (p —
dynryua om 2%, k = 1,4; k # i), umeem omuocumenvro 2pynnv. deudsicenu
d6a JupPepeHuuarbHBLT UHBAPUGHMAS

Dy ( L Op 8@)
X

Ozt 0x?  0x3 4 Op Op
Uy = 830 8@ 5 U2 = ax +1n @ —In @ .

022 9zt

I Kazaxckuit HAIMOHATBHEIH YHEBEpCHTET nM. anb-Papabm, yn. Macamau, 39/47, AmvaTsr
480012, KazaxcraH.
E-mail: azanov_ nikolai@hotmail.com
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0O630p MaTeMaTn4YeCKUX MHTEPHET-PECYPCOB
B. A. Aasexcandpos !

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

B mokmane Oymer caeman ob30p claemyronux MareMmarndeckux HrepHeT-
pecypcosB:

(1) Pedeparusubie 6a3br qanubix Zentralblatt MATH (www.emis.de/ZMATH)
n MathSciNet (www.ams.org/mathscinet).

(2) [MosHoTEKCTOBBIE 3JIEKTPOHHDbIE OUOIMOTEKU KYPHAJIBHBIX CTATENl:

(a) POOU (e-library.ru) (ram umeercs, HECKOJIBKO COTEH 3apyOerKHbIX
HAYYHbIX KYDPHAJIOB, B TOM YHUCJIEe HECKOJIBKO JECATKOB MATEMATUYECKUX KYD-
HaJs0B, HanpuMep, «Geometriae Dedicatay u «Mathematische Zeitschrift» );

(b) Ornenenns maremaruku Poccuiickoii Akamemun Hayk (math.ras.ru)
(TaM mMeeTcs 5 BeIyNIUX POCCUICKUAX MATEMATUICCKUX YKYDPHAJIOB, B TOM 9HC-
se, «Maremarudeckuii cCOOpPHUK», «YCIHexu MaTeMaTUIecKnX HayK» u «Mare-
MaTUYECKUE 3AMETKU» );

(c) Espomeiickoro Mmaremarudeckoro obmecrBa (www.emis.de/journals)
(ram mmeerca Okojio 70-M MaTeMaTHYECKUX YKypHAJIOB, HampuMep, «Annales
Academiae Scientiarum Fennicae Mathematicay» u «Cubupckuii maremaride-
CKUIT KYDPHAI» ).

(3) IIpoume mosesHbIe pecypChl, IIPEJOCTaBigeMble, Ipexae Bcero, EBpo-
nefickuM (www.emis.de) u AMEPUKAHCKUM (WWW.ams.org) MareMaTH4ecKUMu
obrmecTBaMm, a TakyKe MeKIyHAPOIHBIM MATEMATHYECKUM COI30M  (WWW .
mathunion.org).

"Mucturyr maremaruku um. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, HoBocu-
6upck 630090, Poccusi.
E-mail: alex@math.nsc.ru
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Ideal Boundaries of Busemann Space
P. D. Andreev!

Pomor State University

Let X be a locally compact Busemann space, that is complete geodesic
metric space with following Busemann property of nonpositivity of curvature.
For any triple of points x,y,z € X and for midpoints m, n of segments [zy],
[xz] correspondingly, the inequality |mn| < 3|yz| holds. There are two different
definition of the ideal boundaries X and ideal closures X applicable to the
space X. According to the first definition [2], X is a set of equivalence classes
of asymptotic rays. We will call this closure X,, and boundary 9,,X the weak
ideal closure and weak ideal boundary in contraposition to the second notion of
coarse or metric ideal closure (see [3]) and coarse ideal boundary.

The shortest definition of this boundary is following. The coarse closure X
is the compactification of X corresponding to the pure states of the commuta-
tive unital C*-algebra G(X,d) generated by constants, functions vanishing at
infinity and distance functions of type d,(y) = |zy| — |zzo| where zo is the
marked point which does not influence upon the result. Points of 9.X may be
considered as limiting functions of distance functions corresponding to escap-
ing to infinity sequences of points mod(constants). Such limiting functions are
called horofunctions.

The two mentioned above approaches coincide when X is Hadamard mani-
fold, i. e. simply connected nonpositively curved Riemannian manifold, or when
X is CAT(0)-space. This does not remain true if X is general Busemann space.
The theorem holds [1].

Theorem 1. There is a surjective continuous projection Pr: X, — X,
which coincides with identification map Idx on X = 70\8CX = Yw\&uX. The
projection of every Busemann function . € 0.X, B.(y) = |yc(t)| —t|, generated
by arc length parameterized geodesic ray c: [0, +00) — X, is the asymptotic class
of the ray c in 0, X .

The proof of the theorem is based and immediately follows from the lemma.

Lemma. Let the space X be pointed in xo € X and ¢ € 0.X be the horo-
function with ¢(x¢) = 0. Then
1) The function ¢ is bounded on any ball in X.

Pomor State University, pr. Lomonosov, 4, Arkhangelsk 163061, Russia.
E-mail: andreev@math.pomorsu.ru; andreev.pavel@pomorsu.ru
Supported by RFBR, Grant 04-01-00315.
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2) There exists unique ray c: [0,+00) — X beginning at c(0) = zo with
following property. For every t > 0 the point c(t) is the unique point of the ball
B(xo,t) where ¢|p(qy,e) attains its minimum and min ¢|g (g, 1) = —t.

3) The weak ideal point £ € 0, X represented by the ray ¢ does not depend
on the choice of marked point x.

4) If ¢(y) = ltLigrnoo(|yc(t)| —t) is a Busemann function defined by the ray

c: Ry — X, then its restrictions to balls B(c(0),t) attain their minima in points
c(t).

The simplest counterexample of the space with essentially different bound-
aries arises from the singular Minkowski space. It is a finitely dimensional Ba-
nach space with strictly convex norm. Singularity of the space means that the
indicatrix of the norm is strictly convex, but not smooth hypersurface. Direc-
tions corresponding to regular (correspondingly singular) points of the indicatrix
will be called regular (correspondingly singular) directions.

Theorem 2. Let X be a singular Minkowski space and ¢ € 0.X be a horo-
function generated with the sequence {x,}2 running to infinity. Then ¢ is the
Busemann function iff one of two following situations occurs:

1) the sequence {x,,},:25 runs away in the regular direction; or

2) the sequence {x,}, 2 runs away in the singular direction and is asymp-
totic to some k-plane o, 1 < k < n, which contains this direction as regular
direction of the norm, restricted to a-directing subspace.

Otherwise ¢ is a limit of Busemann functions but is not Busemann function
itself.
References

[1] Andreev P. D. Ideal closures of Busemann space and singular Minkowski
space. (Preprint/arXiv:math.GT/0405121; http://xxx.lanl.gov).

[2] Hotchkiss P. K. The boundary of Busemann space // Proc. Amer. Math.
Soc. 1997. V. 125, Ne 7. P. 1903-1912.

[3] Webster C., Winchester A. Boundaries of hyperbolic metric spaces. (Pre-
print/arXiv:math.MG/0310101; http://xxx.lanl.gov).
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Quasiconformal Instability of Disc Bundles with Locally
Symmetric Geometry

Boris N. Apanasov!

University of Oklahoma and Sobolev Institute of Mathematics

We will discuss non-trivial deformations and quasiconformal instability of
Kéahler geometry of disc bundles. These non-trivial bundles are locally sym-
metric rank one manifolds. Their Kdhler geometry is associated with natural
complex or hyper-complex structures of pinched variable negative sectional cur-
vature and infinite volume. Their fundamental groups are isomorphic to discrete
subgroups of PU(n, 1), PSp(n,1) or F4720. Thin ends of such manifolds play an
important role in instability of their deformations. The structure of such thin
ends is described by Margulis Lemma and our structural theorem for isometric
action on nilpotent groups, see [1]. First results in this direction were obtained
in the author’s works [2, 3].

References

[1] Apanasov B., Xie X. Discrete actions on nilpotent groups and negatively
curved spaces // J. Diff. Geom. Appl. 2004. V. 20. P. 11-29.

[2] Apanasov B. Deformations and stability in complex hyperbolic geometry.
Berkeley, 1997. 39 p. (Preprint/MSRI at Berkeley; 1997-111).

[3] Apanasov B. Complex hyperbolic manifolds: rigidity versus flexibility and
instability of deformations // Proc. Conf. on Geometric Structures on
Manifolds. Seoul: Seoul National Univ., 1999. P. 1-35. (Mathematics Lec-
ture Notes; 46).

I Department of Mathematics, University of Oklahoma, Norman, OK 73019, USA.
E-mail: apanasov@ou.edu
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JIByxBecoBbie HEPABEHCTBA AJid CBEPTOYHBIX OMEPATOPOB
B npocrpaHcTtBe Jlebera

P. A. Bandaauest

WNucruryr maremaruku u Mmexaaukn HAH Azepbaiimkana

B pabore moka3ama TeopemMa 006 OrpaHUIEHHOCTH OITEpaToOpa CBEPTKU B BECO-
BOM ITPOCTpaHCTBe Jlebera ¢ AIpoM, YIOBIETBOPSIONIAM HEKOTOPOMY BAPUAHTY
ycaoBust XépMamaepa.

[Tycts R™ — n-MepHOE €BKJUIOBO MPOCTPAHCTBO TOYEK T = (T1,...,Tn),
n € N, rme N — mHO)ecTBO HarypasabHbx uncen, Ry = R™\ {0}, (z,y) =

n

Sz u |z = (z,2)"/2. TIpeamonoKuM, 9T0 w — HOJOKHATETbHAS, H3MEPAMAST
i=1
u BemecTBerHas QyHKIWs, 3a0aHHasa B R™ ) T. e., ABIgeTCA BeCOBOH (DyHKIMEI.
Yepes Ly ,(R™) Gymem 0603HaMATL IPOCTPAHCTBO H3MEPHMBIX Ha R” (yHKImit

1/p
f(z), mnst koropeix kKonewna Hopma || f| L, ,(rn) = (f |f(z)|Pw(x) da:) , 1<
' R

p < oo. loBopsar, aro f € LLOC(R”), 1< p< oo, ecmu [ € Ly(F) na mobom
3aMKHYTOM OTpaHUYIEeHHOM MHOXKecTBe F' C R”.

Hpemmonoxum, ato K: RE — R, K € LP°(R?) — mexoropas dbyHKIms,
YJAOBJIETBOPSAIONIASA YCIOBUSAM:

1) K(tx) = K(tzy, ..., te,) =t "K(x) ans mobeix t > 0, € RY;

2) [ K(z)do(z)=0;

lz[=1

1
3) [ it dt <oo,mewlt) = sup |K(9) = K] mpu fe] = o] = 1
0 —n|<t
Hns dyuxmun f € L,(R™), 1 < p < 00, pACCMOTPUM CJIELYIONTHIT CHHTYISD-
HBIA UHTErpaJI:

Tf(x) = lim / K(z—y)f(y)dy =p. v. / Kz —y)f@)dy, (1)

e—0+
|lz—y|>e R

I7Ie TOC/IEeIHII UHTEerpas MOHNMAeTCs B CMBIC/IE IJIABHOIO 3HAaYeHud u € > 0 —
HEKOTOPOE UHCJIO.
Nmeer MecTo caemyromast

Yucruryr maremarnkn u Mexamuku HammomassHOH Axamemun Hayk A3sepOaiimkana,
yn. @. AraeBa, 9, Baky, Az—1141, A3epbaiikan.
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Teopema 1 [1]. IIycmv adpo K cuneyaspnozo unwmezpanra (1) ydosaemeo-
paem yeaosuam 1)-3). IIpednoaoocum, wmo f € L,(R™), 1 < p < co. Tozda
CUNRYAAPHBIT UNMEZPas cyuecmeyem oaa n. 6. x € R™ u umeem mecmo nepa-
sercmeo ||Tf| L, wn) < Cllfllz,@n), 2de C >0 ne sasucum om f.

Dra Teopema 6buia Jokazana B pabore Kanbnepona — 3urmysza [1] u Hocur
na3panue Teopembl Kasbiaepona — Surmynaa. Janee, B padore [2] Xépmanaep
paccMoTper Ha aapo cuAryasapaoro uaTerpana (1) Gomee cmaboe orpanuvenue,
a WMEHHO,

|K(x —y) - K(2)|dz < C, (2)

lz|>2]y|

rie K € L°°(R%), C > 0 — mocTosHHas, He 3aBUCIIASL OT . 3aMeHssT yC/I0-
Bue 3) Ha yciosue (2) npu BblnosHeHuu yciaosuii 1), 2), on moka3saiu reopemy 1
[l CHHIYJISIDHBIX UHTErPAJIOB C $IPAMU, YAOBJIETBOPSIONMMU YCJIOBUIO (2).
D10 ycsioBHE CBA3aHO C YCJIOBUEM 3) U [P BbIIOJHEHUH STOrO YCJIOBUS UMEET
MecTo HepaBeHCTBO (2) (cM. [3]). C npyroii cTOpOHBI, CHHIYISPHBIE HHTErPAIIH,
s7Ipa KOTOPBIX HE YIOBJIETBOPAIOT yCIOBUIO XépMaHaepa (2), paccMaTpuBaioT-
sl OOIMPHO (HALIPUMED, OCHMJIIAMOHHBIE U JIPYIMe CHHIYJISPHbIE WHTErPAJIbI)
(cm. [4]).

[peanonoxum, aro K € Lo(R™) — HekoTopast GyHKIHS, YIOBIETBOPSIONIA
CITEJLYIOIIIM yCIOBHSM:

(K1) IR < C

(K2) [K(2)] <

)

||
(K3) cymecrsytor dynknun Ai, ..., A, € L°°(R})) u xoHedHOE cemeficTBO
® = {¢1,...,bm} cymecrBenno orpanudeHubix byHkumii B R™ rakux, 4ro

| det[gj(y:))]|> € RHoo(R™™), y; € R™, 4,5 =1,...,m;
(K4) nns dukcuposanuoro v > 0 u gus jmoboro |x| > 2|y| > 0,

m

Kla =) = 3 4@ < et 3)

rae C > 0 — mekoropas nocrosmuas, K () = [ e7"@9 K (x) dz — upeobpa-
R"L
soBanune @ypoe Gyukiuu K. Boobuie rosopst, dyukmun A;, ¢;, i = 1,...,m,

omnpeziesieHHble Ha R{), ABIAIOTCA KOMIIEKCHO3HATHBIMH.

3ameuanme 1. Ormerwm, 9TO KaxKJI0€ $APO, YIOBJIETBOPSIONIEE YCIO-
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Buio (3), yZAOBJIETBOPSET TAKIKE YCIOBUIO

m
[ K@= a@ow)|de < Crpulel > 2l (@
o] >2y| =t
ITosTomy ycmoBue (4) siBasiercs cinabbiM orpanudeHueM Ha sapo K dem ycso-
Bue (3).

Ormernm, uro ycrnosust (K1)—(K4) 6wt usmoxenst B pabore [4], a ycio-
Bue (4) 6b1710 paccmorpero B padore [5]. Hampumep, mpu m = 1, Ay (z) = K(z),
¢1(y) = 1 u3 ycnosus (4) monyuaercs ycaosue Xépmaniepa (2). Ormerum, 4ro B
9TOM cMbiciie yeaoBue (4) sBisiercs 0606uienuem ycaosus Xépmangepa (2). Cy-
MECTBYIOT €MIé NPyTHe, 4 UMEHHO, YCJIOBHUS, KOTOPBIE CUIbHEE 9eM yCaosue (2)
(eMm. [6,7]).

IIpumep. Paccmorpum siapo K(x) = , T € Ry. Dra dyHKIMA yIoBe-
rBopsier ycaosuam (K1)—(K4), no ue ynosuersopsier yciuosusm 1), 2) u ycioBuio
Xépmannepa (2).

sinz
T

Onpenesnenne 1 [4]. ToBopsr, 4ro 10/I0KKUTE/IbHAS, U3MEPUMAs U JIOKAJIBHO
cymmupyemas QyHKIusa ydosaemeopaem obpamuomy ycaosuro I'éavdepa RH o,
win g € RHo(R™), ecoim 0 < sup g(x) < C\_él J g(z) dz, tne B — npoussounb-

z€B B
HBII map ¢ merTpoM B Hysie u C' > 0 — MOCTOSHHASI, HE 3aBUCAINAsA OT 5.

Onpeaesienue 2 [8]. ToBopsT, 9TO JIOKAIHHO HHTETPUPYeEMast BecoBast DYHK-

nust v npunagaexur A,(R™), 1 < p < oo, ecnn

Slép<|B|_1B/V(x) da:) <|B|—1B/u(x)1—p’ dx)p_l < 0,

rze cynpemym 6epércst no cem mapam B C R™ u p/ = Ll
p—
Sameuanue 2. Ormerum, uro u3 ycuosus RHo(R™) cremyer xopoino us-
BeCTHOe 0OpaTHOe HepaBeHCTBO Lembaepa

(5 [ ot dx)l/(Hs) <of ! oo ).

B

st oboro € > 0. A 310 yciioBHe KakK W3BECTHO, XapaKTepHU3yer yCIOBHE

A (R™) (cu. [6,c. 403]).
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[Ipenuonoxum, uro dbyukuus K ynosiaersopser yciopusm (K1)—(K4). Hia
f € L,(R™) oupenenum CBepTOYHBIH OLEPATOD, HOPOKAEHHBIN sipoM K

Af(z) = / K(x—y)f(y) dy. (5)

R

s cBeprodnoro oneparopa (5) J0Ka3aHa CIeLyomas

Teopema 2 [4]. ITycmv 1 < p < 00, w € A,(R™), u npednoroscum, wmo
A0po ceépmounoeo onepamopa (5) ydosaemeopaem ycaosuam (K1)—(K4). To-
2da umeem mecmo nepasencmeo ||Afllr &) < C|fllL, . &), 2de C > 0 ne
sasucum om f.

Ormernm, 9T0 B HEBeCOBOM ciydae npu orcyrcrsuu yciaosus (K2) u ecim
3aMeHUTH yciaoBue (3) Ha yciosue (4), reopeMa 2 ObLta jgoKa3aHa B [5].
OcHoBHBIE Pe3yJIbTATHI.

Teopema 3. Ilycmoe 1 < p < oo, adpo K ceepmounozo onepamopa (5)
ydosaemeopsem ycaosusam (K1)—(K4). pednososicum, wmo u, uy — Nos0HCU-
meavhve neybumsarougue dynkyuu na (0,00), p € Ay(R™) — paduasvnas dymx-
yua, w = up u w; = urp. Jasree, npednososcum, umo eecosas napa (w,wi)
Y006.AEMEOPACT, CALOYIOULEMY YCAOBUIO

) t/2
p—1
sup (/ wl(T)T_l_”(p_l) dT) (/w(r)l_plrn_l dT) < 0.
t>0
t 0

Tozda cywecmsyem C > 0 makoe, wmo daa mobozo f € Ly, ,(R™) umeem mecmo
HEPABEHCMEO

/|Tf(x)|pw1(|x|)dx < C/If(x)lpw(lxl)d$~ (6)
RTL RTL
Teopema 4. Ilycmo 1 < p < o0, adpo K ceépmounozo onepamopa (5)
ydosaemeopsem ycaosusam (K1)—(K4). IIpednosoostcum, wmo u, uy — nososcu-
meavhoe nesozpacmarowue gynkyuy na (0,00), ¢ € Ay(R™) — paduasvrasn
Pynkyus, w = up u w1 = urp. Jlasee, npednosoHCUM, YMO 6€C08GA NAPG
(w,w1) ydosaemeopaem caedyrouemy Yca08uI0

t/2 .

< P
sup(/ wl(T)T"*1 dT> (/w(r)lp o lmn’-1) dT> < 0.
t>0
0 t
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Toz0a umeem mecmo nepasencmeso (6).

3amevanue 3. OTMerwMm, 4TO B CIy4ae KOTIA U = U] = 1| TEOPEMbI ObI-
s nokasanbl B [4]. Caenyer ormeruTh Takxke, 4ro reopema 1 mpu OTCyTCTBUU
ycnosue (K2) u npu obmem ycrosuu (4) 6buta nokasana B [5].

Asrop 6maromapen mpodeccopy B. C. I'yimeBy 3a MoCTaHOBKY 3aadu W
akagemuky A. JI. lamzkueBy 3a 0OCYyzKI€HUE IOy YEHHBIX PE3YJIbTATOB.

Crucok aureparypsbl

[1] Calderon A. P., Zygmund A. On the existence of certain singular integ-
rals // Acta. Math. 1952. V. 88. P. 85-139.

[2] Hérmander L. Estimates for translation invariant operators in L? spaces //
Acta. Math. 1960. V. 104. P. 93-140.

[3] Creiin . M. Cunrynspable nHTerpassl u quddepeHnnanbHbe cBOHCTBA
dbyuxnumii. M.: Mup, 1973.

[4] Trujillo-Gonzalez R. Weighted norm inequalities for singular integrals ope-
rators satisfying a variant of Hormander condition // Comment. Math.
Univ. Carol. 2003. V. 44, Ne 1. P. 137-152.

[5] Grubb D. J., Moore C. N. A variant of Hérmander condition for singular
integrals // Colloq. Math. 1997. V. 73, Ne 2. P. 165-172.

[6] Garcia-Cuerva J., Rubio de Francia J. L. Weighted norm inequalities and
related topics. Amsterdam, 1985. (North-Holland Math. Studies; 116).

[7] Watson D. K. Weighted estimates for singular integrals via Fourier trans-
form estimates // Duke Math. J. 1990. V. 60, Ne 2. P. 389-399.

[8] Muckenhoupt B. Weighted norm inequalities for Hardy maximal func-
tions // Trans. Amer. Math. Soc. 1972. V. 165. P. 207-226.

61



Engel-like Identities
Characterizing Finite Solvable Groups

Tatiana M. Bandman!

Bar-Ilan University, Israel

A subject of the communication is a joint work of T. Bandman, G.-M. Greuel,
F. Grunewald, B. Kunyavskii, G. Pfister, and Eu. Plotkin. We characterize solv-
able groups in the class of finite groups by identities in two variables.

Although the theorem is a purely group-theoretic result, its proof involves
surprisingly diverse methods of algebraic topology, algebraic geometry, arith-
metic geometry, group theory, and computer algebra. A special role was played
by problem oriented software: proofs and even the precise statement would hard-
ly have been found without extensive computer experiments.

We define a sequence: uy(z,y) := 2y~ 'z, and inductively wu,1(z,y) =
[2un (2, y)2™L, yun(z,y)y~1]. Our main result is

Theorem 1. A finite group G is solvable if and only if for some n the
identity u,(x,y) =1 holds in G.

The “only if” part of the theorem is trivial. The non-trivial direction of the
theorem follows immediately from the following

Theorem 2. Let G be a finite non-abelian simple group. Then there are
x, y € G such that uy(z,y) #1 and ui(x,y) = ua(z,y).

Using Thompson’s list of the minimal simple non-solvable groups we on-
ly need to prove Theorem 2 for the groups G in the following list. (1) G =
PSL(2,F,) where ¢ > 4 (¢ = p", p a prime), (2) G = Sz(2"),n € N, n > 3 and
odd, (3) G = PSL(3,F3). Here IF, stands for the finite field with ¢ elements and
Sz(2™) (n € N, n > 3) denote the Suzuki groups.

For small groups from this list it is an easy computer exercise to verify
Theorem 2. There are for example altogether 44928 suitable pairs x, y in the
group PSL(3,F3).

The general idea of our proof can be roughly described as follows. For a
group G in the above list, using a matrix representation over F, we interpret
solutions of the equation uq (z,y) = ua(x,y) as F,-rational points of an algebraic
variety. We investigate geometry and topology of this variety in order to use
Lang—Weil type estimates for the number of rational points on a variety defined
over a finite field, which guarantee the existence of such points for big q.

IDepartment of Mathematics and Statistics, Bar-Ilan University, Ramat Gan 52900, Israel.
E-mail: bandman@macs.biu.ac.il

62



Pemrenune npobjieMbl paBeHCTBA B IPYIIIIE KOC
B. I'. Bapdaxos*

Uncturyr maremaruku um. C. JI. Cobosena

B nmocsieaaue rogbl HApsLy ¢ KJIACCHYECKUMU Y3JIAMU U 3AlEIIEHUIMU 110~
SBUJIUCh W AKTUBHO M3YYAIOTCS PA3JIUYHBIE WX OOOOINEHWS: CHHTYISAPHBIE 3a-
[ETJIEHN ST, BUPTYAJIbHBIE 3AIEIJICHNS, 3AEIJIEHNs CO CIaKaMu.

OnHUM U3 MOAXOMOB K M3YYEHWIO KJIACCUYECKUX BAIETLICHUN SABJISIETCS U3Y-
JeHne rpymnmsl Koc B,. ['pynna koc B,, n > 2, Ha n HUTIX 33,1a8TCsI TOPOKIa-

IOMIYMHE 3JEMEHTAMA 01, 02, ..., Op_1 U OOPEIEIIIONIAMA COOTHOIEHUAMMI
0i0i410; = 0i410:0i+1, 1=1,2,...,n—2, (1)
oi0; = ojo;, |i—jl =2 (2)

I'pynna eupryanbHbix Koc V B, BBenena B padore [1]. Bosee skonomuuHast
cucreMa COOTHOIeHWH (TpuBeAgHHas HIKe) HadineHa B [2]. I'pynna VB, mno-
POXKIAETCS dJIeMeHTaMu d;, p;, ¢ = 1,2,...,n — 1. IIpm 3TOM 3/7€MEHTHI T; TO-
poxkJaioT rpynny Koc B, u yuaosiersopsior coorroinenusm (1), (2), a snemen-
ThI p; TOPOXKJAIOT TPYIILY MOACTAHOBOK Sy. CMemaHHbIE COOTHOMEHUS UMEIOT
BH/L

PiPi+10; = Tix1PiPir1, ©=1,2,...,n—2.

Teopema A. A. Mapkosa [3, Ch.2.2] cBogur npobiemy Kiaaccudukanum 3a-
LeIIeHnii K psaay aiaredbpandeckux npobiieM TeOpuu IPYIIL KOc. AHAJIOr TeopeMbl
MapkoBa Jjisi BUPTYaldbHbIX 3alelljleHuii ycraHoBsieH B pabore [4].

B npemraraemoii pabore m3y4aercs CTPOEHUE IPYIIbL BUPTYAJIbHBIX KOC
VB,.

Onpenenum orobpazxenue v: V B, — S, rpynnsl V B, Ha CHAMMETPHIECKY IO
rpymmy S, neiicrBruem Ha nopoxgaromux v(o;) = v(p;) = pi, i =1,2,...,n—1,
rae S, pacCMaTpUBaeM, KaK TPYIINY, TOPOXKACHHYIO p;. ZlApo 3TOTO 0TOOparKe-
Hus ker(v) HazoBeM 2pynnoti BUPMYAALHULT KPGULEHHLT KOC 1 OOO3HAYUM CHUM-
Bosiom V P,,. OueBunno, V P, gBjsercs HOPMaJIbHON HOArPYIIIONR uHAeKca n! B

"Wucruryr maremaruxu um. C. JI. Co6omesa, mp. Axas. Konrora, 4, HoBocubupck 630090,
Poccus.

E-mail: bardakov@math.nsc.ru

Pabora Beimonuesa npu ¢gunancoBoit noggepxke PODPU (npoext Ne 02-01-01118).
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rpymme V B, u rpynna BUPTYaIbHBIX KOC SABJISETCS MOIYIPAMBIM TPOU3BE/ICHN-
em rpymmbst V P, u S,,.
Onpesenum 37eMeHTh

Nit1 = pio; Yy Nivti = pidiip1pi =05 piy, i=1,2,...,n—1,
Aij = Pi—1Pj—2 -+ Pit1 N it 1Pit1 - - - Pj—2P5—1,
Nji = Pj—1Pj=2 - Pit1Nit1,iPit1 - - - Pj—2pj—1, 1<i<j—1<n—1
OueBuaHO, Bce oHU JiexkaT B rpymme V P,.

Teopema 1. I'pynna V P,, nopoostcdaemcsa sremenmamu \gy, 1 < k #1 < n,
U ONPESEAALMCA COOMHOUEHUAMUY

Xij Akt = MaNij,  Aki(AkiAij) = (Nij Arj) Awi,s
2de pasHoulmMu OYKeaMU 0003HAUEHDL PA3HBLE UHOEKCDL.
Breném moarpymnmst

Vi= (Mt 1, A2 15 o5 Ayit 15 Ak 1,1, ik 1,2, -5 Aigni), 6= 1,2,000,m— 1,
rpynnst V P,. Kaxnaa V; asiagerca noarpymnnoit rpynnet V P4, [Iycrs V* —

HOPMAaJIbHOE 3aMbIKaHue noarpymmst V; B rpynme VP .

Teopema 2. I'pynna V P,,, n > 2, pacnadaemcs 8 nosynpamoe npouseederue
VP, =V,  XNVP 1=V XNV oXN (N (VEXV)) L),

ede Vi* — ceobodnaa epynna panea 2, a V;*, i = 2,3,...,n — 1, — ceobodusie
beckoneuno nopostcdenmvie 2pynoL.

I'pynma koc co cnaiikamu W B,, sBjasercs roMmoOMOpdHBIM 00pa30M IPYIIIThI
V B,,. Crpoenue rpynust W B, (koropast u3oMopbHa IPyIIIe COMpPsralomuX aB-
romopduzmos C,,) uzydasnoch B pabore [5].

Crucok aurepartypsbl
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Continued fractions, the group GL(2,7),
and Pisot numbers

V. N. Berestovskii ' and Yu. G. Nikonorov?

Omsk Branch of Sobolev Institute of Mathematics,
Rubtsovsk Industrial Institute

This talk is devoted to an exposition of our results from the paper [1]. In
this paper we investigate interconnections between continued fractions, some
subsemigroups of the group GL(2,7Z), Pisot numbers, polynomials, matrices,
and recurrent integer sequences. The main tool of this investigation is the ma-
trix calculus which permits from the author’s point of view to explain inter-
connections between these notions much better. Obtained structural results on
subsemigroups of the group GL(2,Z) are used to study properties of generalized
Fibonacci and Lucas numbers. Also we formulate some unsolved problems.

The paper [1] is divided into eight sections. In the first section we give a
necessary information on continued fractions and corresponding matrices, in-
vestigate some properties of these matrices. In the second section we discuss
Pisot numbers, polynomials and matrices, prove some results on Pisot polyno-
mials. In the third section we prove a series of results on recurrent sequences. On
this ground we give a new proof of the classical Pisot—Vijayaraghavan theorem
in the fourth section. Some properties of subsemigroups of the group GL(2,7Z),
connected with continued fractions and Pisot numbers, are investigated in the
fifth section. In the sixth section we study asymptotic properties of sequences of
linear-fractional transformations, corresponding to infinite continued fractions.
In the seventh section we find some relations between the entries of natural pow-
ers of (2 x 2)-matrices. The last, eighth section, is devoted to an investigation
of properties of generalized golden sections, Fibonacci and Lucas numbers. Let
us remark that (generalized) golden sections are Pisot numbers.
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ITpocrpancrBa nuddepeHmupyembrx pyHKITI
MepeMEeHHON TVIAJKOCT! HA JHUMIIIUIEBBIX 00JIaCTIX

O. B. Becost

Maremarugeckuii uactutyT um. B. A. CrekmoBa PAH

Usy4arorca mpocrpanctsa B, (G) (1 <p,q < oo) u Fy (G) (1 <p,q < 00)
dyukwmii, onpeneneHHbx HA objactu G C R™ ¢ jumimuiesoit rpanuneii; s =
s(z) > 0 (x € G) — mepeMeHHas TJIATKOCTb.

C moOMOIIBIO0 OIEPATOPOB PETPAKIUY U KOPETPAKIUY JOKA3BIBAIOTCS HHTEP-
HOJIAIMOHHBIE TEOPEMBI, TEOPEMBI BJIOXKEHHS JJIsI TAKMX [POCTPAHCTB, 4 TaK¥Ke
TEOPEMbI 0 POIoKeHn: (PpyHKIWA Ha R™ ¢ cOXpaHeHneM CBOMCTB TJIAIKOCTH.

IMaremarnueckuit macturyT uM. B. A. Creknosa PAH, ya. 'ybkuna, 8, Mocksa 119991,
Poccus.

E-mail: besov@mi.ras.ru
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O06 s3kcTpeMaIbHBIX CBOMCTBaX
nmpocrpancrsa Jlo6aueBckoro

A. A. Bopucenko*, /[. . Baacenko?

XapbKOBCKHI HAIMOHATbHBIN yHUBepcuTeT nM. B. H. Kapasuna

Kypoe noka3zau [1], yro nonnas runepunoepxuocru F™ npocrpancrsa Jlo-
Bauenckoro L™ kpuBmsHbI —1, Bce HOpMAaJbHBIE KPUBHU3HBI KOTOPOi k, > 1,
SIBJISETCS] KOMITAKTHOMN BBIMTYKJIOW THIIEPIIOBEPXHOCTHIO MTPU YCJIOBUM, 9TO XOTSI
OBbI B OJHO#M TOYKE BCE HOPMAJbHBIE KPUBU3HBI CTPOTO OOJBINE €IUHUILI U Oy-
JIeT CTaHJAPTHOM opucdepoii, eciu B KaXKI0i TOUKE CyIIECTBYeT HAIIPAB/ICHUE,
B KOTOPOM HOpMaJibHasi KpUBU3HA AOoCTUTaer 1.

Kak mokazan A. A. Bopucenko, B MHOroo6pa3uu Ajamapa (IOJIHOM OIHO-
CBA3HOM PUMAHOBOM MHOT000DA3UK HEIIOIOKUTEIHHON KPUBU3HBI) UMEET MECTO
KCTpeMaJibHas TeopeMa, obobmaroras Teopemy Kypbe.

Teopema 1. ITyemv M"™1 — (n + 1)-meproe mmozoobpasue Adamapa c
02PAHUYEHHDIMYU CEKUUOHHBMU KpusudHamu 0 > —k% > K, > —k;% (k1, ko >
0). Ilycmo F™ — noanas noepyscennas 2unepnoseprhocieg, 6Ce HOPMANLHIE
KPUBU3HBL KOmMopol ne menvuse ko.

1. Ecau xomsa 6v. 6 00HOT MOUKE HOPMAADHBLE KDUBUSHDL KACAMEADHOT OPU-
chepvl cmpozo meHvULe HOPMANLHBIL KPUSUSH 2UNEPNOBEPTHOCTU 6 CO-
OMBEMCMBYIOUUTL HANPACACHUAL, MO F™ — GA0MCEHHAA BBINYKALL KOM-
NAKMHAA 2UNEPNOBEPTHOCTIL, Juddeomopdran chepe.

2. Ecau 60 6cex moukax cyuecmeyem Hanpasierue, 6 Komopom docmuza-
emces pasencmeo, mo sunepnoseprrocms F" — opucdepa, a pumarnoso
mmo2006pazue M aeasemes npocmparcmeom Jlobaresckozo nocmosn-
noti Kpueusmv, —k3.

Amnasior 30t 3KCTpEeMaIbHON TeOPEMBL [Jist Chep BBIMISIUT CJIELy FOIIIM 00-
pazom.

Teopema 2. ITyems 6 (n + 1)-meproe muozoobpasue Adamapa M ¢ ozpa-
HUMEHHOLMU CeRyUoHtbMU Kpususnamu 0 > K, > —k? (k > 0) noezpyorceno

I X approBekmit Hanumonambusii yausepcurer um. B. H. Kapasuna, mi. Co6osast, 4, Xapsb-
KoB 61077, Ykpaunna.

E-mail: borisenk@univer.kharkov.ua

2XapbKOBCKHH HaIMOHATbHEIH yHEBepcuTer nM. B. H. Kapasuna, mi. Cso6ozsl, 4, Xapb-
koB 61077, YkpauHa.

E-mail: vlasenkoQuniver.kharkov.ua
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noaroe 8 UHIYUUPOSAHHOT MeMPuUKe n-mepHoe 2aadkoe mHozoobpasue F™ pas-
MmepHocmu 1 = 2, npu amom 8 kascdot mouke F™ nopmanrvroe kpususnv ki,
HE MEHDWE HOPMAALHBLT KPUBUSH Kacameavrol chepu, paduyca Ry (k cth(kRy)-
BHINYKAOE).

1. Ecau zomsa 6v, 6 00HOT MOYKE HOPMAALHBLE KPUBUSHBL KACAMEAbHOT cPe-
Dol CMPO20 MEHLUWE HOPMAALHOLT KDUSUSH 2UNEPTLOBEPTHOCTY 6 COOM-
BEMCMBYVUUT HANPABAEHUAT, Mo F™ 6ydem eaoocennoti Komnaxmmoti
BLINYKAOT 2UNEPNOSEPTHOCMBIO, Juddeomopdroti chepe, 2a00a4bHO ONU-
parousetica 8 Kascdol mouke na chepu, paduyca Ry mnozoobpasus Adama-
pa M u aescaweti 6 cghepe paduyca menvuiezo Ry.

2. Ecau 60 6cex mouwkaT CYWECMEYEm HANPABAECHUE 6 KOMOPOM JoCUu2a-
EMCA PABEHCTNEO HOPMAALHOLL Kpusudh, moezda F" bydem chepoti mro-
2000pasus Adamapa M paduyca Ry, xomopas oepanuyvusaem ¢ M wap
udomempuynsli wapy npocmpancmea Jobawesckozo kpueusnv, —k2.

Crucok aureparypbl
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Complex Submanifolds with Extremal Curvature
A. A. Borisenko! and O. V. Leybina ?

Karazin Kharkov National University

We introduce an analogue of Chern—Lashof absolute curvature for a complex
submanifold in a complex Euclidean space. We present the relation between this
curvature and the volume of the Grassmann image of complex submanifold.

We prove that if the holomorphic curvature of complex Grassmann man-
ifold is maximal along the holomorphic planes tangent to the nondegenerate
Grassmann image of complex submanifold, then the submanifold is a complex
hypersurface.

1. D. Ferus [1] obtained the relation between Chern-Lashof absolute curva-
ture of a submanifold in Euclidean space and the volume of Grassmann image.
We consider a generalization of this result for a complex submanifold.

Let f: F' — C"*P be a complex [-dimensional submanifold in complex Eu-
clidean (I + p)-space. Let T,F' and N,F' be a tangent space and a normal space
of F! at g € F! respectively. We consider the following mappings:

1) The one which assigns to every unit complex v € N,F' the point in the
complex projective space CP!*P~1,

2) The Grassmann mapping I': F! — CG(I,1 + p) which assigns to a point
q € F!' a point T'(q) in the complex Grassmann manifold CG(l,+p). The point
['(q) is the I-dimensional complex linear subspace of C!*? parallel to T, F"'.

Let A, be a complex second fundamental form with respect to the unit com-
plex normal v € N,F'. Define Chern—Lashof absolute curvature for a complex
submanifold by 7(f,q) = — | |det A,|?do,_1, where do,_; is the vol-

Ol+p—1
+p cpr-1

ume form of CPP~L. Let o, denote the volume of complex projective space CP™.

P —
Define o(f,q) = aildet B, where B := Y Re(A4,,A4,,) with respect to an or-
i=1

thonormal frame 1vq,15,...,1, in NqFl._The volume of complex Grassmann
image Vol(T'(F')) = [ det B du, where p is a volume form of a submanifold F*.
1

We prove the following theorems.

IDepartment of Geometry, Faculty of Mechanics and Mathematics, Karazin Kharkov Na-
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Theorem 1. Assume | > 2. Then 7(f,q) < o(f,q). The equality holds if
and only if at least one of the following conditions is satisfied.

1) The complex dimension of the first normal space at q is equal to 1.

2) det B =0, i.e. complex extrinsic nullity index pc(q) # 0.

Theorem 2. Assume | > 2. If at each point ¢ € F' the complex extrinsic
nullity index uc(q) = 0 and 7(f,q) = o(f,q), then F' is a complex hypersurface
in C+1 c CHr,

Theorem 2 generalizes the result of A. A. Borisenko [2]

2. For [,p # 1 the sectional curvature k of Grassmann manifold G(I, + p)
satisfies k € [0,2]. A. A. Borisenko and Yu. A. Nikolaevsky [3] proved that if the
Grassmann image I'(F') of the submanifold F' C E'*P is such that the sectional
curvature of Grassmann manifold G(I,l + p) is maximal (k = 2) along the
planes tangent to I'(F"), then F! is 2-dimensional (I = 2) minimal submanifold
and its normal curvature ellipse at each point is a circle with the center on
the surface. In particular, when p = 2 the submanifold is a complex curve in
C? = E*. According to [4] the holomorphic curvature of complex Grassmann
manifold CG(I,l + p) satisfies Ko € [2/r,2], where r = min(l,p). If F! C
C*! is a complex hypersurface, then its Grassmann image is a submanifold of
CP! = CG(l,1+1) of constant holomorphic curvature Ky, = 2. We present the
following result.

Theorem 3. Let ' C CHP be a complex submanifold (I > 2) such that
at every point ¢ € F' the compler extrinsic nullity index uc(q) = 0. If the
holomorphic curvature of CG(l,l + p) is mazimal (Kpo = 2) along the holo-
morphic planes tangent to the Grassmann image T'(F'), then F' is a complex
hypersurface in C'*t1 c ClHP,
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3amayn onTHMU3AIUNA BPEMEHHOW CTPYKTYPBI
WHBECTUIIMOHHOTO MPOEKTa

E. M. Bporwmedtin '

Ydumcknii rocyapcTBeHHbBINH aBUAIMOHHbBI
TeXHUYECKUH YHUBEPCUTET

[Tox wHBECTHUIIMOHHBIM IIPOEKTOM IIOHUMAETCsl KOHEYHOE CEeMEICTBO map
(ciyt;), tme to < t1 < ... < t, — MOMEHTHI BPEMEHW, ¢; — BBIIJIATHI WH-
BECTOPY B COOTBETCTBYIOIINE MOMEHTHI BPEMEHU (ITH BEJUYMHBI HEHYJIEBBIE,
cpemu 9ucesi ¢; 00A3aTesIbHO eCTh MOJIOXKUTEIbHBIE U OTPUILATEIbHBIE, OTPUIA-
TeJIbHBIE 3BHAYEHUSs ¢; COOTBETCTBYIOT [IJIATEKAM, [IPOM3BOAUMBIM UHBECTOPOM ).
IIpenmnonaraercs, 970 UHBECTOP UMEET BO3MOXKHOCTH AJIbTEPHATHBHOIO BJIOXKE-
HUsI CPEJICTB B OAHK, MEATEILHOCTH KOTOPOTO XapaKTEPU3YeTCs HEMPEPLIBHOMN
dbyuxmeii nuckonTHpoBanus f(t), HEOTPUIATEILHON W HEBO3pACTAOIIEH MPH
t > 0 u Takoii, uro f(0) = 1. CrabuabHOCTH (HUHAHCOBBIX yCIOBHIA, KOra GaH-
KOBCKHUil IIPOLIEHT HE MEHSeTCs BO BPEMEHHM, BbIpazKaeTcs B ToM, uto f(t) = vt,
rae v < 1 — JUCKOHT-MHOXKHWTENb. B HEKOTOPBIX CIIydasix WHBECTOPY MPEeIo-
CTaBJIAETCA TIPABO B ONIPEJIEJIEHHBIX PAMKAX PEryJInpOBaTh BpeMs IJIaTeKel, He
M3MeHsAS WX pa3MepoB. B JT0KIa/Je pacCMOTpPEHbI HECKOJBKO 3319 ONTUMU3a-
UM TIapaMeTPOB MHBECTUIIMOHHOIO MPOEKTa NMPHU 33JAHHBIX IJIATEXKaX WU BO3-
MO2KHOCTU BapbUPOBAaHWSA MOMEHTOB miarexeil. IIpemsmonaratorcs ciemyomue
OrpaHUYEHUA HA MOMEHTBI ILJIaTerKeil.

1. lanbr umncia 7y, T2, ..., Ty, CMBICI KOTOPBIX — MUHAMAJBHO JIOIYCTHMOE
BpeMs MeXKIy TOC/IeTOBATETLHBIMU IJIaTeXKaMU, W BpEeMeHHOW ropu3oHT T, He
MO3JHEee KOTOPOTO MPOEKT JIOJI?KEH 3aBEPIINTHC.

2. Jlanwul mapsl aucen 71/, Ty Tol, Toll; ... Tpl, Tp/!, UMEIOITHE CMBICTT MU-
HUMAJIbHBIX U MAKCUMAJbHBIX JIOIMYCTUMBIX BPEMEHHBIX ITPOMEKYTKOB MEZKTy
npoektamu. [Ipu 3TOM, TIepBast BhILIATA TOKHA MPOU3BOAUTHCS B HYJIEBOM MO-
MEHT.

PaccmarpuBatorcs ciemyromnine XapakTepUCTUKYA HHBECTUIIMOHHOIO IIPOEKTA.

n
1. Yncrasa npusengunas cronmoctb NPV = Y ¢; f(t;). Heobxoaumo HaiiTn
i=0
rpaduk miarexei, npu koropom 3uadenne N PV MakcuMasbHO.

LV dumckuit rocymapcTBeHHbIi aBMANMONHBIR TexHuueckuit yrusepcurer, yia. K. Mapk-
ca, 12, Yda 450000, Poccus.

E-mail: brem@soros.bashedu.ru

Pabora nognepxana PO®U (mpoekr 04-06-80009).
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2. MuHUMYM CpesicTB, HEOOXOAUMBIX s (puHancupoBanus npoekra MC =

k
—min Y ¢ f(t;) (k=0,1,...,n) upu ¢y < 0. 910 ecrb cymmMa, KOTOPOil PUCKyeT
i=0
uaBectop. Heobxonaumo Haiitu rpaduk miarexeit, npu koropom 3uadenue MC
MUHUMAJIBHO.
NPV

n
> ¢ f(t)
i=0
narebHas 9acTh uncia. Heobxonumo Haiitu rpaduk miarTexeii, mpu KOTOPOM
3uavenne I R MakcuMasabHO.

Paccmorpens! cBoiicTBa ONTUMAIBHBIX TPAGUKOB BBIILIAT. st CTaOMIbHBIX
dunaHCOBBIX yciaoBuUil moJydenbl npocrbie 3G dekTuBHbIE aJropuTMbl (JIUHEd-
HOIf CJI0’KHOCTH MITH CJIOYKHOCTH MOpsAIKa, 12) perenust chopMyTHpPOBAHHBIX 3a-

ad.

3. Unnexc penrabensunocru IR = ,rne a” = (Ja| —a)/2 — orpu-
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Teopema 0 HEOOXOAMMOM yCJIOBUU YACTUIHOM
OTPAHWYEHHOCTHU 33/1a4U yNpPaBJIEeHUSA

O. H. Bypuesa *

Boarorpaackuit rocyiapcTBeHHBIT YHUBEPCATET

[Iycrs (2, F, P,{Fi}+>0) — mOIHOE BEPOSTHOCTHOE HPOCTPAHCTBO € (bUIIb-
TpaImeil, Ha KOTOPOM OIPEIeIeHbl TAKNEe HE3ABUCUMBbIE [EHTPUPOBAHHAS TTyac-
COHOBCKAs Mepa U U CTaHJIapTHOe OJHOMepHOe BpoyHOBCKOe IBHMXKEHWe W, 9TO
{Fi}+>0 aBAsIeTCH ecTeCTBEHHOM DUNTBLTPAIMEN, TOPOXK IEHHOM W U I/, HOIOIHEH-
HO# Bcemu P-myneBbivu smementamu u3 F. Paccmorpum nmneiinoe ypasisemoe
croxacTudeckoe auddepeHnuaIbHoe ypaBHEeHHe:

dx(t) = [A(t)z(t) + B(t)u(t)] dt + [C(H)z(t) + D(t)u(t)] dw(t)
+ / (K1 (t,0)2(t) + Kolt, 0)u()] v(dt,df), z(r)=¢,  te[nT], (1)

Rd

rie T — (Ft)ieo,7)-MOMEHT OCTAHOBKH, { — F -M3MePUMBbIil n-MEepHbIIT CTyJaii-
HBIH BEKTOD ¢ KOHeIHbIM BTOpbIM MomentoM; A, B, C, D, K1, Ko — (Ft):eo,1)-
COIJIACOBAHHBIE OrPAHUYEHHBIE MATPHIBL JIOMYCTHMBIA KJIacC yHOpaBJIeHHI
u(t,w) siBrsiercst (Fy)-IpOrpeccuBHO-M3MEPUMBIM TIPOIECCOM 1115t Beex ¢ € 7, T7.
ITpu 31X npennosoxkenusx ypapuenue (1) uMeer eIUHCTBEHHOE CUIBHOE PEIIie-
mme z(-). OnpenennM GyHKINOHATBHY) CTOMMOCTD CIEAYIOMAM O0Pa30M:

J(1,&u)=F /[m*(t)Q(t)x(t) +u*(t)Ru(t)| dt + =" (T)Gz(T)|F;

rae Q(-), R(-) aBusrorcs {F; }4>0-COMTACOBAHHBIMU OFPAHNIEHHLIME CHMMETPU-
deckuME MarTpunamu, G — cumMerpudHas Fr-u3MepuMasi OrpaHUIeHHAsT MaT-
puna.

3asa9a ONTUMANBHOTO yIPABICHUsA B Ciydae, Korna Ki, Ko paBHbBI HyIO
paccMaTpuBajiach B crarbe [1].

Beeném caenyomee obosmnauenme: A0, 7] = U [{7} x &;], rme X —

T€[0,T]

KJIACC BCeX JFr-M3MEPUMBIX 1-MEPHBIX CJIy9alfiHbIX BEKTOPOB ¢ KOHEIHBIMU BTO-
PBIMH MOMEHTAMH.

I Boarorpajackuii rocymapCTBeHHEIH yHEBepcuTeT, ya. 2-a IIpomombmas, 30, Boarorpasn
400062, Poccus.
E-mail: sbitoly@mail.ru
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Teopema 1. IIpednoaooicum, ¥mo AUHETHO-KBAOPAMUNECKAR 300040 “a-
cmusHo ozpanuvena oas nwexkomopozo (1,€)€A[0,T). Tozda R(T)+D*(T)GD(T)
20 daswe (V(1,§) > —00).

Teopema 2. [Ipednoaosicum, ¥mo AUHETHO-KEAOPAMUNECKAR 300044 “a-
cmunno paspewuma npu (7,€) € A[0,T] u R~ asasemea {Fi}i>0-cozaacosan-
HOT ozpanuuennol cummempuyueckold mampuyel. Tozda onmumasvroe ynpas-
senue ypashenus (1) umeem euo:

a(t) = —R\(t) | B*(0p() + C*(6)a(t) + / K qum (d6)
Rd

Crucok aureparypbl

[1] Chen S., Yong J. Stochastic linear quadratic optimal control problems //
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O HEro/IOHOMHBIX MOBEPXHOCTHAX JBOWHOTO BpAaIlleHUsd
B 4E€THIPEXMEPHOM €BKJINJI0OBOM IMPOCTPAHCTBE

O. B. Bacuavesa !
Tomckwmit TocymapcTBEeHHBI YHUBEPCUTET

HerosonoMmHO# MOBEPXHOCTBIO 73 [1] HA3LIBAIOT COBOKYIHOCTL BCEX HHTE-
rpaJIbHBIX KPUBBIX HE BIIOJIHE nHTErpupyemoro ypasuenus [Ibadbda P, dz® = 0
(a = 1,4). Bece Takme Kpubble, npoxojsmue depe3 Touky M € G, xacaworcs
onuo¥ runepriockoctu T3. OHa HA3BIBAETCS KACATEJIbHOM ILIOCKOCTHIO K T3 B
touke M. Ilpsmasi, mpoxoasmas depe3 M nepueHaukyaapHo T3, Ha3bIBAETCS
HOpMaJbio K m3 B Touke M. MbI paccmaTpuBaeM 73, HOpMaJK KOTOPOl mepe-
CEKAIOT [IBE HETOBUKHBIE B3aMMHOIEPIEHIUKYJISIPHBIE IBYMEPHBIE MI0CKOCTH
(ocu BpaileHus), nepecekatomuecs B oaHoil Touke. Ha3oBéM €€ HErosoHOMHOI
HOBEPXHOCTHIO ABOMHOrO Bpamenus (H. 1. 1. B.). Jloka3aHbl cienyomue CBOii-
CTBa H. II. [. B.:

1) st . 0. 7. B. BCE TPU KPUBU3HBI 2-TO POJIA BEIECTBEHHBI U PA3JIMIHBI.

2) JIuHUM KPUBU3HBI 2-I0 POJA H. M. J. B., BIOJb KOTOPLIX HOPMAJIM 00pasy-
10T KOHYC, JIEXKAT HA JIBYMEPHBIX chepax ¢ MEHTPAMU Ha MIIOCKOCTSAX BPAIIEHUS.
OTH JIMHUYU HA3BIBAIOTCS MAPAJIIESIMU H. . 1. B.

3) JIunuu KpUBU3HBI 2-T0 POJA H. M. . B., JIEXKAIIUE B JIBYMEPHbIX ILJIOCKO-
CTSIX, HA3BIBAIOTCA MEPUIUAHAMY H. II. J. B.

4) MepuuaHbl SBIAIOTCS TEOAE3UIECKUME IPAMEATITIMU.

5) Baosb ka0l mapaJsuesin OHa U3 TIIaBHBIX KPUBU3H 2-TO POJA MOCTO-
STHHA.

6) JIunus TOKa BEKTOPHOIO 110Jisi HOPMaJieli H. II. JI. B. JIEXKUT B OIHOI JIBY-
MEPHOH MJIOCKOCTH ¢ MEPUIUAHOM U OPTOrMOHALHA €MY.

7) Mepuauad H. 0. J. B. IBJISIETCA MPAMOI TOIVIA U TOJBKO TOIJIA, KOIJA
MOJIHAST KPUBHU3HA 2-T0 pona Ko paBHA HYJIIO.

8) Eciiu K9 = 0 jgis1 H. 1. 1. B., TO ee KacaresbHbIe [JIOCKOCTU 06pa3yioT
TPEXIapaAMETPUIECKOE CEMENCTBO.

9) CyuiecrByer H. 0. JI. B. HyJI€BOM [IOJHOW KPUBU3HbL 2-T'0 POJA, JJisd KOTO-
poii olHA M3 TapaJiesiell MePIeHIuKyIAPHA MEPUIUAHY W TOTJIA 3Ta TTapasliesb
SIBJISIETCS] OKPYYKHOCTHIO.

Cuucok aureparypbi
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Graph Presentations for Surface Braid Groups

V. Vershinin !

Université Montpellier II, and
Sobolev Institute of Mathematics

We study graph presentations for the Artin—Brieskorn braid groups of the
type B, singular braid monoids, and the braid groups for the sphere S2. In
particular we prove the following theorem.

Theorem 1. Let I be a normal graph on the sphere S% with n vertices.
The braid group for the sphere, B,,(S?), admits a presentation (Xt | Rr), where
Xr ={o| o is an edge of I'} and Rr is the set of following relations:

Disjointedness relations (DR): if o; and o; are disjoint, then o;0; = oj0;;

Adjacency relations (AR): if 0;,0; have a common vertez, then o,0;0; =
00,053

Nodal relations (NR): if {o1,02,03} have only one common vertex and
they are clock-wise oriented, then

01020301 = 02030102;

Pseudo-cycle relations (PR): if 01...0,, is a pseudo-cycle and o1 is not
the start edge or o, the end edge of a reversing, then

0102 0Om—1 = 0203 ***Om;

Tree relations (TR): 65 4,(A) = 1, for every mazimal tree A of T’ and every
couple of vertices x, y such that they are adjacent to the same edge o of A.

The expression d5,(A) is defined as follows. Let A be a maximal tree of a
normal graph I' on ¢+ 1 vertices. Then A has ¢ edges. Let vy, v2 be two vertices
such that they are adjacent to the same edge o of A. We set o by o(f1). We
define the circuit o(f1)...0(f2q) as follows:

IDépartement des Sciences Mathématiques, Université Montpellier I, Place Eugéne Batail-
lon, 34095 Montpellier cedex 5, France.

E-mail: vershini@math.univ-montp2.fr

Sobolev Institute of Mathematics, pr. Acad. Koptyug, 4, 630090 Novosibirsk, Russia.

E-mail: versh@math.nsc.ru
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— if the vertex vj41 is not uni-valent, then o(fj41) is the first edge on the
right of o(f;) (we consider o(f;) going from v; to vj11) and the vertex v;o is
the other vertex adjacent to o(fj4+1);

— if the vertex v,41 is uni-valent, then o(f;11) = o(f;) and vj42 = v;.

This way we come back to v; after we passed two times through each
edge of A. We set 0y, 4, (A) for the word in Xp corresponding to the circuit

o(f1)...0(f2q)-
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On Cyclic Branched Coverings of Genus g
One-Bridge Knots

A. Yu. Vesnin?

Sobolev Institute of Mathematics

Let Hy and H ; be the two handlebodies of a genus g Heegaard splitting of a
closed orientable 3-manifold N and let S, = 0H, = 0H,. A link L C N is said to
be in b-bridge position with respect to Sy if: (i) L intersects S, transversally and
(i) LN Hy and LN H; are both sets of b mutually disjoint properly embedded
trivial arcs. This splitting is called a (g, b)-decomposition of L. In particular,
a (0,b)-decomposition is the classical bridge decomposition for links in S®. A
link L is called a (g,b)-link if it admits a (g, b)-decomposition.

Given a knot K C N in a 3-manifold N, an n-fold cyclic covering f: M — N
branched over K is said to be strongly-cyclic if the branching index of K is n.
This means that the fiber f~!(z) of each point x € K contains a single point. For
knots in S3, strongly-cyclic branched coverings and cyclic branched coverings
are equivalent notions. Strongly-cyclic branched coverings of (1, 1)-knots, known
also as Dunwoody manifolds, were studied in [1].

Here we will discuss conditions on the existence and the uniqueness of
strongly-cyclic branched coverings of (g, 1)-knots, obtained in [2] in terms of
the first integer homology group of an underlying 3-manifold. For example, as
a corollary, we get that a knot K in a 3-manifold N admits an unique n-fold
strongly-cyclic branched covering, up to equivalence, if and only if Hy(N) is
finite and ged(|Hq(N)|,n) = 1.
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Variational Principle for Construction of
Multidimensional Quasi-Isometric Mappings

V. A. Garanzha
Computing Center RAS

Let 2 C R™ be bounded connected strongly Lipschitz domain. Let u(z): Q —
R™ be a spatial mapping. The function wu(z) belongs to feasible set A when

u(xr) € WHP(Q; R™), p > n, and
det(VuH 1) — top(VuH ', det(VuH 1)) >0 (1)

a.e. in Q. Here ¢: R"*™ x R — R is given by

6(S,m) = 0 <% tr(STS)) A L) <@ + %n2> , 2)

and 0 <0 <1,0<t<1,7>0 are given constants. Function H(z): @ — R"*"
belongs to L*>°(2), det H(x) > 0 almost everywhere in 2, and singular values
of H(z) are a.e. uniformly bounded from below and from above. Polyconvex
inequality (1) defines a subset of the set of mappings with bounded distortion [1].
Mapping u(x) is sought as the minimizer of the functional J(u) [2]:

J(u) = / f(VuH " (x))det H(z) dz, (3)
Q
#(8) = {(1 — ) sy, if det S —t6(S, det S) > 0;
+00 otherwise .

The set of admissible deformations is augmented by boundary conditions.
Three sets of boundary conditions are considered. Let 092 = T'; UT's and w(T'y) =
uo(T'1), where wg is given continuous function. We consider the following cases:
(a) 'y = 09, (b) I'y is open subset of 0 with positive measure and (c¢) I'; = @.

In the case (c) the admissible set is augmented by constraint [ udx = e, where
Q
e € R™ is constant vector.

Theorem 1. Suppose there exist v € A such that J(v) < 400, then there

evist i € A such that J(i) = inf J(v).
vEA

LA. A. Dorodnicyn Computing Center RAS, Vavilova 40, Moscow 119991, Russia.
E-mail: garanQccas.ru
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Proof of this theorem follows the idea of the proof of Theorem 7.14 from [3].

Functional (3) can be used to construct optimal quasi-isometric coordinates
in two-dimensional manifolds of bounded curvature in the sense of A. D. Alexan-
drov [4]. In this case existence of v € A providing finite value of functional (or
existence of initial quasi-isometric flattening) can be proved under certain con-
straints on negative and positive parts of curvature [4, 5].

Theorem 2. Let ug: Q — R” be one-to-one continuous mapping and ug(S2)
be bounded connected strongly Lipschitz domain. If u(0Q2) = uo(0Q) and other
conditions of Theorem 1 hold, then minimizing mapping is one-to-one bilipschitz
mapping.

This theorem is a direct consequence of J. Ball inverse function theorem [6]
and embedding theorems for Sobolev spaces.

Theorem 3. Suppose that the set of admissible deformations A is defined
by (1) and inequality [ det Vudz < volu(SY), where vol denotes volume of do-
Q

main. If other conditions of Theorem 1 hold, then minimizing mapping exists
and is one-to-one almost everywhere.

The proof of this theorem is similar to the proof of Theorem 7.9-1 from [7].
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O pedeKTUBHBIX IOAKATETOPUAX
nmoJryabeJsieBbIX KaTeropuit

H. B. I'nomxo*', B. U. Kyzvmumnos?

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

[Tycrs A — momyabeneBa Kareropus u B — eé moHast pedIeKTUBHAS MOIKA-
reropus. I[Ipumepamu Takux map KaTeropuil CIyKar MoIKaTeropust OTAEIUMBIX
MOJIHBIX TOMOJOIMYECKUX BEKTOPHBIX MPOCTPAHCTB B KATEMOPUU BCEX TOIOJIO-
PUYECKUX BEKTOPHBIX MPOCTPAHCTB, HOAKATErOpHs abesieBbIX IPyI 6e3 Kpyde-
HUSA B KATEMOPHUHU BCeX abeNeBbIX IPYII. ByneMm ncmonbpb30BaTh Caeayonmue 000-
3HAYEHUS: Oé(B), MAB), Mé(B), PAB) Pé(g) — KJIACChI BCEX CTPOTHX MOp-
$u3MoB, MOHOMOP(PHU3MOB, CTPOTHX MOHOMOP(PHU3MOB, SMUMOP(PU3MOB, CTPOTUX
snumopdusmos kareropuu A (kareropuu B) coorBercrBeHHO; S — KJAcC BCEX
rakux 06bekToB C kareropun A, 17 KOTOPBIX HARIYTCS CTPOrHii STUMOPGU3M
p: A — C n mosomopdusm u: C' — B rakue, uro A, B € Ob(B). dasa obbexkra
A € Ob(A) cumBosiom m4: A — RA obozuagaerca Mmopdusm pedIeKIuu 3Toro
o0bekTa B mogkareropuio B. PaccMoTpuM caeayiomme akCHOMBI, OTHOCSIIHE-
csa K nape kareropuit B C A, tae B — nonHas pedJieKTUBHAS MOJIKATErOPUs
noJtyabenesoii kareropun A.

II1. RKerma) = 0 dan ecex obsexkmos A € Ob(A), xomopsie A6AAI0OMCA
roadpamu 6 A moppusmos kamezopuu B.

2. Ecau C €S, u: C — B, B € Ob(B), u€ M*, mo Ru € M5.

I13. ITyecmw»

A—Y+ B

4l s |

— Koynusepcasvrul xeadpam, C € Ob(B), B € S, A € Mg. Tozda 1 — pe-
PreRUUA.

4. Ecau e nocaedosamenvrocmu A 2> B 5 C — 0 1 = coker4 ¢,
A,B € Ob(B), ¢ € M, mo p € ME mozda u moavko mozda, xozda C € Ob(B).

'Yucruryr maremarukn um. C. JI. Coboresa CO PAH, np. Axax. Kontora, 4, Hosocu-
bupck 630090, Poccus.

E-mail: glotko@math.nsc.ru

2Uucruryr maremaTuku uM. C. JI. Cobonesa CO PAH, mp. Axaz. Komnriora, 4, Hosocu-
6upck 630090, Poccusi.

E-mail: kuzminov@math.nsc.ru
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Crenyromue e TeOpEMbI JAI0T KPUTEPUHU TIPEIadeeBOCTH U HOJTyabeneBo-
CTH TOJTHO# pedIeKTUBHON MOIKATEIOPHH MOIyabeIeBoi KATErOPUH.

Teopema 1. [loanas perexmusnas nodkamezopus B nosyabenresots Kame-
20puu A npedabenesa mozda u moavko mozda, Koz2da 6vinosHeHb, arcuomo 111
u I12.

Teopema 2. Peparexmusnas nosnas nodkamezopus B nosyabesesoti xame-
2opuu A noayabesesa mozda u moavko mozda, Kozda évinoarenv, axcuomv, 111
u 113.

Omnpenenenne 1. Ilycte A — crporuit momobbekr obbekta B, A, B €
Ob(A). Bynem rosopurs, uro nonoobekr A samxnym B B u nucarb A € Cl4(B),
ecmu g/ € M.

Hycrs A = (A%, d})icz — komenuoii Kommueke karteropun 3.

Omnpegenenne 2. Bynem Ha3biBaTh pe&yuuposaunmmu K020MOA02UAMU KOM-
mrekca A 06beKThI HBA Kerp dA/ Img dA a HepedyuUPOBaHHBLMU KO20MO-
aozuamu — HY A = Ker 4 dA/ Imy dz

©

[Iycts 0 — A — B 2, C — 0 — KOpoTKasi CTpOr0 TOYHAS TOCJe-

JIOBATEJIbHOCTH KOMILTEKCOB Kareropuu . Eif coOTBETCTBYIOT /IBE TOTyTOYHBIE
II0CJIEJ0BATE/JIbHOCTHU KOTOMOJIOT'HI:

e H AT g g T o T g
s HA T gB@HgC%H};+1A—>....

Hac unTepecyer Bompoc, Kak BIIUSET TPE/NOJJ0KEHNe O CTPOrOCTH OJHOTO
u3 muddepeHnnagos KOMILIEKCOB, 00pa3yoONInX KOPOTKYI0 CTPOTO TOYHYIO TO-
CJTEIOBATETLHOCTh KOMILIEKCOB B PeMIEeKTUBHON TOTHON MOIKATErOPUH IIOJTY-
abesrleBoil KATeropuu Ha CBOMCTBA APYTUX AU DEPEHIINATIOB ITHX KOMILIEKCOB.
OrBer Ha TOT BOMPOC JAET CJEIYIONIAs TEOPeMa.

® ¥
Teopema 3. IIycmv 0 — A — B — C — 0 — kopomkas cmpozo
MOYHAA nomeﬁoeame/wnocmb Komnaercos xamezopuu BB. Tozda

1) Ecau dy € OC, modst e O mozda u moavko mozda, Kozda Im 4 Hj;‘ga €
Cla(HYB).

2) Ecau dly € Og, mo dYy € Og mozda u moavko moeada, xkozda Im 4 Hf;\w €
Cla(HYC).

3) Ecau dic_1 € Og, mo dgl € Og mozda u moavko mozda, kozda Im 4 Hf45 €
Cla(HYA).
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Closed Trajectories and Hopf Bifurcation in Some
Nonlinear Dynamical Systems

V. P. Golubyatnikov !

Sobolev Institute of Mathematics

We continue our study of 3-dimensional models of gene networks with neg-
ative feedback regulation realized by biochemical kinetic nonlinear dynamical
systems ([1]):

dz; _

o —ol+al) -, (1)
ds

Ti a(l+x] |+t )™t —a, (2)
dt
dz; Lo

= alltal e, (3)
dz;

= a— (Lt al s, (4)
ds

U= (L) + ol ) (5)
dt
dz; .

dtz =a—(L+al 2 )z (6)

Herea >0,y >pu>1,2; 20;¢=1,2,3and ¢ —1, i —2 are considered mod 3.
All these dynamical systems correspond to different regulation mechanisms in
the gene networks and are symmetric with respect to cyclic permutation of the
variables x1 — x9 — 3 — 1.

We find stationary points of all these systems and conditions of existence of
a closed trajectory in the systems (1), (4). At the bifurcation points of these
two systems, the corresponding Hopf cycles in the central manifolds are unique
and stable. We prove the existence of the Hopf cycles for other systems listed
above. The bifurcation points are contained in the diagonal x1 = x2 = x3 of the
cube Q = [0,a] x [0,a] x [0,a] in the positive octant of R3.

We have demonstrated that the standard numerical algorithms, used in
MAPLE-6, do not give realistic results in the case of the system (5) near

ISobolev Institute of Mathematics, pr. Acad. Koptyug, 4, Novosibirsk 630090, Russia.

E-mail: glbtn@math.nsc.ru

The work was supported by the leading scientific schools grant 311.2003.1 of President of
Russian Federation and RFBR grant 03—-01-00328.
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its stable stationary points, which are located in some small neighborhoods of
the vertices («, 0,0), (0, a,0), (0,0, «) of the cube Q.

Similar models of the gene networks can be constructed and similar results
can be obtained in the higher-dimensional euclidean spaces.

The author is indebted to V. F. Likhoshvai, K. V. Storozhuk, and E. P. Volok-
itin for helpful discussions and assistance.
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On Minima of a Functional of the Gradient:
Upper and Lower Solutions

Viadimir V. Goncharov' and Antdnio Ornelas ?

Universidade de Evora

We consider the variational problem (P) of minimization of the integral
functional

Jw) = [ g(Vu(z))dz
/

over all scalar Sobolev functions subject to affine boundary condition u(z) =
(v,z), x € ON. Here Q is an open domain from R”, g: R" — RU {+o0} is a
lower semicontinuous not necessarily convex function verifying some superlinear
growth assumption, and (-, ) means the inner product in R™. Continuing inves-
tigations of A. Cellina, G. Friesecke, M. Sychev and the first authors’ works,
we study various solutions of the problem (P) and of the relaxed one which are
continuous w.r.t. the parameter v.

So, we have explicitly constructed the maximal and minimal solutions of
the relaxed problem which are lipschitz continuous in v and, probably, are the
solutions of (P) itself for those v for which solution exists. Observe that as
well already known (P) can have or do not have solutions depending of the
position of the vector v in the geometrical structure of the epigraph of the
bipolar function g**.

Furthermore, using the technique of polynomial approximations and Baire’s
Category Theorem, we have proved that each solution of the relaxed problem
continuously depending on v can be uniformly approximated by solutions of the
original problem (P) keeping continuity in the boundary data. Let us notice
that in difference of the previous works we use here more direct compactness
argument instead of Vitali’s Covering Theorem.

IDepartamento de Matemadtica, Universidade de Evora, rua Romao Ramalho 59,
P/7000/671, Evora, Portugal.

E-mail: goncha@uevora.pt

2Departamento de Matemdtica, Universidade de Evora, rua Romdo Ramalho 59,
P/7000/671, Evora, Portugal.
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On Minimal Isotropic Surfaces in Pseudo-Euclidean Space
V. A. Gorkavyy !
B. Verkin Institute for Low Temperature Physics

Let F? be a regular two-dimensional surface in pseudo-Euclidean space
{M" do? = (dz')? — (d2?)? — ... — (dz™)?}. Let ds?® = g¢;j du’ du’ stand for
the metric form on F? induced from do?. The surface F? is called isotropic iff
g11922 — (g12)? vanishes; in this case local coordinates u', u? on F? may be
chosen in such a particular way that the coordinate curves u? = const in F? are
null-curves of M™, so ds® = gao (du?)?.

A regular map ¢: F? — F2 is called a CG-transformation if it satisfies two
following conditions: 1) ¢ is conformal, i.e. d§?> = A?ds?; 2) planes tangent
to F2 and to F? at corresponding points are parallel. Translations and homo-
theties are trivial CG-transformations. Generically, a surface in M"™ does not
admit non-trivial CG-transformations. In fact, a non-isotropic surface F2 C M"
admits a non-trivial continuous CG-deformation iff the mean curvature of F2
vanishes. Such a surface is presented by a position-vector z = p(u', u?) solving
the following equations:

1) space-like case

Outut p+ 0u22p = 0, (Oy1p, 01 p) = (Ouzp, Ouzp),  (Ourp, uzp) = 0;

2) time-like case

Ouryrp — Oy2y2p =0, <au1pa au1p> = _<au2pa au2p>a <au1pv au2p> =0.

As for CG-transformations of isotropic surfaces, the situation is more subtle.
The following statement allows us to distinguish a class of particular isotropic
surfaces in M"™ which can be interpreted as isotropic surfaces of vanishing mean
curvature.

Theorem. Let F? C M™ be an isotropic surface, v = p(u',u?) be a position-
vector of F? such that the coordinate lines u?> = const are null-curves of M, i.e.
(Oy1p,0u1p) = 0, (Oy1p,0u2p) = 0, s0 ds®> = gao(u?)%. The surface F? admits
a continuous non-trivial CG-transformation if and only if either

1) Ouruip = @dyip + BOyz2p, or

IB. Verkin Institute for Low Temperature Physics, 47 Lenin ave., Kharkiv 61103, Ukraine.
E-mail: gorkaviy@ilt.kharkov.ua
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2) Oyry2p = a1 p + BOyuz2p + YOu1y1 p, where Oyrp, Oyzp, Oyryrp are linearly
independent.

Note that in the first case F? is an isotropic surface ruled by geodesic null-
curves of M". In the second case the parameterization u!, u? can be specialized
in such a way that v = 0, so p(u',u?) solves a Laplace equation 9,1,2p =
ady1 p+ B0,z p- The described particular classes of isotropic surfaces in M™ may
be viewed as a natural analogue of time- and space-like surfaces with vanishing
mean curvature.

Note also that an isotropic surface in M™, n = 3,4, always admits a continu-
ous non-trivial CG-deformation, since 0,1 p, 9,2 p, Oy141 p and 01,2 p are linearly
dependent because of dimension n. On the other hand, if 9,1p, Jy2p, Fyr41p,
0,142 p are linearly independent, that is a generic case for n > 4, when F? does
note admit non-trivial CG-deformations. Thus, for n > 4 the isotropic surfaces
that admits continuous non-trivial C'G-deformations form a really particular
class of isotropic surfaces.

Problem. To construct a variational problem, whose extremal points are the
“minimal” isotropic surfaces in M™ described above.
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Topology of Separate Continuity on the Square of
the Cech-Complete Space

Ya. S. Grinshpon !
Tomsk State University

Let X and Y be an arbitrary completely regular topological spaces. In [1]
Knight, Moran and Pym have determined a topological space X ® Y on the
product X x Y with the properties: for any completely regular space Z the
mapping f: X x Y — Z is separately continuous if and only if f: X ® Y — Z
is continuous, and space X ® Y is always completely regular.

There appears a natural problem to describe the classes of the spaces X
and Y for which the space X ® Y is or is not normal. Some of such classes of
spaces were constructed in [1,2].

In this work the spaces of the form X ® X where X is the space contain-
ing Cech-complete subspace are considered. By using the results the following
statements are proved.

Theorem 1. Let X contain a Cech-complete non-scattered space and the
space X X X x X be hereditarily normal. Then the space X ® X is not normal.

Theorem 2. Let X be a metrizable by a complete metric space. Then the
space X @ X is normal if and only if the space X is scattered.
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Ilorpy2keHnue rureprnoBepPXHOCTEl CEMUMEPHOTO
KOH(OPMHO-OKTaBHOTO MPOCTPAHCTBA

II. 4. I'pywro®, M. A. Taep?

NpxkyTckuit rocy1apcTBEHHbBIN YHUBEPCUTET,
NpxkyTckuit rocyiapcTBEHHBIN TeXHUYECKHUIT YHUBEPCUTET

IIycrs Ca — anrebpa okras (anrebpa uucen Ksmm), rpynna Jlu Go — eé
rpymma aBroMopdu3mMos [1]. Zo6aBuB cKaISAPHBIE MATPHIIHI, TIOIYIMM KOHMDOPM-
uerii anagor — rpymny COGy = {\- A : A € RT, A € Gs2}. Oproronanbuoe
IoTmosIHeHne K eauanne B anredpe C'a SABISeTCa CEeMUMEPHBIM BEKTOPHBIM TTPO-
CTPAHCTBOM, MHBAPUAHTHBIM OTHOCUTEIHHO AeticTBus Tpyni Ge u COGs. Takoe
MPOCTPAHCTBO €O cTPyKTypHOit rpynmnoit COGy Gynem Ha3bIBATH KOHPOPMHO-
OKTABHBIM BEKTNOPHBIM TPOCTNPAHCME0M. B 3TOM MPOCTPAHCTBE C TOYHOCTHIO
JI0 CKAJISIPHOTO MHOYKHUTEJISI OMPEJIEIEHO BEKTOPHOE [+, <] U CKaJIsApHOE (-, ) mpo-
W3BEIIEHNs, CBA3AHHBIC JJIsT JTIOOBIX 3JIEMEHTOB I W § 3TOTO MPOCTPAHCTBA COOT-
HOUIEHUSIMU:

<[J), y]a y> =0,
[z, 9], 9] = (z, )y — (v, y)z,

KOTOpbIE JIErKO MOJIYYUTh W3 BBIMOJIHAIONIErOCs B ajiredpe OKTaB TOXKIECTBA,
anpreprarusHOcTH a(ab) = (aa)b.

IIycrs S — DPOM3BOIBHASA IMIEPIOBEPXHOCTH KOH(POPMHO-OKTABHOIO IIPO-
crpanctBa, U — oTKpbIToe MHOKecTBO B R® 1 r = r(U) — morpyzxenne Takoe,

aro r(U) = S. Torma r = r(u',u? u3, u*, u’, ub) — mapamerpuszanus nosepxmo-
6

cru S udr =Y 1y, du;. IIpucoe M K KasKI0i TOYKe MOBEPXHOCTH S periep
i=1

{f1,...,£7} cnenyromum obpazom: momoxum f; = r,,, i = 1,6, a Bekrop f7 on-

HO3HAYHO XapPAKTEPU3YETCsT YCIOBUIMHI

<fi;f7>:05 i:1767

6
> £
k=1 __

Z =1

)

'pxyrckuit rocymapcTBenHbi yausepeuter, yi1. K. Mapkca, 1, pkyTck 664003, Poccus.
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2pKyTCKHii TOCyIapCTBEHHBIH TeXHHYeCKHH yHUBepCUTeT, yiI. JlepmonTosa, 83, MpKyTck
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U BIOpAaHHO opueHTanueil runeprnosepxuocru S. Ormerum, 9To BekTop f7 ecrhb
HU YTO MHOE, KaK BEKTOP HOPMaJi N B JIAHHOM TOYKEe I'UIIEPIOBEPXHOCTH.

Teopema. Kospuyuernmov, 0epusayuontvir Gopmyn

dr = fg duﬁ,
df; = T8, duP

/8:]‘767 a:1777

npou3eonavbHo napaMempusoeaHHoﬂ noseprHocmu 00HO3HAYHO onpede/mmmwz

~ d —~ dr,dn
uepes xoappuyuenmos xeadpamuunur dopm I = —, I = —%, KO-
n n
o T/ <dn7 n>
appuryuernmaot aunetdnol gopmo, IV = 5 U UT MPou3eodHbie.
n
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[1] Hocraukos M. M. Jlekuuu no reomerpuu. Ipynnst u anrebpbr Jlu. Ce-
mectp V. M.: Hayka, 1982.

[2] Friedrich Th., Kath I., Semmelmann U. On nearly parallel Go-structures //
J. Geom. Phys. 1997. V. 23, N\ 3-4. P. 259-286.

90



O6 orparm4yenHocTtu o6061mEHHOrO B\, -IIOTEHITAIA
B. C. I'yaues ', 3. B. Cagapos >
WNucruryr maremaruku n Mexaaukun HAH Azepbaiimkana

B pabore paccmarpuBaercs: omeparop obobmménnoro casura Beccens — @y-
pbe (By, ,,-ciBur). C ero moMoIpio onpeeeHa By, ,-CBEPTKA U /IS Heé MOJIy IeH
anaJsior reopembr O’Heiima. Jokasan anajor reopembl CobosieBa st 06001IEH-

n
HOro By, p-nioTenmmana B npocrpanctse Ly, (R} ).

IIycrr R™ — n-mepHOe eBKJIMIOBO MPOCTPAHCTBO TOYEK T = (Z1,...Tn),
n
|22 = Y22, 1<k <n—-1,2 =214 = (21,...,75) € RF, 2/ = 24, =
i=1
(l‘k—i-l;---)mn) € Rn_k: Tr = (xlwxll) = (xl,k;l‘k,n) S Rn: (xlayl) =z +
vt wRye, RE L = {2 = (@15, 780) € R 2pp1 > 0,.00,2 > 0}, en =
Vien % . ) —
(st s Vst > 0y > 0, 2750 = 25022, Q@ = i+ ] B
ciysae k=02 =12" =20, e R, R}, =Rj | ={z €R"; 1 >0, ..., 2, >
0}, v = Yn = (V1,---,7). Tepes Ly, . = Ly, (RZ,+) Oymem 0603HA-

94aTh MPOCTPAHCTBA U3MepuMbIXx dbyukumit f (), © € R} 1, ¢ KoHedHOI HOPMOI
1/p
15200 = o = ([ 1Sl da) s 1< p < oo, oo
K.+

KM Lo, (R} 1) = Lo (RY ), rﬁe Leo(Ry ;) KITaCC BCeX CyMIECTBEHHO Orpa-
HUYEHHBIX (DYyHKIUH f ¢ KOHEIHON HOPMOIi ||f||Loo1mn(R;;1+) = ||f||Loo(R',’;1+) =
esssup | f(x)|. Onmeparop o6obménnoro capura ®ypoe — Beccens By, ,-casur)
zE]RZ;+

ompesensieTcs caeayomum obpasom (cM., Hanpumep, [1,2]):

n

e = oo

TV f(z) = i=k+1 _ v | floer =y, Tl — Yy
INEI I r@)o/ 0/( Y k= Uk

i=k+1

\/ﬂcﬁﬂ — 20k 4 1Ykt 1 COS Q1 + Y2415+ -+ s VT2 — 2T Y COS Oy + y%)

n
H sin? 1 o dagyi ... do,.
i=k+1

Yucruryr maremarnkn u Mexamuku HammomassHOH Axamemun Hayk A3sepOaiimkana,
yn. @. AraeBa, 9, Baky, Az—1141, A3epbaiikan.

2MucTHTYT MaTeMATHKH H MexaHmkx HammomasibHOM Akagemmn HaykK AsepbaiimkaHa,
yn. @. AraeBa, 9, Baky, Az—1141, A3epbaiikan.
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OTmeruM, 9TO 3TOT CABUI TECHO CBA3AH C Bj ,-CHHIyaspHbIM nuddepeniy-

ATTBHBIM onepaTopOM Beccens (cm., nanpumep, [2]) Bin = (Bk+1,-- -, Bn), r1e
B; = —|— x 896 ,J=k+1,...,n. Ha ocHOBe 3TOr0 CIBUTa BBOIUTCS OOOOIIEH-
Has CBepTKa (Bkm—CBepTKa) bymxmmit (f *9)y,, = [ f@)(TVg(x))x," du.

RTL
g oneparopa By, ,-cABUra ClpaBeIjInBa

Jlemma 1 [3]. ITyemv 1 < p < oo, f € Ly, (Ry ). Toeda

1T Oy, g ) S, m) ¥ ERES

Hycrs f: R} — R — usmepumas Gynkuust, yi,n-Ppynxyuets pacnpedesenus
¢dbyukumm f GymeMm Has3bBaTh (BYHKIWMIO f. ., ompexenseMyio qis t € [0,00)
panenernons ..., = Ha € B¢ /@) > )]s, 120 [Elyy, = [ 157 do

JIFOO0r0 U3MEPUMOTO MHOXKECTBO F.

IIycrs f: Ry , — R — n3mepumas byHKUUA, Vg n-NEPECNano6K0l PyHK-
uun f 6 yowmearowem nopadke HasbialorT Qynkuuio [, onpejensemyio jjis
t € [0,00) pasencreom f  (t) = inf{s € [0,00) : fi -, ,(5) < t}, 0 <t < oo.
Hepes WLy, (R} ) Oyzem obosnadaTh IPOCTPAHCTBO H3MEPUMBIX (yHKImi

f(z), = € R} |, ¢ xomewroil HOpMOIf HfHWvaw,n = iggtl/”f,’;km(t) < 00,
1 < p < co. OyskIEUS f** (O 00) ONpeeNserTcs CIAELYIONMM 00pa3oM
(cw., manpumep, [4]): f2 (1) = § ffj’;k L(s)ds, t>0. Tna f3 () umeer mecro

+g < + g . UnpaBeninB aHAJIOT HEPABEHCTBA ena
an t) < :;:,n t ’Yk,n C O’Heit

n1s By, ,-CBepTOK:

~ n
Jlemma 2. Ilycmo f, g — noaosicumenvrvie usmepumvie Gynxyui na Ry .
Tozda das ecex 0 <t < 00, cnpasediuso ciedyiouiee HEPABEHCMEO

t

(0 D300 < 57,60 ds [ g3, ) dut / i ()95 () .
0

I[Iycte Ko, € WL _q

Q- Yk,
paerca, uto 41a 0 < a < Q Ku(z) = |2]*°9 € WL N (R ). [as

Rz 1), 0 < a < Q. Hemocpencrsenno npose-

00606méuH0r0 By p-moTennuana (Ko * f)q, pn CIIDABEILINBA cneny}omaﬂ
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Teopema 1. ITycms K, € WL%’,WW (R 1), 0<a<@. Tozda

t [e%s)
(Ko x f)%, (1) < Ct%_l/f;“k,”(s)ds—kC/s%_l s (s)ds.
0 t

Teopema 2. ITycmo K, € WL%’W)n Ry ), f€Lpy Ry ), 0<a<

Q,1<p<Q/a,1/p—1/q=a/Q. Toeda (K * f),, € Lq,%,n(RZ,Jr) u

[ (Ko * f)’)’k,n

Caencrsue 1. ITycmo f € Lp,%n(]Rgﬂ_), 1<p<Q/a,1/p—1/q=0a/Q.
Toeda I3, f(x) = [ T¥a|* f(y)y'" dy € Loy, (R} 1) u

RY

L ey ) SClflz, ., @

@75, ( )

15 . fllz, o, @y ) < CUSlle, ., @p L)

Heobxommmo oTMeTHUTh 9UTO, JOKA3ATETHCTBA ITOTO CIAEACTBUS APYTUMHE IIy-
TSMU TOJIy9eHsl B [5, 6] B ciydae k =n — 1 u B [7] B 06mem ciayygae 0 < k < n.
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On the Size of the Basin of Attraction
P. A. Gumenuk?

Saratov State University
Department of Mechanics and Mathematics

Consider a meromorphic function f: C — C. By f™ denote the n-th iterate of
the function f. The Fatou set F(f) is the maximal open set where f™ is defined
for all n € N and the family {f"},en is normal. The set J(f) := C\F(f) is
called the Julia set of the function f. For more details see e.g. [1,2].

Suppose that f(0) =0, f/(0) = A # 0. The talk concerns a lower estimate of
the quantity R(f) := dist(0, 7(f)). Replacing f(z) by r~!f(rz) with suitable
r > 0 we can assume that the considered function belongs to the class AS of all
univalent holomorphic functions f in D := {z : |z| < 1} normalized by the ex-
pansion f(z) = A\z+a22%+. ... Let AS,, := {f|p € AS : f is meromorphic in C},
R(A) := felf\lgm R(f),Rs(A) := flgl/\fs dist(0, 0.A*(f)), where A*(f) stands for the
maximal domain W, such that 0 € f(W) C W C D, or for the set {0} if there
are no domains W satisfying this condition.

Theorem 1. For any A # 0 the following equality holds R()\) = Rs()\).

Theorem 2. For any t € (0,27) there exists po = po(t) > 0, such that

Rs(ue™) = kA ) 4M+H2,

One can show that Rg(\) is continuous in D. At the same time J. C. Yoc-

coz [3] proved that Rg(e?™®), a € R, is positive if and only if « is a Brjuno
number. It follows that Rg () is discontinuous almost everywhere on 9D.

p € (0, po).

Theorem 3. The angular limit of Rs(f) exists at every point Ao € 0D and
coincides with Rg(Xo).
References
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On the Properties of the Positionally Weakly
Invariant Sets

Kh. G. Guseinov' and Nihal Ege ?
Anadolu University, Turkey

Consider the controllable system described by the differential inclusion
z € F(t,z,u), zeR", ueP teT=]0,0], (1)

where P C RP is a compact set. It is assumed that F(¢,z, u) is a convex compact
set for every (¢, x,u), set valued map (t,x2) — F(t,x,u) is upper semicontinuous
for any fixed v € P and satisfies the growth condition. The control of system (1)
is carried out by feedback principle and the motion of the system generated by
strategy (Us, d.(+)) from initial position (to,z¢) is defined. Here U, is a position-
al strategy and it specifies the control effort to the system for realized position
(t«, ). The function 6, (-) defines the time interval, along the length the control
effort U, (t«,x.) will have an effect. The notion of positionally weakly invariant
sets with respect to system (1) is introduced and positional weakly invariance
properties of the given closed set W C T x R™ with respect to a such systems
is studied. The positional weak invariance of the set W means that there exists
a strategy (U, 0(+)) such that for any (to,x0) € W, the graph of all motions of
system (1) generated by strategy (Us,d.(-)) from initial position (to,xo) are in
the set W right up to instant of time 6. Note that this notion is a generalization
of the notions of weakly and strongly invariant sets with respect to a differential
inclusion and close to the positional absorbing sets notion in the theory of differ-
ential games. Sufficient conditions for a closed set W C T'xR"™ to be positionally
weakly invariant with respect to system (1) are obtained. These conditions are
expressed in terms of derivative sets of set valued maps, which are widely used
for investigating various problems of nonsmooth and set valued analysis. Based
on these conditions, the constructive procedure for determining the strategies,
guaranteeing positional weak invariance of the sets is given. Finally, positional
weak invariance of the sets W = {(t,xz) € T x R™ : ¢(t,x) < 0} with respect to
system (1) is studied where ¢(-): T X R™ — R is a lower semicontinuous function.

I Anadolu University, Mathematics Department, Eskisehir 26470, Turkey.
E-mail: kguseinov@anadolu.edu.tr
2 Anadolu University, Mathematics Department, Eskisehir 26470, Turkey.
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ITouyrn kommnekcHbie crpykTypbt Ha SU(2) X SU(2)
H. A. Jlaypuesa

KemepoBckuit rocyiapcTBeHHBIN yHUBEPCUTET

PaccmarpuBatorcst o4t KOMILIEKCHBIE CTPYKTYDbI Ha rpymmne Jlu SU(2) x
SU(2) = S x S3. UzsecTHO, 9TO NPOU3BEICHAE HEIETHOMEPHBIX Cep J0Iyc-
KaeT JBYNapaMeTpHYecKoe CeMeiCTBO KOMIUIEKCHBIX cTPYKTyp [1,2]. IIpm ux
NOCTPOEHUH UCHOJIb3YeTCsl KOHCTPYKIUS paccaoenus Xomnda, BCe ITH CTPYKTY-
pbl HHBAPHAHTHBL OTHOCHTENbHO nelictBus U(2) x U(2). OTHOCHTEILHO KOM-
NAKTHBIX OJIHOPOJHBIX KOMILIEKCHBIX MHOrOOOpa3uii m3BecTeH oOuIuil pe3ysib-
rar I'payepra u Pemmepra [3] o npegcrasienun takux MHOroo6pasuii B Bue
rosIoMOpGHBIX PACCIOEHHUIT ¢ onpeneneHHbIMI cBoficTBamu. [Tocrpoenubie B [2]
CTPYKTYDBI YIOBJIETBOPSIOT YCJIOBHSIM TEOPEMBI [3], HO He H3BECTHO, CYIIIECTBYET
JIM CTPYKTYpa roJoMOp¢HOTO paccioenus Ha S° x S, manynupyomas Ipyrae
KOMILTEKCHBIE CTPYKTYPBI Ha 3TOM MHOrooOpasuu. ITockonbKy yciaosue nHBapu-
AHTHOCTH KOMIIJIEKCHOH CTPYKTypbl orHOcHTenbHO SU(2) X SU(2) 3nauuresn-
HO ciabee yCJIOBUS HHBApHAHTHOCTH oTHOCcHTebHO U(2) X U(2), 0 BO3HHKAET
€CTECTBEHHBIH BOIIPOC, CYyMIECTBYIOT JIU CPEJIU HUX KOMILIEKCHDBIE CTPYKTYPhI OT-
JINYHBIE OT U3BECTHBIX.

Teopema 1. Bce aesounsapuanmmbie Komnaexchbie cmpyrmypss ha SU(2) X
SU(2) undyyuposans, cmpyxmypoti paccaoenus Xonga.

[Iycrs B — merpuka Kunmuara — Kaprana na SU(2) x SU(2). Paccmor-
PHM MHOKECTBO BCEX MHBAPUAHTHBIX, COXPAHAIONAX OPHECHTALIUIO, IIOUYTH KOM-
wiekcHbIX crpykryp I rakux, uro B(IX,IY) = B(X,Y). 9ro mMHO)KeCTBO
AOL = S0(6)/U(3) xommnakrro. Ompe/enny Ha 3TOM MHOXKeCTBe (DYHKIMO-
Hasl HopMbI TeH3opa Heitenxeiica. ITo reopeme Heiomennepa — HupenGepra [1]
MuHAMYM N JIOCTHTAeTcsa Ha KJIacce KOMILIEKCHBIX CTPYKTYP, OMHUCAHHOM B TEO-
peme 1.

Teopema 2. Maxcumym nopmov, mendopa Helienzxetica na AOE paser 8v/3 u
doCMU2AEMCA HO MHONCECTNGE NOYMU KOMNALKCHULT cmpykmyp J maxuz, wmo
(B,J) — npubausumesvho KIAEPOBA CIMPYKINYPA.

Crucok aureparypsl
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Discontinuity and Weak Compatibility in Fixed Point
Consideration of Gregus Type in Convex Metric Spaces

Bhavana Deshpande !
India

We prove common fixed point theorems of Gregus type for discontinuous
and weak compatible mappings in convex metric spaces. We improve, extend
and generalize some well known results by many authors.

L «Sukhakarta» 90, Rajiv Nagar (Near Kasturba Nagar), RATLAM-457001(M.P.), India.
E-mail: bhavnadeshpande@yahoo.com

98



YTouyHeHUus aHAJIOra M30IIEPUMETPUIECKOT0 HEPABEHCTBA
U WX CJIeJICTBUA

B. U. JTuckanm*

YepkaccKuilt TOCYIAPCTBEHHBII TEXHOJOTTIECKUN YHUBEPCUTET

[Iycte A u B — BBIOYKJIbIE TEJIA M-MEPHOTO €BKJIMIOBA, MPOCTPAHCTBA R"™
(n > 2). Ina oowéma V(A + pB), p > 0, rena A + pB umeer mMecto ¢dopmyiia
I". MuHKOBCKOTO "

V(A+pB) = CiVi(A B)p",
k=0
rue Vi (A,B)=V(A,...,A,B,...,B) — k-ii cmemanubiii o6bem Tesn A u B.
—— —
n—k k
ITepBoe nepasercTso I'. MuHKOBCKOTO /11 CMEIIaHHBIX 0OBHEMOB

Ay(A,B) = V{"(A,B) = V(B)V" 1 (4) > 0

HA3bIBAETCS USONEPUMEMPULECKUM HEPABEHCMEOM, ero jeBas yacTb A (A, B) —
udonepumempuueckot paznocmoio s ren A u B. Hepasencrso

Ap(A,B) = V(A B) = VF(B)V"F(A) 20, 2<k<n—1,

HA3BIBACTCA K-M GHAA020M USONEPUMEMPUNECKO20 HEPABEHCMBEA, & €r0 JeBas
gacrb Ag(A, B) — k-m ananozom usonepumempuseckoti paznocmu mjig ten A
u B [1].

[Mycts A_,(B) = A\(pB) — pasuoctb Ten1 A u pB [2], ¢ = q(A,B) —
k03 dunuent smectumoctu rejia B B reno A, Q = Q(A, B) — xoadduiment
oxsara Tena A Terom B [1].

JokazaHbl CTeyIomne HepaBeHCTBA:

V" (A, B) — VEE (B)V(A)
> (WA - R (B)) - VIV B)

> VI (AL (B),B) - VAR (B)V(A_,(B)), 0<p<q (1)

1YepkaccKuit TOCyIapCTBEHHEIH TEeXHOJOTHYECKHH yHHBepcHTeT, 6yabs. IIleBuenko, 460,
Yepkaccer 18006, Ykpauna.
E-mail: diskant@chiti.uch.net
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VB VY ) > (VB - v ()

> V7 (A4(B),B), (2)

VU (BLA) - VA (A)V(B) > (V" “(B.4) - GV )

>V (BLa(A)A), 1<k<n—1 (3)

1
Q

Caencreuem (1) sBisierca yrBepxkuenue: k- ananoz u3onepumempuieckot
pasnocmu npu nepexode om meaa A x meay A_,(B) — enympennemy meay,
napasstesoHomy meay A ommocumenvro B ¢ kospduyuenmom p, He yeeauwu-
8aEMCA.

CrencrBueM JieBbIX Yacreil HepaBeHCTB (2) u (3) sBisiercs Caeyomas Teo-
pema ycroituuBocru pentenus ypasuenus Ag (X, B) =0 upu V(X) = V(B):

Teopema. ITycmv X u B — cobcmeennvie (umerouue 6HYmpennue mowkuy)
sunykavie meaa 6 R™ (n > 2). Hatdymea maxue seaununs, g > 0, C > 0,
sasucawue om n, k, rg, Rp, 4mo u3 svnosnenus ycrosudi

A(X,B)<e, 0<e<egy, V(X)=V(B), kelin—1,

caedyem, wmo §(X, B) < Ce/™.
B reopeme rp — pamumyc Brnucannoro B B mapa, Rp — paauyc onucaHHOro
okoisio B mapa, 6(X, B) — orkionenue rex X u B [2].
Ennucreennocts pemennst ypasuenns A (X, B) = 0 npu V(X) = V(B)
Jokazana B [1].
Crucok jJureparyphbl
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K teopemam mckakeHusi 1jisi KOH(POPMHBIX OTOOpakKeHuii
IJIOCKUX obJiacreii

B. H. Jlyounumn
Wucrturyr mpukaaamnoit maremarukun /IBO PAH

O06cCyk1a10TCI HEKOTOPBIE TEOPEMBI UCKAYKEHUS JIJI MEPOMOPMHBIX U OTHO-
JINCTHBIX B KPyre (DYHKIWIA, BHITEKAIONINE U3 CBOMCTB OOOOIEHHBIX KOHIEHCA~
TOpOB u cuMMerpu3sarun. Jlomycrumas QyHKIMsS 0O0DIMEHHONO KOHIECHCATOPA
NPUHUMAET 3aIJAHHbIE 3HAYEHUS B OKPECTHOCTH KAaXK 0N U3 ILTACTHH, a EMKOCTh
OIIPEJIENISIeTCS KAK HUYKHSISI PPAHb HHTErpayioB Jupuxie or omycruMbix (pyHK-
it [1]. IIpocreitnmie cBoiicTBa 0GOGIEHHBIX KOHIEHCATOPOB COMEPIKAT, B 4ACT-
HOCTH, KJIACCHYECKUE MPUHIUITHI KOMITO3UIINH, (GDOPMYIUDPyEeMbIe OOBIYHO B Tep-
MHHAX MOMIy/eil ceMeiicTB KpUBbIX. I3 KOH(DOPMHOIT MHBAPUAHTHOCTH EMKOCTH
BBITEKAIOT MHOIMOYHCIIEHHBIE TEOPEMBI HCKAYKEHUsI B PA3JIUIHBIX KIACCAX AHATIH-
rudeckux yaxnuit. IIpuBoagTCS KOHKPETHBIE OIEHKH, COEPXKAIIUE 3HATCHUS
GYHKIMM U HEKOTOPBIX €€ MPOU3BOIHBIX B KOHEYHOM YHCJIE TOYEK U 3ABUCS-
e OT OTpaHWYeHuH Ha 00pa3 Kpyra npu orobparkenun 31oit dyHkIiwmei. s
OTPAHUYEHHBIX OJHOJUCTHBIX (DYHKIHH MOJIYYa0TCs HEPABEHCTBA, BOCXOISIINE
K m3BecTHbIM pedyibraram 3. Hexapu u FO. E. Anenununa. Paccmarpusatorcs
TaKKe HOBBIE CJIEJICTBUSI ITUX HEPABEHCTB, CONEPKAIINE, B YACTHOCTH, OIEHKHI
[MIBapumana mauuoit Gpyukmun. HeKOTOpPbHIE OIEHKY YUUTHIBAIOT UCKAYKEHUS Ha,
rpaHuie Kpyra. Jlpyrue comeprkaT Mepy mepecedeHusi obpasa Kpyra ¢ Hamepés
3aJaHHBIMU MHOXKeCTBaMU. HaKOHEI, MbI pACCMATPUBAEM B3aNMHOE UCKAYKEHUE,
OCYTIECTBIISIEMOE COBOKYIHOCTBIO (hYHKIMH, OTOOPAKAIONIUX €AUHUIHBIH KPYT
Ha TOMApHO HeHaseraoomnme obsacru. JIaHHAS TEMATHKA BOCXOJHUT K H3BECT-
Hoii pabore M. A. JlaBpeHTheBa ¥ B HOCTEIHEE BPEMs HAILIA CYIECTBEHHBIE
MPUJIOYKEHUST B TEOMETPUUECKON Teopun (DYHKIHH KOMILIEKCHOTO MTEePEeMEHHO-
ro. OTMedaercss TPUMEHEHNE YaCTH MOJIYYEeHHBIX OIEHOK K HEPABEHCTBAM JIJIst
ajrebpanyeckux HOJIUHOMOB [2].

Cuucok aureparypbi
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VeroitanBocts B C!'~l-HOpMe Ki1accoB oTobpazkenmii
u auddepeHIuaIbHbIE COOTHOIIEHU [-T0 mopsaka

A. A. Eeopos!

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

PaccmarpuBaiorcst mpobeMbl yCTOHYMBOCTH KJIACCOB OTOOPAYKeHU, COCTO-
amux un3 pemenuit u: U — R™, U C R", auddepennuaabHbIX COOTHOIIE-
mmit suaa F(u®(z)) = Gu®(z)) wm vV(z) € A nua noutn seex x € U,
I €N, rge vV (x) oboznagaer mubdepennuan mopsaka | 0TOOparKeHHs U B
Touke x, F': R;’ml — R ecrb kBasuBbinyksasa bysaxmnusa, G: RT”Z — R —
HyIb-7arpankuan, A C R;’ml — KOMIIAKT. 37eCh R;’ml — MPOCTPAHCTBO CHM-
MEeTPpUYHBIX [-uHefdHbIX oToOpaxkenuit w3 R™ B R". Haiinenor HOBbIE yCJIOBHUS,
nocratounbie 1is yeroiansoctn B Cl-HOpMe paccMaTpEBaeMBIX KTaccoB pe-
mennit quddepennuanbabix coorHomennit. [lorydennbie pe3yabTaThl ABISIOT-
cs1 obobrenreM Ha caydait quddepeHnuaTbHbIX COOTHOIIEHNH TPOU3BOJIHLHOTO
HOpsi/IKa PsiJIa TEOPEM, YCTaHOBJIEHHbIX B paborax [1,2] ansa ciayuas [ = 1. Ilo-
CJIeTHUE TEOPEMBbI BKJIIOYAIOT B Ce0st KAK YaCTHBIN Ciaydail psif KIaCCHIECKNUX
Pe3yJIbTaToB, MOIyUYeHHBIX B padorax M. A. Jlaspenrnesa, I1. T1. Bemunckoro,
FO. I'. Pemernska, ®@. I:xoHa u Ap., 00 yCTOWYMBOCTH KJIACCOB KOH(MOPMHBIX
U W30METPUYECKUX MPEoDpPa30BaHUM, a TaKyKe Psj HEJABHUX Pe3yJIbTaToB, [MO-
anydennbix B paborax A. II. Konsurosa, H. C. Taupbekosa, T. B. CokomnoBoit u
JIp., IO YCTOWYHUBOCTH ITUX U JIPYTUX KJIACCOB OTOOPAYKEHUIA.
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K teopeme 006 obparHoii pyHKIUN Ajisg 0oTOOpaKeHmii
C 00O0OIEHHBIME MPON3BOAHBIMM

HU. B. Kypasaées !

BoJirorpajickuii rocy1apcTBeHHbI YHUBEPCUTET

B nokmane mpeacraBieHbl TeOpeMbl 00 00paTHON (DyHKIMHU 1j1d HEmpepbIB-
HEBIX OTOOpazkenwii cobomenckoro kmacca Wi (D) [1,2] w mas noxambHo am-
IIIATIEBBIX OTOOPAYKEHMUIA.

CumBosiom B(a,r) yciaoBumcs o6o3nadarsh map B R™ ¢ HEHTPOM a paauyca
r > 0. Obo3naunm depe3 M" mauHeiiHOE MPOCTPAHCTBO 7 X N-MATPUIIL C BeIle-
CTBEHHBIMU 3JIeMeHTaMu, cHaOxkéHHoe HopMoit |[C] = sup  |Ch.

|h|=1, heRn

IIycts D — obmacts B R™ u f: D — R™ — HenmpepbIBHOE 0TOOPAYKEHUE KJTac-
ca Wi ,.(D). B namsueiimenm f'(x) — marpuna Axo6u f(x). [peamomoxm, 4o
|f'(z)] > 0m. 8.8 D. Ilycts D} — MHOX)eCTBO Beex Tovek uddepenimpyemoctn
dyukuuu f(x) u S — HekoTOopoe MHOXKECTBO HyseBoil Mepbl Jlebera. s Tou-
ku a € D cumosiom On{f,a, S} 0603HaYMM 3aMKHYTYIO BBILYKJIYIO 000JIOYKY

MHOXKecTBa Bcex Marpunt M € M™,| 1j1a KOTOpBIX HaliETCa TaKas CXOMAIIAICT
K @ IOCIeI0BATE]bHOCTD Tp € D;’;\S, p €N, uro é:g—iz;‘ — M upu p — 0.

Ecmu dbynkmusg F: D — R™ j0KaJbHO JUOIMNIEBA, TO [IJI MHOXKeCTBA K,
comepxkamierocss B D, cumBosiom Lip(F, K') 0603HaYMM TOYHYIO HUXKHIOIO I'Da-
HUIY TexX 4uces L, 1jisi KOTOPbIX BblIOsHseTCs HepaBeHcTBo |F(z2) — F(z1)| <
L|zy — x1|, x2, 1 € K. Yepes 0F(a) obo3nadunm nponssoinyio Kmapka [4]
dbyuxpn F(x) B Touke a € D — BBIMYKIIYIO 060JI0YKY MHOYKECTBA BCEX MATPHI]
M € M", njisi KOTOPBIX HAMIEeTCs TaKash CXOISAINIAsICS K ¢ TOCIeI0BATEILHOCTD
zp € Dy, p €N, aro F'(x,) — M npu p — oo.

Teopema 1. IIycmv D — obaacmv 6 R™ u f: D — R™ — nenpepusHoe
omobpasicenue kaacca Wi, (D). Mpednonoscum, wmo |f'(z)] >0 n. 6. 6 D u e
mouke a € D xaosrcdas mampuya u3 On{f,a, S} ne ewpootcdena, 2de S — nexo-

n
o 1—A2
mopoe MHodHcecmeo Hyaeeol mepuv, Jebeza. Iycmo K = (M> , ede d =

1—V1—d?
. _11-1 .
min ‘M 1‘ . Tozda dasa mobozo K*, K < K*, natidemcsa nexomopas
Meon{fa,S}

0KPeCMHOCTE MOUKY @, 8 Komopol omobpasicenue f(x) K*-xeasuxongdopmmo.

I Boarorpajackuii rocymapCTBeHHEIH yHEBepcuTeT, ya. 2-a IIpomombmas, 30, Boarorpasn
400062, Poccus.
E-mail:igor.zhuravlev@volsu.ru
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HokazaresbcTBo Teopembl 1, 10a06HO TOMY Kak 3TO0 Jeasoch B pabore [5],
UCIIOJIb3YET BO3MOXKHOCTD IIPUb/M3uTh orobpazkenue f () riaJKuMu KBa3UKOH-
GOpMHBIME OTOOPAKEHUSIMU W [IPU 1. > 2 OMUPAETCS HA TEOPEMY O Panyce
MHBEKTHBHOCTH [JIsi OTOOParKeHWil ¢ OrPAaHNYEHHBIM MCKayKeHneM [3].

Crenyrommuii pe3ynbrar yTodHsieT TeopeMy 06 obpaTHoil dyHKImH U3 [4].

Teopema 2. ITycmv U — obaacmov e R™ w F': U — R"™ — aunwuyesoe 0mob-
pavicenue. Ecau OF (a), a € U, umeem Maxcumasoholli panz, mo CYuLecimeyenm
makas oxpecmuocms V. mouwku a, wmo F 2omeomoppro na V, a omobpascerue
F~1: F(V) - R" aunwuyeso na F(V). IIpu amom Tli%lJr Lip(F~!, B(F(a),r) <

max |D7Y.
DedF(a)
Crucok gureparyphbl
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Crpoenune nesbix perreHuit ypaBuenusa CaiimMona
n. A. 3opunat, B. I Txaves?

Boarorpaackwuit rocyiapcTBeHHBIT YHUBEPCATET

3amada 0 CyIIeCTBOBAHWUU IIEJIBIX DEIIEHUI CIeAYIOMEro KBA3UINHEHHOrO
YPaBHEHUS SJIMIITUIECKOTO THTIA,

U (1 + u2) + 22Uy gty + gy (1 + uz) =0. (1)

6bLia Briepsbie nocrasiena JI. CaiimonoM B 0630pHOii crarbe [2, ¢. 350]. Ocobbiit
UHTEPEC 3Ta 33,1248, BBI3BIBAET B CBETE TOTO, YTO /I yPABHEHUS MUHUMAJIbLHBIX
N 2 2y _

H(Q)BerHOCTeI/I Uz (1 —2|-uy) — QU Ug Uy + Uyy (1 +u2) = 0 1 ypaBHEHHS ApOHCCOHQa

U Uz — 22Uy U Uy U Uy, = O CIPABETIBO CBOICTBO Bepramreitna: yeavmu C° -

2AAOKUMY DEWEHUAMU ABAAIOMCA MOALKO Aunelinbe Pynkyuu u = ax + by + c.
ABTOpaMu JOKa3aHO CJIELyIONIee YTBEPKICHHE, JAoIee OTBET Ha BOIIPOC,

[OCTABJIEHHBIH B [2].

Teopewma. J[aa a106020 namypasvrozo N = 2 cyusecmeyem yesoe peuenue

’LLN($,y), Komopoe ABAAEMCA GEULECTNEBEHHO-AHAAUTUYECKUM 60 ecell NAOCKO-
cmu u pacmém HO OECKOHEYHOCTNU KAK

lim sup un(2,y)

NI 1, ay=N?/(2N - 1).
(z,y)—oo (22 + y2)on/2 / )

IIpu amom umeem mecmo caedyrousee NAPaMemMPuUsecKoe nPedcmasieHue
x = A(p)cos(2N — 1)0 + B(p) cos b,
y = A(p)sin(2N — 1)0 — B(p) sin 6,
un = (f = pf’) cos N6,

2 2
20 Alp) = 3" = £), B(p) = (/' + ££), f(o) = @ (552,14 k-5 ),
®(a,c;t) — evposcdennasn 2unepzeomempuseckan Pynryus Kymmepa v k =
N/(N —1).

I Boarorpajackuii rocymsapcTBeHHEI yHEBepcuTeT, yi. 2-s IIpomombmasi, 30, Bosrorpasx
400062, Poccus.
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2BosrorpaAcKuit TOCYyZAPCTBEHHBIH yHEHBepcHTeT, yi. 2-sa llpomoasmas, 30, Bomrorpas
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Ormerum, yTo B HenasHeii pabore [3] Broporo aBropa GbLIO OKA3AHO, Y4TO
BCe KBasupaauasibHbie N-perieHus ypaBaenus y-Jlamiaca u ypaBaenus ApoHc-
COHA ABJSIOTCA aaredpandecKuMu PYHKIUIME, T. €. JId JTI0O0r0 HATYPATbHO-
ro N Hajfigercss MHorouwieH Py (z,y,u) Takoii, uro Py (x,y,uy) = 0. Ucnons3ys
paszesnenue nepeMeHHbIX B ypasHenun Caiimona (1), I1. Bes6oponos [1] mokazai
CYIIECTBOBAHUE 2-PEIeHNs Ug, KOTOPOE, C TOYHOCTHIO JI0 TIePErapaMeTPU3AIuN
W TOMOTETHH, MOYKeT ObITh MPEJICTABICHO CAemyionmM obpasom x = & + £3/3,
y =n+ n3/3, Ug = # + #. He scHo, ogHaxko, BBIMOIHSETCS U 3TO
CBOWMCTBO 1Tl ocTajabHbix N > 3.

Crucok aurepartypbl
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[3] Tkachev V. G. Algebraic structure of y-harmonic functions // J. Math.
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KBazukondopmuoe orobparkeHne n 60e3auCnepCuoOHHbIEe
MHTErpupyeMbie€ CUCTEMBI

K. M. Houpucos ', H. M. Kucuxosa 2, P. Mup3aaxynros >

Du3nKO-TeXHUIeCKHiT HHCTUTYT, AMarel, Kazaxcran

Orobpazkenre Ha3bIBAETCS KOH(DOPMHBIM, €CJIH OHO Mpeodpa3yer BCIKYIO
beckonedHO MaIyo cdepy cHOBa B chepy. OTobpaxkeHne KBa3UKOHGOPMHO, €C-
Jin 6eCKOHEYHO MaJjias cdepa mpeodbpasyercs UM B OECKOHEYHO MAJIBIN DJITUIICO-
UJ, Yy KOTOPOTrO OTHOIIIEHNE HAMOOJBIIEH MOJIyOCH K HAUMEHbBIIEH He MTPeBOCX0-
JIAT HEKOTOPOTO KOHEYHOrO YHCJIA, 3ABUCAIIEr0 TOJBKO OT JAHHOIO 0TOOpazKe-
aus (10 FO. T Pemernsky). Henasuo obnapyzkena riybokas CBsa3b MKy KBa-
3UKOH(MOPMHBIMEA OTOOPAXKEHUSIMU U TAK HA3BIBAEMBIMU O€3IUCIEepCUOHHBIMEI
uHTerpupyemMbivu cucremamu [1-3]. IlocienHne sBISIOTCS BasKHBIM TTOJIKJIAC-
COM MHTETrPUPYEMbIX (COJUTOHHBIX) HEJUHEHHBIX AuddepeHnnaIbHbIX ypaBHe-
HUIl B YACTHBIX MPOM3BOJHBIX. B JaHHON paboTe ¢ MOMOIIBI0 yPABHEHUS THUIIA
Besnbrpamu (3azatomee kBazukoHhOpMHOe 0TOOparKeHue) HalleHbl HEKOTOPbIE
HOBBIE TOYHBIE PEITeHusi Decaucrepcuonnoro ypasuenns Kamgommnesa — IlerBu-
AlBUJIN, U ABYMEpHOI 1ernouku Tompl.
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l'eomeTpudeckmit Kpurepuii IKCTPEMAJTIbHOCTHA
MIPOU3BOJILHOTO JEPEBA HA A-HOPMHUPOBAHHOI IJIOCKOCTH,
rae 22 =1 (mod 3) mu A > 5

. I1. Uavriomxo !

MockoBcKHii TOCY/TapCTBEHHBIN YHUBEPCUTET
um. M. B. Jlomonocosa

B nammoit pabore maercss OmMMCAHWE CTPYKTYPHI YKCTPEMAJIBHBIX CETedl Ha
A-HOPMUPOBAHHBIX IJIOCKOCTHAX, rae 2A = 1 (mod 3) u A > 5. Ormerum, uro
B ciaydae (DYHKIHOHATA PUMAHOBOW JJIMHBI KJIACCHI JOKAJIBHO MUHUMAJTBHBIX
ceTeil W HKCTPEMAJIHLHBIX CeTeil COBMAMAIOT, a B CAy9ae HOPMWUPOBAHHONW JIJTH-
HBI KJIACC JIOKAJTBHO MUHUMAJIBHBIX CETEil MOXKET OKA3aThCS CYIECTBEHHO IIU-
pe Kjacca KCTpeMajbHbIX cereil. [loHaTHEe SKCTpEMaIbHON CETH TOSBIISETCS
[PU M3y9YEeHUU CJIEIYIOMIeH mpobIeMbl, W3BECTHON B JUTEpAType KakK mpobieMa
[MIreitrepa. 3aga9a COCTOUT B CEAYIOMEM: cpedu 8cex cemetl, 3aMAUBAIOULUTL
dannoe Koneunoe muoocecmeo X mouwex naockocmu, m. e. cpedu ecex 2pados,
MHOIHCECTNBO BEPULUH, KOMOPHLL codepatcum muodcecmeo X , Halmu cemsb HaU-
menvwet daunst. [lepBbie paboThl, TOCBAIIEHHBIE H3ydeHnio mpobsembr [IITeii-
Hepa Ha HOPMUPOBAHHBIX [IJIOCKOCTHX, nosgBuimch B 60-e roapr XX Beka, cum. [1],
B CBsi3u C OYPHBIM Pa3BUTHEM 3IJIEKTPOHUKNA W pOOOTOTeXHWKU. B HUX mccie-
JIOBAJIUCH KparTdaifiiiue CeTr HA MaHXETTEeHCKOW ILIOCKOCTH, U MEPBbIE Pe3y/ib-
Tarbl ObLd HosydeHsl XananoM [3]. B wacraocru, XaHan moKa3as, 9To BCEraa
CYIIEeCTBYeT KpaTdaiiliee mpsaMOyTrOJbHOE JIEPEBO, KOTOPOE SBJISIETCS TIOIMHO-
JKeCTBOM pewemku XaHara — MHOYKECTBA BCEX BEPTHUKAILHBIX U TOPU30HTAIb-
HBIX MPSMbBIX, IPOXOAANUX Yepe3 rpanndubie Touku. B konme 70-x romax XX
Beka I'spu u JIxkoHcon [2] moka3asu, 4ro 3ajada NOMCKA Kpardaifiiero aepe-
Ba sBjsieTcs [N P-TIOJIHOM, T. €. CKOpee BCEero He CYIIECTBYET MOJTMHOMUAIBLHOTO
aJropuTMa, perenns 3roi 3amaun. OnaHa U3 BO3MOKHOCTEH MPEOIOJIeHUs ITOI
MpOOJIEMBI COCTOUT B ONMUCAHUHN M€OMETPUYECKUX CBONCTB CeTeil, T. €. B MOJIyde-
HUU OrpaHUYeHMi HA CTPYKTYpY cereil. B cBoux paborax [4,5] A. O. sanos u
A, A. TyxunmvH yka3ajiu HEPABEHCTBO, KOTOPOMY JTOJIZKHA Y/IOBJIETBOPSITH CETh
JIJIsi TOrO, 9TOOBI ABJISTHCS SKCTPEMATBHOM, HO U3 CAMOrO HEDABEHCTBA HE BUJI-
HO CTPYKTYDbI ceT (BO3MOXKHAs CTEIEHb BEPIIUHBI, YIUIbI MEYXKIY CMEKHBIMU

IMockosckuit rocymapcrsennsiii yamsepcurer um. M. B. Jlomonocosa, BopoGressr Topsr,
Mocksa 119899, Poccus.

ITpu noaroToBKe JaHHOM PAbOTHI ABTOP MOJIB30BAJICS YACTUYHON MOAAepKKOi rpanTos I1pe-
sugenta P® HIII-1988.2003.1, M/1-263.2003.01, a Takke rpanta PO®PIU 04-01-00682.
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pebpamu u T. a1.). B arux paborax GbLi1 n0JdydYeH reOMerpruYecKuii KpUuTepuii 9KC-
TPEMAaJIbHOCTU JIOKAJTHHO MUHUMAJIBHON CeTH Ha 2-HOPMHUPOBAHHOM ILJIOCKOCTH.
B macrosimeit paboTe MbI IPUBEIEM FeOMETPUICCKUN KPUTEPHUil SKCTPEMATHHO-
CTH JIOKAJILHO MUHUMAJIHLHONW CETH HA A-HOPMUPOBAHHON MJIOCKOCTH, e 2\ = 1
(mod 3) m A = 5.

Onpenenenne. Hopvuposannas miockoets (R, [|-||) nasbsaerca A\-nopmu-
PO6aNNOT NAOCKOCMYbIO, €CIIN eMHIYHAST OKPYKHOCTD X = {z € R? : ||z|| = 1}
SIBJISIETCS TIPABUJILHBIM 2\-yTOJBHUAKOM, BIUCAHHBIM B €BKJIUIOBY €JUHHTHYIO
OKPYZKHOCTb.

Iox, cembio Mbl GyZieM MOHUMATH MPOM3BOILHOE IEPEBO ' ¢ MHOMKECTBOM
sepummn V(I') u muOokecTBOM peGep E(T'). Bymem rosopurs, uro cers I' sama-
eusaem xoneunoe muoocecmso X, eciu V(I') comepxur muoxkecrso X. Bep-
NIMHBI U3 MHOXKECTBA X HA3BIBAIOTCSA 2PAHUNHbLMYU I ceTh [, a BEPIIUHBI U3
V() \ X — suympennumu qys ceru I'. Mbl Byzem paccMaTpuBarh JIUIb Ce-
TH, y KOTOPBIX BHYTPEHHWE BEPIINHBI UMEIOT CTEereHb Gombine 2. MHOKeCTBO
IPaHWYHBIX BepruH cetr ' obosHadaercs depes . Jlokaavhot cemovio Toc(2)
¢ yenmpom 6 mouke z € I' ceru I' Ha3bIBaeTCsa 3aMBIKAHUE CBA3HONH OKPECT-
HocTu U 9TOH TOYKHM, HE COAEpIKAIee BEPIIMH CETH |, OTIIMYHBIX OT 2, €CJIH
z — BepumHa. Oupenennm xanonuueckyro epanuyy Oloc(z) JoKaubHOI ceru
Toc(2), momoxkus Ol'ec(2) = (0T NU) U(I'NAU). ITockonbKy 0TPE30K IPSAMOI,
COEIMHSIONIUI JIBE TIPOU3BOJIbHBIE TOYKA HOPMUPOBAHHOM [IJIOCKOCTH, ABJISETCS
KpaTJaiiineil KpuBoil CpeIy BCeX KPUBBIX, COSTUHSIONINX IBE JAHHBIE TOYKH, TO
0e3 orpaHrYeHus OOIIHOCTH MbI OYIeM PACCMATPUBATH TOJIBKO JTHHEHAHbIE CETH,
T. €. ceru, Bce pEOpa KOTOPBIX ABJLMIOTCH orpe3kamu npsMbiX. Jaunod len(I")
cern ' mazosém cymmy len(T) = > ||z — y]|.

zycE(T)

Onpenenenne. Cerb, 3aTArMBAIONAA HEKOTOPOE MHOXKECTBO, HA3BIBACTCSH
Kpamuatiwetl, eCu e€ JJINHA He MPEeBOCXOIUT JIJINHBI JTI000H CeTH, 3aTATHBA0-
meil narroe MHOXKECTBO. CeTh HA3BIBAECTCH AOKAALHO MUHUMAALHOT, ECITA KAZK-
Jad JIOKaJbHad CeThb C HEHTPOM B HEKOTOPOU TOYKe ABJIAETCA KpaTdallnein ce-
THIO.

[Iycrs I' — mpou3BosbHAS TMHEHHAS CETh HA A-HOPMHUPOBAHHOI ILJIOCKOCTH,
U Y — HEKOTOPOE e€ pedpO, OPUEHTUPOBAHHOE OJTHUM U3 JIBYX BO3MOXKHBIX CITOCO-
6oB. Ecin HampaseHne 3Toro pebpa IpuxoaIuT BO BHY TPEHHIOIO TOYKY CTOPOHBI
2\-yronbHuKa X, TO OyIeM TOBOPHTH, 4To 3ambikanue fl(y) HanpaBaeHus peb-
pa 7y PaBHO ITOM CTOPOHE 2\-yroabHUKa Y. (B 9TOM Ciy4uae pebpo 7y Ha3bIBAETCs
Hemoyeurvim PEGPOM), a eciii HalPaBJIeHHe STOro pebpa MPUXOJUT B BEPLIMHY
2\-yrosibHuKa, TO GyJeM roBOPUTD, 4To damsvikarue fl() nanpasienus pebpa 7y
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paBHO 3701 BepiiuHe (mowewnoe pebpo). s KaxK1oro HeroueHoro pebpa y 060-
3HauuM uepes y' u 2 apa GimrKaRmmMX K HeMy TOYedHbIX pebpa. s mrobbix
noamuoxkectB A u B u3 ¥ obo3nauum depe3 «(A, B) TOYHYIO HUKHIOIO I'DaHb
YTJIOB MEXKy pajuyc-BeKTopamu Touek © € Ay € B. Ecnm v n 2 — 71Ba
CMeXKHBIX pebpa, To B Bbipaykenue o (fl(y1),fl(12)) nox sambikannsmu fl(+;) mMbr
OyaeM MOHMMATDL 3aMBIKAHUA s peédep v;, ¢ = 1,2, OpHEeHTUPOBAHHBIX OT UX
00111el BEPIITHHBI.

Teopema 1. (cu. [6,7]) Cemsv I' ¢ nexomopoti epanuyets O na \-nopmupo-
sanHol naockocmu, 2de 2\ = 1 (mod 3), Asasemcs AOKAAOHO MUHUMAALHOU,
ECAU U TNOALKO €CAU KaAHCOAA 6epuuna cmeneny 1 epanusnas u 0as s00oz 06Yx

- . . . . 2r _ w
emedtenvir pébep vy; u y; evnoanaemes nepaserncmeo a(fl(v;), fi(v;)) = =

3X°

13 Teopembr 1 BbITEKAET, YTO CTENEHD BEPIIIUHBI HE IPEBOCXOIUT 3 TIPU A = 5.

Ounpeaenenne. Cernb I Ha3bIBAETCA sKCmMpemasroti, €CIIU 715 TI000H HETo-
IBIKHON Ha rpanute nedopmarmn Iy, ¢ € [0, 1], pacimenisioleil BepIuHs, Te
I'y—o = I', BBIMOIHEHO COOTHOIIEHHE % |t:0+ len(I';) > 0.

Teopema 2. Kasicdas sxcmpemarvhas cems Ha A-HOPMUPOSAHHOT NAOCKO-
CTNU AGAACTNCA NOKAADHO MUHUMAALHOU,

3amernM, 9TO He KarKaas JIOKAJIHHO MAHUMAJILHAS CETh HA A\-HOPMHPOBAH-
HOH MJIOCKOCTH SIBJISIETCSA SKCTPEeMAIbHON. JIjIs m1060ro A JIerko MOCTPOUTH JIO0-
KaJhHO MUHUMAJIBHYIO, HO HE SKCTPEMAIBHYIO CETh.

Paccmorpum npomssosbayto mapy (7y,7’) cMekHBIX péGep, OPHEeHTUPOBAH-
HBIX OT ux o0meit Bepmmabl. OnpemenuM 3HAK 3Toi mapst €(7y,~') cremyonmm
o6pa3oM: JIJIst INHEHHO He3aBUCUMBIX pEOEp 7y u 7' momoxuM €(y,v') = 1, ecn
6asuc (vy,7') noaoxurennHo opuentuposan Ha R2 u €(y,7') = —1 B nporus-
HOM CIlyuae; JJist JWHeHHO 3aBUCHMBIX pébep vy m v mnomoxum €(v,v') = 1.
Ompenemmm ms napst (v,7') nozpewnocms fall(y, ') u opuenmuposannyro no-

epewmocma fally (v, 7'), monoxus: fall(y,v') = k, ecmm a(fl(y), i(y)) = 2= — &x

3 7 3\
u fallo(v,7') = €(v,7') fall(y, 7).

PaccMoTpuM TIPOM3BOJILHBIN OpHEeHTHPOBAHHbI TyTh P = {¥1,...,7n} B
ceru I, roe v; — mocimemoarenbabie péopa mytu P. Ipu kaxgom 1 <i<n—1
BHYTPEHHEeW BepIIuHe z; MyTu P, HHIUIEHTHOW PEOpaM y; U Yit1, IOCTABUM B
coorBercTBun 3HaK €(z;) = €(Vi, Vit1)-

Onpenenenne. Ilyrts P Ha3bIBaeTCH NPABUALHO NOBEPHYMOBLM, €CIIA BCE
BHYTPEHHWE BEPIIWHBLI MyTH P, IpaHUYHbIE B ceTH [, ecu TaKOBbIE WMEIOT-
Csl, UMEIOT OJWHAKOBBIM 3HaK. OpueHTaIns TPaBUILHO MOBEPHYTOrO mMyTH P
Ha3BIBAETCS KAHOHUNECKOTU, €CTN 3HAK KaXKIOW BHYTPEHHEH BEepIIMHBI IyTH P,
rpaHuYHOI B cetn ', MOTOKATEIEH.
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Onpesenum J1Jisi KAHOHUYIECKH OPUEHTUPOBAHHOIO IyTH P, Bce BHYTPEHHHUE
péGpa KOTOPOIO TOUEUHbI, OPUEHMUPOBaHKYI0 nozpewrocms fally(P), monoxus:

n—2
fallo(P) = H;?}X(fauo (712 72) + Z fallo (i, it1) + fallo(Ya—1,71))-
’ i=2
IIycte II — MHOXKECTBO KAHOHHMYECKH OPHEHTHPOBAHHBIX myTeii B I', Bce

BHyTpeHHUEe pé6pa Korophix Touednbl. Iomoxkum Fally(T') = maxper fallp(P).

Teopema 3. I[Tycms I' — npouseosvras A0KGADHO MUHUMAADHAL CEMD HA
A-Hopmuposarnol naockocmu, 2de 2 = 1 (mod 3) u A > 5. Cemo I' axecmpe-
MaAbHa Mo2da U moavko moeda, xozda Fally(T) < 3.

Asrop Beipaxkaer riry6okyio 6aarogapraocts npodeccopam A. O. UsanoBy u
A. A. TyxxunuHy 3a MOCTAHOBKY 3a/Ia9i U MOCTOSTHHOE BHUMAHUE K paboTe.
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[i106asbHO 1 JIOKAJIBHO BBIIIYKJIbI€ MHOI'OT'DaHHUKN
OTHOCHUTEJIBHO IIPOMU3BOJJIBHOI'O TeJIa

B. K. Honun'!

Wucturyt maremaruku uMm. C. JI. Cobosea CO PAH

[IpuBonsitcs onpenenenus ri00AJIHHO U JIOKAJIBHO BBIMYKJIBIX MHOIOTDAH-
HUKOB B €BKJIMIOBOM MPOCTPAHCTBE. JTH OMPEIE/IeHNsT COBIATAIOT C OOBITHBIM
omnpejieJieHUeM B CiIydae, KOIJa UCXOJHOE TeJIO ABJISAeTCd 3aMKHYTBIM MOJIyIPO-
crparcTBoM. QOPMYIUPYIOTCH TOCTATOYHBIE YCIOBUS, IPA KOTOPHIX MHOYKECTBO
r7100aJIbHO BBIMYKJIBIX MHOTOTDAHHUKOB COBITAIAET C MHOYKECTBOM JIOKAJIBHO BbI-
[IYKJIBIX MHOI'OIDAHHUKOB.

"Wucruryr maremaruku mm. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, Hosocu-
bupck 630090, Poccus.
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IlonnHoMHuanbHbIE NHBAPUAHTHI
PaIMOHAJIbHBIX 3allellIeHIiA

P. P. Hcaneynos !

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

B pabore, ucnonn3ysa SU(2)-upencrasienue GpyHaaMeHTaIbHBIX IPYIIIL Pa-
[MUOHAJIBHBIX 3AIEIJIEHUI, 01y YeHbl DEKYPCUBHBIE (DOPMYJIBI [ BBIYUCTIEHUS
MOJIMHOMHUAIbHBIX MHBAPWAHTOB YKA3AHHBIX 3AIEIJIEHN 1, B YACTHOCTH, TBUCT-
y3JI0B.

Hamomunm, uro payuonasvhud ysea K(p,q) nim payuonaavroe 3ayenne-
nue L(p,q) onpexpensiorcs HABOPOM LEJBIX YHUCEN [C1,Ca,...,CN|, TAe p/q =
c1+(1/ca+(1/...4+(1/cn))). Samernm, 910 napa Heabix 9ucer (p, q), Tae p u q
B3aMMHO TIPOCTHIE, p > 2, ¢ HEUETHO U |q| < p, ONpPEENsieT PAIMOHATIBHBIN y3ell,
€CqIM p HEeYETHO, W paIMOHAJIBLHOE 3aleryenue, ecnu p 4€tHo. IIpu sTom parnm-
OHAJIbHBIE 3AIEIUIEHHs] WMEIOT TOJBKO JBe KOMIOHEHTHI. Teucm-ysav T(p) —
9TO paluoHaabHble y3ibl Buaa K(—2p + 1,p).

N3BecTHO, 9TO MHOXKECTBO MPEJACTABJICHUH TPYHIbI TOJOHOMUN B IPYIIILY
SU(2) obpasyer anrebpaudeckoe muoroobpasue. Llesb paborbl onucarb MHO-
TOYJIEH, OMpEIeAIni JAHHOe MHOroOOpa3me, TaK HA3BIBAEMBIN MOJTMHOMU-
AJIHLHBIN WHBAPUAHT y3J1a WX 3AIEIICHUS .

[Tosyuers! ciaeayommue pe3yabTarhl, obobmatormmne paborsr [1, 2].

Teopema 1. Pekypcushas Gopmyss NOAUHOMUGALHIT UHEGDUGHTIOE DAY U-
onasvhbix 3auenasenud L(p, q) umeem caedyrowut 6ud:

zi(T,n,m) = (%uk(mQ -1)- 27') zg—1(T,m,n)
+ ((n2 —D(m?*+1) - ZT%uk(mQ + 1)) 2g—2(T,m, M)

n
— Eﬂk(HQ +1)(m? + 1)22k_3(7, m,n),

"Mucruryr maremaruku um. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, Hosocu-
6upck 630090, Poccusi.

E-mail: isan@math.nsc.ru

Pabora BeimosiHeHa npu buHaHCOBOM momgep:kke CoBera MO BEAYIMM HAYYHBIM IIKOJIAM
P® (HIII 311.2003.1).
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C HAYANDHBUMU YCAOBUAMU

zo(T,mym) = —€p41, z1(T,n,m) = —2nmey, + 27€k41,
_ 2 92 2 92 2 2 2
zo(T,n,m) = =2n°mep_1 — nmepr1 + 2n°ep_1 — N Ept1 + Mkt

+ Adrnmeg_1€kEk41 + ATnmeg — 47’26k+1 + Ek+1.

—2
3decv k = P57, ;= €p—it16k—it2, H1 = ExERy1 = 1.

Teopema 2. [Tosunomuasvroie unsapuanms, meucm-y3aoe T(p), ade p =
—2k, umerom euo:

(5] (4]
Zk(T, n) — Z C}zi-ll—lakf%’b%ﬂ —c Z C«]zv"—i-lakf2r71b2r7
r=0 r=0
(4] (5]
()= S O 90, S O =g
r=0 r=0

ede zo(T,n) = 1. 3decw

a=—1+2n?+n*+272% b=2y/(—1+72)(2n2 +n? + 72),
c1 = (2 +1)(=1+n%-27), co = (n?+71)(1+71).

BuaromapHocTu. ABTOp NpU3HATE/JEH HAYYHOMY PYyKOBOIUTENIO Ipodec-
copy A. JI. MemnbIx 3a MOCTAHOBKY 3a/a4M W MOCTOSTHHOE BHUMAaHUE K pabore.
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Local Stability of Quasiconformal Mappings in
the Sobolev Topology W}! on Carnot Groups

D. V. Isangulova !

Sobolev Institute of Mathematics

We consider a Carnot group G with Carnot—Caratheodory metric p and
Hausdorff dimension v. A mapping ¢: Q — G of the class W', .(Q; G) is a map-
ping with bounded distortion on a domain 2 of G, if

1) ¢ is continuous, open, and discrete;

2) the formal horizontal differential Dy satisfies condition ‘Dhgo(x)|y <
KJ(x,p) for a.e. x € Q. The smallest constant K is the coefficient of quasi-
conformality and denoted by K (). A homeomorphic mapping with bounded
distortion is called a quasiconformal mapping.

,loc

Theorem. There are a number q¢ € (0,1) and a nondecreasing function
wi: (0,00) — R such that p;(t) — 0 ast — 0, i = 1,2, and, for every quasi-
conformal mapping ¢: B(a,r) — G there exists a 1-quasiconformal mapping
such that

1) p(a:, (Y~ )(x)) rul[ (p) — 1] for all x € B(a,qr);
2) B(f : |Dp(v~" 0 p)(x) = I|" dz < 7" p2 [K (p) —1].

The first item of the statement is a local stability in the uniform topology
(see [1,2]). To prove the second item we consider a sequence of quasiconformal
mappings gr on B = B(a,qr), K(gr) — 1, g — go = id locally uniformly as
k — oo. It suffices to show that [ [Dpgi(x) — I|" dz — 0 as k — oc.

B(a,qr/2)

Take a nonnegative function o € C§°(B), o = 1 on B(a, qr/2). On the one

hand we have

/ Dhgu(a)*ae) do < K(g1) [ o gu)ata) s — /

B

as k — oo in view of weak convergence of Jacobians [2]. On the other hand the

ISobolev Institute of Mathematics, pr. Acad. Koptyug, 4, Novosibirsk 630090, Russia.

E-mail: dasha@math.nsc.ru

The research was partially supported by the Russian Foundation for Basic Research (grant
03-01-00899) and INTAS (grant 03—55-905).
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semicontinuity of the energy integral [3] implies

/oz(m) dx = /|Dhg0(m)|”a(m) dx <1ikniioréf/|Dhgk(x)|”a(x) dx.
B B B

Thus, we have || Dagr| ., (B(a,qr/2)) = 1PrgollL, (B(a,qr/2)) @ k — co. The latter
together with uniform convergence g — go implies the desired convergence.

If G is a Heisenberg group then the theorem is valid for mappings with
bounded distortion. In the case G = R™ this result is proved in [4].
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Differentiability of Mappings of Carnot—Caratheodory
Spaces in the Sobolev Topology

D. V. Isangulova' and S. K. Vodopyanov?
Sobolev Institute of Mathematics

We prove cc-differentiability of mappings on Carnot—Caratheodory spaces
of Sobolev class in Sobolev topology. As a consequence we obtain analogues
of Calderon—Zygmund theorems for mappings of Carnot—Caratheodory spaces
(cc-spaces).

We consider a cc-space M as a connected Riemannian manifold with the
specification of a sub-bundle H; C T'M. Assume that, for any point g € M,
there exists a local basis X1,...,X,, n = dim Hy, of H; in a neighborhood O,
of the point g € M. Let H;(x) be a subspace of TM(z), z € Oy, generated by
the given vector fields Xi,..., X, and all their commutators up to the order
i — 1 at the point ¢ € M, ¢ > 1. The sub-bundle H; is equiregular if there
exists a number m such that H,,(9) = TM(g) and dim H;(g) is independent
of g € M, i =1,...,m. cc-Metric d(x,y) between z,y € M is defined as
inf{length(v) | v joins z,y € M, 4(t) € Hi(y(t))}.

According to well-known Gromov constuction we can consider the set O,
both as a metric subspace of (M,d) and as a local Carnot group with group
operation defined by Campbell-Hausdorff formula with the cc-metric d¢, g is
identity of the group. B

A horizontal homomorphism L: O — O is, by definition, a homomorphism
of local Carnot groups such that L(O Nexp H;) C O Nexp H; holds for v €
O Nexp Hy such that L(v) € 0.

Definition [1]. A mapping f: F — M is said to be cc-differentiable at a
point g € F, if there exists a horizontal homomorphism

L: (Og,d8) — (Of(g),d??)  such that d(f(u), L(u)) = o(d(g,u))

as ENOy3u—g.

In the case of Euclidean spaces, cc-differentiability is equivalent to classical
differentiability. In the case of Carnot groups, cc-differentiability is equivalent

ISobolev Institute of Mathematics, pr. Acad. Koptyug, 4, Novosibirsk 630090, Russia.
E-mail: dasha@math.nsc.ru
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to P-differentiability. Moreover, A. V. Greshnov and S. K. Vodopyanov [1] have

proved Rademacher-type theorem: if f: £ — M isa Lipschitz mapping defined
on a measurable set E, then f is cc-differentiable a.e. on E.

A function f: Q — R belongs to Sobolev class qu(Q), q € [1,00], if f €
¢(92) and there exist generalized derivatives along horisontal vector fields X; f €
), i=1,...,n

Definition. A mapping f: Q — M belongs to Sobolev class W;(Q;M),
q € [1,00], if:

(A) [f].: © € Q — d(f(x), z) belongs to W, (Q) for all z € M;
(B) there is a function h € Ly(€2) independent of z, such that

IVelfle(2)] < h(z)

L
L

for almost all = € Q.

Proposition. Let f € qu(Q,]T/[/), 1 < g < co. Then for almost all x € )
there eists a linear mapping Dy f(x): Hy(z) — Hy(f(z)) which generates a
horizontal homomorphism D f(x): (O, d%) — ((’3f(x), Jf(x)).

Theorem. Let f € qu (Q,M), 1 < g < oo. Then f is cc-differentiable a.e.
in Q in the Sobolev topology qu, i.e.:

(f s, swy dy)l/q

B, (z)

1/q
+ T(j[ |Di(Df(x))(y) — th(y)lqdy> =o(r) asr—0.

B, (z)

The theorem generalizes Reshetnyak theorem [2] in Euclidean space, and
theorem by Vodop’yanov [3] in Carnot groups.

The proof is based on the scheme of Vodopyanov [3] and rely on approxima-
tion of Sobolev mappings by Lipschitz mappings, defined on measurable subsets
of 2, and Rademacher type theorem formulated above.

m
Let @ be a Hausdorff dimension of ce-space M: Q = Y i(dim H;—dim H;_1),
i=1
dim Hy = 0. Applying imbedding theorems we obtain

Corollary 1. Let f € W(}(Q,M), q > Q. Then f is cc-differentiable a. e.

in €.
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Corollary 2. Let f € qu (Q,M), 1< qg< Q. Then f is cc-differentiable in
the topology of LC;;)_q a.e. in ), i.e.:

(7[ J((Df(m))(y%f(y)ﬁ”«dy)%=o<r> w 0.

B, (x)

In Euclidean spaces these corollaries are due to Calderon-Zygmund [4].
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The Generating Function of the Bivariate
Zernike Polynomials

S. G. Kazantsev!

Sobolev Institute of Mathematics

Let D = {z : |2| < 1} be the open unit disc in C. It is well-known [1] that
the bivariate Zernike polynomials

k
> (=1)FC; L O ZiF ke fork=0,1,.., [ﬁ] :
Zn’k(Z,E) _ s=0

(—1)"7”’”71@(2,2) for k = [g} +1,...,n,
form a complete orthogonal system (basis) for the Hilbert space L2(ID), com-
prising square integrable (complex-valued) functions on D). Zernike polynomials
have useful applications, for example, in optics [1], image processing and tensor
tomography [2].

In this paper the generating function G for Zernike polynomials Z™* are
constructed and some new properties of this polynomials are obtained.

Theorem. The function

1

o0 n
p— _k n _
T+2h—zA— A2 DD NNTTZE), el < LN < 1

n=0 k=0

G\ i 2,z) =

is the generating function for Zernike polynomials, so we have
1 O"G(\ N 2,%)
kl(n— k) gakgn™ "

Z™*(2,%) =

A=0
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Completeness of the NCS Symmetries
V. S. Kalnitsky '
Saint-Petersburg State University

The set of vector fields {Y,} is called Nonlinear Control System (NCS) in
view of differential equation & = u®Y, (x) which they define on manifold. Here
{u®} is the set of piece-wise constant function of time. The trajectory of this
equation is piece-wise arcs of the some linear combination of fields NCS trajecto-
ries. We will denote two point z ~ 2z’ if there is the set of control functions {u®}
such that the trajectory with initial z reach z’. Let now M" be C°°-manifold;
L ={Y,} be NCS.

Definition. The NCS L is weak controllable (WC) on the set A € M if
Jxg € M :Vz € AVU,, 32 € Uy, : z ~ 2', where Uy, is a neighborhood.

To describe the geometrical sense of the above notion, let us introduce the

omega-limits of flow Q% (4) = () Cly™(z), Qx = QF UQy, where (2) is the
z€A
trajectory of field X pathing through point z. If the NCS consists of one field X

then it is WC on A iff Qx (A) # @. The next statement demonstrates the connec-
tion of above notions and completeness. Let US® denote the set of points belong-
ing to Nul X or closed trajectories. If QF (M\UY) # @ and Q, (M\UY) # @
then X is complete.

Applying the idea used in the Kobayashi theorem [1] on the affine symmetries
completeness we can formulate the main result.

Theorem. Let field Y be a symmetry of the NCS consisting of complete
fields. If NCS is WC' on manifold then Y is complete.

This theorem can regarded as prolongation of the Palais Theorem [2]. Name-
ly, if the set of complete fields generate an finite dimensional Lie algebra, the
latter consists of complete fields but does not include their symmetries. If how-
ever the set of fields is weak-controllable one we can extend the Lie algebra with
finite set of symmetries if there are.
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Some Problems for Sobolev Spaces on the Halfline
Gennady A. Kalyabin '

Image Processing Systems Institute of RAS,
Samara Academy of Humanities

We review recent results [1-3] yielding the solution for several problems
related to the spaces W3'(R%):

— problem posed by V. I. Burenkov [4] on asymptotic behaviour for the least
norms of extension operators W3 (R ) — W' (R') as n — oo;

— Tikhomirov question on explicit formulae for the sharp constants in Kol-
mogorov type inequalities [5,§2.4], 0 < k < n:

2k+1
o= ;

)

sup [f®) ()] < Kol £ La(RL) ||| F1 Lo (RL) |7, 5
x>0 n

— problem to establish the minimal W3'(R} )-norms of extrapolations under
various boundary conditions:

n—1
) fP0) =1, fPO)=0, k#s; () Y o™|fPO)P =1, 0>0,
k=0

— Stechkin—Gabushin problem [6] on constructive calculation of the best
approximations (in uniform, i.e. C-norm) of differentiation operators D* :=
d*/dz*, by means of linear operators V: Ly(RL) — C(RY) whose norms do
not exceed N, on the class of functions with Lo(R%)-norm of (™ not greater
than 1:

E(N) :=

= inf sup & —VfICRY).
IVIL2(RE)—=CRL)IKN ||f<n>|L2(R1+)|\<1| ORI

The author is grateful to S. M. Nikol’skiy, V. M. Tikhomirov, V. I. Burenkov,
and G. G. Magaril-Ilyaev for valuable discussions.
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Metric Differentiability of Mappings and its Applications
M. B. Karmanova !

Novosibirsk State University

We study differential properties of mappings f: F — X defined on measur-
able subsets F C R™ with values in a complete metric space (X, dx).
1. For a Lipschitz mapping f: F — X, we prove the existence a.e. of the

limit
U 00 St 0w) aety g
la—g1=0 la — |
a<0<

z+au,z+LuEE

where v € S"!. We show the homogeneity and measurability of the function
MD(f.2)(u).

2. For a bounded subset £/ C E and a Lipschitz mapping f: E — X, given
e > 0 we prove the existence of the compact set K C E’ such that |[E'\ K| < ¢
and on which the following estimate holds:

dx(f(2), f(y)) = MD(f,z)(z —y) =o(|lz —yl), xyeK,z€E,

while z,y — 2z where o(|z — y|) is uniform on K.

3. We prove that a Lipschitz mapping f: F — X is metrically differentiable
a.e. and MD(f,z)(u) is its metric differential, i.e., MD(f,z): R* — R is a
seminorm and the following estimate holds:

dx(f(2), f(y)) = MD(f,2)(z —y) = o(|z — z[ + [y — z|)

for a.e. x € FE while z,y — = (Rademacher-type theorem).

The statements 1 and 3 have been obtained in [2] in the case of an open
set E.

4. We prove that a mapping f: F — X such that

< oo forae zek, (1)
y—z,yel |J) — y|

is metrically differentiable a.e. (a Stepanov-type theorem).

INovosibirsk State University, Pirogova str., 2, Novosibirsk 630090, Russia.
E-mail: maryka@online.nsk.su
Supported by scientific program «Universities of Russia»: YP 04.01.030.
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5. For a Lipschitz mapping f: F — (X

,dx) with continuous and non-dege-
nerate on E the metric differential M D(f, z)(

-), we have

ldx(f(y), f(2)) = MD(f,z)(y — 2)| = o(MD(f,z)(y — z))

while y,z — x, where x, z are density points of the set E. Moreover, the n-
dimensional Hausdorff measure of the image of the set Z = {& € E : Jug €
S*=t: MD(f,)(uo) = 0} equals 0.

6. We define the approximate metric differential and prove the approximate
metric differentiability a.e. of a mapping f such that

ap m dX(f(x)v f(y)) < 00 (2)
vor |z -y

for a.e. x € E. We obtain that

a) mappings of a Sobolev class W;(Q;X), q > 1 [3], are approximately
metrically differentiable a.e. in the case of the separable complete metric space X,

b) continuous mappings of a Sobolev class V[/ql?loc(Q7 X), ¢ > n, and contin-
uous quasimonotone mappings of a Sobolev class Wi
differentiable a.e.

7. For

a) Lipschitz mappings f: F — (X, dx);

b) mappings f: E — (X, dx) fulfilling the condition (1) or (2);

c) mappings of the Sobolev class qu (;X), ¢ > 1, where X is the separable
complete metric space;

d) continuous quasimonotone mappings of the Sobolev class WT},IOC

(©,X) are metrically

,loc

(€, X)
and continuous mappings of the Sobolev class W(}JOC(Q, X), ¢ > n,

we give the definition of a metric coarea factor J,(M D(f,x)) and obtain the
area formula

[a0iD(sa)de = [ Ny A\ E) ),
A X
the change-of-variable formula in the Lebesgue integral

/ u(f ()T (. f) dz = / w(g)N(f,y, A\ S) dH (y),
A X

and the coarea formula

[swaangaare = [ate [ gwarrw
X

12 F NS
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(where £y C E, || =0, A C E (A C Q) are measurable sets; in the coarea
formula X is a H™-rectifiable metric space).

8. For Lipschitz mappings f: Y — X of metric spaces, we define the metric
Jacobian J(f,x) and obtain the area formula

/Jf, ) dH /Nf,y, ) dH" (y)

in the case of a H™-rectifiable metric space Y.

The property 8 has been proved in [1] in the case of separable metric spaces Y
and X.

9. For the Lipschitz mappings f: Y — X of a H"-rectifiable metric space Y
into a H*-rectifiable metric space X, k < n, we give the definition of the metric
coarea factor Ji(f, x) and obtain the coarea formula

[ 1@ 40 ) = /dH’“ /f )
Y

The property 9 has been proved in [1] in the case of separable metric space Y
and a Lipschitz mapping f: Y — R*. We use methods of [4-6] in the proofs of
2,4,5-9.
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Pacinupennsi ToO4e9YHO-UHBAPUAHTHOTO
kJjgacca OZlY Tperbero mopsiaka

B. B. Kapmax!

bamkupckwmit rocyiapcTBeHHBIE YHUBEPCUTET

Knace auddepennpanbabix ypaBHEHUH HA30BEM 1MO4EYHO- UHBAPUGHINHLM
WIA 3GMKHYMbLM KIACCOM, €CIIA BCE YPABHEHUS ITOTO KJIACCA OCTAIOTCA B HEM
[oC/Ie TPUMEHEHNs K HUM TOYEYHBIX MPeodpa30BaHuUil.

B pabore [1] HaiiieH MUHUMAALHLE 3AMKHY I KJIACC YPABHEHHH TPETHErO
MTOPSATKA

y"={=3X (2,y)y"*+[P(z,y)y*+Q(z,y)y' +R(z, y)ly"+S(z,y)y" +L(z,y)y"*

+K (2, )y +M (2, y)y*+N (z,y)y' +T(x, )}/ (Y (z,9) =X (z,9)y'). (1)

Paccmorpum ypaBuenue Buga:

S = Y Qu(z, y3y") + " Reva(z,43y') + Peas(z, y39)

K1 (2, y;9') ' @)

DyuKIMU U3 IpaBoii yacTu ypasHeHus (2) cyTh MOJUHOMBI 110 ' ¢ KO3 buy-
eHTaMU, 3aBUCALIUME TOJILKO OT (z,y), t € No:

Qi(z,y;y) = ay + ...+ qo, Rito(z,y3y) = repoy/ 2 + .+ 1o,
Piis(@,y; ) = peosy’ ) + o 4 po, Kepa (2, 459) = ke + 0+ ko

Teopema. /s mozo, wmobu kaacc ypasrerud (2) 6via 3amMKHYM 0MHOCU-
MEALHO MOYEUHBT NPeoOPa3osanul, HeobTo0uUMO U 00CMAMOYHO, 4MOGBL 6bi-
NOAHANOCH YCA08UE Gt = SKiy1.

Hazosewm kiacc ypasrenuii (2), 4188 KOTOPOTO BBIIOJIHEHO yCIOBHE TEOPEMBI,
t-vum pacwuperuem xaacca (1).

Crucok aurepartypbl
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Kaaccudukanua h-npocrpaucrs Tuna {5} mo rpynnam u
anrebpaMm JIlu MpOEKTHUBHBIX JABUXKEHUI

A. H. Kapysun!

Kazamnckwmit rocyapcTBeHHBIH YHUBEPCUTET

Ucnonb3ysa meron Amunosoit (cm., manpumep, [1]), HeobxonumMbie u mocra-
TOUHBIE YCJOBHS CYNIECTBOBAHIA B 5-MEPHOM IpOCTpaHcTBe R® GECKOHETHO Ma-
JIBIX TIPE0OPA30BAHM, TEPEBOIAIIMX Ie0e3MIECKUe CHOBA B TE€OIE3UIECKUE, —
IPOEKTHBHBIX [BUKCHUI, MOKHO 3aIlIUCATh B BUIE

(hAB),C = QGABQQC + GAc<p7B + GBch,A (ypaBHeHI/ISI 91'/’I3eHX84pTa,)7 (1)
LeGap = hap (0bobmiennsie ypasuenus: Kumninara),

rae Gap — MeTpHYeCKHii TeH30p mpocTpamcTsa R, hop — HEKOTOpEIH TeH-
30p, ¢ — HEKOTOpasa 1-popma, 3amsaTas 03HAYAECT KOBAPUAHTHY IO IPOU3BOIHYTO,
a L¢Gap — upoussoanuyio Jlu, A, B,C = 1,...,5, a 33Ja4a UHTEIrPUPOBAHHA
ypasuenuii (1) u (2) pazbuBaercsa Ha Pl CIy9aeB, B 3aBUCUMOCTH OT TOTO, Ka-
Koii Tun (xapakrepuctuky Cerpe) umeer TeH30p hap. MeTpuku, JOMyCKaIOnme
HeTpuBHAJIbHBbIE DerieHus ypasHenuii (1), Ha3biBaloTCd h-MeTpUKaMu, a Olpe-
JIEIIEMBIE MU POCTPAHCTBA — A-MIPOCTPAHCTBAME COOTBETCTBYOMIErO THIIA.

B mannoit pabore paccmorpen ciaydaii h-upocrpancrs Tuna {5}. Beous ko-
COHOPMAJIbHBIH pernep, ObLIN IPOUHTErPUPOBAHBI ypaBHeHus Jifzenxapra (1)
W HaiiIeHBI TPOEKTUBHBIN perep, h-MeTpUKW W COOTBETCTBYIOIINE UM I-TTpOCT-
PaHCTBA. BBUIM paccMOTPEHBI MPOEKTUBHO-TPYTIIOBLIE CBOMCTBA, h-TTPOCTPAHCTB
yKa3anHoro tuna. C moMomipio MOJy9eHHBIX Pe3y/IbTaTOB MPOUHTErPUPOBAHBI
ypaBhenus (2) u noaydena kiaccudbukanus h-upocrpancts tuna {5} no rpyi-
nam u anarebpam JIn TpOeKTUBHBIX JBUKEHWI.

PesynbraThl paboThl TUIAHUPYETCS WCTOIB30BATH TIPH TIOCTPOCHUH TEOPETH-
KO-TIOJIeBBIX Mozeseit Teopun Kamynsr — Kieiina.

Crucok aureparypsbl
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OneHKN WHTErpaJbHBIX CPEAHUX ruiepboImdecKn
BBIMTYKJIBbIX (DYyHKIHH

U. P. Karomos ', FO. B. Obnocos ?

Kazancknii rocy1apcTBeHHBIN YHUBEPCUTET U
Hayuno-uccienoBaTeIbCKuit THCTUTYT MeXaHUKW W MaTeMATUKN
uMm. H. I'. Heborapesa

ITycrs Q@ — omHocBs3HAS 0bsacTh, nexamas B kpyre D = {|z| < 1}. O6-
JlacTh ) HA3BIBAETCS 2unepbosutecky 8unyKkAol, eCiu JTIo0bie 1Be TOYKH u3 )
MOXKHO COEIMHUTD yTOi OKPY>KHOCTH, JIesKaIei B {) 1 OPTOrOHAIBLHON K OKPY K-
Hocru |z| = 1. Tonomopduas u ognosucrHas B D dbyukuus [ Ha3blBaeTcd 2u-
nepboauvecky 6unykaol, eciu obnacrs f(D) nexur B D u asisiercsa runepbo-
JINYECKH BBINYKJION.

B pabore mokaswiBaercs rumore3a Mexun — [lommepeHnke 0 TOM, 9TO TeiI0-
poBCcKHUe KOIDDUIMEHTHI TUITEPOOTNIECKN BBIMYKJIBIX (DYHKIUA B KPyTe BEIyT
cebs kak O(log™?n/n) mpu n — 00, B IPEIIOTOKEHIH, YTO 00PA3 eIHHIIHO-
ro Kpyra mpu OTOOpPaKEHUN TAKUMU (PYHKIUIMU SIBISETCS 00JAaCTHIO C Orpa-
HUYEHHBIM TPAHUYHBIM BparieHueMm. Kpome Toro, mosydeHbl aCUMITOTHIECKA
TOYHBIE OIEHKYW WHTErPaJIbHBIX CPEIHUX MPOU3BOIHBIX TAKUX (DyHKIHIA, a Tak-
K€ PACCMOTPEH MPUMEp TUIepOOJMIeCKU BBIMYKJION (DyHKINN, 0TOOpaKAIOIIei
IUHUYIHBIN KPYT HA 00JACTb ¢ OECKOHEYHBIM IPDAHUYHBIM BPAIIEHUEM.

'Hayuno-uccreqoBarensckuit mHCTHTYT Mexanukn 1 maremaruku um. H. T. YeGorapesa,
Vuusepcurerckas, 17, Kazanp 420028, Poccus.

E-mail: ikayumov@ksu.ru

2Hay4Ho-HCCIe[0BATEIBCKIH HHCTHTYT Mexanuku i maremarukn um. H. T. YeGorapesa,
Vuusepcurerckas, 17, Kazans 420028, Poccus.

Pabora BbINIOIHEHA IpK 9ACTUYHOM nogaepkKke rpanTos PODU 02-01-00168, 03-01-00015,
03-01-96193.
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Peanmunzanusa npoekra CO PAH mo co3ganuio
9JIEKTPOHHOT'0 KATaJiora MaTeMaTU4eCKUX
NuaTepHET-pECypCcoB

0. A. Kaumenxo ', B. A. Aarexcandpos ?

Nucturyr maremaruku um. C. JI. Cobosea CO PAH

Bo3HuKHOBEHUE W BHEIPEHWE HOBBIX MH(MOPMAIMOHHBIX TEXHOJOTHHA, B TOM
gucyie VIHTepHeTa, OTKPBIBAET JOCTYIT K UCIIOIH30BAHIIO OTPOMHOTO 00bEMa, MH-
dopmanun, B 9aCTHOCTH, MaTeMaTHIecKoil. Bo3Hnkaer HacTosTeIbHAST HEOOXO-
JIUMOCTh B CHCTEMATU3AIUN 3HAHUIA.

B xo/1e BbINIO/THEHMST TPOEKTA MIPEIOIATAETCSA MPEACTABUTL WH(OPMAIIUIO B
BUJIE JPEBOBUIHOTO 3JIEKTPOHHOIO KATAJIOTa, B KOTOPOM PA3JIUYHBIE BETBU CO-
OTBETCTBYIOT PA3JIMYHBIM Da3/ejJaM MaTeMaTHKu. BeTBU MOTYT mepernjerarhb-
cs1, 0Opa3yst HOBbIE HAIpaBJeHWs. /[BUTrasch MO BETBSAM, MOYKHO OYIeT TOJy-
4aTh CIAEAYIONYI0 HHGOPMAIUIO, CBI3aHHYI0 ¢ KOHKPETHBIM MATEMATHIECKIM
HAIpaBJeHueM: TabopaTopuu, KadeIpbl, HAYIHbIE [ITIKOJIbl i KOHKPETHBIE CIIeTH-
AJIMCTHI, 3aHUMAIOIIMECS JAHHON MpOOIeMaTHKON, JUCCEPTAIIUN U IPYTHE DJIEK-
TPOHHBIE PECYPCHI, CCHIJIKU HA JKYPHAJBI, B KOTOPHIX MyOIUKYIOTCS CTAThU IO
9TOMY HAIPaBJIEHWIO U KOH(MEPEHIINN C OJIM3KOM TeMATUKOM.

Nudopmannonnasa cucrema OyaeT CHOCOOCTBOBATH CO3MAHHUIO €IUHOTO 00-
pazoBarenbHOro npocrpancrBa. C €8 mOMOIIBI0 MOXKHO OyJIeT OCYIIECTBIATH
no00p KBAJUQPUIUPOBAHHBIX KAJAPOB [0 MATEMATHIECKUM JUCIUILTHHAM, 0=
UCK METOJUYECKUX MATEPHUAJIOB, YUeOHBIX MPOrpaMMHBLIX cpeacTs u ap. Ceituac
yIKe CO3JaH MPOTOTUIT HJIEKTPOHHOTO KaTajora. B pabore HaI IIPOEKTOM TTPUHHU-
mator yuacrue Uncruryr maremaruku um. C. JI. Cobonesa CO PAH, UucruryT
BBIYUC/IMTEbHON MaTeMaTuku u Maremarudeckoii reodusuku CO PAH, Nucru-
ryT cucrem uadopmaruku uMm. A. I1. Epmosa CO PAH.

'Yucruryr maremarukn um. C. JI. Co6oresa CO PAH, np. Axax. Kontora, 4, Hosocu-
6upck 630090, Poccusi.

E-mail: klimenko@math.nsc.ru

2Uncruryr maremarukn um. C. JI. Cobonesa CO PAH, np. Axax. Komrrora, 4, Hosocu-
6upck 630090, Poccusi.

E-mail: alex@math.nsc.ru

Pabora Beinosinena npu noggepxkke CO PAH, koMmiekCHBIM HHTErPaIHOHHBIR mpOoeKT Ne 1—
2003.
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O6 oToOparkeHnsax ¢ KOHEYHBIM MCKA>KEHNEM ILJIOMIA I
. Kosmowntox ', B. Pazanos?

I/IHCTI/ITyT HpHKﬂaﬂHOI'/JI MaTeMaTUKN U MEeXaHHUKN

Bsoaurcs HOBBIM ecrecrBeHHbIil Kiace F'ADy orobparkeHnii KOHEYHOIO UC-
KayKeHwusl IO B pa3mepruoct k = 1,...,n — 1, koTopsiit mpu k = 1 cosma-
naer ¢ kiaaccom F LD orobparkeHuit ¢ KOHEYHBIM MCKAYKEHUEM JIJINHBI, BBEIEH-
aeiM Mapruo, Cpebpo, Pasanossim, Akybosbim (2001). Bo Bcex pazmepHOCTIX
k =1,...,n — 1 Mbl noka3biBaeM, 4ro orobpaxkenne f B R" ¢ KOHEYHBIM HC-
KayKeHue TIOMAIH YIOBIETBOPSIET OMPEIETeHHBIM MOILY/IbHBIM HEPABEHCTBAM B
TepMUHAX BHYTPEHHeH W BHEIIHeH auTaTamuii 0ToOparKeHuit.

Jasee MbI mpeamosiaraeM, 9To {1 — OTKPBITOE MHOXKECTBO R™, n > 2, u 9T0
orobpaxkenue f: ) — R" mempepbisao. Anasorununo pabore Mapruo — Cpeb-
po — Pasanosa — dky6osa, g napel Q(z,y) = (Q1(x), Q2(y)) usmepumbix
dynkumit Q1: Q — [1,00] u Q2: Q. — [1, 00|, MbI rOBOPUM, 4TO OTODpPAKEHUE
f:Q —= R f(Q) = Q., asagerca 2unep-Q-omobpadiceruem 6 PazmMepHocmu
k=1,...,n—1, ecn

M(T) < / Qi (2)p" (z) dm(z)
Q

M(T) < / Qa(y)p" (y) dm(y)
Q.

i Kaxkaoro cemeiictBa I'  k-mepHbix moepxuocteit S B ) u Bcex p € adm I’
u p, € adm fT'. MbI Tak:ke roBopuM, 9r0 oroOpazkenue f: ) — R" gsiser-
csa eunep-Q-omobpasiceruem, ecu [ aBisiercd runep-Q-oTodparkeHneM BO BCEX
pasmeproctax k= 1,...,n— 1. 3nece M (I") obo3HauaeT KOHMDOPMHBIA MOIYIIH
cemeiictBa I'.

Teopema. [Tycmv omobpasicenue f: Q — R™ us kaacca FADy 0as nexo-
mopozo k = 1,...,n — 1. Toeda f aearaemcsa zunep-Q-omobpasicenuem 6 pas-
meprocmu k ¢

Q(xay): (K](iC,f),K](y,fil)) (1)

' YucTuTyT npuKIagHON MATEMATHKE I MeXaHHKH, Po3er Jlokcembypr, 74, Tomenx 83114,
VYkpauna.

E-mail: denis_kovtonyuk@bk.ru

2MHCTHTYT IPHKIAIHOR MaTeMATHKH U MeXaHuKM, Possl JltokceMbypr, 74, Jomenk 83114,
YkpanHa.

E-mail: ryaz@iamm.ac.donetsk.ua
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Baecy Kj(x, f) — BHyTpeHHsis nuiaranus orobpazkeHusi f B TOYKE T, a
Ki(y,f~Y:= > Kolx, f), rae Ko(z, f) — Bremnsas aumaramas otobpa-
z€f~1(y)
xkeHus [ B TOYKE I.

s 3agannoro orobpaxkenus p: E — R"™ u toukn ¢z € E C R" mno-

aoxum L(z,p) = limsup lelw) = p@)| u l(z,p) = liminf M
y—x yeE |y—$| y—r yel |y—l‘|

Orobpazkernmne f: ) — R"™ Ha3bIBAETCS OTOOPAKEHUEM KOHEUHO20 MEMPUNE-
cK020 uckaoicenus, mumeMm f € FMD, eciu [ obnamaer (IN)-cBoiicTBoM u
0 < Uz, f) < L(z, f) < oo nst mourn Beex x € . Ormernm, 9to oroGpa-
xenue [: ) — R™ uz knacca FMD, ecnu u Tonbko eciin f auddepennupyemo
1. B. u obmamaer (N)- u (N ~1)-cpoitcTBamu.

Byzaem rosopurs, uro orobpazxkenue f: ) — R™ obmanaer (Ag)-ceoticmeom,
€CJIV BBITIOJIHEHBI JIBA YCJIOBUSI:

(Afgl)): JUid 1. B. k-MepHbIX nosepxHocreit S B ) cyxenue f|g obianaer
(N)-cBoiicTBowm;

(Aff)): Juid 1. B. k-MepHbIx mosepxHocredn S, B Q. = f(Q) cyxenwme f|g
obmamaer (N ~!)-cBoiicTBOM A1 KaxKa0ro MOAHATHS S TOBEpXHOCTH S,

31ech moBepXHOCTH S B ) HA3BIBAETCS noduamuem MOBEPXHOCTH S, B R”
npu orobpaxenuu f: Q) — R" ecoum S, = f o.S. Mbr Takke TOBOPUM, UTO
orobpazxenue f: ) — R™ xoneunoz0 uckaxicenus niousadu 6 pazmeprocmu k =
1,...,n— 1, numem f € FADy, ecnu f € FMD u obananaer (Ag)-cBoiicTBoM.
Hakownerr, Mmbr roBopuM, ato oTobpaxkenue f: ) — R™ — xoneunozo uckasrcenus
naowadu, imem f € FAD, eciu f € FADy, nnsa kaxkmgoro k= 1,...,n— 1.

CiaencrBue. Kaswcdoe omobpasicenue f us waacca FAD seasemcs 2unep-
Q-omobpasicenuem ¢ Q, sadarnvim 6 (1).
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HNccnaenoBanue mMenaeHHBIX HHTETPAIbHBIX MHOTOOOpa3uii
C IpUMEeHeHneM MHAUHUTE3NMATbHOTO aHAIN3a

JI. U. Kononenxo*

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

PaccmarpuBaercs cHHTYISpPHO BO3MYINEHHAS CHCTEMA OOBIKHOBEHHBIX Iu(-
depeHnraIbHbIX yPABHEHUH

j’. - f(xﬂy7t)5)ﬂ
ey = g(z,y,t,¢),

roe x € R™ y € R™", t € R, ¢ — massiit napamerp, f, g — IOCTATOYHO TJIAIKUE
dbyHRIMY, T, Yy — TPOU3BOIHBIE MO BPEMEHW; T — MeJJIeHHas, y — ObICTpas
IiepeMeHHbIE.

I/ICCHe,I[OBaHI/Ie OCHOBAHO Ha IIPUMEHEHUNN METO/1a HHTErpaJIbHbIX MHOFOO6pa-
3uif ¢ HCIOJBb30BAHUEM JEMEHTOB HeCTAHAAPTHOro anaiusa [1-3]. Ilpusenena
TEOpeMa O CyIeCTBOBAHIN MEJICHHOIO HHTErPAIHHOIO MHOTOOOPA3US PacCMaT-
pUBaEMOIit CHCTEMBI B CIIydae m = n = 2 Ha sI3bIKe HeCTAHJAPTHOrO aHaIn3a [4].

Crucok aureparypsbl
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[3] Kycpaes A. I., Kyrareraznse C. C. HecranmaprHbie MeTopl ananan3a. Ho-
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Stability and Regularity of Solutions to Elliptic Systems
of Partial Differential Equations

A. P. Kopylov!

Sobolev Institute of Mathematics

§ 1. Stability of Classes of Solutions to Systems of Linear Partial
Differential Equations.

One of the most important problems in modern analysis is that of investi-
gating stability of classes of mappings. Unfortunately, the limits of this lecture
do not allow us to discuss the problem fully. Therefore, we focus on its spe-
cial (and very significant) case of stability of classes of solutions to systems of
linear partial differential equations (this case is also important in solving the
problems of the Wé—regularity of solutions to uniformly elliptic systems of lin-
ear partial differential equations with discontinuous coefficients and right-hand
sides (see § 2)).

Let n, m, k, and [ be naturals such that n > 2, m > 1, k> 1,1 > 1, and

D= (Dy,Dy,...,Dp) = > a,d”, (1.1)
Ip|=t
where a, = (al*);_12, . is a real (complex) (k x m)-matrix, p is a
x=1,2,...,m

multi-index of order [p| = [, and O = (91)P* o (02)P* o ... 0 (9p)P" is the
symbol of the partial derivative corresponding to p (05 = 9/0xs), be an lth-
order linear differential operator with constant coefficients. Assume that a map-
ping f: U — R™ (U is an open set in the n-dimensional real arithmetic Eu-
clidean space R™ (U @ R™)) is locally close (in whatever sense) to the solutions
9= (91,92, ---,9m) to the system Dg = 0. Is it to be expected that f would be
globally close to them?

Positive answers to this question were given in [1,2]. There we understood
proximity of f to the solutions to system Dg = 0 in the spirit of the concept of
&=l stability in the C'~!-norm of classes of mappings. By the results of [1,2],
in the asymptotical sense, such (local) proximity is equivalent to the fulfillment

of the following condition: f is a WAIOC(U7 R™)-solution, where p = p(f) > n,
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to the differential inequality

n 1/2

IDf(x)] < e{ > |a,“..mf<x)\2} (1.2)

M1y =1

(Ouipa...y = Opy ©0p, 0 ... 00,,) with a small value of the parameter e.

Remark 1.1. In [1, 2], the operators D of the form of (1.1) with real coef-
ficients are considered. In the lecture, we also consider the operators (1.1) with
complex coefficients. Moreover, we make use of the following notions.

Definition 1.1. A solution of class Wé (U,R™) (W;lOC(U, C™)) or a
W;loc—solution, g > 1, to inequality (1.2) and all other inequalities and sys-
tems of partial differential equations considered in the lecture is a mapping
f € Wliee(U,R™) (€ W[ ,.(U,C™)) meeting the inequality (system) under con-
sideration almost everywhere in U (C™ = C x C x ... x C is the m-dimensional
complex Euclidean space).

Definition 1.2 (see [3]). An operator (1.1) is called elliptic if its symbol

op(Q) = > (Pap= > ((1)" ... ((n)Pap meets the condition rankop(¢) = m
Ip|=1 pl=!

for all { = (¢1,(2,...,¢n) € R™\ {0}. A system

,JJoc

Dg =0, (1.3)

with D an operator of the form of (1.1), is called elliptic if D is elliptic.

Remark 1.2. The symbol W}(U,R™) (W}(U,C™)) stands for the Sobolev
space of all mappings ¢ = (91,92,---,9m): U — R™ (— C™) whose every
component function g,., » = 1,2, ..., m, belongs to the Lebesgue space L, (U, R)
(Lq(U, C)) of measurable real-valued (complex-valued) functions ¢: U — R (—
C) with [ |¢(z)|?dx < oo (here and below, co = +00) and has all weak partial

U

derivatives 9%g,., |p| < [, in the sense of Sobolev [4] up to Ith order integrable
to the power ¢; and by W/, (U, R™) (W}, .(U,C™)) we denote the space of all
mappings ¢g: U — R™ (— C™) with the following property: every point x € U
has a neighborhood U, C U such that gy, € Wi(U,,R™) (€ WL(U,,C™)).
Note also that here (as it is usual in the theory of integral), two measurable
functions on U are regarded as equivalent if they coincide almost everywhere

(on U).

Theorem 1.1 (on stability in the C'~!-norm of classes of solutions to sys-
tems Dg = 0 [1,2]). The class & = Bp of solutions to the elliptic system (1.3),
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i.e., the class |J ®yv, where Gy is the set of (all) solutions g: V' — R™ to this
VCRH

system in a domain (open connected set) V. C R™ and the union is taken over all
domains of R", is stable in the C'~'-norm in the following sense. Let U be a do-
main in R™ and let V be a bounded subdomain of U whose closure clV is included
in U. Then there exists a nonnegative real function o = ayv,s: [0, 00[— [0, c0[
such that

1) li =a(0) =0;

(1) lim a(e) = a(0) = 0;

(2) if a continuous mapping f: U — R™ is a Wé’loc—solution, q > n, to the
differential inequality (1.2), where 0 < € < 0o, and satisfies the condition

diam f~(U) = sup_ 1F97D (@) = FID ()] < oo,
z,y

then there exists a mapping g = gu,v: U — R™ in the class & which meets the
inequality

-1

> (diam V)~ (f = 9) ()] < ale) diam £ (U)

u=0

for x € V. Here h\¥)(x) is the vth-order derivative (differential) of a mapping h

at a point x, |h™)(x)|| is its operator norm, and diamV = sup |z — y|.
z,yeVv

Remark 1.3. If D in (1.2) has complex coefficients then Theorem 1.1 is eas-
ily reduced to its special case when the coefficients of D are real (note that if D
has complex coefficients then g and f are C"-valued mappings in Theorem 1.1).

Remark 1.4. It was also established in [2] that the condition of ellipticity
of D is necessary for stability in the C'~'-norm of classes & = &p of solutions
to systems (1.3).

Remark 1.5. One of the most important cases of Theorem 1.1 is the theorem
on stability of the class of holomorphic functions g: U — C, U @ C, of a single
complex variable. We first mention the following assertion.

Lemma 1.1. If f: U — C, U © C, is a continuous VVQ{IOC(U7 C)-solution
to the differential inequality

0:£(2)] < {10- () +10:£ ()2} ? (1.4)

(0. = $(0, —i0,), Oz = +(0, +1i0,), x = Rez, y = Imz, i stands for the
1

2 2
imaginary unit, inequality (1.4) is inequality (1.2) in complex notations in the
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case when, in (1.2), n =m =k =2,1=1, and D = Dc_p is the Cauchy—
Riemann operator) with 0 < & < 1/v/2, then f is a solution to the Beltrami
system

Ozf(z) = u(2)0.f(z), M =ess s[1]1p|u(z)| <1, (1.5)

z€
with M < ¢/v/1—¢2. On the other hand, if f is a continuous W21,100(U7 C)-
solution to (1.5) with M < 1 then it is also a solution to (1.4) with ¢ = M.

Next, let &° be the class of (all) orientation-preserving planar conformal
mappings. The theory of stability in the C-norm of this class is based on the
following theorem due to M. A. Lavrentiev and P. P. Belinskii (see, for exam-
ple, [5,6]).

Theorem 1.2. If f: cIB — clB, B is the unit disk in C, is a homeo-
morphism such that f(0) =0, f(1) = 1, and f|p is an orientation-preserving
(1 + &)-quasiconformal mapping (i.e., a homeomorphic Wzl’loc-solution to some
Beltrami system (1.5) with M = ¢/(2 + €)) then the inequality

|f(z) — z] <mln(l +¢€), (1.6)

where m s a constant, holds at every z € B.

Other authors also took up the stability problem of the class ®° (see, for
example, [7,8]). It was P. P. Belinskii who made the greatest contribution to
solving this problem. He obtained stability estimate (1.6) and found the least
value of the constant m in (1.6).

It should be noted in this connection that N. S. Dairbekov extended Theo-
rem 1.2 to the case of mappings of arbitrary planar domains. Namely, in [9], he
proved

Theorem 1.3. Suppose that f: U — C is a (1+ ¢)-quasiconformal mapping
of a domain U C C. Then there exists a conformal mapping g: U — C such
that

1f(2) = g(2)| < mIn(1 +e)R(f(U)),

where m is the constant of (1.6) and R(f(U)) is the least of the radii of the
disks including f(U) (R(f(U)) = oo if f(U) is unbounded).

Thus, Theorems 1.2 and 1.3 guarantee stability of the class &° of planar
conformal mappings in the whole domain U of f and not only in compact
subdomains V of U (in other words, Theorems 1.2 and 1.3 guarantee stability
of ° in a closed domain). The following natural question arises. Is it possible
to strengthen Theorem 1.1 in a similar way? It turns out that, in general, this
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theorem cannot be sharpened. This ensues from results by Kopylov [10,11] and
Dairbekov [12] by which the class &, ,,, of (all) holomorphic mappings g: V' —
C™ of domains V' C C", where n and m are arbitrary naturals, is not stable in
the C-norm in a closed domain U even if U is of a sufficiently simple geometric
structure. For example, the results of [12] and Lemma 1.1 imply

Theorem 1.4. If 0 < ¢ < oo then pu(e) = supinf sup |f(z) — g(2)| = 1,
o9 |zt

where the supremum is taken over all continuous Wiloc—solutions f:B— B
(B is the unit disk in C) to differential inequality (1.2) in which € is now the
above-mentioned number, and the infimum is calculated over all holomorphic
functions g: B — C.

It is useful to compare Theorems 1.1-1.4 with the corresponding asser-
tions in the stability theory of spatial conformal mappings founded (mainly)
by Yu. G. Reshetnyak (see [13]). First, he demonstrated that stability in the
C-norm of classes of n-dimensional conformal mappings, n > 3, takes place in
a closed domain U if U is in the very broad class of so-called John domains.
Second, he showed that the degree of integrability of 1st-order partial deriva-
tives of spatial (1 + €)-quasiconformal mappings increases infinitely as £ \, 0.
Finally, he proved that the class of spatial conformal mappings is stable in the
qu—norms, where ¢ = g(g) — 0o as €\ 0.

Returning to Theorems 1.1-1.4, note that they correspond to the first of the
above-mentioned results due to Reshetnyak. The following two theorems (The-
orems 1.5 and 1.6) are in turn analogs to his second and third results. Really,
by Theorem 1.5 the degree of integrability of the [th-order partial derivatives of
solutions to (1.2), where D is elliptic, grows infinitely as ¢ \ 0, and by Theo-
rem 1.6 these derivatives are close to the corresponding derivatives of solutions
to (1.3) in the Lg-norms for arbitrarily large d.

Theorem 1.5. If & is the class of solutions to an elliptic system (1.3)
then lim{ePp(e)} > 0, where D is the differential operator given by the left-

e—0

hand sides of the equations of the system and Pp(e) = fintz ){sup [d > 1 |
€d(e

f € Wh(domf)]}, 0 < e < oo is the supremum of the set of all numbers d

such that the lth-order partial derivatives OPf of each mapping f in the class

B(e) =6ple) = U Gu(e) (Bule) is the set of all continuous W'-solutions,
UCR®

wi= U U W;lOC(U, R™), to differential inequality (1.2) in U) belong to Ly

UCR™ ¢>n
locally.
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Remark 1.6. By hypoellipticity of elliptic linear differential operators [3],
®(0) coincides with the class ® of solutions to elliptic system (1.3).

Theorem 1.6. Suppose that & is the class of solutions to an elliptic sys-
tem (1.3) and d is a real number greater than n. Then there exist a positive
number eq = 4,6 and a function v4 = v4,6: [0,€q4[x]0, 1[— [0, 00[ such that

(1) giir(l)'yd(s,t) = v4(0,¢) = 0 for each t €]0,1];

(2) if a continuous mapping f: U — R™ of a domain U in R™ belongs to
the class &(e), where 0 < € < &g, then f also belongs to the class Wé,loc and
for every t €]0,1[ and every bounded domain V which lies in U together with
its p-neighborhood O, (V), ¢ = % diam V', there exists a solution g: V — R™
to (1.3) satisfying the inequality

15 =07, (= {5 st o] e} )

[p|=t v lpl=t
< yale, t)(diam V)41 diam f=1 (0, (V).

The following assertion is an analog to Lemma 1.1 in the case of solutions
to inequalities (1.2) of the general type.

Lemma 1.2. A continuous mapping f: U — R™ (— C™), U © R", is a
Wéloc—solution, q = 1, to differential inequality (1.2), with D a linear differential
operator of the form of (1.1), if and only if f is a solution to some system of
linear partial differential equations

Df(x)=Q(z)(-..0uy..fr(z) ... ... Opyfo(x) oo Oy fm (@) )T,
(1.7)

where (-)T stands for matriz transposition and Q: U — RFkxmn' (— Ckxm"l)
is a measurable mapping such that ||Q|ec = esssup ||Q(z)]| < € (||Q(x)]| is the
zeU

operator norm of the matriz Q(x)).

If D is elliptic and ¢ is sufficiently small then the system (1.7) may be
naturally considered as a multidimensional analog to a Beltrami system (1.5).

Concluding the section, note that the results of Section 2 make it possible to
essentially reduce a priori assumptions on the differential properties of mappings
in the above-mentioned assertions. Indeed, Theorem 2.1 and Lemma 1.2 imply

Theorem 1.7. If D is an elliptic linear differential operator of the form
of (1.1) with constant coefficients and d is in |1, 00[ then there exists a positive
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number ep q such that each Wé’ -solution to (1.2), where € < €p g, 1S its wt-

solution.

loc

§ 2. On Regularity of Solutions to Uniformly Elliptic Systems of
Linear Partial Differential Equations with Discontinuous Coefficients
and Right-Hand Sides.

In this section, we consider the problem of Wé—regularity of solutions to uni-
formly elliptic systems of linear partial differential equations with discontinuous
coefficients and right-hand sides on the assumption that the leading coefficients
of the systems under consideration possess the property of “slow variation”.
It should be noted that this problem has much in common with the stability
problem of classes of solutions to systems of linear partial differential equations
considered in Section 1 as regards the nature of the results of Section 1 and 2
and methods used in their proofs (see [1, 14]).

Now, we briefly expose the results of the section.

To this end, suppose that an /th-order system

Z ap()OP f(z) = h(z), x=(r1,%2,...,2n) €U, (2.1)

Ipl<i

consisting of k linear partial differential equations in m sought real (complex)
functions of n real variables x1,x2,...,2, (n 22, m > 1,k > 1,1 > 1) has
measurable real-valued (complex-valued) coefficients a/*: U — R (— C) and
right-hand sides h;j: U — R (— C), where j = 1,2,...,k; »» = 1,2,...,m;
and p = (p1,p2,-..,pn) is a multi-index of order |p| < I. Furthermore, in (2.1),
Ueg Rn:f: (flaf2a"'7fm): U—R" (_)(Cm) and h = (hlahQa"'7hk): U—
R* (— CF) are R™- and RF-valued (C™- and CF-valued) mappings; a, =
(a3); 1,0,k U —RF™ (= CF™) is a mapping from U into the space
x=1,2,...,m

REXm (Ck*m) of real (complex) (k x m)-matrices; finally, in (2.1), we as usual
use the matrix notation. Moreover, assume that the following conditions are
fulfilled.

(o) System (2.1) is uniformly elliptic, i.e., there exists a number ¢,0 < t < o0,
such that the inequalities

la?*(x)| <t, pl=1, j=1,2,....k sx=12....m, (2.2)

and

1
2;, CeR™ weC™, (=1, Jul=1, (2.3)

Y Pay(x)u

[p|=l
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hold for almost every x € U.

(00) The leading coefficients ag}‘, |p| =1, of the system have the property of
slow variation, i.e., there exists a nonnegative number ¢, such that every point
x € U has a neighborhood U, (C U) and a measurable set E C U, of full
measure with respect to U, (mes(U; \ E) = 0) for which the inequalities

‘ai%(xl)_ag)%(x”” <g, |p|:l7 J=12,.. .k x=12...m, (24)

hold for every z’ and z” in E.

(o 0 0) There exists a number gg, 1 < ¢o < 00, such that the remaining
coefficients ag)”, Ip|] < !, and right-hand sides h; of the system belong to the
Lebesgue space L, 10c(U,R) (Lg, 10c(U, C)), i.e., they are locally integrable to
the power qo in U.

Remark 2.1. Conditions (o) and (oo) are not independent: (o) implies (oo)
withe =&, < €., < 2t. Here &,, = éf”tm’k’l (Eex = 52,;71,1@,1) is the supremum of
£(a,) taken over all measurable mappings a,: U — R¥*™ (— CF*™) U ¢ R",
meeting (2.2) and (2.3). Moreover, &(ay) is the infimum of the numbers € > 0 for
which a, satisfies (2.4). It is important that the parameter € of slow variation
of leading coefficients ag}‘, |p] =1, of system (2.1) can take a value less than &,
(€C7t)‘

Remark 2.2. A typical example of systems (2.1) satisfying (o)—(ooo) is given
by a Beltrami system (1.5). Moreover, its various multidimensional generaliza-
tions, as well as linear uniformly elliptic systems with continuous coefficients
and right-hand sides, are also among systems like (2.1) with (o)—(o 0 o).

Remark 2.3. Denote by to, = tg;f“’k’l (to,e = tg;g”’k’l) the least of the
numbers ¢ that can be used in condition (o) (it is easy to show that to ,, ¢, >
1/k'/*). We also assume that the values of parameters n, m, k, and [ are such
that the set of uniformly elliptic systems corresponding to these parameters is
not empty.

The following result on W/-regularity of solutions to systems (2.1) was ob-
tained in [14].

Theorem 2.1. Suppose that numbers t, qo, and p satisfy the inequalities
tor St <oo,nm<q <00, and 1 < p < qo, respectively. Then there exists

a positive number €, 4,0 = ef,i’tir;’olf’; having the property: if system (2.1) with

measurable real-valued coefficients and right-hand sides satisfies the conditions

(o) (o o0) with these t and qo, and with € < €,¢,q,.,p, then every Wé’loc-solution

to the system is its Wé -solution.

0,loc
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Remark 2.4. In [14], we considered the number 1 instead of ¢o, in the
corresponding theorem and some other results. Clearly, their proofs in [14] are
extendable to the case of ¢ € [t ,, 00

In other words, Theorem 2.1 claims that if system (2.1) with measurable
coefficients and right-hand sides is uniformly elliptic then, on the assumption of
a sufficiently slow variation of its leading coefficients a{,", |p| =1, the degree of
local integrability of Ith-order partial derivatives of each W/ﬁﬁloc—solution to the
system is the same as the degree of local integrability of its lower coefficients
and right-hand sides.

The following questions arise in this connection. How important is condition
(00) of slow variation for the leading coefficients of (2.1) in Theorem 2.17 Can
it be removed at all?

Theorem 2.2 and Proposition 2.2 (see below) in particular imply that condi-
tion (0o) may be eliminated from Theorem 2.1 only if m = [ = 1. Furthermore,
if (2.1) is a uniformly elliptic system with measurable complex-valued coeffi-
cients and right-hand sides then Theorem 2.1 still holds (see Theorem 2.6) but,
in this case, eliminating (co) is possible for no collection of n, m, k, and I.

Now, we consider the results of the lecture in more detail. To this end,
starting from Theorem 2.1 and fixing ¢, p, and gy such that 5, < t < oo,
1 < p < qo, and n < gy < 00, we introduce the quantity &+ ,(qo) = Slf;f;’;’k’l(qo),
which is the least upper bound of the set of numbers € > 0 having the following
property: every Wpl,loc—solution to an arbitrary system (2.1) with measurable
real-valued coefficients and right-hand sides meeting (o)—(o o o) with the values
of ¢, t, and ¢y considered now, belongs to Wémloc(U, R™). Note that in the
case of system (2.1) with complex-valued coefficients and right-hand sides, the
corresponding quantity & ,(q0) = EZ;:Z’k’l(qo), where ¢ € [t o0, p €]1,qol,
and qo €]n, 00|, is defined similarly.

We consider the case when systems (2.1) have real-valued coefficients and
right-hand sides, and the case of systems (2.1) with complex-valued coefficients
and right-hand sides separately.

First case: a}* and h; are real functions.
First, suppose that the condition m = [ = 1 holds. Then we have the follow-
ing assertion.

Theorem 2.2. Let n, m, k, and | be such that m = | = 1. Assume that
the system (2.1) with measurable real-valued coefficients and right-hand sides
satisfies (o) and (coo). Then every Wll’loc-solution to this system is its W .-
solution.
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Thus, in the case of m = [ = 1, if we study the problems of Wé—regularity of
solutions to uniformly elliptic systems (2.1) with measurable real-valued coeffi-
cients and right-hand sides then condition (oo) of slow variation of the leading
coefficients of the systems is unnecessary.

Now, turn to the case of (m—1)2+ (I —1)? # 0. But at first, using &+ ,(qo),
Theorem 8 of [14], and Remarks 1 and 2 thereto (see [14]), we can strengthen
Theorem 2.1 as follows.

Theorem 2.1'. For each p€]l, qo[, there exists a function C, ,(t)=Cy*1(t),

0 < Crp(t) <oo,int (to, <t <o0) such that
C,,(t
;;( )< Ert.0(d0) (2.5)

if n<qo < 0.

In Theorem 2.1’, an estimate from below is given for the quantity &, ,(qo)-
In turns out that, for (m — 1)? + (I — 1)? # 0, there is an upper bound for this
quantity similar to lower bound (2.5). Namely, the following assertion is true.

Theorem 2.3. Suppose that (m—1)?+(1—1)% # 0. Assume that t, qo, and p

satisfy the conditions t > t,r, qo = n/co, and 1 < p < qo, where t,. = 5™ s
defined in Lemma 2.2 below, and
t— t*r t— t*r
= minq A(n,l 1 2.6
co = minf AGn. 1), g (<) (2.6
with ny = (n+1—11/{l!(n—1)!} and
Co = tup{kmni} 2 [A(n, )] 7L, (2.7)

moreover, A(n,l) (< 1) depends only on n and l. Then the inequality &1 ,(q0) <
2Con/qo holds.

In connection with Theorem 2.3, it is necessary to note the following two
lemmas (Lemmas 2.1 and 2.2).

Lemma 2.1. An operator D of the kind of (1.1) is elliptic if and only if
there ezists a real number t (0 < t < c0) satisfying the inequalities

lad*| <t, pl=1, j=1,2,....k x=12,...,m, (2.8)

and )
2;, CeR™ welC™ (=1, Jul=1. (2.9)

Z CPayu

lp|=t
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Denote by O, = O™kl (O, = O™kl the set of all Ith-order elliptic lin-
ear differential operators with real (complex) constant coefficients of the form
of (1.1) (note that the relation O™kl £ & (O™™k! £ &) holds for those
and only those values of n, m, k, and [, for which the set of uniformly ellip-
tic systems (2.1) with measurable real-valued (complex-valued) coefficients and
right-hand sides is not empty).

Remark 2.5. Starting from Lemma 2.1 and considering an elliptic differ-
ential operator D € O™kl (¢ On™mkl) | we define the parameter tp to be
the least of the numbers ¢ satisfying (2.8) and (2.9), where a/* are (now) the
coefficients of D. In view of Remark 2.3, the inequality tp > 1/k/* holds.

Definition 2.1. An operator D € O™kl (¢ Ommkl) s called trivial if
the set of all solutions-distributions to the system Df = 0 consists only of

C™-valued polynomials P,_1(x) = >, xPv, of degree at most I — 1, where
lpl<i—1
x = (x1,22,...,2,) € R" and v, = ('y;,'yg, oy 7pt) € C™. We call an operator

D € okl (e Onmakly pontrivial if it is not trivial in this sense.

Lemma 2.2. Let n > 2,m > 1, k> 1,1 > 1, (m—-1)2+ (1 - 1)% # 0,
and O™k £ & Suppose that ti, = tu-(n,m, k,1) is the infimum of the set of
the parameters tp for nontrivial differential operators D € O™ ! Then there
exists a nontrivial operator D, € O:}’m’k’l with tp, = tiy.

The definition of &+ ,(go) and Theorems 2.1’ and 2.3 imply the following
assertions.

Proposition 2.1. Suppose that to, <t < oo, n < g < 00, and 1 < p <
qo- Then the fulfillment of the inequality e < Cy ,(t)/qo, where C, ,(t) is the
function of Theorem 2.1', is sufficient for a number e > 0 to serve as €, 4,q4,,p i
Theorem 2.1.

Proposition 2.2. Suppose that (m — 1)?2 + (I — 1) # 0, t., < t < o0,
njeg < qo < 00, and 1 < p < qo. Then for ¢ > 0 to serve as €rytqy,p N
Theorem 2.1, it is necessary that € < 2Con/qo, where Cy is the constant (2.7).

Second case: the coefficients and the right-hand sides of system (2.1) are
complex functions.

Now, we consider the case where the coefficients and the right-hand sides of
systems (2.1) are complex functions. This case is different than the case when
the systems under consideration have real-valued coefficients and right-hand
sides. Namely, the following assertions hold.

Theorem 2.4. For every n (= 2), m (= 1), k (= 1), and I (= 1) such that
okl £ & and every p €]1,qo[, we have the inequalities Cﬁ’me’Qk’l(t)/qo <
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Szzﬁ’k’l(qo), n < qo < oo, to. <t < oo, where Cjn22Rl(t) is a function in t

defined in (2.5).

Theorem 2.5. Let n, m, k, and | such that Q™" £ &, Suppose that
t, qo, and p satisfy the conditions t > t.., qo = n/eg, and 1 < p < qo. Then
Eet.p(qo) < 2Con/qo, where eg = 9,0 = 587’$’k’l and Cy = Cy,c = C’&’Cm’k’l are
defined by (2.6) and (2.7), respectively; moreover, in (2.6) and (2.7), t.r is now
replaced by the infimum t.. = ekl of the set of the characteristics tp (defined
in Remark 2.5) of nontrivial differential operators D € O™kl

Thus, in Theorem 2.5 (in comparison with Theorem 2.3), the case m =1 =1
is no longer exceptional.

The definition of & ,(go) and Theorems 2.4 and 2.5 imply the following
assertions.

Theorem 2.6. Suppose that top, < t < oo, n < g < 00, and 1 < p <
qo. Then there exists a positive number €.t q,.p = 5Zt";0kpl having the following
property: if system (2.1) with measurable complez-valued coefficients and right-
hand sides satisfies the conditions (o)—(ooo) with t and qy considered now and

! ; o ! :
€ < Ecyt,qo,p, then every W, -solution to the system is its W, ,.-solution.

Proposition 2.3. Suppose that tp. <t <00, n < gy <00, and 1 < p < qo.
Then the fulfillment of the inequality € < C’fom’%’l(t)/qo is sufficient for a
number € > 0 to serve as €cy,q,,p 1 Theorem 2.6.

Proposition 2.4. Suppose that t.. < t < 00, nfeg < g < 00, and 1 <
p < qo. Then for € > 0 to serve as €. y,q,,p in Theorem 2.6, it is necessary that
e < QC()TL/(]().

Thus, if go is sufficiently large then we cannot eliminate condition (o) from

Theorem 2.6 (by Remark 2.1, the absence of (co) means that ., is among the
numbers . ¢ q,,, in Theorem 2.6).

Remark 2.6. By Proposition 2.2 and Remark 2.1, if (m—1)?2+(1—1)2 #0
then omitting condition (co) in Theorem 2.1 is also impossible.
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On Lambek’s Invariants Ker and Im for Commutative
Squares in Raikov-Semiabelian Categories

Yaroslav Kopylov !
Sobolev Institute of Mathematics

In [1], Lambek introduced two invariants Ker and Im for commutative squares
in the category of groups and proved that if, in the diagram

A — B — C(C

s LT | (1)
A/ RN B/ RN Cl

of groups and group homomorphisms the rows are exact then Im S = KerT.
Leicht and Nomura pointed out that this theorem holds for arbitrary exact cat-
egories (see [2,3]). Nomura also considered the case where the rows in (1) are
semiexact, constructed a morphism A: ImS — KerT and some sequence in-
cluding A. We try to find out if there are similar results for categories semiabelian
in the sense of Raikov. Apart from all abelian categories, the class of Raikov-
semiabelian categories contains many nonabelian additive categories. The cate-
gories of (Hausdorff or all) topological abelian groups, topological vector spaces,
Banach (or normed) spaces, filtered modules over filtered rings, and torsion-free
abelian groups are typical examples of Raikov-semiabelian categories. The main
difference between the Raikov-semiabelian and abelian categories is that the
standard diagram lemmas hold in Raikov-semiabelian categories under some
extra conditions which usually amount to the strictness of these morphisms. It
turns out that the “inverse” to Nomura’s morphism A always exists and A itself
is defined if the vertical morphism A — A’ is strict. We also study exactness of
Nomura’s sequence when this morphism is a kernel (= strict monomorphism)
or a cokernel (= strict epimorphism).
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VaBapuaHTHBIE PUBOAUMbIE IOYTH KOMILIEKCHBIE
CTPYKTYPhI I acCOIMNPOBaHHbIe MeTpuku Ha S X §3

E. C. Kopnes!

KemepoBcknii rocy1apcTBeHHBINT YHUBEPCUTET

Paccvarpusaercs npsamoe mpomssesenue (S x S3, go) emmHnmunbx cdep.
Ipocrpancteo S x S3 apnserca rpynmoit JIu U (1) x SU(2). Anre6pa JIu oTox-
necTBsgeTCs ¢ mpocrpancteoM R* ¢ omepammeit [X, Y] = (0, [X',Y']gs), rae X'
u Y’ — npoexmun Bektopos X u Y Ha R®, a [X')Y’|gs — ux BeKTOpHOE Mpom3-
Benenne. IIpocrpancrso S' x S3 apasercs paccroenuem Xomda man S2. Ciaon
9TOrO PACCIOCHUS SIBJISIIOTCS IBYMEPHBIMU Topamu. Ilycrth F — IByMepHOe pac-
CJIOEHUE TIOANPOCTPAHCTE, KACATEIBHBIX K CJI0SM paccjoenus: Xorda U MmyCcTh
F — go-oproronajibHoe K F IByMEpHOE pacrpee/eHue.

B pabore uzy4aiorcs 1eBOMHBAPUAHTHBIE IOYTH KOMILIEKCHBIE CTPYKTYPBI J,
KOTOpPBIe cCOXpaHatoT pacupeaenenns F u I'. Takue crpyKTypbl OyaeM Ha3bIBATH
NPUGOIUMBLMU.

Haiinen Buj OpUBOIMMBIX WHBAPUAHTHBIX MOYTH KOMILJIEKCHBIX CTPYKTYP.
Kaxiofi Taxoil cTpyKType cooTsercTByer uucio q = (a,b,,3) € R* Takoe,
aro b < 0, 8 < 0. Haiiiens! 3Ha4eHns napaMerpos, Ipu KOTOPLIX CTPYKTypa Jg
HHTErpUpyeMa.

Bce mourn KOMILTEKCHBIE CTPYKTYDBI J,; COXpaHAIOT GyHIAMEHTAIbHYIO 2-
dbopmy wo(X,Y) = go(X, JoY), e Jy — mouTH KOMIJIEKCHAS] CTPYKTYPa, COOT-
BercTByomas 3uadennto ¢ = (0, —1,0, —1). Toraa KaxKI0#i MOYTH KOMITJIEKCHOMN
CTPYKType J; COOTBETCTBYET IpMUTOBa Merpuka g, = wo(JX,Y). Jlerko Bu-
JIeTb, ITO METPUKHU (, UMEIOT BUJ;

9q = cdxg — 2adxrodxrs — bdx% + 'ydxg —2adxs dxs — ﬂdm%.

s TakKUX METPUK HalijleH TeH3op Pudum m ckanmsgpHast KpUBU3HA.

Teopema. Bce mempuru g, He IUHWMETHOE, UL CKAAAPHBIE KPUSUSHDL
umem euo:

b c
sy= o2t (= B) S B
Ecau c € (0,1/2), mo ckarapuas Kpususna neozpanudena, npu ¢ = 1/2, sq <
2. CKaaapraa KpuBU3HG Sq HE UMEEM KPUMUMECKUT MOYEK NPy JONYCMUMbLE

3HAYEHUAL napamempa q.

I Kemeporckuii rocymapcreenusiii ynusepcurer, yir. Kpacwuast, 6, Kemeposo 650043, Poccusi.
E-mail: smolen@kemsu.ru
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On Izentropy Solutions to Quasilinear Equations of
the First Order

Mikhail V. Korobkov! and Fvgeniy Yu. Panov?

Sobolev Institute of Mathematics,
Novgorod State University

One of the main results of the talk is the following

Theorem 1. Let u = u(t,z) be a continuous generalized solution to the
equation u; + ¢(u), = 0 in a domain Q C R?, where ¢: R — R is a continuous
function. Put (a,b) = Intu(?). Then the following condition is fulfilled:

(%) There ezists a closed set F' C (a,b) of measure 0 such that p(u) satisfies
Lipschitz condition locally in U = (a,b)\ F' and the derivative ¢'(u) is a function
of bounded variation locally in U.

In addition, if Q is a strip Q = (t1,12) X R then F = &.

Consider the partial case u(t,r) = v,(t,x) for some Cl-smooth function
v: Q0 — R. Then we immediately get the following corollary.

Theorem 2. Let v = v(t,x) be a nonlinear C'-smooth function in a do-
main Q C R? such that v, = p(v,) in Q, where p(u) is a continuous function.
Put (a,b) = Intv,(2). Then the function p(u) satisfies the condition (x). In a
particular, the function o(u) is twice differentiable a.e. in (a,b).

To prove Theorems 1 and 2 we use the results of the theory of izentropy
solutions to quasilinear equations of the first order introduced by the second
author [1]. Theorem 2 gives some information about analytical and geometri-
cal properties of the images of the derivatives for C'-smooth functions of two
variables. Geometrical properties of the images of the derivatives for the case of
differentiable (nonsmooth) functions were studied in [2].
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Gluing Theorem for Alexandrov Spaces
Nikolai N. Kosovsky !
Saint-Petersburg State University

Let M be the result of attaching two Riemannian manifolds My and M;
along some isometry of their boundaries. In general the metric on M is not
smooth. Hence we could not use classical Riemannian geometry. However M
can be a space of curvature bounded from one side.

By B, denote the second fundamental forms of common boundary I" of M;
w.r.t. interior normals.

Theorem 1. M is Alexandrov space of curvature > k iff Bo+By1 is positively
semidefinite and all sectional curvatures of My and M are > k.

Analogous assertion for spaces of curvatures bounded above is not true with-
out additional assumptions. For example let us consider two copies of three-
dimensional Euclidean spaces with a ball cut out. If we attach these spaces by
corresponding spheres then the obtained space is not a space of nonpositive
curvature. However this is an unique principal problem.

Moreover for spaces of curvatures bounded above one can attach more than
two Riemmanian manifolds.

Theorem 2. M = |JM; is an Alexandrov space of curvature < k iff next

three conditions hold trule.

1. B; + B is negatively semidefinite for i # j.

2. All sectional curvatures of all M; are < k.

3. Consider 2-directions o such that restrictions of all B; to o are negatively
definite. Sectional curvatures of I' in 2-directions of such kind are < k.

ISaint-Petersburg State University, Universitetskii pr. 28, Peterhof 198504, Saint-
Petersburg, Russia.
E-mail: kosovin@pdmi.ras.ru
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Totally Geodesic Distributions on
Homogeneous 3-Manifolds

V. Krouglov' (Joint work with D. Bolotov)

Karazin Kharkiv National University

1. Introduction. Distribution on a smooth Riemannian manifold is the
smooth subbundle of the tangent bundle. The distribution is said to be transver-
sally oriented if it can be defined by the global non-degenerate 1-form «.

Definition 1. Foliation structure on a smooth (2n+1)-dimensional manifold
is the transversally oriented codimension 1 distribution which is integrable, i.e.
a A (da)” = 0.

Definition 2. Contact structure on a smooth (2n+ 1)-dimensional manifold
is the transversally oriented codimension 1 distribution which is as far from
being integrable as possible, i.e. a A (da)™ # 0.

Definition 3. Confoliation on a smooth (2n + 1)-dimensional manifold is
the transversally oriented codimension 1 distribution such that a A (da)™ > 0.

We will follow [2] defining second fundamental form of the distribution on a
Riemannian manifold (M, g):

1
B(X,Y) = EQ(VXY +VyX,2Z),

where X, Y are the sections of the distribution and Z is the section of the
orthogonal distribution.

Definition 4. The distribution is said to be totally geodesic if B = 0.

2. The Existence of Totally Geodesic Distributions. We study the
problem of existence of totally geodesic distributions on a closed orientable
locally homogeneous 3-manifolds, which are either foliations, contact structures
or confoliations. Using the integral formula from [3] and the explicit expression
of the Ricci tensor, it can be obtained that there are no totally geodesic contact
structures and confoliations on closed manifolds modelled on E3, H?, H? x R
and Sol.

It is known that Hopf fibration defines the totally geodesic contact structure
on spherical forms. It can be constructively proven the existence of the totally

1Karazin Kharkiv National University, Svobody Sq. 4, Kharkov 61077, Ukraine.
E-mail: vovik@univer.kharkov.ua
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geodesic contact structures on the closed manifolds modelled on SLy(R) and
Nil.

It turned out that the case of S? x R-manifolds is the most difficult one. We
prove the following theorem:

Theorem 1. There are no totally geodesic contact structures on the closed
manifolds modelled on S? x R.

Remark 1. It is known that each totally geodesic foliation on the closed
manifolds modelled on S? x R is the foliation by the totally geodesic spheres.

3. The Extremal Properties of the Totally Geodesic Distributions.
It is easy to show that the flow orthogonal to codimension 1 totally geodesic
distribution is Riemannian [2]. In [1] it is shown that each totally geodesic
confoliation on S® is the contact structure. The following question was posed:

Question 1. Is it true, that each totally geodesic confoliation on the closed
manifold modelled on some 3-dimensional homogeneous space, is either foliation
or contact structure?

The answer is “No” in general case as non-extremal (which is neither a foli-
ation nor a contact distribution) confoliation on S? x S! does exist. The next
conjecture was stated by D. Bolotov:

—_~—

Conjecture 1. Each totally geodesic confoliation on closed Nil- or SLa(R)-
manifold is a contact structure.

In present work we announce the partial answer to the conjecture.

—_~—

Theorem 2. Fach totally geodesic confoliation on closed SLs(R)-manifold
18 a contact structure.

Remark 2. The local variant of the conjecture is false.
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The Grunsky—Milin Coeflicients of Riemann Surfaces
S. L. Krushkal!

Bar-TIlan University, Israel, and
Sobolev Institute of Mathematics, Novosibirsk, Russia

The classical method of the Grunsky coefficient inequalities provides one of
the main technical tools for the theory of univalent holomorphic functions in the
disk. Its applications to the functions with quasiconformal extensions recently
gave rise to establishing various results in complex geometry of Teichmiiller
spaces and in related directions in geometric function theory.

In the case of the maps of Riemann surfaces, for example of finite analytic
type (p,n), the corresponding inequalities do not concern the intrinsic features
of these surfaces and thus cannot provide the sharp estimates.

The main subject of this talk is to extend this approach to Riemann surfaces
of finite topological type and provide certain applications.

In particular, this allows us to extend to such surfaces the theorem of Kra
on coincidence of all invariant (hyperbolic) metrics on abelian disks in the Te-
ichmiiller space T'(p,n) of Riemann surfaces of finite conformal type (p,n). We
obtain also some important consequences in the complex geometry and pluripo-
tential theory on Teichmiiller spaces of open Riemann surfaces. The most of
results concern the flat surfaces.

A principal point is that in order to provide quasiconformal continuations of
conformal maps determined on the subdomains of a given surface, one is needed
to work on the double of this surface.

IBar-Tlan University, Ramat Gan 52900, Israel.
E-mail: krushkal@macs.biu.ac.il
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Nonlinear Potential Theory for Sobolev Spaces in
Carnot Groups

N. A. Kudryavtseva' and S. K. Vodopyanouv?

Novosibirsk State University,
Sobolev Institute of Mathematics of SB of RAS

It is well-known that the famous paper by Yu. G. Reshetnyak [1] was at the
beginning of the study of the nonlinear potential theory. The gaol of the talk
is to show that there is a counterpart of this theory on one class of nilpotent
Lie group. A stratified homogeneous group [2] or, in another terminology, a
Carnot group is a connected simply connected nilpotent Lie group G whose
Lie algebra V splits into the direct sum V; @ --- @ V,,, of vector spaces such
that dimVy > 2, [V, Vi] = Vigq for 1 < & < m — 1 and [V4,V;,] = {0}. Let
vector fields Xi1,...,X1,, constitute a basis for V;. As they generate V', for
each 1 < i < m we can choose a basis X;;, 1 < j < n; = dimV;, for V; which
consists of commutators of the fields X1, € Vi of order i — 1. We identify each

m
element g € G with x e RN, N = Y ny, o = (245), 1 <i<m, 1 <j < ny,
i=1
by means of the exponential mappings exp(} #;;X;;) = g. The dilations d;
defined as &,z = (t'%ij)1<i<m,1<j<n;» are automorphisms of G for every ¢ > 0.

The Lebesgue measure dr on RY is the bi-invariant Haar measure on G, and
m

d(0rx) = t¥dx where v = > idimV; is the homogeneous dimension of the
i=1
group G. The Lebesgue measure |E| of a measurable set E C G equals [ dx.
E

Folland [3] defines a generalized Bessel kernel J, (z) for Rea > 0 by

(o)
1
(@) = /2= exp(—t)h(a, t) dt.
Tolw) = frazgy | " expl=0h(z. )
0
Here h(z,t) is a fundamental solution to £ + 9/0t, where £ = — Zl X2 is
i=1

a sublaplacian on the group G. An analogous of Bessel potentials on Carnot
groups is a space S% of functions
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g=Jaxf= [ Jaly '2)f(y)dy
/

where f € L,(G), p € (1,0), a € (0,00) with the norm ||g | S2|| = ||f | L]
If & € N then S2(G) = W2(G), where the Sobolev space W2(G) consists of
functions f € L? having generalized derivatives X1;, ... X1, f € LP, 1 < i1,%4 <
n1. Let 1 be a Borel measure on G. A non-linear potential corresponding to the
classical non-linear potential theory [4] is defined by the following way [5]:

Unpi(e) = [ Jaly™ o) [ [ azw) du(zﬂq_l dy
G G

where numbers p,q > 0, 1/p+1/qg = 1, p € (1,00). An appropriate Wolff
potential [4, 5] is a function

prv—op

xeG#meu(m):/l[Mr_l%, ap < v.
0

On Carnot group the Wolff inequality holds.
Theorem 1. Let p be a Borel measure on Carnot group G. There ezists
constants ¢1 and co such that

1 [ Wopnta) duta) < [ Un o) duo) < ca [ Wopie) ), ap <.
G G G

If F is a compact subset of G, then its LP-capacity with respect to the Bessel
kernel is defined similar to [1]:

cap, ,(F) —inf{/f(y)pdy:f>0, Jaxf>1 on E}
G

We estimate the capacity of a set by getting upper and lower bounds for the
W -potential of measures concentrated on that set.
Proposition 1. For any nonnegative Borel measure i,
c
Ca‘p(y,p(Wamu > )‘) < AP—1 ||/.L||1, ap < v,

with ¢ depending on o, p,v only.

155



Proposition 2. Suppose E is a compact set in G, p is a Borel measure
supported on E.

(i) If Wapp(x) <1 for all x € E, then cap,, ,(E) = c1llull1, ap <v.

(ii) If Wapp > 1 for all x € E, then cap,, ,(E) < c1f|ull1, ap < v.
Here ¢y and co depend on a, p and v.

As a corollary we obtain estimates for capacity of a ball.

Corollary 1. For all x € G, r < 1/2 we have cap,, ,(B(z,7)) ~ /7P,

We prove the capacitary strong-type inequality.
Theorem 2. There is a constant ¢ depending on «, p, v only such that

/capa,p(:c sdax f(x) 2 t)dtP < c/f(x)p dx
0 G

for all f > 0.

It follows the following embedding

Theorem 3. Let 1 < p < g < 0o and p a reqular Borel measure on G. Then
the following are equivalent:

(i) there is a constant ¢, such that [u(B(z,))]"/9 < c1rv = for all z € G,
0<r<l;

(ii) there is a constant co such that || Jo* f||pa(u) < c2||fllze for all measurable
f=0.

The proofs of above-mentioned results follows along lines of the correspond-
ing proofs from [5]. It has be taken into account only that the kernel J, () is
not radial. Nevertheless, its behavior at 0 and at oo makes possible to adopt
arguments of [5] to realize all the proofs under new conditions.
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O muckperHocTHu crmekTpa omeparopa Jlammaca
Ha PUMAaHOBOM MHOrooopasum

B. U. Kysvmunos', U. A. Illsedos ?

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

[ycts X — raafkoe pUMaHOBO n-MepHoe MmHoroobpasme; L& (X) — rumn-
6epTOBO MPOCTPAHCTBO, COCTOSAIIEE N3 BCEBO3MOKHBIX M3MEPUMBIX I depeH-
muasbabx k-bopM w, as koropeix [ |w|?da < oo; di: LE(X) — LETH(X) —

X

OTIepaTOp, SIBJSIONINHACA 3aMBbIKQHUEM BHENHero anddepeHimaia, 3aIaHHoTr0
Ha TJIAQJIKUX (popMax u3 Lg(X), UMEIOIUX KOMIAKTHBIA HOCUTEIIb; Ay — olepa-
Top Jlammaca, mosmydennenit pacmuperreM o @puapuxcy oneparopa dii1dy, +
dydr—1, 337aHHOrO Ha TIAAKNX (POPMaX ¢ KOMOAKTHBIM HOCHTETIEeM.

Teopema 1. Camoconpasicénnoti onepamop Ay, umeem duckpemmuvili cnexmp
mozda u moavko mozda, kozda onepamopst di_1 U di, KOMNAKMHO PA3DEULUMDL,
a npocmparcmeo Lo-xozomonoeuti H* Lo(X) Koneurnomepno.

CiaencrBue. Ilycmv Xy — Komnaxmmoe n-meproe nodmmo2000pasue MHo-
2oobpasus X . Onepamopu Ay, 6 L5(X) u Ay 6 LE(X\ Xo) obaadarom duckpem-
HBLM CNEKMPOM 0OHOBPEMEHHO.

IIycrs f = (f1,- .., fq) — HADOD MOTOKUTETBHBIX MIAAKUX (DYHKIHI HA Ty de
T := [0,00[; Y — nmekapToBO npou3sBeeHre KOMIIAKTHBIX [JIAJKUX MHOroobpa-
3mit Y1, ..., Yy pasmeprOCcTeit my, ..., mqy; X =T XY — rimaaroe MEOrooOpasme

q
X x Y, cnabxénnoe pumanoroit merpukoii (dt)? + > (f; dy;)?; My — vuOxKe-
=1

q
CTBO TAKUX MYJIBTHUHIEKCOB fL = ({11, .., lq), 9TO pt; € {0,...,m;}, > pi = k;
i=1

o pmi/2—p mq/2—jiq
QIJ/ = 1 ... fq .

"Wucruryr maremaruku mm. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, Hosocu-
bupck 630090, Poccus.

E-mail: kuzminov@math.nsc.ru

2Uucturyr maremaruku uM. C. JI. Coboresa CO PAH, mp. Axan. Komiora, 4, Hosocu-
6upck 630090, Poccusi.

E-mail: shvedov@math.nsc.ru

Pabora BeimosiHeHa mpu dacTudHOU mogmep:kke CoBera mo rpanTam I[lpesumenta Poccwuii-
ckoit Pemeparun st MOAIEPKKNA MOJIOABIX POCCHUCKUN yUEHBIX W BEAYIIUX HAYYHBIX MIKOJI
Poccuiickoit ®enepanun (rpant HIIT 311.2003.1).
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Teopema 2. Onepamop dy, : L’;(X)—>L§+1(X) KOMNAKMHO PA3PEULUM, ECAU
AU6O

H t—o00

t o]
gi dT/g*2 dr — 0 daa xaogcdozo p € My,
t

Aub0

t [oe)
/g;2dr/gidr — 0 gna xkaxzgoro u € M.
t—o0
0 t

[IpuBeneHHbIE BBIIIE YTBEPIKICHHUS MO3BOJISIOT YKA3aTh TOCTATOYHBIE YCJIO-
BUs JUCKPETHOCTH CIIEKTPa omeparopa Ay Ha MHOrOOOpa3ud ¢ KOHIAMU, KAaXK-
JIBTiT KOHEI KOTOPOTO KBa3UM30MeTpHIeH MHOrooOpasnio suga 1" X r Y.
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About One Avkhadiev Problem
Alexander Kuznetsov !

Saratov State University

Let © be a simply connected domain on the complex plane C and w € €.
Let po(w) be the conformal radius of © at the point w, and dg(w) the Eu-
clidean distance from the point w to the boundary 9 of the domain Q. I.(Q2) =
[ P& (x + iy) dz dy is the conformal moment of , and 1(0Q) = [ d2(z+iy) dz dy
Q Q

is the moment of inertia of Q about 9. This functionals were introduced by
F. G. Avkhadiev [1] for solution of classical St. Venant problem of finding two-
side estimate for the torsional rigidity P(f2) of the domain Q2 by simple geometric
characteristics of domain [2]. As a solution the following inequalities

1(09) < I(Q) < P(Q) < 41.(Q) < 641(99) 1)

were obtained. First inequality in (1) is not sharp when I.(Q2) and I(99) are
finite. F. G. Avkhadiev set a problem to find lower and upper sharp bounds for
the ratio I(Q) = I.(Q)/1(09), when I.(Q) and I(92) are finite. The first and
the last inequalities in (1) imply, that region of values I(2) is a subset of [1, 16].

Let w1, ws € Q, and let holomorphic univalent function f(z) map the unit
disk U = {z : |2] < 1} onto 2 so that f(0) = w; and f(r) = wsy, where
r € (0,1) is a given constant. The normalization of f means, that hyperbolical
distance between points wy and ws is constant. Let us consider the functional

G(f,a) = Lf léz)(l;(z)‘{;g:y:((}&‘;f)a, a > 0, on the class S° of univalent holomor-

phic functions f(z),z € U. Let r, be the unique solution of the equation

4r (1—7r)2  (1+47r)% . 1 — 2re™ — p2e217
l-7—%5* 3o T = 2a<mmRe{ 72
1-7) (1+7) (1 —7)2> \4,0er (14 7re)
2r2 1 —re® 4re? 1 — re”} 4r )
1—r214re  1—1r21+re" (1—r7)?

:O’

on the interval (0,1). Then we have

Theorem 1. If r < r,, then every function f(z) minimizing the functional
G(f,a) on the class S° maps U onto an arc biangle, bounded by circle arcs
centered at the points f(0) and f(r).

'Department of Mathematics and Mechanics, Saratov State University, Astrakhan-
skaya Str. 83, Saratov 410012, Russia.
E-mail: kuznetsovaa@pisem.net
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To improve the lower estimate of I(€2) we need to find the sharp bound of
/(O e+ £/ () = r?)*
dyw)(f(0))2[f/(0)Pe+ dpquy (f ()21 (r)[P(1 = r2)%’

¢>0,0<7r <1, onclass S°. We have

the functional F(f,r,c) =

Proposition. If r < rg, then every function f(z) minimizing the functional
F(f,r,c) on the class S° maps U onto an arc biangle, bounded by circle arcs
centered at the points f(0) and f(r).

Let fp 4 denote a function mapping U onto arc biangle satisfying following
requirement: one of bounding circle has center at origin and unit radius, second
bounding circle has center at point d > 0 and 6 is argument of intersection point
of this circle laying in upper half-plane. Lower estimate for 7(Q2) in terms of the
functional F(f,r,c) is obtained in

Theorem 2. For any simply connected domain 2, for which I.(2) and I(0)
are finite, the estimate

L(Q) i { ( -1 1 ) —1 2 }
> min F , d), ,F , d),1—1r"
100) ety oo |\ I foa ) 7=z | Flfoa Joald). 1 =)
=1.031021...
holds.
Reference

[1] Avkhadiev F. G. Solution of generalizated St Venant problem // Mat. Sb.
1998. V. 189, Ne 12. P. 3-12.

[2] Timoshenko S. P. History of science of strength of materials. M.: GITTL,
1957. (Russian).
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Breinmykiiag auHamMmu4deckKass CUCTEMAa CBA3aHHAsd C JIMHENHOMN
3agadeil pacupeaegeHns PecypcoB

M. B. Kyprxuna '

FOropckuit rocytapcTBeHHBIN YHUBEPCHTET

IIycrs orobpaxenue A: RP — RP umeer KOMIIOHEHTBI Ag(Z) — BBILYKJIbIE
BHU3 byHKIMU (BepXHUE OrudaloIiue JuHeRHbIX byHKIWIT).

Orobpazkenne \: RP — RP onpenensier TUHAMUYIECKYIO CHCTEMY, TPAEKTO-
pUAME KOTOPO# CIIYZKAT MOCIEI0BATETLHOCTH

xr1 = /\(J)Q), To = /\(1‘1), ceey Tpgl = )\(J?n),

B nmammoit pabore, ¢ MOMOIIBIO YKA3AHHONH INHAMUIECKON CHCTEMbI, TAETCS SIB-
HO€ pelleHre MHOTOMEPHON 33/1a9M JUHAMUYECKOrO NPpOrpaMMUPOBAHUA O JIU-
HEHHOM pAaCHpEeNe/ICHIN PeCypPCOB.

LIOropckuii rocymapcTBeHHEIH yHEBepcuTeT, yi. Mupa, 13, XamTs-Mamcuiick 628007,
Poccus.
E-mail: slavsky@uriit.ru
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O6 orpaHMYeHHOCTH OIIEPATOPOB C SAAPOM
B BecOBOM mpocTtpancrse Jlebera

JI. K. Kycaunosa !

Kaparanjaunckuii rocyJ1apCTBeHHbBI YHUBEPCUTET
uMm. E. A. Bykerosa

Paccmarpusaercs oneparop K f(x f k(z,y)f(y) dy, 3apanuplit Ha mpo-

1/p
crpancrse Ly, ,(Q) ¢ mopmoit ||ulp., = (f |u(z)|Po(x da:) , 1 < p<oo, e

Q) — obaacrs B R™, v — Bec Ha (). ITostydenbl ycao0Bust, IpU KOTOPBIX oreparop K
ABJIETCS. OPAHUICHHBIM 01epaTopoM u3 Ly, (2) B Ly, (), 1 <p < g < 0.
Beeném obosmauenns: Qg z(z) = {y € R" : |y; — x| < d, i=1,...,n}
amad>0m A= (A,...,\,) ¢\ >0; Q= Qean(x) nna Q = Qg x (),
rie ¢ = (M) eQ = ArQ, 1A= (1/A, ..., 1/\).
IIycrs d(z) — nonoxurenbHast GyHKIW Ha ), YIOBIETBOPSIOMIAS YCIOBH-
SAM:

1) Vo € Q 2Q(x) C Q, tme Q(z) = Qd(x),n) (),
2)Ine(0,1): Ve e QVy € Q(z) n < d(y)/d(x) <n'
[Momosxmm: @(x) = 0*Q(z), 6 > 0,0 ! =8 1A B ={Q = Quan(y) :

3Q(x) D Q}. Iycrs

Arpalv.) = sup { vraisup | / w(@)lh(z, )|

QEB yeR
a/p’ 1/q
(/|k z,t)|(1-o/p ()dt> dx} }

, q/p 1/q
By (0,0) = { [ [ e @(y)dy] dx} |
Q Q\(6n)* Q(z)

/

w0 <o <qp =p/lp—1),0=0v""7

I KaparanguHCKHi rocyJapCTBeHHEIH yHHBepcuTeT uM. E. A. BykeTosa, yi1. YHuBepcuTer-
ckas, 28, Kaparanma 470074, Ka3axcraH.
E-mail: kusainova@kargu.krg.kz
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Teopema. [Iycmb 1 < p < ¢ < 00 u 6eca v u w Ha ) ydosaemsopaom
yeaosuam Agpq(v,w) < 00, Bpq(v,w) < oco. Tozda K ecmo ozpanurennvil
onepamop u3 Ly (1) 6 Lq (). Hopma || K|| < (A p,q(v,w) + By 4(v,w)), 2de
NOCMOAHKAA ¢ He 3asucum om §) U 6eco8 v U w.

1

B uacraoctu, nycth 0 < v < n, 1l < p < qg<ny ',aBecavuw zHa R”

YOOBJIETBOPAKOT YCIIOBUAM:

A= sup  [Q7"H(Q)MPw(Q)V < oo,
Q=Q5|z|,1) ()
, q/p’ 1/q
Bz[ / w<x>( / |k<x,y>|pa<y>dy) dx} < oo,
R™ {ly—x|>do|z|

rae 0 < dp < § < 1 — nocrostHEBIE, 3aBUCAIIUE TOIbKO OT n. Torma I, f(z) =
[ z—y|7"f(y) dy, f € C§° = D, ecrb orpanudennsiii oneparop u3 DNL, ,(R™)
R7l
B L, (R™). B ciyuae, xorna v = n/p’ +n/q, v = 1, 1ocTatodHo norpeboBarh,
arobel [ w(x)|z| " dx < oo.

R7l
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O TpéxMEpPHBIX reJbMIOJbIIEBBIX MHOT000pa3uax
B. A. Kwpos!

[Fopro-AnTaiickuii rocy1apCcTBeHHBIN YHIBEPCUTET

B. X. Jles B pab6ote [1] mpoBén kiaccuduKAIUIO TPEXMEPHBIX (heHOMEHO-
JIOTHYECKN CHUMMETPUYHBIX reoMerpwmii. MIx okazasioch necarb. Cpean HUX eCTh
KaK u3BecTHbIe (IPOCTPAHCTBO EBK/IM/IA, I1ICEBI0EBKIIUI0BO IPOCTPAHCTBO, IPO-
crpancrso JlobaueBckoro, npocrpancrso Pumana), rak u Heussecrable. K aucity
HEM3BECTHBIX MEOMETPHUIl MPUHAJIEKAT: COOCTBEHHO MeIbMIOJIBIIEBO TPOCTPAH-
CTBO, TICEBIOTEIbMTOJIBIIEBO U I1yaJbHOIEIbMIOJIBIIEBO.

Paccmorpum Tpéxmeproe riaamkoe MHOroobpasme M, KOTOpOe MOXKHO JIO-
KAJIbHO TIPEBPATUTH B COOCTBEHHO TEIbMIOJIBIIEBO, MCEBIOTEIBMIOIBIIEBO WU
YaJIbHO TeIbMTOJIBIIEBO MHOMOOOPA3ue BBEIEHNEM B HEKOTOPO KOOPINHATHON
OKPECTHOCTH MPOU3BOJILHON TOYKM METPUIECKON (DYHKIIMU COOCTBEHHO TejIbM-
rOJIbLIEBA, [ICEBIOreJbMI0JIbLEBA UK Iy AJIbHOIEIbMI0/IbIEBA IIPOCTPAHCTBA [2]
Merpuueckne GYHKIUNA ITUX MHOTOOOPA3WHA MPUHUMAIOT BH/I:

2y
4

f=1[alX")? - e(a?X")?] exp <2oz<I>6 arctg + Qa?Xl) ,

Tyi
a;

rme v, = const, v > 0, 8 > 0, 8 # 1, 1ji1 COOCTBEHHO TeILMIOJIBIIEBA, TTPO-
crpancrBa € = —1, @« = v u ®_q(x) = arctg x; mis 1CEBAOrebMIOJIbLEBA IPO-
crpancrea PT? ¢ =1, o = 8 u ®1(z) = Ar(c)th z; ans ayanpHOreIbLMrOIbIEBA
npocrpancrsa D3 e =0, a =1 u ®¢(x) = z; a] — crpykTypHbie DYHKIHH.

Bektop X = (X!, X2, X3) npocrpancrsa T, (M) Gynem Ha3bBATb HEH3O-
TPOIHBIM, €CJIM HA HEM ONpPEJEJEeHO 3HaYeHne MeTpudeckoi (ynkmum. Cpsas-
HOCTb B PACCJIOEHUN JIMHEHHBIX perepoB L(M ) Ha3bIBaeTcs k6asumempuueckod
C6A3HOCTNBI0 TPEXMEPHOTO TeJIbMIOJIbIIEBA MHOrOOOpasus M, eciu mapaJiie/ib-
ubiil meperoc cioes u3 T(M) coxpansier merpudeckyio dyukuuio f. I3 ompe-
JIEIEHUST KBA3UMETPUIEKOH CBSA3HOCTH CJIELyeT, 9TO MMEET MECTO CIIEAYIOIee
pasenctBo Vi f(X,X) =0, cae X — Heu3orpouHblii BEKTOP.

Teopema. [eavbmzorviueso mpéxmeproe muozoobpasue M donyckaem xeazu-
MEMPUYECKYIO CBAZHOCTDL, CuMB0Ab, Kpucmoppers xomopoi 6 xoopdurnammot
oxpecmuocmu U npou3eosbHoll mowky HeA8HO 3a0a10MCA MAKUMY 6bLPAAHCEHU-

ITopro-Anraiickuit rocymapcreenusiii yausepcurer, yi. Comuanucrudeckas, 14, Topmo-
Anraiick 649000, Poccust.
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AMU

; Ohij da3
% l _ vj . i .l 3
Fkihjl + ijhil = o7k — 20&)\”k, 7k = Fkial,
1.1 2 2 12 12
hij = a;a; — eaja; + a(a;a; — ajay),
NPUUEM OAA CUMBONOE N UMEEM:
1 2
Oa; 1 0as

_ 277 177
)‘Uk*ajaxk ajaxk’

2dei,j, k,l=1,23.
Crucok JuTeparypbl

[1] JIer B. X. TpéxmepHble reoMeTpun B Teopuu (bU3NIECKUX CTPYKTYD //
Boranciurennunie cucrembr. T. 125. Hosocubupcek, 1988. C. 90-104.

[2] KbipoB B. A. TpéxmepHble reqbMrosbleBbl mpoctpaHcta // Tes. KoHD.
Mostonpix yaenbix. Hosocubupcek, 2001. C. 16-18.
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HacnenoBanme cBoiicTB (pyHKIIUIME
T. I'. Jlam¢pyrrun*

Tromenckuit Tocy1apcTBEHHBI YHUBEPCUTET

O6o3unauum depe3 (D) npocrpaHcTBo Beex JAefCTBUTEIbHBIX (DYHKIU, Oll-
penenéuubix Ha MHOXKecTBe D. Ilycth M — muOXkecTBO dyHKImi 13 O(D), 06-
JIAJTAIOMIUX HEKOTOPBIM cBoiicTBoM A. Kak momkna ObITH pacmosioxena QpyHK-
st g € O(D) orHOCHTENEHO MHOXKeCTBA M, 9T00bI ¢ TakXke 00Jaaa CBOM-
ctBoM A? EcTecTBeHHO MPEIIOI0KUTD, YTO ¢ MOJKHA ObITh OJIM3KA, B KAKOM-
TO, cMbICTe KO MHOXKecTBY M. Torma Bompoc CBOAWTCA K 3aaHUIO0 OJIU30CTH
CIocoO0OM, OTBEYAIONIMM CBOWCTBY A.

B pabore paccmaTpuBaioTcs MHOXKeCTBA (DYHKINI, 0618 1aI0MNX CBOMCTBA-
MU — HEMPEPBIBHOCTH, HHTErPUPYEMOCTh M0 Pumany, m3mepumocts o Jlebery.

[TocramnoBKa 33721 BHITEKAET U3 TEOPEM O KBA3HMPABHOMEPHOI 1 0OOOIIEHHOM
KBa3upaBHOMEPHOIi cxopumocru [1;2, c. 436; 3, c. 97, 99]. [Ipeayaraercs yuusep-
CAJIBHBIN MMOIXOJ, K 33/1a9aM TAKOro POja.

Onpenenenne 1. Ckaxxem, uro dyukiusa g € ¢(D) naxoqurcs B OTHOLIE-
muu N7 ko muOK)ecTBY M C (D), ecrm s mroboro € > 0 HABAETCS KOHETHBII
win cuéTHBIN Habop MuOXKecTB {U;} OTKpBITHIX B D 1 Takux, yro D = |JU; n

i

JIJIST KaXKI0r0 TaKOro MHOXKecTBa U; Haiinérca dyukmusa f; € M Takasi, 9T0 171
n060i#t Touku x € U; BbimoHeHo HepaBeHCTBO | fi(x) — g(x)] < e.

Onpepenenne 2. D — mpousBojbHOe moaMuOXKecTBO R™. CkazkeMm, 9TO
dbyuxmms maxomurcs B orromennn Ny kKo muoxkectBy M C ®(D), ecom most
soboro € > 0 HAlAETCH KOHEYHBIN WJIM CUYETHBIH HAOOD OTKPBHITHIX B [ MHO-

xkects {U; } Takux, 4ro (D\U Ui) = 0 m 11 KaxKn0ro MaokecTsa U; Haiinércs
i

dbyuxnus f; € M takas, 9To mjs 000t Toukn x € U; BBIMOIHEHO HEPABEHCTBO
|fi(z) — g(2)| <e.

Onpegenenne 3. Muoxecrso D — m3MepuMOe MOAMHOMKECTBO MPOCTPAH-
crBa R™. Ckaxewm, uro dbynkmua g € ®(D) maxomurca B oraomenun N3 KO
MHOXKecTBY M, eciu st siroboro € > 0 HafAETCA KOHEYHBINH WIN CYETHBIN Ha-

6op m3mepumbIx MHOKecTB {U;} Takmx, 9To L (D \U Ui) = 0 u JJ19 KaxKJI0ro
i

MuoOxkecTBa U; Haitngrcs dbyukmus f; € M takas, 9To s m000it Touku x € U;
BBIIIOJIHEHO HepaBeHCTBO |fi(x) — g(z)| < e.

I Tiomenckuit rocymapcrsennsiit yausepcurer, yia. Cemakora, 10, Tiomens 625000, Poccusi.
E-mail: tlatfullin@utmn.ru
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YrBepxkaeaue 1. I[fycmv D — uexomopoe mmooscecmeo ud R™ u M co-
cmoum u3 Henpepueunr Gynryul. Ecau gynkyus g: D — R nazodumces 6
omuowenuu N1 ko muooscecmey M, mo g nenpepwieha.

[Iycrs D — npoussosibroe noaMuoxkectso R™. Yepes R (D) obo3Hauum MHO-
kecTBo Tex dyHkumii u3 ®(D), y KOTOPHIX MHOXKECTBO TOYEK Pa3pbIBa UMEET
Mepy 0.

Vrepxkaenune 2. [Tycms M — nexomopoe mmoosrcecmso gynryud us R(D)
u Pynxyus g € P(D) nazodumca 6 omnowernuu Na Ko muoscecmey M. Tozda g
npunadsestcum npocmpancmsy R(D) (ecauw D — ompesok, a g — oepanuuentas
Pynryus, mo g unmezpupyema no Pumany).

YrBepxkaenue 3. [lycmv D — usmepumoe nodmmoocecmeo R™ u M —
HEKOMOPOE MHONCECTNEO USMEPUMBLT Pynryud, onpedesenmnnr na D. Ecau
dynryua g: D — R nazodumca 6 ommowenuu N3 xo mnoscecmey M, mo
g UBMEPUMA.

ITycts A m B — OTHOImEHAs, B KOTOPBIX MOYKET HAXOAUTHCSA (DYHKIWSA § KO
muoxkecrBy @ (D). Banumem A = B, eciu u3 A caenyer B.

YrBepxkaenue 4. [lycmv D — npou3sosvbroe nodMHONMCECTNEO NPOCTNPAH-
cmea R™ (6 n. 2 u 3 D usmepumo), M — nexomopoe mmuoocecmso Pynkyui
u3 ®(D). Tozda das pyrkyuu g € D(D) swnoaneno N1 = No = N3 u nu odna
U3 CMpPesox ne 0opamuma.

Crucok aurepartypsbl

[1] Anexcangpos II. C. O rak Ha3biBaeMONl KBa3UPABHOMEDHON CXOAMMOC-
i // Yenexu mar. Hayk. 1948. T. 3, Ne 1(23). C. 213-215.

[2] @uxrenroasn I M. Kypc nuddepeHnnaibHOro u HHTErpaibHOTO HCUHC-
sgenwnsi. T. 2. M.: Toc. w3n-Bo dus.-mar. jg-per, 1959.

[3] Measenes ®@. A. Ouepku ucropuu reopun GHyHKIMA AACTBUTEILHOIO e~
pemennoro. M.: Hayka, 1975.
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Polyhedral Spaces Without Conjugate Points

Nina Lebedeva

Steklov Mathematical Institute

We say that a locally simply connected metric space M with inner metric has
no conjugate points if any two points in the universal cover of M are connected
by a unique geodesic. By an n-dimensional polyhedral space we mean a metric
space (with an inner metric) covered by n-simplicies, such that the restriction
of the metric to each simplex is a smooth Riemannian metric.

The work has two directions: the first one is studying of geometry of poly-
hedral spaces and developing of special technique for studying these spaces, the
second is studying of polyhedral and general metric spaces without conjugate
points; the particular aim was to give a generalization of the Hopf conjecture
for polyhedral spaces.

We prove that every abelian subgroup of the fundamental group of a compact
locally simply connected metric space without conjugate points is straight; this
result generalize the result obtained by C. Croke and V. Schroeder for analytic
Riemannian manifolds.

We also prove that if the triangulation of an n-dimensional compact poly-
hedral space M without boundary and with no conjugate points contains three
n-simplicies with a common (n — 1)-face, then the fundamental group m; (M) is
of exponential growth.

Relying on two results formulated above we prove the following general-
ization of the Hopf conjecture: if the fundamental group of an n-dimensional
compact polyhedral space M without boundary and with no conjugate points is
of polynomial growth, then there exists a finite covering of M with a flat torus.

The main technical approach to prove theorems for polyhedral spaces was
considering a geodesic flow on a space of geodesics of a polyhedral space and
constructing the wide class of invariant measures (with a given properties) on
this space. This gave a possibility to apply ergodic theory for polyhedral spaces.

ISteklov Mathematical Institute, Fontanka 27, St.-Petersburg 191023, Russia.
E-mail: lebed@pdmi.ras.ru
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Brerraue xapakrepuctuku cyoanddepeHiiuaios
cyOJMHENHBIX OMEPATOPOB U YHUBEPCAJIbHBIE
MIPOCTPAHCTBA JIMHEHHBIX OMEPATOPOB

10. 3. Jlunxe!

Uncturyr quaavukn cucrem u teopun ynpasienus CO PAH

Kak u3BecTHO, O/HOIM 13 BHEITHUX XapaKTepucTuk cyonuddepenimasa cyo-
JIMHEHHOTO OTepaTopa SBJISeTCs CIeAYIONee CBONCTBO: ¢ KadiCObM Henpepvie-
HOLM CYOAUHETHBLM ONEPATNOPOM MONACHO CEA3GMb MAKOE MHO203HAUHOE 0MO00-
PAdCEHUE, WIMO €20 HENPEPHLLEHBIE CEACKMOPbL 0MONHCIECTBALIOMEA ¢ cYbIudpde-
penyuasom cybauretinozo onepamopa. cmonb3yss STOT pe3y/IbTar, MOXKHO MO-
JIVIUTH APYTUe BHEITHUE XapPAKTEPUCTUKHU.

Teopewma 1. Jlaa xascdozo Henpepuenozo cybaunetinozo onepamopa P: V —
C(X), 2de V. — cenapabeavroe banazroso npocmpancmeo, a C(X) — banaxoso
NPOCMPAHCINEO HENPEPLEHHIL PYHKUUT Ha Komnaxme X ¢ sup-wHopmot, Hai-
démesa wKomnaxmuwnd cybauneldnund onepamop Py: o — C(X), 20e by — 2unn-
6epmoBo NPOCMPAHCMBO NOCALIOBAMEALHOCMED, ¥MO €20 KOMNAKMHYT CYO-
dugppepenyuan 0 Py, m. e. cybduddepernyuan, cocmoauus MOILEO U3 KOM-
NAKMHLLT ONEPAIMOPOS, ONEPAMOPHO aPPurHo zomeomoppen cybdupdepenyua-
ay OP, ecau 60 ecex npocmpaHcmear onepamopos paccmampueams MOnoAOZUI0
npocmoti cLoOUMOCAL.

C TouYKM 3peHust yHUBEPCAJTBHBIX IPOCTPAHCTB STOT PE3YIbTAT O3HAYAET, YTO
BepHa JBOUCTBEHHAA

Teopema 1'. IIpocmpancmeo L (l2, C(X)) xomnaxmumz aunetinmz onepa-
MOPO8 YHUBEPCAALHO 6 TMOM CMBLCAE, UM OHO COJEPHCUM 20MEOMOPPHDLE 00-
pasv, cyboupdepenyuaros, onucarhozo 6 meopeme 1 Kaacca CYobAUHETHBIT One-
pamopos P : V — C(X).

Ecmu B Teopeme 1 m 1’ orpaHMYUTHCA TONBKO METPHU3YEMBIMH KOMIIAKTA-
mu X, TO MOXKHO CYMTATh, 4TO B Teopeme 1 oneparop Py aeiicrsyer B C([0,1]),
a B Teopeme 1’ mMoxkHO 3amenuTh mpoctpancTBo LC (fa, C(X)) mpocTpancTBoM
L (ty, C([0,1])).

B noknazme o6cy K Ia10TCs 1 IPyTUe BOIIPOCHI, CBSI3aHHBIE C TOCTPOEHUEM yHI-
BEePCAJIbHBIX IPOCTPAHCTB, COAEPIKAIIAX OMEepaTopHo adduHHbIE 00pa3hl Cy0-
nud depernnanos cybIMHEHHBIX OIIEPATOPOB WU (DYHKITHOHAIOB.

"YMucTuryT mumaMuku cucteM u Teopun ympasiaemus CO PAH, ym. Jlepmonrtosa, 134,
a/s 1233, Upkyrck 66403, Poccus.
E-mail: linke@icc.ru
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OHeHKI/I AIIINIPOKCHMATHUBHBIX YHCEJI NMHTETrPaAJIbHbIX

OIIepaToOpoOB C MEPEMEHHBIMHU ITPEeIeIaMu
uHTerpupoBanug B L

E. H. Jlomaxuna*

J1aTbHEBOCTOUHBIN TOCY/IAPCTBEHHBIIT YHUBEPCUTET
myTeil COOOIIeHns

IIycte X u Y — GamaxoBbl mpocTpaHcTBa. [locienoBaTebHOCTD annpokcu-
MAMUSHHLT “wucea (a-wuces) JTUHEHHOro orpanudeHHoro omneparopa B: X — Y

oupezeiena 1o dpopmyie a,(B) = . Xalirg;nkP<m IB—P|, m = 1,2,...

BBIPAKAIOIIEl PACCTOSHUE MEXK/Iy OIepaTopoM B u moampocTpancTBOM KOHEY-
HOMEPHBIX omeparopoB. B ocobom ciaydae, korma X u Y — ruab0epToOBBI IPO-
CTPAHCTBA, AMMPOKCUMATUBHBIE YUCJIA COBIAJAIOT C CUHRYAADHLLMU YUCAGMYU
(s-uucaamu) U ABIAIOTCA mONepedHuKaMu KosMoroposa o06pa3a eIuHUIHOTO
mapa mpoctpancTBa X mpu npeobpasoBanuu B. J[Jg KOMITaKTHBIX OMEPATO-

P(x)
pow 5 L¥(RF) — L¥(R*), Sf(w) = v(e) [ ulw)f()dy, T: I¥(R) —
Lo(R*), Tf(x) = o(x) | u)f(y)dy, tae uly) € L'(RY), v(z) € L=(R*) u

()
(), ¥(x) — Bospacratouue nuddepennupyemplie dyukipu Takue, 4ro p(0) =
¥(0) = 0, p(x) < Y(x) agnag z € (0,00) u p(co) = Y(oco) = 0O MONYUEHbI

ABYXCTOPOHHUE aCUMITOTUYIECCKUE OIEHKU allIPOKCUMATUBHBIX YUCEJ]T

T (o) (@) () do < nnrg inf ()

< limsup o, (5) < 2 [ u(v(@) oy ()4 («) da,
(o) lon ()¢ (o) do < limint na, (7)

< limsup nan (7) 2f [ulip(@)) v (@) (@) da,

cae vs(2) = Hm ol o @e oo

lﬂaaneBOCTqumf/’I roCyJapCTBEHHBIN yHUBEpCUTET myTel coobmenust, yia. Cepsimesa, 47,
Xabaposck 680021, Poccus.

E-mail: Lomakina@as.khb.ru

Pabora nomaep:kana rpantom PODPU 03-01-00017.
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O6 acuMOTOTHKE YHCJIA PACCTAHOBOK (puryp
Ha IIIaXMAaTHOI J0CKe

A. II. Jlanun?t

Kpacnosipckuii rocy/1apcTBeHHbBI YHUBEPCUTET

o0
IIponssonsmas dyukmms F(z) = Y a,z™ aBasgercs 3GdeKTHBHBIM Cpeji-
n=0
CTBOM HUCCJIEJOBaHUs [OCJe10BaTebHoCTU {ay, }. [Ipu usydyenun acumuroruye-
CKOI'O [IOBeJIeHMs B Cilydae, Korjua F'(z) — paunuonasibHas (pyHKIUs, U3BECTHO,
YITO ACHMIITOTHKA {a,} Ompeessercs GmKaimmm momocoM. B ciywae MHOrO-
MEpHOii TI0C/IeI0BATEILHOCTH BO3HUKAIOT TPYJHOCTH MPUHIMAIHAIBLHOIO XapaK-
Tepa M3-3a OTCYTCTBUS MOHATHS KPATHOrO ACHMITOTHYIECKOTO PSAJIA.

OnuH 13 crtoco60B N3y4YeHust KPATHOMN MOCIeI0BATETBHOCT — UCCIEI0BAHUE
ACUMOTOTUKU <110 AuaroHassiM». s nBoiinbix nocsuenoarensHocreit {a(n, k)}
OIPEIETUM TUATOHAIBHY IO TIOIIOCIIEI0BATEILHOCTD CIEAYIONIMM 00pa3om: (huK-
cupyem (p,q) € Z3 n GyneMm pacCMaTpUBaTh OAHOMEPHYIO ITOCIEIOBATETLHOCTD
{a(pl,ql)}, | € Z4. Takoii noaxox K M3Y4YEHUIO ACUMIITOTHYECKOIO [OBEIE-
HUs JBOMHON [OC/IeA0BATEILHOCTH IPpUMeHsiIca B [1] npu pemenun npobiiembl
YCTOWYMBOCTH JIByMEPHBIX MI(PPOBBIX PEKYPCUBHBIX (DHILTPOB, UMEONIHMX Pa-
[UOHAJIBHYIO TIEPEJATOYHYIO (DYHKIUIO OT JBYX MEPEMEHHBIX.

B pabore [2] acumnrornka Ko3hMUINEHTOB PAIMOHAIBHOM MPOU3BOIAIIEH
GyHKIUE IBYX IEPEMEHHBIX U3Y9aaaCh B CBA3U C TAKMMH 33/IA9aMU IEPEIUCIII-
TEJTHHOrO KOMOMHATOPHOIO AHAIU3A KAK, 347498 O YHC/IE PEIETOYHBIX ITyTeH,
38714948, O MOKPBITAA KOCTSIMH JOMHHO H Jp.

B manmnoii pabore paccMaTpuBaeTCs OHA U3 3329 O PACCTAHOBKAX (GUryp
Ha IaXMaTHON JOoCKe, Koropas B [3] cdopmynnpoBaHa cieayommm 06pa3om.

Sagaga. Jana mampuya paszmepom m X n. Bwubupaem k ssemenmos u3
HUT MaKUM 00pa3om, wmobo. nukarue 08a He cmoAsu 6 00HOT cMmpoke, 4 ecau
BHLOPAHDL INEMEHMDL U3 CMENHCHBLT CMPOK, MO OHU OANCHBL CMOAMD 8 00HOM
cmoabue (nopadox snemenmos ne umeem 3navenus). Q003HAUUM YUCAO BCET
B03MONHCHBIT 6bL60P06 MaKozo poda ueped a(n, k), n =k > 0.

Hus npoitnoit nocaenosareasnocru {a(n,k)} nosaydena npousBojsiias
m

byukiua F(z,w) = > a(n, k)z"wk = D o (D)= 4 acuMI-

Ldaxynprer MaTemaTukn, KpacHOAPCKHI TOCyIapCTBeHHEIH yHIBEpCUTET, Ip. CBOGOIHEL,
a. 7, Kpacuosipck 9660041, Poccus.
E-mail: lalex@krasu.ru
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roruydeckas popmyna ad p = q:

c(k
(q)za"wa’i n=pl, k=ql, | =00, p="2,

V2wl q
1 2 —2m + pm — 2p + \/Am? — 4um?2 — dm + dpm + p2m?>

a(n, k) ~

zZ0 =

2(m —1) pw—1 ’
wo — 1— 20
07 201+ (m—1)z)’
o (zowp +m — 1)(1 — 2p) (1 — zo)
Zowo 2mzgwo — p(1 — p)(1 — 20)?

ITpu BeIBOAE nanHO# HOPMYIIBL MBI KCHOJIb30BaJIU Teopemy 5.1 u3 [4].

B kuwure [3, reopema 4.4.5] nostyuena acUMOTOTHYECKAS OLEHKA I1OCIIEI0Ba-
resbrOoCcTH {a(n,k)} mumb B caydae, korga k = const, n — oo. OTMeTHM, 9TO
YKA3aHHYIO OIEHKY MOXKHO YTOYHHUTD.

Crucok aurepartypbl

[1] Oux A. K. YcnoBusi abCOMIOTHON CXOAMMOCTH Dsifis n3 KOd(bOUIHEHTOB
Teiimopa mMepomopdHbx byHKIMH n1Byx nepemenHsix // Mar. c¢6. 1981.
Bomr. 11. C. 1588-1612.

[2] Pemantle R., Wilson M. Asymptotics for multivariate sequences. I. Smooth
points of the singular variety // J. Combin. Theory. Ser. A. 2002. V. 97.
P. 129-161.

[3] Eropsraes I. II. nrerpajbHOe TpeCTABIEHWE W BBIYUCIEHHEe KOMOMHA-
topubix cymm. HoBocubupck: Hayka, 1977.

[4] Penoprok M. B. Acumnroruka: Murerpasst u paasi. M.: Hayka, 1987.
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Sanaua /lupuxje ajid MOJMYJIUHEHHOTO 3JIJINITHYIECKOTO

YPaBHEHUd HA PUMAHOBBIX MHOT'00O0Opa3msax
CHEINNAJIBHOT'O BHIA

Masena E. A. 1

BoJirorpajickuii rocy1apcTBeHHbI YHUBEPCUTET

B mammoit paboTe m3ydarTcs BOMPOCHI PA3PEITUMOCTH HEKOTOPBIX KPAEBBIX
3a/1a4 /14 [MOJIYJINHEHHOIO SJIJIUIITUYECKOIO yPaBHEHUA

Au = ud(|ul), (1)

rae ¢(§) > 0 — MOHOTOHHO BO3DACTAIONIAs, HEMPEPHIBHO auddepeHnmpyemast
dbyurnus mpu 0 < £ < 00, HA HEKOMITAKTHBIX PUMAHOBBIX MHOTrOOOpa3usax B
CBSI3Y C QHAJUTUIECKAMHU U TEOMETPUUECKUMU CBOUCTBAMU MOCIIEIHUX.

IMycrs M — mpou3BOJILHOE TJIAJKOE CBA3HOE HEKOMITAKTHOE PUMAHOBO MHO-
roobpasue. I3pectHo, 9T0o Ha M W3 CyIMIECTBOBAHWUS HETPUBHUAJIHLHOIO OTPAHM-
YEHHOrO perienus jiist ypasHenuss Au — u = 0 cliefyer CyIecTBOBaHHE aHAJIO-
PUYHOrO perreHus s ypasuenus Au — pyu = 0, tae g > 0 — npousBosbHAs
KOHCTaHTA (cM., [1]).

CripaBeJIuBO CJIEAYIONIee YTBEPIK ICHNUE.

Jlemma. Ha M cywecmeyrom HempusuaibHole 02PaHUYeHHbLE DEULEHUS 0NAA
ypasnernua (1) moeda u moavko mozda, koeda na M cywecmeyom Hempueu-
ANBHBLE 02DAHUNEHHDLE DeweHUus 0as ypashenus Au —u = 0.

Hanee mycts M — MomenbHOE MHOTOOOpa3ue, T. €. IMOJHOe PUMAHOBO MHO-
roobpaswue, mpeacraBumMoe B Bume oobenuuenus M = B U D, rome B — HeEKO-
TOPBI MPEIKOMITAKT € HEMyCTON BHYTPEHHOCTHIO, TPAHUIA KOTOporo OB saB-
JIIETCSA TIAIKAM ITOAMHOroo6pasueM, D n30MeTpUuIHO MPSAMOMY IIPOHU3BEIECHUTO
[ro, +00) xS (rae rg > 0, S — KOMIIAKTHOE PUMAHOBO MHOI0O0Opa3ue 6e3 Kpasi) ¢
merpukoii ds? = dr?+g%(r) df? (rae g(r) > 0 — rmaaxas na [ro, +00) byHKIHM,
a df? — pumanoBa MeTpuka Ha S).

Byzem rosopurs, uro Ha M pasperuma 3aqaua Jupuxiie nisa ypasaenus (1)
B KJIACCE TIOJIOKUTEIbHBIX (OTPUIATEIbHBIX ) (DYHKIWA, €Ciiu Jis JTI000i Hempe-
DBIBHOI, TOJIOXKUTENIBHOI (orTpuiiarensroit) Ha S dyukipn ®(0) wa M cyme-

L Boarorpajackuii rocymsapcTeeHHEIil yHEBepcuTeT, yia. 2-s IIpomosmbmasi, 30, Bosrorpasx
400062, Poccus.

E-mail: Imazepa@rambler.ru

Pabora Beimonuena npu GpuHaHCOBOR moagepxkke rpanta PO®U (mpoekt 03-01-00304).
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CTBYeT OrpaHrYeHHOe PelleHre 3TOro ypasuenus u(x) takoe, aro lim u(r, ) =
T—00
D(0).
+oo dt t
Beeaém obosnavenne [ = [ pr=yo [ g™ (€)d¢, n = dim M.
g 70

o
3ameuanue. I13BecTHO, 9YTO BCAKOE OTPAHUYEHHOE PelieHre ypaBaenus Au—
u = 0 Ha M gABIgETCA TOXKIECTBEHHBIM HYJIEM TOTJA W TOJHKO TOTJA, KOTMIA
I = o (cm., Hanpumep, [2]).
Crenyroiiee yTBEpXK/IEHHE PACIPOCTPAHSIET JAHHBIA PE3yIbTAT HA CJIydaii
MOJIyJIMHEHHOTO YpABHEHU .

Teopema. 1. Ilycmvb pumanoso mmozo006paszue M maroso, wmo I = oo.
Tozda na M ne cyuecmeyem HEMPUBUGALHOLL UEABLT 02PGHUYEHHBLT PeuteHul
ypasnenud (1).

2. Iycmov pumanoso mruozo0bpasue M makoso, wmo I < oco. Tozda na M
CYWELCTNBYIOM HEMPUBUAADHDLE ULAbLE 02PaHU%EHHbe Pewenus ypasrenus (1).
Boaee mozo, na M paspewuma 3adava Jupuzrae das ypasnenus (1) 6 xaacce
noA0AHCUMEALHOLT (OMPUUATNEALHBT) GYHKUUT.

Crucok aurepartypsbl

[1] I'puropesia A. A., Hagupamsnan H. C. JInyBUIIEBBI TEOPEMBI W BHEIITHUE
kpaesbre 3a1aun // 13B. By3oB. Maremaruka. 1987. Ne 5. C. 25-33.

[2] JToceB A. I'. O B3aMMOCBSI3M HEKOTODBIX JINYBHUJIJIEBBIX TEOPEM Ha PHMa-
HOBBIX MHOroobpasusix crenuaiboro suzaa // WU3s. Byszos. Maremaruka.

1997. Ne 10. C. 59-63.

174



On Stability of Some Minimal Surfaces in
the Heisenberg Group

L. A. Masaltsev' and E. V. Petrov?

Karazin Kharkiv National University

We study stability of some complete ruled and SO(2)-invariant minimal
surfaces in the real 3-dimensional Heisenberg group Nil? endowed with the left-
invariant metric ds? = dz? + dy? + (dz — z dy)?. We use the criterion of stability,
founded by D. Fischer-Colbrie and R. Schoen to prove

Theorem 1. The following complete ruled minimal surfaces in Nil® are
stable: 1) “vertical plane” r(u,v) = (u,au + b,v), 2) “oblique plane, parallel
to aze Oz” r(u,v) = (u,v,au + b) (in particular “horizontal plane” z = b),
3) minimal surface (r(u,v) = (u,v,uv/2) (the image of the horizontal space
under the exponential map exp: nil — Nil.

We also study stability of the analogs of catenoid.

Theorem 2. Every SO(2)-invariant minimal surface in Nil® is unstable.

IKarazin Kharkiv National University, Svobody Sq. 4, Kharkov 61077, Ukraine.
E-mail: masaltsev@univer.kharkov.ua
2Karazin Kharkiv National University, Svobody Sq. 4, Kharkov 61077, Ukraine.
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Value Distribution of Yosida-Type
Quasimeromorphic Mappings

Shamil Makhmutov' and Matti Vuorinen 2

Sultan Qaboos University,
University of Helsinki

Let n > 2 and p > 1. A quasimeromorphic mapping f in R" is called a
p-Yosida mapping if for any sequence of points {a,} € R", lim |a,| = oo, the
n—oo

family of mappings {f(a,, + |a,|?>"Pz)} is normal in R".

We show that for any p-Yosida quasimeromorphic mapping f non-constant
limit mappings of converging sequences of the form {f(a, + |a,|>"Pz)} in R"
are 2-Yosida mappings.

We estimate the growth properties of the averaged counting function A(f)
for 2-Yosida mappings of the first order and discuss the distribution of a-points
of p-Yosida quasimeromorphic mappings.

IDepartment of Mathematics and Statistics, Sultan Qaboos University, P.O.Box 36,
Al Khodh, Postal Code 123, Oman.

E-mail: makhm@squ.edu.om

2Department of Mathematics, University of Helsinki, P.O.Box 4 (Yliopistonkatu 5), Helsin-
ki 00014, Finland.

E-mail: vuorinen@csc.fi
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l'ayccoBa xpuBu3Ha kKak auddepeHnnaabHblii THBAPUAHT
HEKOoTopoii rpymnmns JIln

A. I'. Meepaboes !

HoBocubupckuit rocy1apcTBeHHbBIN yHUBEPCUTET
u VTHCTUTYT BBIYHUCJIUTETHHONU MaTeMaTUKN U MaTeMaTHIeCcKOit

reopmsukn CO PAH

1. Haiineno, uro rayccosa kpususua K (x,y) MOBEPXHOCTH B TPEXMEPHOM €B-
KJIMJIOBOM ITPOCTPAHCTBE C TMHEHHBIM 3JIeMEHTOM (PUMAaHOBOI METPUKOIH) dr? =
1 Alnn?(x,y)

2 n*(z,y)
J aBnsercst muddepeHImanTbHbBIM THBAPHAHTOM (ON) GeckoHEYHOl TIpyI-
n6l G TOYEUHBIX MpeoOpa30BaHMil IPOCTPAHCTBA, MATH TIePEMEHHLIX ¢, T, 1, U',

u? ¢ anre6poit JIu uHGUHUTESNMAILHBIX oneparopos X €8 oJHomapaMeTrpude-

n?(z,y)(dx? + dy?), onpenensemas o dbopmyse K(x,y) =

0 0
ckux moarpymm suga X = &(x,y) — + U(z,y) =— — 28, (z, y)u? rae O,

Ox oy ou?’
U — mpou3BOJIbHBIE COIPSI?KEHHBIE TADMOHIYECKHe (PyHKIMH, a Takxke I kak-
JOTO U3 cyxKemwii rpynmel G Ha MPOCTPAHCTBO «, ¥y, u', u? u z, y, u?. Ilpu
srom u? = (n)? = n?. Hokazano, uro rpynna G ABIAETCS JOMYCKAeMoil rpyTi-
00l (9KBUBAJIEHTHOCTH) [l IIUPOKOro Kiacca audhepeHiyaibHbiX ypaBHe-
auit (1Y) B 9acTHBIX IPOU3BOJHBIX C II€peMeHHbIM Ko duimenTom (rapamer-
pom) u? = n?(z,y), BKmMoYaomero MEorue Kiaccudeckue /1Y MareMaTHaecKoir
dm3uknM: 3HKOHATA, XaPAKTEPUCTUK BOJIHOBOTO YPABHEHWs, IMHEHHBIC U HEJIU-
HeliHbIe BOJIHOBBIE, JIMHEHHBIE U HeJIMHEWHBbIE TeNJIONPOBOJHOCTH, JIMHEUHBIE U
HeJIMHEMHBIE SJITUITUYECKOTO TUTIA, B TOM uucje 'empmromnbia, [Iyaccona, ypas-
HEeHUd MUHUMAJIbHOU ITOBEPXHOCTH, 3a8JaHHON Cpe/iHell KPUBU3HBI U JIPyTHeE.
2. lycte 7 = 7(t,2,y) = J? — HeKOTOpOE peleHue ypaBHeHHs 3HKOHATA
JT = {(12)* + (1y)*}/n*(z,y) = 1, t = J' — napamerp TOYEYHOTO MCTOTHUKA
curnanos, p = 7¢(t, z,y) = J° u Gyskmun h, v, U', U? onpenenens paBeHcTBa-

A

_ -1
Ty Tt TeTt _ .
U%(t,7,p) = {w} = (J%) L. Tlokasano, uro ypaBHenue >ikonaa

TpaHC(HOPMHUPYETCS B KIACCHIECKUE CKAJIAPHBIE OOBIKHOBEHHBIE /IY: B ypaBHe-
nne Pukkatu h, + h? = —K(x,y) nana h, B nureitnoe ypasaenne IITypma —

'HCTHTYT BLIMHCIHTEILHON MATeMATHKH M MaTeMaTHIecKo# reocdusuku, mp. Axas. Jlas-
peaTbeBa, 6, Hoocubupck 630090, Poccusi.
E-mail: mag@sscc.ru
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Juysunnsa Uy, + K (z,y)U = 0 ana U, U?, obpasyromux ero dbyHIaMeHTa b-
2
v 3 (v
HYIO CHCTeMY, B ypaBHeHHe {v,T} = — — 3 <l> = 2K (z,y) nna v. B
vy vy
cilydae peryssipHocTH cemeiicrBa Jydeil (reoJie3aMyeckux) B PACCMAaTPUBAEMON
06JIACTH 3TO — NPeOOPa30BAHME «B IIEJIOM». AHAJIOTMYHBIE PE3Y/IbTATHI CIPA-
BeUBLI i ypasHenus J' = ¢(7), rae o(7) # 0 — mpoussoibHas QyHKIHs
kacca C? 0600IIAIOMEro ypaBHeHus diKoHaIa, n 1y ypaHerns J' = (1)
(XapakTepuCTUK BOJHOBOrO ypasHenus ). Boipakenus J7 — sro AU rpynmer G
1
(ut =7).

3. Tayccosa kpususna K (z,y) Beipaxkaerca gepes AW J*, J7 no asmoit dop-
1 4 4
myre (17— u) n(x,y)K(z,y) = 5 AlnJ" — { <um %) + <uy %) }, 9KBH-
z y

1 U
BAJIEHTHO! JUBEPreHTHOMY TOXKJECTBY 3-T'O TIOPSIIKA, 3 Alng— { (ux —) +
T

A
(uy _u) } =0, e g = (uz)?+(uy)? = | grad u|?, ceas3pIBaOmEMY JamIACHAH
y

U MOJYJIb I'DAJUEHTa CKAJIAPHOI DyHKuuu u(z,y).
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KBaszukondopmMHOCTh rayccoBa OTOOpakKeHus
M yCTOMYMBOCTh 3KCTPEMAJbHBIX MTOBEPXHOCTEI

H. M. Medsedesa *
BoJirorpajickuii rocy1apcTBeHHbIH YHUBEPCUTET

B mamHOM mMOKJIaIE MPEICTABIEHBI TEOPEMBI O KBA3UKOH(OPMHOCTH TayCCO-
Ba OTOOpasKeHHs M OIeHKH G-8MKOCTH KoHAeHcaTopa. Ilycts M C R —
nosepxuocts Kiaacca O2, {ei}?jll — CTaHJAPTHBI OPTOHOPMHUPOBAHHBIN Oa-
3HUC, ACCOIUUPOBAHHBIN C JIEKAPTOBBIMU KOOPAUHATAMU X1, L2, - .., Tpil, & =
(€1,&9,...,&nr1) — equEmIHAA HOPMATh K osepxaoctd M, ¢(£): R — R —
HeoTpHIaTe bHasA GyHKIHA Kiaacca C2. PaccMoTpuM (DyHKIHOHAJ THIS, TLIO-

aIu:

F(M) = ¢(fn+1)- (1)
/

Beengém ob03HaUEHNS, TPUMEHSIEMbIe HIKe: H — CpenHssi KpUBU3HA MTOBEPXHO-
ctu M, Vo= (g—g, g—g, ceey %) , v7 — opToroHaLHAA MPOEKITAS BEKTOPA, U
HA KACATEIbHYIO MJIOCKOCTh K MOBEpXHOCTH M B COOTBETCTBYIOIIEH TOUKe, div —
JIUBEPreHiius B MeTpuke noBepxuocru M.

Omupegenenune 1. Bynem roBoputh, 4To moBepxHOCTH M SBJISIeTCS aKcmpe-
Maabhol, eciu TiepBas Bapuanus dyukuuonana (1) pasHa Hysio.

Teopema 1. IToseprrocmov M xaacca C? asisemes sxcmpemarvnoti mozda
U MOALKO mozda, Kozda

H = %div(W)T). (2)
Teopema 2. Ecau natidemes q > 1 makoe, umo
(1-q)/e<B(t) <q-1, (3)
2de B(t) = M, —1 <t < 1, mo 2ayccoso omobpasicerue peurerus
o(t) — &' ()t

ypasrenus (2) ABAAEMCA ¢-KEAZUKOHBOPMHBIM.

Onpegnenenne 2. [Tycts M — puManoBo MHOrooGpasue ¢ KpaeM (BO3MOKHO
¢ nycrbim). ycrs P,QQ C M — Henepecekaioliuecs 3aMKHYTbIE MHOXKECTBA.
Ounpenemum G-émrocms kougencaropa (P, Q) (cum. [2]), nonaras capg (P, Q) =

I Boarorpaackuii rocyqapCTBeHHBIH YHHBEpCHTeT, yia. 2-ag Ilpomompmas, 30, Bosrorpasn
400062, Poccus.
E-mail: nmedv@rambler.ru

179



inf [ G|Vy|?, tue |Vo|? = (Vp, V) — ckanspubiii KBaapar rpaiuenta Ve
M

U TOYHAA HUXKHAA MPaHb OEpeTcsd Mo BCEM JIOKAJIBHO JUMIIUIEBLIM (DYHKITAM
©o: M — R p(m)=1,me P, o(m)=0,m e Q.

Oupeaesnenune 3. Byzem rosoputh, 9To nopepxHoctb M mpybuama (cm. [1]),
ecin BeKTOp e,11 € R"! u npa uncna —oco < a < b < 400, Takue, 9TO
s Kaxkaoit runepriiockocru I, = {z € R 1z, = t}, oproronambnoi
ent1 € R cevenme B(t) = M NII; we mycro npu Beakom t € (a;b) u Bes-
Kas MOPIWs, 3aKIIOYCHHAS MEXKIy AByMs THIEpIIocKocTsavu 11y, w II, mpm
a <t <tz < b aBagercs KoMmmakToM. B 3ToM ciayudae mHTepBan (a;b) Gymem
Ha3bIBATH IpoekImeit mopepxaocru M. Byaem rosoputsb, ato M mpybuamasn 6
UeAoM, ecii @ = —00 u b = +00.

Onpegnennm st aoboro ¢t € (a;b) muoxkecrBa: P(t) = {x € M : f(x) < t},
Qt)y={zre M: f(z) >t}, rme f(x) = zp41 (f — KOOpAUHATHAS DYHKIHUS).

Teopema 3. ITycmo Pynkyus ¢(Eny1) Pynryuonana (1) ydosaemeopsem
yeaosuro (3) u M — mpybuamas noseprrocmy waacca C? ¢ npoexyuet (a;b)
6 R aeasemes sxempemarvnoti daa dynryuonara (1). Tozda das 06wz
a < t1 <ty < b evtnosmero:

capa(P(t2). Q(1)) < — 2

L 4
ty — 11 )

20e I = [ (¢ —¢'&41)|VS| — seaununa ne 3asucawan om t.
(1)
Bameuanue. Pasencrso B (4) mocruraercss i MUHAMAJIBHBIX MOBEPXHO-
creit (cm. [1]).
Oupepaesnenne 4. Muoroobpasue M nmeer G-napabosuueckud mun (cm. [1]),
ecau mjis joboro kommnakra F' C M cymecrByer ucuepnanue D C Dy C .. .,

U Dr = M, muOroobpasuss M 1m0CI€I0BATEIBHOCTHIO OTKPBITBIX MHOYKECTB

k>1

Dy, DF ¢ KOMIIaKTHBIMHA 3aMBbIKAHUSAMM, Jyist Koroporo lim  cap(F, M\ Dy )=0.
k——+oo

Caencrue. [Tycmo gynkyus ¢(Ent1) Pynryuonana (1) ydosaemeopsem
yeaosuio (3). Tozda ecaran mpybuaman 6 4eAoM SKCTPEMAAOHAL OAA PYHKUU-
onana (1) noseprrocms waacca C? umeem G-napaboruneckuti mun.

Cuucok aureparypbi
[1] Mukmiokos B. M., Tka4es B. I. Hekoropblie cBoiicrBa TpyGUYaThix MUHU-
MAaJIbHbIX [IOBEPXHOCTEH IPOU3BOJIBLHOI Kopa3mepHocru // Mar. ¢6. 1989.
T. 180, Ne 9. C. 1278-1295.
[2] Kuastuna B. A., Mukmiokos B. M. Tlpu3Haku HeyCTOWIMBOCTH MOBEPXHO-
cTel HyJIeBO# cpeaHel KPUBU3HbBI B NCKPHUBJIEHHBIX JIOPEHIIEBBIX Ipeodpa-

3oBanusx // Mar. ¢6. 1996. T. 187, Ne 11. C. 67-88.
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HexkoTopsbie cBoiicTBa KBa3MKOH(OPMHO IIJIOCKUX
MOBEPXHOCTEll B PUMAHOBBIX MHOTO00Opa3max

B. M. Muxaroxos *

Boarorpaackwuit rocyiapcTBeHHBIT YHUBEPCATET

IIycrs X — n-mepuoe pumanoso C3-MHOroo6pasue 6e3 Kpas, KOTOPOe Mpe/i-
TOJIAraeTCs CBSI3HBIM HEKOMIAKTHBIM 1 OpHeHTHpyembIM. Ilycrs d(x’, 2”) — reo-
Ie3MYIecKoe paccTosane Mexkry toukamu x’, '’ € X. cnonb3yem 0b03HAYEHNsT
Bxy(a,t) ={r € X : d(a,x) < t}, Sx(a,t) ={z € X : d(a,x) =t} nna reone3n-
YECKOTO IIapa M Fe0e3nIecKoi cpepbl, COOTBETCTBEHHO. 31eCh ¢ € X — HEHTp
mrapa uiu cdepsl, t > 0 — paguyc. Janee nonaraem B(a,t) = Bgrn(a,t).

Monoxum R, = liminfd(a,z,), rae uuxuuii npegen Gepercs 1O BCEBO3-
MOXKHBIM TTOCJIEIOBATENLHOCTAM {Zyn} C X, He MMEINM TOYeK HaKOIUIEHWs
B X.

Mycrs y = (y1,Y2,---,Yn) — T04ka B R™ u 1 < k < n — 1. Paccmorpum
k-mepnyto mnockoctb Ilp = {y = (y1,92,-.-,Yn) ER": ypp1 =... =y, =0}.
IIycts II — moeepxuocTs B X. 3adukcupyem touky a € [l u R, 0 < R < R,.
O60o3HaunM 4gepes I(a, R) KOMIIOHEHTY CBsi3HOCTH MHOXKecTBa 1IN By (a, R), co-
JIeprKaIyio TOYKY a. Bymem ropoputh, 9To k-MepHas moBepXHOCTH 11 sBiasercs
AOKAABHO KBA3UKOHPOPMHO NA0CKOT, ecmu s BCAKON Toukm a € I m Beako-
ro R,0 < R < R,, cymecrByer KBa3ukondopmuoe orobpazxenue f: By(a, R) —
B(0,1) taxoe, gro f(II(a, R)) C Io.

B mepMmuHax m30MepuMeTpun U OCHOBHO# dactorsl cedennii X \ II cepamu
Sx(a,t) OMUCHIBAIOTCS HEKOTOPHIE INIOOAIBHbBIE CBONCTBA JIOKAJIHHO KBA3HKOH-
(GOPMHO IJIOCKHX TOBEPXHOCTEH B PHUMAHOBBIX MHOTI000OPA3UWAX ODIIEr0 BUIA.
Cuayyail kBa3ukOH(GOPMHO IJIOCKUX CUIIEPIOBEPXHOCTEH udyvascs B [1-3].

Crucok aureparypbl
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Symmetries for Semilinear Equations
Roberto Monti*

Universita di Padova

Consider the semilinear equation

Q+2

Agu+ |z)**Ayu = —u@—=  in R" =R™ x R*, (1)

where A, and A, are Laplace operators in the variables z € R™ and y € R*,
respectively, o > 0 is a positive real number and @ = m + k(a + 1). The partial
differential operator A, + (a + 1)2|z|>**A, is known (at least for o = 1) as
Grushin operator.

Equation (1) arises as Euler equation for the Sobolev inequality

Q-2 1/2
2 2Q
</ u|2 dz dy) < c</(|vggu|2 + (a+ 1)2|x|2a|Vyu|2)dxdy>

R Rn

for functions in a suitable Sobolev space.

For z = (z,y) € R™ x R¥, let [|z]| = (Jz[2(@*D + |y|?) 7@ . The “norm” ||z||
is 1-homogeneous for the group of anisotropic dilations (z,y) — 0x(z,y) =
(Az, X*T1y), X > 0. Define the spherical inversion Z(z) = §,-2(2), z # 0. The
inversion Z is conformal in the Grushin metric space. It also induces the following
Kelvin transform. Given a function u on R", define u*(2) = ||z||>~“u(Z(z)). The
correct scaling for solutions to (1) is dyu(z) = )\%*lu(é)\(z)), A>0.

Any entire, positive solution to (1) enjoys a spherical symmetry property.
Precisely,

Theorem 1. Let u € C%(R") be a positive solution of equation (1). Then
for a suitable A > 0, the function dyu satisfies ou = (Oru)*.

After a suitable functional transformation, Theorem 1 implies a symmetry
result for solutions to (1) in the hyperbolic metric. In fact, it turns out that the
dimension of the equation can be reduced. Precisely,

Theorem 2. Let u € C%(R") be a positive solution of equation (1). Then, up
to a scaling and a translation of u in the variable y, the function v(z) = u(z, 0),

IDipartimento di Matematica Pura ed Applicata, Universita di Padova, via Belzoni 7,
Padova I-35131, Italia.
E-mail: monti@math.unipd.it
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x € R™, solves
2
div, (pVev) — qu = —pv%, lz] < 1,

v >0, lz] <1, (2)
v Q
$+(5—1)v70, 2| = 1,

where p(x) = (1 —|z[2(@+))F and q(z) = k(a+1)(Q —2)(1 — |z|2 @+ )k=1|z 2,
Here, v denotes the exterior normal to the unit ball in R™.

The partial differential equation in (2) is of variational type and it is related
to the following Sobolev—Hardy inequality (m, k€N and >0 satisfying Q—2>0)

Q-2
9 Q
</ |v|QQ2pdx> <¢C / (IV0l%p + v]?q) do
B B

for functions v € C1(B), where B = {x € R™ : |z| < 1}.

It is natural to conjecture that the solution of (1) is unique up to scaling and
translations in y. This statement reduces to proving uniqueness for problem (2).
We can prove the conjecture in the following case.

Theorem 3. Let m = k = 1 and o > 0. Up to a scaling and a vertical
translation, there exists a unique positive solution u € C*(R?) of equation (1).

These results are obtained in collaboration with D. Morbidelli, from the
Universita di Bologna.
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Two-Weight Norm Inequality for Parabolic
Calderon—Zygmund Operators

F. M. Mushtagov*

Institute of Mathematics and Mechanics,
Azerbaijan Academy of Sciences

In this work, we shall prove the boundedness of parabolic Calderon-Zygmund
operators in weighted L,-spaces.

Let R™ be the n-dimensional Euclidean space of points 2’ = (z1,...,z,) and
n
x = (2/,t) = (z1,...,2,,t) be a point in R""1 |22 = Y 2? 4 2.
i=1

Theorem. Let p € (1,00), K be a parabolic Calderon—Zygmund kernel, i.e.
K € C®(R"1\ {0}), K(ra',r?*t) = r~ "2 K (2, t) for each r > 0, z # 0,
| K(z)do = 0 and Tf = v.p.K * f. Moreover, let w(t), wi(t) be weight
|z|=1
functions on R satisfying the following three conditions:
(a) there exists b > 0 such that sup  wi(7) < bw(t) for a.e. t €R,

[t]/4<]T|<4[t|
p—1
(b) sup< [ wl(t)|t|pd7>< [ wlp'(t)dt> < 00,
7>0 \[¢|>2|7| It1<I7|

p—1
(c) sup( [ owi(®) dt) ( J WP ()]t 7P dt) < o0.
>0 \Jt|<|7| [t]>2|7|

Then there exists a constant c independent of f such that

T f () Poon (t) da’ dt < c / I () Peo(t) da’ dt
Rt Rt

for all f € L, ,(R"). Moreover, condition (a) can be replaced by the condition

(a1) there exists b > 0 such that wy (t)( sup ﬁ) < b for a.e. t €R.
[t]/4<] 7| <4lt]

Hnstitute of Mathematics and Mechanics, Azerbaijan Academy of Sciences, F. Aga-
yev st. 10, Baku 370148, Azerbaijan.
E-mail: mushtagov@aznetmail.com
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Merton 9-npobaemsr u (2 + 1)-mMepHBIe
COJIUTOHHBbIE YPaBHEHUS

K. P. Mwp3aaxynst, I H. Hyemanosa ?
Dusuko-rexHnvdeckuit mHCTUTYT, AsMaTrel, Kazaxcran

OIHUM M3 MOIITHBIX METOZIOB MCCIIEOBAHNS HHTETPUPYEMbIX chcTeM B (2+1)-
M3MEPEHUN SBJISETCH METO, OJ€BAHNS, OCHOBAHHBI HA HEJIOKATIHHYIO O-IIPO0-
semy. OH MO3BOJSET OJHOBPEMEHHO MOCTPOUTH CAMO HEJMHEHHOE yPABHEHHUE U
€ro JIAaKCOBOE IIPe/ICTaBJIeHNe, TOYHbIe Pelrenus: u T. 1. B maxHoil pabore pac-

CMATPHBAETCH CIIEYIOMAs HeJOKATbHAS MATPHIHAS O-IPOGIeMa.
we(,2) = / de A dE w(€, &) [(6,E: 2. 7), (1)

rae w, f — marpuunbie gyukuuu. C nomompio ypashenus (1) uccaemyercs
crenytomiee (2 + 1)-meproe vesmueitnoe ypasuenne [Ipénunrepa:

10t + Paw — 0 =0, vy + vy + (|30|2)x =0, (2)

rae ¢ (v) — KomIuteKcHas (CcKaspHas) dyHnkiusa. B 4acTHOCTH, HOCTPOEHBI pas3-
JIMYHBIE TOYHBIE pemenus cucTembl (2). Kpome Toro, nenonb3yst HETOKATBHYTO
O-upobaemy (1) uzyueno caenyrouiee ypasaenue M-VIII

St =S ASzz+uSs, uy=p8S-(S; xSy), (3)

rae S = (51, 52,53), S =1, B = const, u — ckanapHaa byHKIEA (MOTEHIAAT),
X () — BekTOpHOE (CKAJISPHOE) Tpou3BeaeHue. [IJist 9TOi CHCTeMbl MOCTPOEHO
npe/cTaBiaenne Jlakca, MHTErpasbl JBUKEHWST ¥ TOYHBIE COJUTOHHBIE PEITIeHNSsT
pasnuanoro Tuna [1,2].
Cuucok Jgureparyphbl
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HepaBenctBo JIHK u ero amamorm
A. U. Hazapos ', @. B. I[lempos?

Cankt-IlerepOyprckuii rocy1apcTBeHHBIN YHUBEPCHTET

PaccmorpuM Ha TIIOCKOCTH HATYPATBHO MAPAMETPU30BAHHYIO 3aMKHYTYIO
kpusyio ¥(s), s € [0,1(7)]. Byaem rosopurb, 4r0 Y(S) HPUHAIJIEKUT KIACCY
BV, eciu ckopocth v/(s) cymectsyer u HempepbisHa Beiony Ha [0,1(v)], 3a
HUCKJIIOYEHUEM CYETHOIO YHCJIA TOYEK, B KOTOPBIX UMEET OJHOCTOPOHHUE TIPEIe-
JIBI, ¥ IMEET KOHedHyto Bapuanuio. [lomayto Bapuanuio V (v') Ha30BEM NoAHbiM
NO6OPOMOM KPUBOH 7.

Omnpenenum cpednroro abeorrommuyro xpueusny T () kpupoit v € BV'! kak ed
MOJIHBII MTOBOPOT, JIeJI€HHBIA HA JJINHY.

C. JI. Tabaunukon [1] copMynmnpoBas CIenyonyo TUIIOTe3y, HA3BAHHYIO
uM uepasencmeom JITHK:

Teopema. 1. Ecau xpusas v € BV («THK») aesicum 6nympu 6uinyraol
samrrymoti kpusol y1 («kaemxus), mo T(y) = T(y1).
2. Ecau 6dobasox T(v) = T(v1), mo v ecmv xpamuwvili 06xod xpueot 1.

0030p pe3yabTaTOB, CBI3aHHBIX C ITOH TUMOTE30i U €€ 00OOIIEHUSIMU, TTPU-
BeqeH B [1]. [Tepsast 9acTb TeOpeMsbl JOKa3aHa B [2].

Mpsr mokaseiBaem HepaserncrBo JITHK momnocrhio. Kpome toro, B mokmaze
OyayT choOpMyTHPOBAHBI HEKOTOPBIE TUITOTE3bI, OOOOIIAIOIIIE 3TO HEPABEHCTBO.

Crucok JuTepaTrypbl
[1] Tabachnikov S. The tale of a geometric inequality // MASS colloquium
lecture, 2001.

[2] Lagarias J., Richardson T. Convexity and the average curvature of the
plane curves // Geom. Dedicata. 1997. V. 67. P. 1-38.
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Two-Weighted Norm Inequalities for Some Anisotropic
Sublinear Operators with Rough Kernel

Sh. A. Nazirova®

Institute of Mathematics and Mechanics,
Azerbaijan Academy of Sciences

In the work, we shall prove the boundedness of some sublinear operators
with rough kernel on a weighted L,-spaces.

Let R™ be the n-dimensional Euclidean space of points = (21, ..., 2,) with
the norm |z| = (Emf) ya=(a1,...,an), a; >0,i=1,...,n, |a| = > a;,
i=1 i=1

p(z) = |z /%, let & = {z € R" : |z| = 1}.
i=1

Theorem. Let p € (1,00) and let T be a sublinear operator bounded from
L,(R™) to L,(R™) such that, for any f € Li(R™) with compact support and

z ¢ supp f e
T / I

where cq is independent of f and x, Q) is homogeneous of degree zero and € €
Ly(%).

Moreover, let s > p', p' = p/(p — 1) and w(z), wi(x) be weight functions
on R™ satisfying the following three conditions:

(a) there exists b>0 such that sup w1(y)<bw(z) for a.e. zeR™,
p(z)/4<p(y)<4p(x)
p/s'—1
(b) sup( [ wi(z)p(z)~lalr/s’ dx) ( [ W=/ (z) dx) < 00,
>0 \p(z)>2r plz)<r
p/s’ —1
ysup | [ wi(z)dx [ W@/ () p(z)~lelP/s" dy < 0.
>0 \p(z)<r p(x)>2r
Then there exists a constant c, independent of f, such that
[rr@pa@d <e [If@pe@ds forall £ € Lo @),
. R

Hnstitute of Mathematics and Mechanics, Azerbaijan Academy of Sciences, F. Aga-
yev st. 10, Baku 370148, Azerbaijan.
E-mail: vagif@guliyev.com
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On Characterization by a Single Constant of

the Weighted L,—L, Boundedness of Generalized
Hardy-Type Integral Operator

Maria G. Nassyrova '
Computing Centre FEB RAS

. 1/r
Let » > 0 and || f]|, := <f |f(z)|" dx) . We consider the inequality
0

1K fullg < Cli folly (1)

and its dual, where u and v are weight functions, i.e. nonnegative and measurable
functions on (0, 00), and the operator K is given by

Kf(r) = / k(o) f(y)dy, x>0, 2)
0

with a kernel k(x,y) > 0 satisfying the following condition: there exists a con-
stant D > 1 independent of x, y, z such that

D (k(x,2) + k(2,9)) < k(z.y) < D(k(z,2) + k(z,y)), 0<y<z<z. (3)

It is well known (see e.g. [1]), that the inequality (1) with K of the form (2) and a
kernel k(z,y) satisfying (3) can be characterized by two independent conditions,
so that none of them alone is sufficient for (1) in general and, consequently, that
they are uniformly incomparable. However, in many related areas of analysis
and ordinary differential equations a progress has been made in particular situ-
ations when the inequality (1) was characterized by a single functional only. A
simple sufficient condition for this was first pointed out by A. Kufner (1993). We
consider the following problem: when can the inequality (1) be characterized by
a single condition? We fix one of the weights and obtain necessary and sufficient
conditions on the other weight function which provide just one constant to be
important and the second one to be subordinate. The important special cases
with Riemann-Liouville operators, some particular weights are also discussed.
References

[1] Kufner A., Persson L.-E. Integral inequalities with weights. River Edge, NJ:

World Scientific, 2003.
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Einstein 6-Dimensional Solvmanifolds
E. V. Nikitenko ! and Yu. G. Nikonorov?
Rubtsovsk Industrial Institute

This talk is devoted to the classification of 6-dimensional Einstein solvman-
ifolds. Let us recall, that Ricci flat homogeneous spaces are flat by the theorem
of D. V. Alekseevskii and B. N. Kimmel’fel’d. Our main result is the following

Theorem. Let (s, Q) be a 6-dimensional Einstein metric Lie algebra, Ric(Q)
= —1r2Q (r > 0). Then (s,Q) is isometric to one of metric Lie algebras from
the list below. For every algebra we show an orthonormal basis with respect to Q
and nontrivial commutators of basic vectors.

) {X1)X27X3)X47X5)Y1}7 [X17X2] - \/L§X57 [X3)X4] - \/L§X57 [YiaXl] =
2\[ (1<Z<4) [Yi,X5]=%X5

2) (X0, Xp, Xy, X0, X5, Vi), (X0, X0] = 22X, (X0, X)) = /20X,
(X2, X3] = j—gX5, V1, X1] = 2¢/=rX1, [Y1,Xa] = /3rX,, [V1,X5] =

V& X, i, Xa] =280 X0, i, X6 = \ /20X,

3) {X1, X2, X3, X4, X5, Y1}, [X1,X2] = /&rXs, [X1,X5] = \/ Xy,
[X15X4] - AX5: [XQ)XB] = AX5: [YlaXl] - z Xl: [Y17X2] - 2 X27

Vi e .V Vo
V1, Xs] = 5 X, 1, X = U5 X0, P, X5] = U5 X
4) {X17X27X3,X4,X5,Y1}; [X17X2] = %X:;, [X17X3] = \/ETX47

[X15X4]:%X57 [Y17X1]:%\/67‘X17 [Y1)X2] 20\/_TX27 [Y17X3] 60\/_TX37
V1, X4] = 8V6rXy, [Y1,X5] = 2V6rXs.

5) { X1, Xa, X3, X4, X5, Y1}, [X1, Xo| = 75Xy, [X1, Xs] = 5 X5, [V1, X3] =
3\/—X1, Y1, Xo] = 555X, [V1,X3] = 555X5, [V1,X4] = 25X, 11, X5] =
Gf

'Rubtsovsk Industrial Institute, ul. Traktornaya, 2/6, Rubtsovsk 658207, Russia.

E-mail: nikit@inst.rubtsovsk.ru

2Rubtsovsk Industrial Institute, ul. Traktornaya, 2/6, Rubtsovsk 658207, Russia.

E-mail: nik@inst.rubtsovsk.ru

This project was supported by Council on Leading scientific schools of Russian Federation
(grant 311.2003.1), Russian Foundation for Basic Research (grant 02-01-01071), and Ministry
of Education of RF (grant E 02-1.0-120).
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%qu (X2, X3]=
X37 [Y1)X4] -

6) {X1, Xa, X3, Xa, X5, Y11}, [XI,XQ]:\/%X?,, X1, Xs]=
X5, V1, X0] = 32X, [V1, X)) = Xo, [Y1, X5
67"X4, [Yl,X5] 4\/67“X5.

7) {X1)X27X3)X47X5)Y1}7 [X1)X2] - \/%TX?), [X1)X3] - \/ngﬁb

2\/_ _\/_

Y1, X1] = ﬁxl, V1. Xs] = 25X, V1, X5] = J5Xs, V1. Xu] = 75Xy,
Y1, X5] = 2=X5.

V39
8) {X17X2)X37X4)X57Y1} [X17X2] - \/ETX:% [Y17X1] - \/%TX17

[Y1,Xo] = \/&rXe, V1, Xs] = 24/ &rXs, [V1,X4] = /35Xy, V1,X5] =
\/%TX&

9) {X1, X0, X35, X4, X5, Y1}, V1, Xi] = \/LgXi (1<i<bh).
10) {X1, X2, X3, Xy, V1, Yo}, [X1, Xo] = \/%TX?,, Y1, X1] = J&=X,
[Y1)X2] - %X27 [YlaXB] = %X:i; [Y1)X4] - %X47 [Y27X1] =1t- er +

ry/ 3 — 1112 X5, [Ya, Xo] = T4/ 3 — H2X 411Xy, [Yo, X3] = 2t-1X3, [Yo, X4] =

—4t -rXy for somet € [0,1/v/22].

1) {X1,Xe, X, X0, V1, Y2}, [X0,Xa) = /20X, (X0, %] = /20X,
[Yiaxl] - z Xl: [Y17X2] - AXQ: [Y17X3] = 3_TX37 [Y17X4] = A X47

V30 /30 V30 ~ V30
Y, X1] = %X1, Yo, Xo] = —jg—on, (Yo, X3] = — 755X (Yo, Xy] = jg—onx-

12) {leXQaX?nXﬁlaYla}/Z}f [YI;XZ'] = %Xz (1 < i < 4)’ [}éle] =
S X, [Yo, Xo] = =25 Xy, [Ya, Xa] = =21 Xs, [Ya, Xu] =

2/ 1+t2+352 2/ 1+t2+52 2/ 1+t2+52
ﬁr?ﬂ; for some 0 < s <t < 1.

13) {X1, X2, X3,Y7, Y2, Y3}, [V1, X;] = %Xi (1<i<3), (Y2, Xo] = %Xg,
[Yé)X3] = _\/L§X37 [Y3)X1] \2/*X17 [Y37X2] \/*X [Y37X3] \/EXB

All the above listed metric Lie algebras are pairwise nonisometric.

Corollary. Every nonflat Einstein 6-dimensional solvable metric Lie algebra
is standard. The solvmanifolds, which correspond to the metric Lie algebras
listed in the items 1)—13) of the theorem, have the eigenvalue types (1 < 2;4,1),
B<4<6<7<10;1,1,1,1,1), (1 <2<3<4<5;1,1,1,1,1), (2<9<
11 < 13 < 15;1,1,1,1,1), (2 < 3 < 5;1,2,2), (1 < 2 < 3;2,1,2), (1 <2<
, 2 <3< 4221), (1;5), (2<3<4,2,1,1), 1<2<3<
:1,1,1,1), (1;4), (1;3) respectively.
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0-3amkHyTOe nmponosnkenne C R-dopm ¢ ocobeHHOCTIMU
HA MMOPO2KJAIOINEM MHOroo0pa3un

T. H Huxumuna'!

Kpacrogpckuit Tocy1apcTBeHHBI TEXHUIECKN YHUBEPCUTET

IIycts I — rmagkoe mopoxgatomiee MHOroobpasue B 00/1aCTh rOJI0MOPGHO-
cru Q C C", n > 1, c menynesoit popmoii Jleu. Obmacrs Qr C ) ecrb 0061aCTB,
npuMbIkaoomas K I', B KOTOpyIOAg—SaMKHyTO npogoszkaiorcs sce C R-popmbr, 3a-
nannbie Ha . Kommakr K = Kq C . IlokasbiBaercs, uro Besikas C R-dopma
na I'\ K knacca L (AP",T'\ K) 0-3amxuyTo npogomxkaercs B (r \ K. Ipn
n = 2 MHOoroobpasmne I' moKHO 6bITh 3aMKkHYTO (O = 0).

IIycts S, . — 3aMKHyTOE MHOXKECTBO T€X TOYEK & W3 €IUHUYHON cdepsr,
g xoropsix dopma JleBu L, , uMeeT MeHee ¢ OTPUIATENBHBIX COOCTBEHHBIX
spauennit Ha TY. Ilycrs U ecTh craruBaeMas OKPECTHOCTb MHOXKeCTBA, Sy ,0 B S.

Teopema 1. Ilycmv womnaxm K = I?Q u '\ K ceasno, cyuwecmeyrom
mouxu (° € T\ K ua° € U maxue, wmo cuavno pezyaapmuii bapvep P(C0, z, 2%)
asaaemcs 2040mopPproti pynuryuetr 6 2. Ecaun > 3 u f — CR-gopma wa
'\ K ®aacca LL _(AP", T\ K) (r <gq), mo f 0-3amxnymo npodorsicaemcs 6
Qr\ K. B cayuae n = 2 meopema 8epra 041 3aMEHYMBLT mHo2000pasuti I (m. e.
Ol = 0). Ecau 6 xasicdoti mouxe (° € T'\ K cywecmeyem cuavho pezysapotdi
2040MOpPHVLT Mo z € () bapvep, Mo Mmeopema 8epHa 03 YCA0BUA CEAZHOCTIU
'\ K.

[Ipu mokazaresbcTBE TEOpeMbl 1 HCTOIB3yeTcst 60JIee TPOCTOE W eCTECTBEH-
HOE MHTErPaJIbHOE MMPEICTABIEHUE, MOy Y€HHOE U3 WHTErPAJHHOTO TPEICTABIE-
uust P. A. Aiipanersna u I. M. XeHkuHa, B KOTOPOM MHTEIPUPOBAHUE [IPOU3BO-
JuTcst b T0bK0 110 C' R-muoroobpasuio I' (a He 1o ero ZonoaHeHuo).

JlanHas Teopema JOMyCKaeT 0000IIeHne Ha, ciryyail, korna K — mepoMopdHO
P-BBIMYKJIBIH KOMIAKT, KoTopoe mist p = g = 0 npusegeHo B [1].

Crucok aureparypsbl

[1] Kpirmanos A. M., Hukuruaa T. H. Ycrpanumbie ocobennocru C R-pyHk-
uil Ha MOpOoXK AakoIMX MHOroobpasusx // Hokia. PAH. 1992. T. 326, Ne 3.
C. 414-416.

K pacrosipckuii rocymapcTBenusiil Texauueckuit yausepcurer, yir. Axan. Kupenckoro, 26,
Kpacuosipck 660074, Poccus.

E-mail:nick@fivt.kgtu.runnet.ru
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Noncompact Homogeneous Einstein 5-Manifolds
Yu. G. Nikonorov!
Rubtsovsk Industrial Institute

This talk is devoted to the classification of 5-dimensional noncompact ho-
mogeneous Einstein manifolds. Ricci flat homogeneous spaces are flat by the
theorem of D. V. Alekseevskii and B. N. Kimmel’fel’d. In this talk we deal with
Einstein manifolds of negative Ricci curvature. Our main result is the following

Theorem. Let (M®,p) be a connected and simply connected noncompact
homogeneous Einstein 5-manifold, Ric(p) = —r%p (r > 0). Then (M?>,p) is
isometric to one of solvmanifolds (S, p), which correspond to metric Lie algebras
(s,Q) from the list below. For every algebra we show an orthonormal basis with
respect to () and nontrivial commutators of basic vectors.

1) { X1, Xo, X3, X4, Y} [V, X5 = 5X5 (1<id<4).

2) {X1)X27X3)Y1)}/2}7 [Y717X7,]:%X1 (1<Z<3)7 [%,Xl]:#TXl,

[Ya, Xo] = —trXs, [Ya, X3] = Y2320 X5 for some t € [0,1/+/6].
3) {X1, Xo, X, V1, e}, [X1,Xa] = /20X, V2, X) = 25X, (1<

-
Vi, Xs] = /2rXs, [V2, Xi] = 25X, [V2, Xo] = — 25X

1) (X0, X, X3, XYY, [X0,X0] = /30X, [V X0] = 22Xy, [V, X] =

V33
2 4
X, [V, Xo] = 25X, [V, Xa] = 25X,

5) {X1, Xa, Xo, X, YV}, [X1, X5] = (/2rXa, (X1, Xa] = \/20X,, [V, )] =
\/7;)—0X1’ [YvXQ] = \;g_OXQ’ [YvXJ] = jg_oX?n [Ya X4] = j;—onl

All the solvmanifolds, corresponded to the above listed metric Lie algebras,
are pairwise nonisometric.

N

2),

Corollary. Every nonflat Einstein 5-dimensional solvable metric Lie algebra
is standard. The solvmanifolds, which correspond to the metric Lie algebras
listed in the items 1)-5) of the theorem, have the eigenvalue types (1;4), (1;3),
(1<2;2,1), (2<3<4;2,1,1), (1 <2<3<4;1,1,1,1) respectively.

Rubtsovsk Industrial Institute, ul. Traktornaya, 2/6, Rubtsovsk 658207, Russia.

E-mail: nik@inst.rubtsovsk.ru

This project was supported by Council on Leading scientific schools of Russian Federation
(grant 311.2003.1), Russian Foundation for Basic Research (grant 02-01-01071), and Ministry
of Education of RF (grant E 02-1.0-120).
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Bilinear Expansions of Non-Symmetric,
Continuous Carleman Kernels

Igor M. Nowvitskiit
Institute for Applied Mathematics FEB RAS

Let T' be a bounded integral operator on Lo(R) induced by continuous Car-
leman kernel K on R%. We give conditions under which the bilinear formula

K(s,t) =Y Wun(s)Vun(t)

holds for each orthonormal basis {u,} in the sense of uniform convergence. Ex-
amples of factorizations of T" into products T'= W V™ associated with canonical
expansions of K are also discussed.

Mnstitute for Applied Mathematics, Zaparina str., 92, Khabarovsk 680000, Russia.
E-mail: novim@iam.khv.ru
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O cyiecTBOBaHUU CXKMMAIOMIETO OTOOparkeHusd,
COXPAHSIOIIEro rPAHNYHbIE 3HAYCHUS

A. U. Ilappénos

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

[Iycts memoe n > 2, F — orxpoiTeii Ky6 8 R*™! ¢ gymmoit croponsr 1,
E = (—1,1)x F,u B E 3asana KoneuHasa 60pe/ieBCKas 3HAKOMEPEMEHHAsT Mepa, [i
¢ paznoxenneM Xana E_ = (—1,0] x F, EL = (0,1) x F. Ilosnast Bapuamnus ||
Mepbl i 3agaérest bopmyinoit |p(X) = w(X NEY) — (X NE_). Beeném Hy —
nocrpoentoe 1o mepe |u| vag E npocrpancrso Lo. Ilycrs uenoe m > 1, oo >
p >n/mu W — nononnernue C§°(E) B Hopme npoctpancrsa Cobonesa W' (E).
IMockonbky W cocrouT m3 HenpepbIBHBIX (DYHKIWIA, ONpeaesén omeparop R €
L(W, Hy), comocrapisioniuii (HenmpepsIBHOMY TpencraButero) dbyHkuun n3 W
eé kuacc skpuBasienrnoct B Hy. Cuabuum smneiinoe npocrpancrso RW (C Hy)

nopyoit [ullww = _ inf o]

O6o3naunm yepes J omeparop yMHOXKeHHs (DYHKIUM Ha Xp, — XE_, DOe
Xx — xapakrepucrudeckast GyHkuus X, a (-, )g,q NyCTh, KAK 0OBIYHO — METO,
BEIT[ECTBEHHOM MHTEPIOJIAINE OAHAXOBBIX MPOCTPAHCTB C mapamerpamMu 6 u q.
Paccmorpum ycnosue

e (0,1) JeL(Hy, RW)g2). (1)

B § 2 u § 6 usz [2] onucanbr ungeduHUTHAS JUIMOTHYECKAS CIEKTPAIbHALA 3a-
Jlaga u HesmHeiHoe guddepennnaibHOe ypaBHEHNEe CMEIIaHHOrO THIIA, IIPH HC-
CJIeZIOBAHNN KOTOPBIX BAXKHO 3HATH O CIPABEIJIMBOCTH OJHOMEDHOTO AHAJOra
yenosus (1). Iycrs H — cywxenne Hy na Ei, Z — cyxeuune W na Ei, Zy —
MOIMPOCTPAHCTBO BCeX (DYHKIUI w3 Z, UMEIOIUX HYJIeBOUW TOJIHBIN CIeJ Ha,
{0} x F', a R € L(Z, H) onpenensiercs no ananorun ¢ R € L(W, Hy). Herpyn-
HO BHIeTh, uto H = Ly ,(E}), a Zy — 310 nomonuenne C§°(Ey) B HOpMe
npocrpanctea W, (E,). C momompio memm 1 u 2 u3 [1] MOXKHO MOKa3aTh, 9TO
s BeimoaaEuMocTy (1) mocrarouno cyiecrsoBamusa dyukiwuu 1T: Z — Z u
koHcraut Ny € (0,1), Na > 0 Takux, 4T0 [t JIIOOOr0 4 € Z BBINOJHEHBI CJle-
JLYIOIIY€ TPH yCJIOBHSIL:

(To): T(u) —u e Z();

(T0): IRT ()]l < Nyl Rull;

"Mucturyr maremaruku um. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, HoBocu-
6upck 630090, Poccusi.
E-mail: pai79@sibmail.ru
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(T2): Tz < Nallullz.

I'py6o roBopsi, T — orpaHUYeHHBIA B Z OIEPATOp, COXPAHSIONINNA I'PAHUIHDBIE
suadenus Ha {0} X F, u cxumaomuit B H. 910 nocraroynoe JJisi BbIIOIHE-
uust (1) ycaoeue siBisiercst HoBbIM. B § 3 u3 [2] paccMorpeHa aHasormyHas of-
HOMepHas (m = n = 1) cuTyalus ¥ NPUBENEH KPUTEPHil CYIIECTBOBAHUS OIe-
paropa 1’ ¢ nepedrcaeHHbIMUA CBOACTBaMU, MTpUu4éM 1’ MOXKHO MOCTPOUTH TaK,
9TOOBI OH OBLT IMHEeH U cuMMeTrpudeH B H.

Cdopmynupyem ycioBue B TepMUHAX CyKeHus p Ha E, mocrarodnoe jjis
cymiecrBoBanus Tpoiiku (T, N1, Na) co coitcrBamu (Ty), (T1) n (T3). O6o3Ha-
qUM JUTHY CTOPOHBI Ky6a @ B R™™! mim B R™ wepes lg. Jdnsa ky6a X C R" u
u € W (X) momoxxum Nx (u) =0 npn u =0 n

—1 1/p

Nx(u) = /|Vmu|pdx l;(mp/|u|pdx
X X

npu v # 0, tme V™u — BEKTOP W3 YACTHBIX MPOU3BOIHBIX (DYHKIUU U I0-
paaka m. Ilycrb Nx(u) masno. U3 unrerpansuoro npescrasienus Cobosiesa
caenyer, uto GyHKIHUA u B X OIU3Ka B PABHOMEPHOUW METPUKE K HEKOTOPOMY
MHOTOUJIEHY CTEIEHH! HE BBIME M — 1, U 14 MOXKHO HA3BIBATH NOYMU NOAUHOMU-
aavrol B X . TIoHSATHE TTOYTH MOJMHOMHUAJIBHOCTH OJIM3KO K TeMaTHKe KHUTH [3];
JIpyTru€e BapUAHTHI HOYTH MOJUHOMHUATHLHOCTH PACCMATPUBAIIUCH B IyOIUKAIM-
ax [45]. Umeer mecro cienyomuii pe3yibrar:

ITyemo das awobozo q € (0,1) cywecmsyrom 1,62 > 0 u 0 < hg < 1 maxue,
wmo das a0bozo omrpuwmozo xkybe Q C F c¢lg < ho us Nx(u) < €1, X =
(0,1Q) x Q, caedyem, wmo J lul?dp < g [ Juf? dp. Toeda cywecmeyem

(0,e210)XQ X
mpotixa (T, N1, N3) co ceoticmeamu (Tp), (T1) u (T2).

B nokazarenbcrse ucnosibdyercs pasnoxkenue E tuna Yurau. Hanoxxennoe
HA u| g, YCVIOBHE O3HATACT, BO-IICPBDIX, yObIBaHWE MEpPbI IPU MPUOIMIKEHUN K
IpaHUIlE, & BO-BTOPBIX TO, ITO Mepa He KOHIEHTpUpyercs B (€209, lg) X Q) BOMH3H
MHOKECTBa, HyJell MOJMHOMa crenenu He Bbime m — 1. Ilpu m = 1 Bropas
COCTaBJIAONIAs yCIIOBHsl IPOIIAJIAET, a nipu p(m—1) < 2 oHa He HyzKHA, & UMEHHO
CIPABEJJIUB CIEAYIONH Pe3yIbTaT:

Hyemv aubom =n=2ul<p<2,aubom=2,n=3 u3/2<p<2.
Ecau das arwbozo q € (0,1) cywecmsyrom makue nosooscumenvuoie € u hg < 1,
wmo das arwbozo omxpumozo kyba Q) C F c lg < hy ewnosnaemca nepasen-
emeo (1((0,elg) x Q) < qu((0,lg) x Q), mo cywecmeyem mpotixa (T, N1, N2)
co ceoticmseamu (Tp), (T1) u (Ta).
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JlokazareabcTBO 3TOr0 (hakTa CIOKHEE MPEIbIYIEero U CyIMIECTBEHHO HC-
nosb3yer raaakocrb Kycka {0} x F rpanuupt OEy. Ecau T ¢ ynomsiHyThiMu
CBOfICTBAMU CYIIECTBYET, TO rénbaepoBocth W'-pyukiuii u paccmorpenue ure-
pannu T nyst 60abITOro § U TPOOHOH MYHKIUH ¢ TTO3BOJISIIOT TIOIYYUTH HEKO-
TOpOe HeoOXOoaUMOe ycioBue (cymecTsoBanus 1) B TepMUHAX ,u‘ By 6sin3K0e K

yenosuio 14((0,elg) x Q) < qu((0,1g) x Q). Usydenune ciydas mp < n cBA3aHO
¢ orpanunuenreM W C Hy Ha 1, T. €. ¢ BO3MOYKHOCTBIO OTPEIEIUTE OTIEPATOP
Bioxkennss R € L(W, Hy). Boamoxkuo copmynuposars (rpyboe) ycioBue ¢ mo-
MOIIbI0 0OpATHOTO HepaBeHcTBa Lénbaepa st miotHoctd g = du/dx, nocra-
rouHoe Jyis Boinoauenuss W C Hy u cymecrBoBanus (T, N1, N2) co cBoiicrBamu
(To), (T1) u (T2).

Crucok Jureparypbl
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[5] Gajda Z. Local stability of the functional equation characterizing polyno-
mial functions // Ann. Pol. Math. 1990. V. 52. P. 119-137.
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Gamma-Convergence Through Young Measure
Pablo Pedregal
Universidad de Castilla-La Mancha

We will describe how Young measures can be used to define and find the
Gamma-limit of a sequence of functionals when oscillations are involved in the
process and such functionals are defined through an oscillating sequence of func-
tions. As a preliminary step, we will look at the case when no gradients are
considered and examine various examples. Then, we will move to the more in-
teresting situation when functionals depend on gradients. In this case, a general
meaningful result requires a main structural assumption of the sequence of func-
tions defining the functionals. They need to verify the average gradient property
(AGP) which essentially means that taking averages of gradients over levels sets
of the sequence gives back a gradient. We will explore two typical situations: a
first-order laminate and homogenization.

IDepartamento de Matematicas, ETSI Industriales, Universidad de Castilla-La Mancha,
13071 Ciudad Real, Spain.
E-mail: pablo.pedregal@uclm.es
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Gradient Young Measures and
Applications to Optimal Design

Pablo Pedregal
Universidad de Castilla-La Mancha

There will be two parts for this lecture. The first one will focused on some of
the fundamental concepts of non-convex, vector variational problems including
weak lower semicontinuity, gradient Young measures, polyconvexity, quasicon-
vexity, laminates, convex hulls, relaxation, etc. We will try to emphasize the
main concepts and ideas as well as the principal results and facts. In the second
part, we will try to show how these ideas and tools can be used in problems of
optimal design to understand optimal microstructures. We will dwell on a typical
two-dimensional situation in conductivity. In the quadratic case, even explicit
computations of these convex hulls are possible and these, in turn, can be uti-
lized to perform robust numerical approximation of optimal (micro)structures.

IDepartamento de Matematicas, ETSI Industriales, Universidad de Castilla-La Mancha,
13071 Ciudad Real, Spain.
E-mail: pablo.pedregal@uclm.es
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Marpuunas ¢popma nmpoussognoii ITIBapma
1 BTOpadg KpUBU3HA

0. A. Ilewxuues
Bepack

[Iycrs dyHKIUS AByX MEPEMEHHBIX TPUKIbI Auddepennupyema B 0O1acTu
onpenenenus. Eé mepBoit MaTpUIHON KPUBU3HONH HA30BEM OTHOTIEHUE €BKJIUIO-
BOIt HOpMBI MaTPUIBI 'ecce U HOPMBI TPATUEHTA, BTOPOH — IIPHU 3aMEeHe MATPHI[HI
Tecce camoit pyukmun Ha MaTpuiry ['ecce eé rpaaneHTHOrO OTOOPAKEHHSI.

Teopema. Bmopas KpususHa AUHUY YPOSHA HE NPEBOCTOIUM CYMMDBL G810~
POll MaMPUwHOT KpususHu, ¢ Koapduyuenmom 2v/2 u keadpama pesysvmama
YMHOHACEHUA NEPBOTE MAMPUNHOT KPUBUSHBL HG MOM dice Kospduyuenm.

Sameuanme 1. OnenKa BTOpO KPUBU3HBI HATIOMUHAET Mpon3BoaHyIo I1IBap-
na. Cama npousspognas [IIBapua nmposiBisieTcss B Caydae rapMOHUIHOCTH (DYHK-
uuu [1].

3amevanue 2. Hopma jorapudmMudeckoro rpaiueHTa OmpeaeuTeIs MaT-
punbl [ecce HE MPEBOCXOAMT OTHOMEHUS BTOPO# U MIEPBO MATPUYHBIX KPUBU3H,
YMHOXKEHHOIO Ha 9ucJio obycsiosienHocTy |2, c. 144] marpunst Cecce.

Crnucok aurepartypbl
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JIyHap. KOH(D.-TMKOJIA O TEOMETPHM W aHAJN3Yy, TOCBSIINEHHAS MaMsITH
A. 1. Anekcanmposa (1912-1999). Hosocubupck, 2002. C. 61-62.

[2] T'oxyros C. K. CoBpemeHHbIe acleKThI JTUHEHHO# anrebpsl. HoBocnbupek:
Hayunasa kuura, 1997.
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YacTHbIe IIPON3BOAHBIE BTOPOT'O HOPHAIKA
1 KBa3sMKOH(MOPMHOCTH

0. A. Ilewxuues
Bepack

Nay4arorcst Heperyasgphbie (PYHKIUH KOMILTEKCHOTO MEPEMEHHOTO € IBAXKTbI
nuddepeHIupyeMbIMi  KOOPAUHATHBIMYE (DYHKIMAMY KAK KBA3UKOHMOPMHBIE
oToGparkeHWst ¢ YUCIOM 00yCcIoBIeHHOCTH [1, c. 144] nx marpunsr fIkobu B Ka-
YeCTBE JIOKAJIBHON TUIATAINN.

1. Amnasor vepaBencrBa KpeiiHeca: KBajpar 9acTHOrO OT JeJE€HUs] HOPMbI
rpajneHTa SKOOMAaHa Ha eBKJIMIOBY HOPMY MaTpHILI [ecce He MpeBOCXOauT ab-
COJIIOTHOW BETUYMHBI IKOOMaHa, YMHOKEHHOW Ha, YNCJIO0 0DYCIOBIEHHOCTH.

2. Amajor HepaBeHncTBa logyHOBa: HOpMa JIOrapu(MUYIECKOTO TPAJUEHTA
sAKODWaHa He MPEeBOCXOANUT YNCIa 00YCIOBIEHHOCTH, YMHOKEHHOTO Ha YaCTHOE
OT JIeJIeHUsT €BKJIMIOBBIX HOpM Marpull Lecce u Akobu. 910 HEPABEHCTBO pac-
IPOCTPAHAETCA HA CIydail ABaXKIbI AU PEePeHITNPYyEeMbIX OTOOPAXKEH B MHO-
roMepHOM mpocTpanctBe. B dhopme KOHEUHBIX pa3HOCTENl OHO yCTAHOBJIEHO B
monorpadwuu [1, c. 150].

Crucok aurepartypsbl

[1] IT'ozyros C. K. CoBpemeHHbIe acneKThI JTHHEHHO anrebpsl. HoBocnbupek:
Hayunasa kawnra, 1997.
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200



Removable Singularities for p-Harmonic Functions
A. V. Pokrovskii!

Institute of Mathematics of
the National Academy of Sciences of Ukraine

The talk deals with removable singularities for solutions to the quasilinear
equation div(|Vf[P72Vf) = 0, 1 < p < oo. By a solution to this equation on
a nonempty open set G C R™ (n > 2) we mean, as usual, a function f from
the local Sobolev class W1P(G)joe such that for any function ¢ € Wol’p(G) the
following equality holds

(Apf ) = — / VP2V F - Vo ds = 0.
G

The set of all such f is denoted by A,(G) and their elements are called p-
harmonic functions.

For an arbitrary open Euclidean ball B(x,r) centered at € R™ and of
radius 7 > 0 and for a function f € W'P(B(z,r)) we define f, . as the unique
function from WP (B(z,r)) N A,(B(z,r)) satisfying the condition f,, — f €
Wo P (B(,r)).

Let G be a bounded domain in R"™ and v > 0. Define the class A)(G) as the
set of all f € Whmax{2r}(G),,. such that the inequality

1/2

po / V- ViLdy | <o

B(z,r/2)

holds for any ball B(z,r) € G, where C' > 0 does not depend on z and r. It is
clear that A,(G) C A)(G).

Let F be a relatively closed set in G, F # G, and let H(G) be the class
A2 (Gioe, v € (0,1], or the class CH7(Gioe, v € (0,1). We say that E is re-
movable for p-harmonic functions in the class H(G), if for any function f €
H(G)N A,(G \ E) there exists such a function g € H(G) N A,(G) that f =g
on G\ E.

Hnstitute of Mathematics of the NAS of Ukraine, Tereshchenkovskaya str. 3, Kiev 01601,
Ukraine.
E-mail: pokrovsk@imath.kiev.ua
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Theorem 1. Let p € (1,00) and v € (0,1]. Then E is removable for p-
harmonic functions in the class A)(G)ioc iff it has zero Hausdorff measure of
order n — 1+ ~: mes” 't E = 0.

For z € R", r > 0 and f € Lo(B(x,r)), define

m(f,x,r) = ! /f(y)d% oy = / dy,
) B(0,1)

onr™
B(z,r
1/2
1
OSCQ(fax7T) = n |f(y)—m(f,x,r)|2 dy
onT
n

It is well known, that there exist such « € (0,1] and v > 0 depending on n and p
only, that for arbitrary balls B(z,r) € B(z,R) € B(z,R+¢) C R", e,7 > 0,
and for a function f € A,(B(x, R + ¢)) the following inequality holds

osco(Vf,z,r) <v (£> osca(Vf,z, R). (1)
R
Denote by v(n,p) > 0 the supremum taken over all those «, for which there
is such v > 0 depending only on n, p and «, that for arbitrary balls B(x,r) €
B(z,R) € B(z,R+¢) CR", g, > 0, and for a function f € A,(B(z,R +¢))
the inequality (1) holds.

Theorem 2. The following statements are true:

1) AY(Goc C Ap(G) for 1 <p < oo andy > 1;

2) CY7(Goe C AY(Gioc for p =2 and € (0,1);

3)If1 <p<2 v¢€(0,1) and f € CY(G)oe is such, that Vf # 0
everywhere in G, then f € AJ(G)ioc;

4) AY(G)ioe C CY7(@)ioe for p € (1,00) and v < vy(n,p).

Theorem 3. Let p € (1,00) and v € (0,1). If mes" '™V E = 0 then E is
removable for p-harmonic functions in the class C17(G)ioe, but if v < v(n,p)
and mes" "' E > 0 then E is not removable for p-harmonic functions in this
class.
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Tonosornyeckne mnpeaeibl MHOTO3HAYHBIX OTOOpakeHmuii
U. B. Ioaukanosa *

bBapnaynbckuit rocy1apCcTBeHHBIH e TarOTHIeCKA YHUBEPCUTET

[TouATUS HUKHUX U BEPXHUX IPEJIENIOB CeMefiCTB HeCIETHBIX MHOMXKECTB HC-
II0JIb30BAJIUCH ABTOPOM [PH U3YYEHUU CHILHO BBILYKJIbIX OBEPXHOCTEl U OKa-
3aJIMCh TIOJIE3HBIM MHCTPYMEHTOM MpH HCCIIeIOBaHUN Gosee MMPOKOTo KIacca
nosepxuocreit [1, 2].

Jasbueiiiiiee paclIMpenue JAHHLIX HOHSATHII OTHOCATCH K MHOIO3HAYHBLIM
0TOGPAZKEHHUSIM OJIHOIO TOLOJOIMYECKOrO HPOCTPAHCTBA B JIpyroe Ge3 Kakux-
b0 OrpaHUYeHu i Ha TOLIOJOIHH IPOCTPAHCTB.

YcTaHOBIIEHBI CBOMCTBA STUX MpPE/IesIoB, 0000IIAOIINe N3BECTHRIE paHee s
rnocJieioBaTeNbHOCTel MEOKecTB [3]. Hanpumep, nx JoKaabHas OMpe e IéHHOCTS,
3aMKHYTOCTb HIZKHETO MPEIesa, CBOMCTBA, CBSI3aHHBIE C MPUMEHEHHEM TeOpe-
THKO-MHOXKeCTBeHHbIX onepanuil. Mmetorcst u ormmuns. Tak, Bepxuuil npemed
MOZKeT He OBITh 3aMKHYTHIM MHOKecTBOM. OIHAKO, eciii 06a IPOCTPAHCTBA YI0-
BJIETBOPSIIOT HEPBO AKCHOME CIETHOCTH, TO PA3IHINS CTHPAIOTCS.

Crucok aurepartypbl

[1] Hommkanosa M. B. Beimykisie m-MepHble moBepxHoctd B E™ // Cub. mar.
xypH. 1985. T. 26, Ne 6. C. 90-100.

[2] Hommkanosa U. B. BuentanereoMeTpruieckrue CBONCTBA KPATUANIINX B OK-
PEeCTHOCTHU TOYKK CUJIbHOM npukacaemocru // Cub. mar. xkypu. 1993. T. 34,
Ne 1. C. 125-139.

[3] Kyparosckmii K. Tonosnorusi. T. 1. M.: Mup, 1966.

lKa.(be,upa. reoMerpun, BapHAYJIBCKUH I'OCYJapCTBEHHBIH NEJarorHvYeCcKuil yHUBEPCHUTET,
yi. Momonexnast, 55, Baprayn 656031, Poccus.
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IMonyrpynmnsr Jorapudgpmos npeobpa3oBannii Jlammaca
0e3rpaHNYHO AEJUMbBIX PACIPEaETeHU

A. A. Hoaxosrukos '

Boszkekuii ryMaHuTApHBINH HHCTATYT (buauadt)
BoJirorpa ickoro rocyapcTBEHHOTO YHHUBEPCUTETA

ycrs p(z) = [ e **du(u) — npeobpasosanue Jlamnaca 6e3rpaHudaHO je-
R+

JUMOIT BEPOATHOCTHOU MEpBHI [, COCPETOTOUYEHHON HA HEOTPUIATEJIbHOI Belle-
creennoit momyocn RY. Kak mssecrno [1,2], ¢ npeacrasiser coboil anagiuT-
9ecKyo B MmpaBoil moaymmockocTr H (yHKIMO, He oOpaIaionyocs B HyIb U
OPUHUMAIOIILY 0 3HAYEHUS U3 eAUHUIHOIO KPyra. DTH CBOUCTBA MO3BOJISIIOT BbI-
JIe/IuTh OJHO3HAuHY0 BeTBb Inw(z) B H. @yukuus f(z) = —lnp(z) orobpa-
xaer H B cebsi. Kpome TOro, COBOKyIMHOCTh BCex Takux (yHKIui f obpasyer
HETPEPHIBHYIO MOJIYrPyNy £ OTHOCHTEILHO OTepanuy KOMITO3UIUH W TOMOJIO-
TUW JIOKAJIBHO PABHOMEPHOH CXOAMMOCTH. DTa MOJYyTPYIIA eCTECTBEHHO BO3HU-
KAET [PY U3YYEeHUHU BETBAIIUXCS MPOIECCOB C HEMPEPLIBHBIM IPOCTPAHCTBOM CO-
crosiauit. JIuHaMuKa OJHOPOTHOIO MAPKOBCKOTO BETBAIIETOCS MIPOIECCa C HEIPe-
PBIBHBIM MTPOCTPAHCTBOM COCTOSIHUI AHAJIUTUIECKY OMUCHIBAETCS B TEPMUHAX
O/THOTIAPAMETPUIECKHUX MOJIYTPyII B L.

B pabore m3ydeHbl JUHAMUYECKHE CBOMCTBA OTOOPAYKEHMH M3 IMOJIYTPYII-
bl £. [lonydeno nuduHUTE3NMATHHOE ONMUCAHNE OJHONAPAMETPUIECKUX MOy
rpymi B £, BbIIEIEHbI YCJIOBUS CYIECTBOBAHUS JPOOHBIX MTEPAIHA.

Crucok aurepartypbl

[1] Pesrep B. Beenenue B Teopuio BeposiTHOCTEl U €€ npusioxkenus. T. 2. M.:
Mup, 1984.

[2] KoBamrernko 1. H., I'nenenko B. B. Teopust BepositHocTeidi. K.: Borma mko-
na, 1990.
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Weighted Hardy’s Inequalities for Negative
Indices of Summation

Dmatry V. Prokhorov!
Computing Centre FEB RAS

Let (a, b) € R. Denote by fm*(a b) the class of all measurable functions
f: (a, b) — [0,+00] and put (I* f = ff Ydy, (L f)(z) := ff )dy for
x € (a,b). The Hardy inequality with welghts u,v € M (a, b)

b /p

b 1
/ w@I(fo) @) dz | <cC / F@)P do for all f € M*(a,b),

a

where I = I or I = I, has been completely characterized for p, ¢ > 0 by G. Tal-
enti, B. Muckenhoupt, J. Bradley, V. Maz’ya and A. Rozin, G. Sinnamon, G. Sin-
namon and V. D. Stepanov and some other authors (see the monographs [1, 2]
for details). An analogous problem for p,q < 1 was studied by P. Beesack and
H. Heinig [3], where sufficient conditions and necessary conditions under some
restrictions on the weight functions were given for the inequality

( /b F(a)? dx) v < c( /b u(@)[(I( fv))(x)]qu) Y oral Femt(a,b). (1)

The following theorem gives a precise characterization of (1) for p, g < 0.

Theorem. Let —o0 < p,q < 0, 1/r := 1/q — 1/p, the weight functions
u,v € MY (a,b) and I = I* or I = I,. Then for existing a constant C > 0 such
that (1) holds, it is necessary and sufficiently, that A < +oo, where

sup [(1u) (5] /4 (10"") ()] — ¢<p,
A= a<t<

—1/r

( i) @)/ (1o )] 7 ) dzr) ", p<a

a

Moreover, A = C' for the least possible constant C' in (1).

LComputing Centre FEB RAS, Tikhookeanskaya, st., 153, Khabarovsk 680042, Russia.

E-mail: prohorov@Qas.khb.ru
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Spline Approximation on Arbitrary Trees
A. Radyna '

Belarusian State University

Let (X,p) be an ultrametric locally compact space. We consider a ball

Bla,ro] = {z € X : p(z,a) < ro} and a set of points {z1,z3,... 2}, ,27,23,.. .,
x?\b, ...} belonging to the ball, and kEIJPoo N = 4o0. Let f be a continuous

N,
real-valued function on Bla, ro]. We construct a spline L(f, Nj) = Zk Xip(z, k),
i=1

x € Bla,ro], which interpolates f at points z¥, i = 1,2,..., Ny, k € N. Here

7

Ny,
coefficients \; can be found from interpolation conditions > )\ip(xf,:cf) =

i=1
f(xf), j = 1,2,...,Ng. To find \; we are going to invert a matrix of dis-
tances Ry = (p(xf,xf))jv;‘:l, and then to apply the inverse R} to the vector
(f(ah), f(25), ..., f(z%, ). Furthermore, we are going to show a uniform con-

vergence L(f, Ni) to f when k tends to infinity. First of all, we associate B|a, (]
with a tree, then we shall be able to forget about an ultrametric space X and
shall only deal with the tree. Secondly, we associate the matrix Ry with an
algebra of matrices, and find the inverse R,;l for any k. We shall also find a
criterion of invertibility for the matrices Ry. We note, that Ry is a replica Parisi
matrix in its most general form (see [2]). At last, we are going to prove
Theorem. Constructed splines approzimate a given function f uniformly.
To do that we refer to results (see in [1,Th.1.4.28,Th.1.4.29]) that is any
continuous function being given on a compact ultrametric space could be uni-
formly approximated by linear combinations of indicators of balls. Moreover,
since an indicator of a ball in ultrametric space is a continuous function, then it
remained only approximate the indicator of a ball. That result might be applied
to sociology, psychology, neural network theory.
References
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proach. Minsk, 2002. (Russian).
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Potential Theory and the p-Adic Numbers
Yauhen Radyna!

Belarusian State University

Historically, potential theory was developed using only the field of real num-
bers. The real numbers are nothing else but a completion of the rationals Q with
respect to the usual absolute value. The latter satisfies three well-known axioms
of a valuation: 1) |a| > 0, |a] = 0iff a = 0; 2) |a-b| = |a|-|b|; 3) |a+b| < |a|+|b] —
triangle inequality. The absolute value is not a unique valuation on Q. Let p be
some prime. Any rational x # 0 can be represented as p”®)n/m with the inte-
gers n, m not divisible by p; integer () is the order of p in x. Let’s define

p Y@z £0
|z|p == , .
0, z=0

Function |x|, is easily checked to satisfy the axioms above, it is called the p-adic
valuation. The following famous theorem by Ostrowski lists all valuations on Q.
Theorem 1 (Ostrowski). Any valuation on Q is equivalent either to the
usual absolute value or to p-adic one for some p.
There is a funny adelic formula connecting all the valuations: |z| []|z|, = 1,

P
z € Q\ {0}.

The field Q, of p-adic numbers is a completion of rationals with respect to
the p-adic valuation, it arises on equal footing with R. In addition the p-adic val-
uation satisfies strong triangle inequality: 3") |a+b| < max{]al, |b|}. This leads to
some unexpected properties: two larger sides in a triangle have the same length,
any two balls of the same radius either coincide or do not intersect, and so on, [1].
Qy is alocally compact group with respect to addition. Thus there is the unique
shift-invariant Haar measure on it. Thus we can integrate real-valued functions
of the p-adic argument, and all the constructions of abstract harmonic analysis,
including Fourier transform and distributions, are applicable, [2,3]. Group Q,
is totally disconnected. So it is quite a surprise that general notions of potential
theory have p-adic counterparts. The theory was developed in a relatively re-
cent paper [4] by Haran; so called homogenous distributions in this theory have
a connection to the theory of the Riemann zeta function through Tate’s thesis in

Mechanical adn Mathematical Faculty, Belarusian State University, 4 F. Skaryna av.,
Minsk 220050, Belarus.
E-mail: yauhen radyna@tut.by
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its Weil’s formulation. Function |z|® is negative definite for all « € (0, 4+00) (in
contrast with the real case) and generates a semi-group of probability measures
which can be given explicitly by the p-adic analogue of Feller’s formula for a-

symmetric stable distributions on R: pf (dz) = 3 % %m*l’”a dz,
n>0 P

where (,(s) = (1 — p~*)~! is a local p-adic zeta function. Measure puf, de-
scribes p-adic brownian motion. We can introduce p-adic Riesz potentials and
they will satisfy p-adic Riesz Reproduction formula. Moreover, various poten-
tial theoretic principles can be deduced for the potentials built: the principles of
Descent, Dichotomy, Maximum, Regularization, Uniqueness. It should be not-
ed that the p-adic case is often more simple than the real one. There is an
a-capacity characteristics of subsets K C Q,, it can be expressed via the a-

-1
: _ (@) s : 1 -1
diameter as cap, (K) = o455 imy—o {xlmglcileK D 1; |z — | }
and satisfies the usual properties; a-capacity can be used to build an explicit
solution of p-adic Dirichlet problems. p-Adic potential theory have applications

both in Mathematical physics and in Number theory.
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Koudopmubsie medopmarimm
IICEBIOPUMAHOBBIX IIPOCTPAHCTB

E. JI. Poduonos', B. B. Caasckuti ?, JI. B. Qubpuxosa ®

Bapnayrbckuit rocyapcTBEHHBIH e IarOTHIeCKAl YHUBEPCUTET,
FOropckuit rocytapcTBeHHBI YHUBEPCHTET

1. JIokanbHO KOH(pOPMHO OJHOPOIHEBIE IIPOCTPaHCTBA. IlycTh ds? =
9ij dx' dx) — nucesmopuManoBa MeTpuKa Ha MHOroobpasuu M", V — nuneiinas
ceasHOCTh Jlesn — YmBnta, Rijps — TeH30p KPUBHU3HBI, R;; — TeHsop Puvun,
Ric(¢) = R;;&*¢? — xpuBu3Ha Puvdn B HaIpaBiIeHUH eIUHUYHOIO BEKTOPA &,
R — ckanapuaga kpususHa, Wi, — Tenzop Beiina merpukn ds?.

Oupeaenenne. BekToproe mose v onpenenser nHGUHATE3AMAILHOE N30~
METPUYHOE MPeodpPa30BAHNE MTCEBIOPUMAHOBA TPOCTPAHCTBA U HAZBIBACTCS KU~
AUH206bLM, €CTTH

Vi + Vi = 0. (1)

CoOTBETCTBEHHO, BEKTOPHOE TOJIE ¥ ONPEAE/IIeT MH(PUHATE3NMATBHOE KOH(POPM-

HOE TPeodpa30BAHNE MCEBIOPUMAHOBA TPOCTPAHCTBA U HA3BIBALTCS KOHBOPMHO-
KUAAUH206bLM, ECITH

Vik + Uk = 2WG;k- (2)

Omnpenenenne. Ilycts {M",ds?} — cBasHOE ICEBIOPUMAHOBO MHOIOOGDA-
3ue, 1Jis 000 TOYKH g KOTOPOTO U JI000Tr0 KaCaTeIbHOrO BeKTopa Uy € Ty, M
CyILIECTBYeT BEKTOPHOE 10Jie () B OKPECTHOCTU TOYKU Lo € M, yioBierBops-
fomiee cucreme (1) Takoe, 9ro v(xg) = Up. MHOroOGpasme B 3TOM CJIydae Ha30BEM
A0KAADHO 00HOPOOHBIM npocmparcmeom [1]. COOTBETCTBEHHO, €CJI BEKTOPHOE
nosie v(x) yIOBIETBOpsieT cucTeMe ypaBHeHHi (2), To MHOrooGpasue Ha30BEM
AOKAADHO KOHPOPMHO 00HOPOTHLILM MPOCMPAHCMEOM.

1BapHa.ym,0K1/H?1 rOCY/JapPCTBEHHBIN I€1arOruvecKuil yHuBepcurer, yi. MosomexHas, 55,
Bapnayn 656031, Poccus.

E-mail: redQuni-altai.ru

2FOropcKuit TOCyAapCTBeHHLIH YHUBEPCHTET, yiI. Mupa, 13, XaaTs-Mancuiick 628007, Poc-
cusd.

E-mail: slavsky@uriit.ru

3BapHa.ym,0K1/H?1 rOCY/JapPCTBEHHBIN I€1arOrudecKuil yHuBepcurer, yi. MosomexHas, 55,
Bapnayn 656031, Poccus.

E-mail: chibr@mail.ru

Pabora BeimosHeHa mnpu uHAHCOBOM momuep:kke Poccuiickoro ¢ouma dyHIaMeHTa b~
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Cucrema ypashenuii (2) usyuanaco B paborax [2,3]|. B nauuoii pabore, cie-
nys [4], Haxopures suHeiinas cucrema ypasHenuii, skBuBaienTaas (2). C nomo-
MIBIO 3TOH CHCTEMBI MOXKHO GoJiee IeTaJbHO HCCIeI0BATh KOH(MOPMHO-KHIAH-
TOBBI BEKTOPHBIE TOJIS.

Teopema. Cucmema ypashenui (2) na sexkmophoe nose v(T) IKEUBAAEHMHG
AUHETROT, cucmeme Ha MeH30pHbLe NOAA Vi, 15, W, Cp:

Vjp = Njp T GipW, (3)
Nijp = UGRapij + 9ipCi — 9jpGis (4)
wp = Cp, (5)
Sip = npaA? + njaA; - Ajp,bvb — 2wAjp, (6)

B | . Rgjp o o o
ede Ajp = — (R] Ty MEH30P 00HOMEPHOT, CEKUUOHHOT KPUBUSHDL,

Vj — KOBAPUGHMHBLE KOMNOHEHMYL 6EKMOPHO20 NOAA V(T), 1ij — KOCOCUMMEM-
PUNHOLE KOBAPUAGHMHBLT Mmen3op, w — Pynryua, §, — Kosexmoproe nose. Ilpu
IMOM YCAOBUA UHMELDUPYEMOCTIUY CUCTIEMBL (HA PEWEHUE) UMEIOT 6UO:

v Wijsk,a + 20Wijsk — 0" Wagsk — 07" Wiask — 15" Wijak — 0 Wijsa = 0,

a a a a (7)
Caijs - 3wsjps - 'UtSjps,t +nj Saps + 1y Sjas + 15 Sjpa =0,

ede Sjps = Ajps — Ajsp — menszop Croymena — Betina.

3ameuaHue. AHAJIOMMYHBIM 00PA30M MOYKHO PACCMOTPETh ypaBHeHus: Kni-
smara (1).

Sameuanune. [Ipumepom kuiumHroBa (KOH(GOPMHO-KUIJIMHIOBA) BEKTOPHO-
r'O TIOJIsI CJIY?KUT TTPABOMHBAPUAHTHOE BEKTOPHOE TT0jIe Ha Tpymme Jlu ¢ jeBounH-
BApUAHTHON METPUKOIL.

3amevyaHMe. YCIOBUE HHTEIPUPYEMOCTH MOYKHO 3aIIACATDH B 00JI€€ KOMIIAKT-
Hoit popme [2], ucnons3ys npoussoanyio Jlu:

LUVV'L'jks = 2wvvijks; LUSijk = W%jkw,a-

Uccnenyem crpoenne 0KaabHO KOH(MOPMHO OJHOPOJHBIX TPOCTPAHCTB.

3ameuanne. Koudopmuas gedopmalius JOKATILHO OJHOPOTHOTO TPOCTPAH-
CTBa €CTh JIOKAJIBHO KOH(OPMHO OJHOPOIHOE MPOCTPAHCTRO.

Teopema. ITycmv {M™,ds?} — aokaavro Kondopmo odnopodnoe ceasHoe
npocmpancmeo u xoma 6w 6 odnoti mouxe [W|* # 0 (|S|? # 0, dim M = 3).
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Tozda {M™,ds?} xon@opmmo sK6UEANLEHMHO NOKAALHO 00HOPOOHOMY NPOCTPAH-
cmey.

Sameuanue. CyIeCTBYIOT TPUMEPHI JIEBOUHBAPUAHTHBIX JIOPEHIIEBBIX MET-
PUK HA TPEXMEPHBIX YHUMOIYIAPHBIX rpymmax Jlum, mist Koropeix Ter3op Cxo-
yrena — Beitna S # 0, a |S|> = 0, a Tak:ke IpUMepbI JEBONHBAPUAHTHDIX
JIOPEHIIEBBIX METPHUK HA CIeNuajbHOM mectuMepHoil rpynme [eiizernbepra, mis
KOTOpBIX Ter3op Beitna W # 0, a [W]? = 0.

3ameuanue. B ciaydae JOKaIbHO KOH(MOPMHO OJHOPOIHOTO CBSI3HOIO PH-
MaHOBa MPOCTPAHCTBA, €CaM XoTsA Obl B omHoil Touke |W|? = 0 (]S|? = 0 npn
dim M = 3), To nmpocrpancTBO Gyner KOHMDOPMHO MIOCKUM [5].

2. JIeBonHBapMAaHTHBIE JIOPEHIEBbI METPUKN HA TPEXMEPHBIX yHU-
Moaynaspabix rpymmnax JIu. Ilycrts G — tpéxmepnas rpynma JIu, g — anaredbpa
JIu rpynnetr G. CTpyKTypHbIE ypaBHeHUs aareOph! JIu g MOXKHO 3aMucaTh B BUIE

[Ei, Ej] = €ijxC** E,, (8)

e €, — 0006meénnsit cumsos Kponekepa, €;;x = {(—1)7 : o érHOCTS MOICTA-
nosku (ijk)}, C = ||C*®|| — nexoropas marpuna. Toxkaectso SIko6u B TepMunax
marpunsl C' 03HAYAET YCIAOBHE

éks = éskv (9)

rae ||Cks|| — npucoenunennas Marpuna, CoOCTaBIeHHAs U3 aaredpandecKux 10-
IIOJTHeHU.

Omnpegenenne. Anrebpa Jlu HA3BIBAETCH YHUMOOYAAPHOT, ECTTH BCE BHYT-
pennue apromopdusmbt ad(U) umeror ciel paBHbIA HYIIO.

Jlemma. Tpérmepran anrzebpa JIu yHUMOYAADPHA 6 TOM U MOALKO 6 MOM
cayuae, Kozda mampuya C = ||CF|| cummempuunas.

Bameuanue. Ecin marpuna C' cummerpudnas, To ycaosue (9) BBITOJIHEHO
apromarudecku. B ciyuae TpéxmepHoii npocroii rpyumst ([g, g] = g, det C # 0),
u3 (9) cieayer CMMMEeTPHIHOCTD HCXOmHo# Marpuipt OFF = CF,

[pu mepexosie K Apyromy 6asucy cTpyKTypHbie KouctanTsl ||C** || mpeobpa-
3YIOTCS KaK 2-KOHTPBAPHAHTHBIH 1ceBaoTen30p. CKanIsapHOe IPOU3BEIEHUE HA, §
3a/J]aH0 METPUYECKUM 2-KOBAPUAHTHBLIM TeH30poM Tj;.

Teopema. [Iycmo zpynna G — ynumodysapras mpéxmepras 2pynna Jlu,
T3] — npoussoavrul mempuneckuls men3sop AOPEHYEBOT CUZHATNYPDL. Toz0a
zapaxmepucmuuecroe ypasnenue det(TirC* —\§!) = 0 uneapuarmmo ommocu-
meavHo npeobpasosanuli A 6asuca arzebpo. JIu g maxuzx, wmo det A = 1. Ecau
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8Ce KOPHU IMO20 YPAGHEHUA BEWLCTNEEHHDL U PASAU%HDL, TR0 CYUECMBYem 6a3uc
6 Komopom Koapduyuenmus |C**|| u ||Ti;|| cocmasasom duazonanrvrvie mam-

PUYDL

“A 0 0 -1 0 0
C=10 X 0|, T=[0 1 0
0 0 A 0 0 1

Ecau rapaxmepucmuneckoe ypasHeHue uMeem KOMNAEKCHO CONPANCEHHBLE KOP-
HU A2 = a + 18 u eewecmsennnll Kopenv A3, moada cyuecmeyem b6asuc 6
xomopom mampuyv, C u T umerom eud

—a B 0 -1 00
C={B a 0|, T=]0 1 0
0 0 A 0 0 1

PaccMoTpuM citydaii BEIIECTBEHHBIX KOPHEH XapaKTepUCTHYIECKOTO ypaBHe-
uus. Ilycrb (e1,es,e3) — Ga3uc, yJoBIeTBOpSIOIIUI TeOpeMe, TOrja, HpuMe-
usis popmyibt (1)—(7) ayis BblYMC/IeHUS TEH30PA KPUBU3HBI JIECBOMHBAPUAHTHOMN
METPHWKHU B IMIOCTPOEHHOM Oasmce, KBaapar AamHbl Ter3opa Cxoyrena — Beiina
|SW |2 = SW; SWik papen

1 2

1 1 1 1.. 1
|SW[? = -3 §>\§>\3 - §>\2>\% + §>\§>\2 - §>\§ - 5>\§ + 23— 5>€>\3

1
= 713X+ 22500 303 — 2000 — 20 h = AD)(Ae — As)]2

U3 pasencrsa |SW|? = 0 caenyer, uro SW;j, = 0. Paccmorpum nesounsapu-
AHTHYIO JIODEHIIEBY METPHUKY Ha 3-MEPHON YHUMOMYJIAPHOI rpymme JIn B ciydae
KOMTLIIEKCHO COTIPSIZKEHHBIX KOPHEH XapaKTepncTuIeckoro ypasaenns. Ksaapar
anunbl Tensopa Cxoyrena — Bejina |[SW |2 = SW,;, SW 9 pasen

ISW|? = 2 A2 + 4X3a + 48% — 8a%]° — 3 [\ — a2 +46%a] .

BorsicauM, mpu Kakux 3HAYEHHUSIX YUCENT «, 3, A3 KOMIIOHEHTHI Ten3opa Cxo-
yrena — Beitna ormmanbr or myns, a |[SW|? = 0. Dtu 3Hadenns OyayT coor-
BETCTBOBATH JIEBOMHBAPUAHTHBIM JIOPEHIIEBBIM METPUKAM, JJisi KOTOPBIX KBaJI-
par gnauabl Ten3opa Cxoyrena — Beiing paBeH Hy/O, a caM TEH30p HE TPU-
BUAJIEH. 3aMETUM, YTO YMCJIO (3 OTaudYHO OT Hyasd (T. K. [ — xoddduiment
IpH MHHUMOI YaCcTH KOMILIEKCHOIO KOPHS XapaKTEePUCTHYeCKOIO MHOIOYTICHA
det(T;,C*I — Ad]) = 0). Paccmorpum crienyiomue BO3MOXKHBIE CJIydan.
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1. ITycrs A3 = 0, Torma kBaapar miuHbl TeHzopa Cxoyrena — Beitnsa Oy-
ner pasen |SW|? = 1632(4a* + 8 — 7a?3?). lpu B # O u a = i@ﬁ
KBaapaT aauHbl Ter3opa Cxoyrena — Beiiist obpaiiaercs B HyJIb, a CaM TEH30D
uHenyseBoii. Takum 06pa3oM, CyIeCTByeT OECKOHETHO MHOTO JIEBOMHBAPUAHTHBIX
JIOPEHIIEBLIX METPHK C 33JaHHBIM CBOICTBOM. HeTpyHO BUIETH, BLIYUCIISAS IIPO-
U3BOJHYIO aJrebpbl g, 4TO B JAHHOM ciydae ajrebpa g umeer tui e(l,1).

2. [ycrs a = 0. Torga kBagpar anunbl Terzopa Cxoyrena — Beitnsa Oyner
pasen |SW|? = —3X§ + 83%\2 + 32\ + 1635. Herpyano nposeputh, 4To mpu
(ﬁ>2 _ 1 T34[20531216V/52)/°

B -9 9[2053+216/82]1/3
obpalaercss B HyJib, & CaM TeH30p HeHyJsieBoi. Takum 0Opa30M, B 9TOM CJIydae

cymiecTByeT G€CKOHEYHO MHOIO JIEBOMHBAPUAHTHBIX JIOPEHIIEBBIX METPUK C 3a-

KBaIpaT AauHbl TeH3opa Cxoyrena — Beiins

JIAHHBIM CBOWCTBOM. AHAJOIMYHO, HETPYIHO BHJIETH, BBIYUC/IASA TPOU3BOIHYTO
anrebpel g, YTO B JAHHOM ciydae ajirebpa g mmeer tun e(l,1), ecan mpons-
BOZIHAST IMEET pa3MepHOCTh 2, u Tull sl(2, R), ecam pa3MepHOCTh ITPOU3BOTHOMN
paBHA 3.

3. Iycrb A3 # 0, a # 0, 8 # 0. Toraa rosbko npu A3 = 26/v/3 = —2a Bee
KOMIIOHEHTBI TeH30pa Cxoyrena — Beiinsg oqaoBpeMeHHO 00PAIIAIOTCS B Hy b, B
NPOTUBHOM CJTydae CyImeCTByeT OECKOHEYHO MHOTO TAKHUX TPOEK YuCeT Az, , 3,
IPM KOTOPBIX KOMITOHEHTHI Ter30pa CxoyreHa — Beiist OmHOBpEMEHHO B HYJIb
He 0OpaIaloTcs, a KBAJApPAT ero JJIMHBI PABEH Hy/I0. PacCyXaas aHAJIOTHIHO
BUINM, 9TO airebpa g umeer tun sl(2, R).

Teopema. ITycmo G — c8A3HAA MPETMEPHAA YHUMOOYAADHAA 2pynna JIu ¢
NAEBOUHBAPUGHTMHOT NOPEHUEE0T MEMPUKOT UMENWET HEMPUBUAAbHBLT TNEH30D
Croymena — Beting co ceoticmeom ||SW||?> = 0. Tozda anzebpa Jlu g epynno
JTu G usomopgna aubo e(1,1), aubo si(2, R).

3. JleBomHBapuWaHTHBIEC JIOPEHIIEBbI METPUKN Ha TPEXMEPHBIX He-
YHUMOOYJIAPHBIX rpynnax JIn. lis meyuumonynsproit anredpsr Jlu mar-
pura ||C¥|| cTpyKTypHBIX KOHCTAHT OOS3aTeTbHO BBIPOKICHHASA, HE CHMMeET-
puuHas, npucoesuHéHHas K Heil Marpuua ||Chs|| cuMMerpuunas (ToXK1eCTBO

Axkobu).

Jlemma. Cywecmeyem b6a3uc v1,va,vs ar2ebpvl JIu g, 6 KOMoOpom mampuya
ICY || umeem euo:

Cll 012 0
C=|(c* ¢®2 0
0 0 O

2de O'2 £ C?1,
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3ameuanue. [L1ockocTh BEKTOPOB T = v1 A Uz HEPECEKAET W30TPOITHBIIM
KOHYC JT0O0 10 BepIIuHe, 00 KACAETCsT KOHYCA IO MPIMOii, OO0 mepecekaer 1mo
nape npsMbIx. B 3aBUCHMOCTH OT 9TOrO Cy>KeHUe CKAJISIPHOTO TIPOM3BEICHUS Ha,
IJIOCKOCTD 7: A) TIOJIOKUTEIBHO ONpeNesieHo, B) HeOTpUuIaTeIbHO OMPEIe/IeHo,
B) 3HaKO-HEOMPEIEIEHO U HEBBIPOXK ICHO.

B nrore noxydaercs:

Teopema. ITycmv G — c643HaA MPETMEPHAA HEYHUMOOYAAPHAA 2DYNNG
Ju. B cayuaaz A) u B) us pasencmea ||SW||? = 0 caedyem, wmo ece xomno-
nenwmovr mensopa Croymena — Betiaa pasho, wyao. B cayuae C) cywecmeyem
bECKOHEUHO MHOZ0 AEBOUHBAPUAGHIMHBLT AOPEHULELIT Mempuk na epynne Ju G,
daa komopuz ||SW |2 =0, a mensop Croymena — Betina neny.aesofi.

4. JleBomHBapHWaHTHBIE JIOPEHIIEBbI METPUKM Ha IIeCTUMEePHOM
rpynane leitzenbepra. [lycrs G — rpynna Teitzenbepra pasmeprocru 6, T. e.
MaTpUYHAS TPYIIIa BAIA

1 0 0 0
o a271 1 0 0 L
G = 4z aze 10 |° a;j € R
a41 Qa2 a43 1

Anrebpa JIu g rpynnel G ecth MaTpudHas ajaredpa JIu Buma

0 0 0 0
hoy 0 0

0
9= hzi hza 0 0 Hhij € R
hap haz has O |
Bribepem ba3uc g ciaemyromum 06pa3oM

[0 0 0 0] [0 0 0 0] 0 0 0 0]

00 0 0 00 00 00 0 0
Be=doo0o0o0l"®” 1 000" 000 0]
|10 0 0 | |00 0 0| 01 0 0 |

[0 0 0 0] [0 0 0 0] [0 0 0 07

10 0 0 00 00 00 0 0

By = ooo0oo0|"®=lo1o0o0|"P=]00 0 0
|0 0 0 O | |0 0 0 0| |00 1 0|

N3BecTHO, 9TO MEHTP 3TOM aaredphl MOPOXKIACTCA BEKTOpoM Fi, T. e.
Z(g)={h€g:Vreg [hg]=0}={E}.
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ITycrs Ha anrebpe g 3aJaHa JIOPEHIEBA METPHKA, T. €. CKAJSAPHOE IPOU3BEICHUE
(+,+) curmarypor 1. MHOXKeCTBO BpeMsOAODOHBIX BEKTOPOB (HAlPaBJIEHHBIX B
Oyaymiee) obpasyer OTKpPBITHIH BbITyKbiil Konyc CT C g.

Onpenenenne. Bynem roBopuTh, 94TO JIEBOMHBAPUAHTHAS JIOPEHIIEBA MET-
pHKa Ha HHAJIBIOTEHTHON IPYIIe IpHHAAIeKHUT Kiaaccy C'T, ecam meHTp cooT-
BercTBYIOIIEeil aaredpsl JIu cTrporo JeKuT B M30TPOITHOM KOHYCE METDPUKH.

Teopema. [Iycmv na epynne letizenbepea G 3adana Ae80UHBAPUAGHMHAA
nopenyesa mempuxa waacca CT. Tozda cywecmeyem opmonopmuposanmviti 6a-
suc Vi, Vo, V3, Vi, V5, Vi maxot, wmo

<‘/1)V1>:_17 <‘/2)‘/2>: <‘/}))‘/3>:: <‘/67‘/6> :1) <‘/17V]>:0) Z#.]7
npuvem V; € {E1,...,E;},i=1,2,...,6, u cnpasedaiusv, pasencmsa:
[VhVi] = 0, iE{l,...,G},
[‘/27‘/6] = ,LL1V1, [‘@;%]:Oa i€{3a"'76}a
Va,Va] = wpaVi, [Va, V5] = usVi, [Va, Vo] = paVi, (10)
Vi, V5] = usVi+ peVa, [V, Vs] = prVi + pusVa,
V5, V] = 1oVi+ paoVe + 111V,

edeu; € R,i=1,...,11, — cmpyxmyproie Koucmanmot anzebpo, JIu. Obpammo,
eCAU 0aHO BEKMOPHOE NPOCTMPAHCTNEO PASMEPHOCTIU 6 U 0 BABUCHBLT BEKMOPOS
onpedesena ckobka JIu ¢ NOMOUDBIO YKAAHHBIL GOPMYA, TO NPU YCAOBU

pape + pzpin =0, p1 #0, p2 # 0, pe # 0, (11)

ama anzebpa usomopdra aszebpe Ietizenbepeaa.

Bameuanue. /g m100bIX KOHCTAHT fi;, 4 = 1,..., 11, dbopmyssr (10) onpe-
JIensioT 6-MepHyio aaredpy JIu B TOM 1 TOJIBKO B TOM CJIy9ae, €CITH BBITOJIHSIETCS
rpeboBanue (ToxaectBo Akobu)

pape + pzpnn = 0. (12)

Ausrebper JIu, 3amannbie Gopmynamu (10), 6e3 rpebosanus py # 0, pe # 0,
L 7 0 Oyaem Ha3bIBATH CNEUUAAbHbMU 6-MmepHoLmu arzebpamu Ietizenbepaa. B
JAIbHEAIIeM BCeria TPE/INo/IaraeTcs BhITOTHEeHne paBencTsa, (12).

3amevanue. B yciaoBusax teopembl 1 MHOMKECTBO JIEBOMHBAPUAHTHBIX JIO-
peHneBbIx MeTpuk Ha 6-mepnoit rpymnme ['eiizenbepra mpempcrasiser coboit 10-
[apaMEeTPUUIECKOE CEMEACTBO METPUK.
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[Ipumenss Gpopmynbr Musinopa [6] aJis BblUUC/IeHUsE TEH30PA KPUBU3HBI JIe-
BOUHBAPUAHTHO JIOPEHIIEBOI METPUKH B IIOCTPOEHHOM Da3uce (Ipu 3TOM JI0JIK-
HO BbIIOJIHATBCH (12)), I0/Iy9uM KOMIOHEHTBI TEH30Pa KPUBU3HBI.

CkajisspHasi KpUBU3HA METPUKHU OyIeT paBHA

1 1 1 1 1 1
Rs— —pue2 & 22 4 2py2 22 _ 22 2,2
§ = 5Hs +2M7 +2M1 16 518 i
1 2 1 2 1 2 1 2 1 2
SH0° F 5o’ + S’ + Sps” + Spa’

B cnyqae pr1 = po = p3 = pa =0, ps = 1, pe = £1, pr = ps = prg = pio =
w11 = 0 mmeem |W|? = 0. Tensop Beiiia mpu 3TOM He paBeH HyTiO, HaIpUMeEp,
Weae2 = —1/8.

3ameuanne. JJanHOMy BBIOOPY CTPYKTYPHBIX KOHCTAHT COOTBETCTBYET aJjl-
rebpa JIu, m3omopdHas npsiMoOMy TPOU3BENEeHUI0 TPEXMEPHOiT aareopnl [eir3en-
Oepra U TPEXMEPHON KOMMYTATHBHOMN areOphl.
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JlokanbHO KOH(POPMHO OIHOPOHBIE
MCEB/IOPUMAHOBHI MMPOCTPAHCTBA

E. JI. Poduonos ', B. B. Caasckuti 2, JI. H. Yubpurosa 3

Bapnaymbckuit rocyapcTBEHHBIH e IarOTHIeCKA YHUBEPCUTET,
FOropckuit rocyapcTBeHHbBI YHUBEPCUTET

B paborax [1,2] n3ydananch JIOKaJIbHO KOH(GOPMHO OTHOPOIHBIE DHMAHOBHI
mpocTpancTBa. Bela mokazaHa Teopema 0 TOM, UTO JI000€ TaKoe MTPOCTPAHCTBO
Oymer uO0 KOH(MOPMHO IJIOCKUAM, JTHO0 KOH(POPMHO SKBUBATEHTHBIM JIOKAJIBHO
OJTHOPOJTHOMY PHUMAHOBY MPOCTPAHCTBY.

B mannoit pabore uccreayoTes JOKAIbHO KOH(POPMHO OJHOPOIHBIE IICEBIO0-
PUMAaHOBBI TIPOCTPAHCTBA, JOKA3BIBAETCS TeopeMa, 00 ux crpoennu. C mOMOIIbIO
TPEXMEPHBIX TPy JIu u TpéxmepHoit rpymsl Leit3eHbepra CTpOSTCs TPUMEPHI,
MOKA3BIBAIOIINE PABTUINE MEKIY PUMAHOBBIM U TICEBIOPUMAHOBBIM CIIYYAsIMU
JIJTsl TAKUX TPOCTPAHCTB.

Crucok aureparypsbl

[1] Posunonos E. /., Cnasckuii B. B. // Hokn. PAH. 2002. T. 387, Ne 3.
C. 314-317.

[2] Rodionov E. D., Slavskii V. V. // Comment. Math. Univ. Carol. 2002.
V. 43, Ne 2. P. 271-282.

1BapHa.ym,0K1/H?1 rOCY/JapPCTBEHHBIN I€1arOruvecKuil yHuBepcurer, yi. MosomexHas, 55,
Bapnayn 656031, Poccus.

E-mail: rodionov@uni-altai.ru

2FOropcKuit TOCyAapCTBeHHLIH YHUBEPCHTET, yiI. Mupa, 13, XaaTs-Mancuiick 628007, Poc-
cusd.

E-mail: slavsky@uriit.ru

3BapHa.ym,0K1/H?1 rOCY/JapPCTBEHHBIN I€1arOrudecKuil yHuBepcurer, yi. MosomexHas, 55,
Bapnayn 656031, Poccus.

E-mail: chibr@mail.ru

Pabora BeimosHeHa mnpu uHAHCOBOM momuep:kke Poccuiickoro ¢ouma dyHIaMeHTa b~
HBIX uHccnenoBanuii (rpant 02-01-01071), CoBera mo BeAyIMM HAy4IHBIM IMKojam Pd
(HIIT 311.2003.1), a rakxke rpanTosoro meatpa npu Camkr-IlerepOyprckom yHHBEpCHTETE
(rpauT E 02-1.0-120).

218



OTobpa>keHus IIPOCTPAHCTBA-BPEMEHN
Y YPOBHU IIPUYNHHOCTHU

A. H. Pomanos?

OMcKHit TOCyTapCTBEHHBII YHUBEPCUTET

B nopeHneBoil reomeTpun paccMATPUBAIOTCS PA3JINYHBIE YPOBHU NMPUIHH-
HOCTW TMPOCTPAHCTBA-BPEMEHH, & TAKKE YCIOBHs, KOTOPHIE IOJKHBI BBIMOJ-
HATHCA JJIST TOTO, 9TOOBI TOT WJIW WHOH yPOBEHBH TNPUIAHHOCTH KOHKPETHOTO
IPOCTPAHCTBA UMEN Obl MECTO. 371€Ch MbI PACCMOTPUM PAa3JUIHbIE BAIBI OTOO-
pakeHwWii MPOCTPAHCTB, & TAK YK€ CBSI3M MEXKIY BUIOM OTOODA’KEHUS U IIPU-
YUHHON CTPYKTYpPO#l mpocTpaHcTBa-BpeMeHu. [omeomMopdu3M aByX MHOrooOpa-
swit f: M — M’ Gynem Ha3bIBATH TPOHOAORUMECKUM, €CINA IS JTIO00H TOYKA
xr € M oemonusercs pasenctso f(I}) = I;'(x). TF'omeomopdusm Gynem HaA3LI-
BaTh NPUMUHHBLM, €CTH Iy JI000H TOYku & € M BBIIONHSETCA PABEHCTBO
f(JIh) = J;r(z). Bmecy I w J — xpomomormueckoe m npuammHOE Gyaymiee
TOYKHU T COOTBETCTBEHHO. VIMEeT MeCTO Clemyromee yTREepKICHUE:

IIyemv (M, g), (M',g") — dea npocmpancmea-eépemenu a f: M — M' —
Hexomopoe omobpasicenue. Tozda das mozo wmobwv, omobpasicenue f ABAANOCDH
2400KUM KOHPOPMHBILM NPEOOPA308aAHUEM, OCTNAMOYHO BLINOAHEHUA 00HO20 U3
CALOYOUUT YCAOEUT.

1) IIpocmpancmsa (M, g), (M',g") asasomes pasauvarowumu, o f aeas-
EeMCA TPOHOAOZUNECKUM 20MEOMOPHUIMOM.

2) IIpocmpancmea (M, g) u (M, g") asaatomes npuvunnsmu, we donycka-
10M, 00HOBPEMEHHOE BVNONHEHUE ABAEHUA 3GTEAMA U ABAEHUSA KOHEUHOT HEDO-
CMUNCUMOCTNU, YOOBAELMEOPAIOM, YCAOBUI KOHEUHOCTIU NOPEHUEBL DACCTNOAHUA
0as 6Ce20 KOHPOPMHO20 KAGCCA MEMPUK, G [ ABAAELMCA TPOHOAOZUNECKUM 20~
MEOMOPPUSMOM.

3) f+ M — M' — zomeomopdpusm maxoti, wmo omobpasicenus f u f*
COLPARAIOM HANPABAEHHDIE 6 OYdyuLee U3OMPONHbLe 2€00e3UuECKUe.

4) Mmnoowcecmea J;r, J, samxnymo. das ecex movex p € M up € M', a f
ABAAECMNCH BPEMEHUTLOO0OHBIM 20MEOMOPPHUIMOM.

5) IIpocmpancmea (M, g) u (M',g") ne donyckarom odroepementoe 6vinon-
HEHUE ABACHUL 3GTEAMA U ABAEHUA KOHEUHOU HEJOCTIUHCUMOCTU, YIOBAEME0-
DAOM. YCAOBUN) KOHEUHOCTNU NOPEHUELEAE PACCMOAHUA AL BCE20 KOHPOPMHO20
KAGCCA MEMPUK, @ [ ABAAEMCA 6PEMEHUNOOOOHBLMM 20MEOMOPHUIMOM.

LOwmckwmit rocymapcrsennbiit yausepcurer, np. Mupa, 55a, Omck 644077, Poccusi.
E-mail: romanow@univer.omsk.su

219



O kuaaccax CoboJjieBa B obsracTax
Cc réabaepoBbIMHU OCODEHHOCTIMI

A. C. Pomanos?

Nucruryr maremaruku um. C. JI. Cobosea CO PAH

st bymkumit knaccos Coboiesa W) (G) moiHoe onucanue CeIoB Ha Tpa-
HUIE HeperyasapHoit obiactu G C R™ sBisiercst BecbMa CJIOXKHON 3a/1a4€il.

Onmako mst obacreil ¢ TénbaepOBBIMU OCOOEHHOCTSIME HA TPAHUIE HEKO-
TOPBIE CBONCTBA MPOCTPAHCTBA CJIEJIOB, B YACTHOCTH BJIOXKEHUS B COOTBETCTBY-
IOIMEe TPOCTPAHCTBA Jlebera, yaaércs JOBOJIBHO MPOCTO MOJIYUYUTh, UCHOJb3Y s
B3aMMOCBSI3b MEXKy cODOJIEeBCKNMH Kiaccamu u BBenéuubiMu I1. Xamarmewm [1]
IPOCTPAHCTBAME (DYHKIHA, JOMYCKAOMUX OMACAHUE <JIUIIIIUIIEBOrO» THIIA.

Touku eBkimaOBa npocrpancrsa R™ Gyxem 3anuceiBarh B BUIe 2 = (T,Y),
rie z € Ruy € R"L. Jlnga npoussombroro wncaa a € (1,00) «Hymnesoit» muK
nopsigka « onpegenumM ycaosuem: G, = {(z,y) € R" |0 < z < 1, |y| < z*}.
Yucao d = a(n — 1) + 1 xapakrepusyer aCUMITOTUKY MEPbI [IEPECeUeHUs IAPa
B(0,r) ¢ muoxecrsom G, npu 7 — 0 u B TeopeMax BJIOXKEHUs JJIsi HYJIEBBIX
[IUKOB UTPAET POJIb PA3MEPHOCTH.

HecnoxkHO moKa3aTk, uTo npu p > d/n ajs npuHamieskHocTn GyHKImn f
npocrpancrBy W (Go) HEOOXOIMMO U JOCTATOUHO, 9TOGHI TIPH MOYTH BCEX TO-
4eK 21,22 € G, BBIOTHAIACH OIIEHKA

[f(21) = f(z2)| <21 — 22l(9(21) + 9(22)), (1)

rae dyuxnust g € L,(Gy).
[Tpu MeHBITHX TTOKA3ATESAX P MOTYIUTh JIUIIIHAIEBY ONEHKY OTHOCHTETBHO
N - d
CTaHIAPTHON eBKIMI0BOH Merpuku He ynaerca. OnHako mpu p > g—gg7 And
npou3BOJIbHON dyHKIME [ € WZ} (G) upu nouru Beex 21, 2o € G, BHINOJIHAETCSH
OIIEHKA,

rae p(z1,22) = |z — 22?2 + [y1 — y2|?, a dysxmma h € Ly(G,) npu 1

1 a—1
Lyed

O6o3naunm vepe3 o cyxenne (n — 1)-meproit mepsr Jlebera Ha OG,,.

|f(21) = f(22)] < p(21, 22) (h(21) + D(22)), (2)
>

"Wucruryr maremaruku mm. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, Hosocu-
bupck 630090, Poccust.

E-mail: asrom@math.nsc.ru

Pabora nogaep:kana rpantamu PO®PU 02-01-01009 u HITT-311.2003.1.
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U3 uepasencrs (1), (2) u Teopembl 3 paboThl [2] HEOCPEACTBEHHO CJELyeT,
qaro cienpl pysrnuit mpocrpancrsa Cobomnena WZ}(GQ) JIe2KaT B IPOCTPAHCTBE
Jebera Ly(0Gq,0), vae

1) ¢ = oo tpu p > d;

2) ¢ < oo mpu p = d;

3)q<p§’T‘;‘ npu =4 <p < d.

IIpu sTom omeparop, comocTaBasgomui GYHKIUNA €€ ciiel Ha rpaHure oda-
cTu, OyZIeT KOMIAKTHBIM, KAK OIEePaTop, AeicTByomuii u3 npocrpancrsa Cobo-
nesa W) (Go) B mpocrpancrso JleGera Lq(0Gq,0).

[Mpu nokazarensx p < ﬁﬂ cnenpbl ynknuit kinaccos CoboseBa V[/'p1 (Ga)
JIEZKAT B BECOBBIX JIEOErOBCKUX MPOCTPAHCTBAX HA IPAHUIE OOJACTH.

Crucok aureparypsbl

[1] Hajlasz P. Sobolev spaces on an arbitrary metric space // Potential Anal.
1996. V. 5, Ne 4. P. 403-415.

[2] Pomanos A. C. O meopemax BIIOXKeHWsI JJisi OGOOIIEHHBIX MTPOCTPAHCTB
Cobonesa // Cub. mar. xypH. 1999. T. 40, Ne 4. C. 931-937.
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Cucremsbl guddepeniuaibHOii reoMeTpun
1 TeOpU! yHpPyroCTU

H. H. Pomanoscrud*

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

IIycts Q — ommoponublii auddepeHnuaibibIii OnepaTop € IOCTOSHHBIMA
k03 durmeHTamMu, ¢ KOHEIHOMEPHBIM sITIPOM, MOPSAJKA k, TeHCTBYIOMMNA HA 1~
BEKTOD-(QYHKITUH.

B pabore BBIBeIeHO MHTErpaibHOE Tipecrapienne tuma CoboseBa, cM. [1, 2]
yepes omneparop Q:

u(x) = P pu(r) + / Ko (,9)Qu(y) dy, (1)
Q

rje u € W;(Q,Rm), obnacte ) 3Bé3aHA OTHOCHTENBHO Mapa B, 1 < p < oo,
Py, — orpaHWYeHHDIH IPOEKIMOHHBIH OmepaTop Ha AApo @, anpo Ko ,(z,y)
YAOBJIETBOPSAET TEM K€ CBOMCTBAM 4TO SJIPO B MHTEIPAJLHOM IIPEICTABJICHUN
CobosieBa uepe3 mMpoOu3BOIHBIE TIOPAIKa k.

[TpumepaMu TaKuX OMEPATOPOB SABJISTIOTCS

Qru = %(Vu + (Vu)T), ue WI}(Q,R”),

Qou = %(Vu + (Vu)T) - %Tr(Vu), ue W, (Q,R").

C momornbo hopMyJIbI (1) B HACTOsIIE paboTe MCCIeI0BaHbI CBONCTBA pe-
MIEHAH pAga CUCTEM KBA3UJIWHEHHBIX U HEJIMHEHHBIX YPABHEHU B YACTHBIX ITPO-
W3BOJIHBIX, B TOM YHUCJE€ CACTEMbI

v/ Vu(x)(Vu)T () = R(z), ue€ WZ} (Q,R"), (2)

onpeensiomedi edopManuio Io TeH30py AehOpMAIAN, BO3HUKAIOMEH B TEOPHN
yupyroctu n muddepennuanbaoil reomerpun, cM. [3,4]. A Takike cumcTemMbr
Vu(z)(Vu)T (x)

= R(z), wuweWHQ,R"), 3
| det(Vu(x)) (@) < p( ) ®)

1
n

"Wucruryr maremaruku mm. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, Hosocu-
bupck 630090, Poccust.

E-mail: nnrom@math.nsc.ru

IIpu gactuunoi nmogmepkke POPU u rpanTa IIpesumenta PO.
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BO3HMKAIOIIEH B TEOPUN KBA3UKOH(MOPMHBIX OTOOPAYKEHMUIA.
Onpenenum HOpMY

lullzo)  llullzs@ lullz, )
||U||L(1)(Q) = 21 + 30 +...+T

Teopema. ITycmo obaacms ) 36630Ha 0MHOCUMEADHO WAPA U 0ZPEHUEHE.
ITycmov npasas wacmov R(x) cucmemvr (2) npunadiescum nOnosHEHUO MHO-
arcecmea {u € C(Q) | |lullL, ) < oo} no nopme |[ul|L (), npuném ||R —
E”L(I)(Q) < €. IIpednoroorcum, wmo R(x) makowce ydosaemeopsem Ycaoeuio
cosmecmuocmu, cm. [1]. IIyemov Py, (Id) = 0. Tozda dasn arobozo omobpasice-
nus h € ker Q1 maxozo, wmo ||h|| < J, cywecmsyem eduncmesennoe pewerue
u € W3 (Q) cucmemns (2), ydosaemsoparowee ycaosuro Pg, ,u = h. Ipuuém
BUNOAHALTNCA HEPABEHCTNEO

[Vu = E| ) < CIR = EllL,@)- (4)

AHajioruyHoe yTBEpKIEHUE JI0KA3AHO /Il cUcTeMbl (3).

Hepagencrso (4) 7aéT HOBBIE ONEHKH yCTOWIMBOCTH KJIACCA M30METPHIA, CM.
[2,3].
Cnuncok JuTeparyphbl

[1] Romanovskiy N. Systems of elasticity theory. Potsdam, 2004. (Preprint/
Potsdam Univ.).

[2] Pemernsik FO. I. Teopembl yCcTOHYHBOCTH B reoMeTpuu 1 aHamu3se. Hoso-
cubupck: Uza-so Nu-ra marem. CO PAH, 1996.

[3] John F. Rotation and strain // Comm. Pure Appl. Math. 1961. V. 14,
Ne 3. P. 391-413.

[4] HoBoxkmmos B. B. OcHoBbl HenuHelHO# Teopun ynpyrocru. M.: OTU3
Tocrexuzmar, 1948.
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HopmanbHbIe ceMelicTBa IPOCTPAHCTBEHHBIX OTOOpa>keHmit
B. Pasanos ', E. Cesocmuvanos ?

I/IHCTI/ITYT HpHKII&,ZLHOfI MaTeMAaTUKN 1 MEXaHHUKHN

Pabora mnocssieHa uCCaegOBaHUIO TaK HA3bIBAEMbIX (Q-roMeoMop(u3MoB,
BBeIEHHBIX HeZaBHO podeccopom Outmu Mapruo. Teopus @Q-romeomopduzMon
UrPAET BAaXKHYIO POJIb IPH M3yYeHWH COBPEMEHHbBIX KJIACCOB OTODPaXKeHuil, B
YACTHOCTH, OTOOPAYKEHNI C KOHEYHBIM HCKAYKEHWEM, KOTOPhIE WHTEHCUBHO WC-
cenyioTcs B paboTax BEAYNIUX CITEIHAINCTOB MO TEOPUU OTOOPAKEHUHT, TAKNX
kak Openepuk lepunr, Kappu Acrana, Tageyw Upanen, [Tekka Kockena, l'asen
Maprun, FOxa XeliHOHEH U MHOTHX JAPYTHX.

ITycts D — obaacte B R™, n > 2, u Q: D — [1, 00] — uamepumas no Jlebery
dynkmus. Tosopsar, uro romeomopdusm f: D — R? apiserca Q-zomeomopdus-
mom, eca M (fT) < [ Q(z)p"™(z) dm(z) nust moGoro cemedicrsa I' myreit v 8 D

D

u A7d Kaxkaoi gomycrumoit gpyukinuu p € adm I

Cnenysa pabore Urnarnesa — Psazamosa (2002), Mbl TOBOpUM, 4T0 (DYHKIUA
¢: D — R umeer xonewnoe cpednee xoaebarue B Touke xg € D, ¢ € FMO(xo),
ecu lim 1 | le(@) — @] dm(x) < oo, rae P, obo3Hauaer cpennee

e—0 |B((E0,E)| B(zo,¢)
UHTErpajbHOe 3HadYeHue ¢ Ha mapom B(xg, €). Mbl Takke roopum, 4ro (pyHK-
st ¢: D — R xoneuwnozo cpednezo xoaebarus 6 obaacmu D, ¢ € FMO(D),
uau mpocto ¢ € FMO, ecniu ¢ uMeeT KOHEYHOE CpejHee KOJIeDaHWe B KayK-
noit Touke xg € D. FMO saBnsiercst ecTecTBeHHBIM 00001ennemM BM O, kiacca
PYHKIHH OrpaHUIeHHOTO cpeaHero Konebanud o Ixxony — Hupeubepry.

IIycrs Fg,s — knacc Bcex (Q-romeomopdusmos f: D — R", n > 2, rakux,
aro h(R™\f(D)) > § > 0, rae h obo3mauaer chepraeckoe (XopaaabHOe) pac-

crosiune B R? = R™ | J{oo}.

Teopema 1. Ecau Q € FMO, mo xaacc Fg s obpasyem nopmaavroe ce-
Mmeticmeo omobpasrcenud.

' YucTuTyT npuKIagHON MATEMATHKE I MeXaHHKH, Po3er Jlokcembypr, 74, Tomenx 83114,
VYkpauna.

E-mail: ryaz@iamm.ac.donetsk.ua

2MHCTHTYT IPHKIAIHOR MaTeMATHKH U MeXaHuKM, Posnl JltokceMbypr, 74, Jomenk 83114,
YkpanHa.

E-mail: sevostyanov@skif.net
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Caencrsue 1. Kaacc F s nopmanren, ecau ycrosue

N 1

lim —— z)dm(x) < oo

e B MCLOLCED
B(zo,¢)

umeem mecmo dasn a060z20 o € D, 2de B(xg,e) = {x € R": |[x — x¢| < €}.

Teopema 2. Kaacc F s HOPMAAEH, ECAU YCA0BUE PACTOOUMOCTNU UHMELPL-

6(1’0) dr
AG —5 - = 00 Mpu HEKOMOpoM 8 = 1/(n—1) u, 6 wacmuocmu, npu
0 Tqx, (T)
B = 1 ewnoaneno 6 kascdoli mouke xg € D, 20e ¢, (r) — cpeduee snauenue
Q(z) na chepe |x — x| = 7.
CaencrBue 2. Kaace Fg s nopmanen, ecau Q(x) umeem 60 6cex moukazr
obaacmu D saozapupmuveckue ocobennocmu nopadka we svuwe n—1, m. e., ecau

1
Q(z) =0 <[log m}n ) npu x — xo 0as aw0bozo xg € D.

3ameuanue. B pabore dpopMmymupyercs Hemblii psia APYTUX yCIOBHIT HOP-
MaJIbHOCTHU KJIACCOB oToOpakeHmuii. B wactHoCcTH, CHOPMYTUPOBAHHBIE PE3YIIb-
TATHT HMEIOT MecTO st roMeomopdmsmon kmacca CoGomesa WL ¢ f~1 € WL
upu ycaosuu, uro nodru Beoogy Ki(z, f) < Q(z), rne Ky(x, f) — Buyrpenusis

_ 1
nunaranus orobpazkenus [ B Touke xg € D. Ussecrno, uro f~! € W s

1
romeomopdmsmos knacca W npu Ki(z, f) € L.
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Bokpyr mokazareabcTrBa jgemMbl Jlexkanapa — Komm
O BBIIIYKJIBIX MHOTOYTOJbHUKAX

u. X. Cabumos?

MockoBcKHii TOCY/TapCTBEHHBIN YHUBEPCUTET
um. M. B. Jlomonocosa

Bo Bcex u3BecTHBIX JoKazaTeabcTBax JeMmbl Jlexkaunapa — Komm o cpas-
HEHUW PACCTOSTHUHN MKy KOHIIEBBIMU BEPITUHAMU JIBYX BBITYKJIBIX M30MET-
PUYHBIX JIOMAHBIX (DU YCJIOBUM, Y4TO BHYTPEHHHUE YIJIbl B OJHOI JIOMAHOH HE
MEHbIIIE COOTBETCTBYIOIIUX YIJIOB B JPYrOil JIOMAHOi) OTAEIbHO PACCMATPUBa-
ercs caydail, Koraa TpaIuIMOHHO BBOAUMASI MTOMBITKA YBEJINIeHNUs YT B OJTHOMN
JIOMAHOH N0 3HaUE€HUdA COOTBETCTBYIOIIETO yIJla B APYroil JOMaHOIT MIPUBOAUT K
moTepe BBIMYKJIOCTH. MBI BBOIUM B pACCMOTpEHUE (DYHKITIIO, PABHYO KBAIPATY
PACCTOAHUSA MEKJIy KOHIIEBHIMU BEPITMHAMH JIOMAHBIX, ¥ 3aBUCAIIYIO OT BHYT-
PEHHUX YIJIOB JIOMaHOW (IIPM M3BECTHBIX M (DUKCHPOBAHHBIX 3HAYEHUSAX JJIMH
CTOPOH JIOMAHO#1) U U3y4YaeM BO3MOMKHOCTb I1€PEXO0/IA OT OJHOMN JIOMAHOM K APY-
roif ¢ MOHOTOHHBIM H3MeHeHueM 3Toi pyHKImn. OKa3bIBaETCs, €C/ii TPeOOBATh,
9TOOBI YIJIBI JIOMAHBIX MPOIOJIZKAJIN YIOBIETBOPITH HAYAIHLHBIM HEPABEHCTBAM,
TO B ODINIEM CJIy9Yae TAKOM Mepexo/l B KJIACCE BBIMYKJIBIX JIOMAHBIX HEBO3MOXKEH,
9TO ¥ 00bSACHSAET HEM30€XKHOCTh MOTEPH BBIMYKJIOCTHA B TPAJUIIMOHHBIX PACCMOT-
penusx. Mbl moka3bpIBaeM, 9TO IPHU YCIOBUU OTKA3a OT BBHIMIOJHEHUS KAKUX ObI
TO HU OBLIO YCJIOBUI HA YIJIbI JIOOBIE /(B BBIMYKJIbIE N30METPUIHBIE W OJUHA-
KOBO OPUEHTUPOBAHHBIE JIOMAHbIE HAJIOKUMBI IPYT HA ApyTa (T. €. MepeBOIATCs
JIpYT B Ipyra U3rubaHueM) B KJIACCE BBITYKJIBIX JIOMAHBIX.

I Mexanuko-maremaruaecknit dax-r MT'Y wum. M. B. Jlomonocosa, Jlemunckue Topwr,
Mocksa 119992 I'CII-2, Poccus.

E-mail: isabitov@mail.ru

Pabora BbITOIHEHA IPU YaCTUYHON (brHAHCOBOI moagepkke 1o rpanty PO®U 02-01-00101
u 1o rpanty Munobpazosanus E 02-1.0-43.
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Teopemb! BJIOXKeHUs HA AByCTyneHYaThIX rpynmnax Kapao
E. A. Cascenxosa !
HoBocubupckuit rocy1apcTBeHHbBIN yHUBEPCUTET

Uccnenyercst mpobiiema BiIOKeHust (BbyHKIMOHAJIBHBIX TpocTpaHcTB Cobose-
Ba, 3aJaHHBIX Ha 00JacTaX nBycryneHdarbix rpynn Kapuo. /IBycrynendyarbie
rpymnbl KapHo — 3TO CBSI3HbBIE OJHOCBS3HBIE HUJIBIIOTEHTHLIE TPYIIBI JIu, a-
rebpor JIu V' koropsix rpagyuposansl, T. €. V = V) & Vo, tme dim V) = n; > 2,
Vi, Vi] = Va, [Vh, Vo] = 0. Merpuka 3anaercs ciemytonmm obpaszom: p(x,y) =
|zt -y|, tme |(2/, 2”)| = (Ja|* + |2"|?)** (] - | — eBxmmmoBa HOpMa). [IpocTpan-
crBo CoGomesa W) () cocronr u3 cymmupyembix na 0 byHKimii, myeommx
00ODIIEHHBIE TPOU3BOIHBIE BIOIb NOPU3OHTAIBHBIX BEKTOPHBIX TOJIEH U KOHEY-
nyio mopmy |[fllwe) = 1fllr,@) + | ‘Z . [X“fllz,()- Byrem rosopurs, 1aro
x| p=
obnacts 2 C G™'™ ynopiersopser yc.aosulo konyca ¢ mocrogmuoit R > 0,
ecau s Kaxkaoi touku x € () Haiimercs map B, C () Takoii, 4T0 KOHYyC
{x-8i(z 1 y) |y € By, 0 <t <1} comepxures B 061acTH §), TPIHIEM PaIIyChI
mapoB B, orpaHWdYeHbl B COBOKYITHOCTH CHU3Y MOJIOXKUTEILHOM MOCTOTHHON R.
Jliobas obacts ¢ rpanuneil kiacca C2 yaoBieTBopsAer yCIoBHIO KOoHyca. Mbl
BBIBOJIM WHTErPAJIbHbBIE TIPEICTABIeHUs (DYHKIWI U IPUMEHSIEeM UX I T0KA-
3aTebCTBA TEOPEM BIIOXKEHWUs: nycms p > 1, mozda umerom mecmo caedyrousue
BAONCEHUA PYHKYUORAADHBLT TPOCTNPAHCTNE: Wf(Q) C Lui—'fw (Q), ecup < v/k,
WE(Q) C Ly (Q), ecnu p = v/k, WF(Q) € C(Q), ecu p > v/k, upu ycnosumu,
gro ) C G — orpanuyuenHas 06J1aCTh, YAOBICTBOPAIONIAS YCIOBUIO KOHYCa;
p ectb Hekortopas Mepa Ha G mpuaém p(B(R)) < CR?®, rane B(R) — map
BO BBEJBHHOH MeTpuke paguyca R. B ciayuae G" T = R™ (rpynmsr [eitzentep-
ra) MoJIy9YeHHBbIE Pe3YJIbTATHI COBMAIAIOT ¢ TeopeMamu Bioxkenusi Cobomena [1]
(H. H. Pomanosckuwm [2]).
Cuucok aureparypbi
[1] Cob6o.ies C. JI. Hekoropsie npumenenus GhyHKIMOHAIBHOIO aHAJIN3A B Ma-
remarundeckoii pusuke. M.: Hayka, 1988.
[2] Pomanoscknii H. H. NHTerpaibHbIe NPEICTABIEHNS U TEOPEMbI BIOXKEHHUSI
1t ByHKIMA, 3a0aHHbIX Ha rpynnax Leiizenbepra // Hoxka. PAH. 2002.
T. 382, Ne 4. C. 456—-459.

'Hosocubupckuit rocymapCcTBeHHEI yHHBepCcuTeT, yi. [lmporosa, 2, Hosocubupck 630090,
Poccus.

Pabora BbImosiHEeHA MPU YaCTUIHON MOAAEpKKe MporpaMMbl Y HUBepcuTeThl Poccum, rpaut
V-02-1.0-27, u Cosera no rpanram Ilpesumenrta Poccuiickoit Pemgeparuu Ajisi MOAAEPKKU
MOJIOABIX POCCHHMCKHI YYEHBIX W BeLyIUX HAaydHbIX mkoa P® (rpant HII 311.2003.1).
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N3onepumerpuyeckags MOHOTOHHOCTh LP-HOpMBI (byHKIUN
HaNpsi>KeHUsd IIJIOCKO KOHEYHOCBA3HOI obJjiacTu

P. I Canraxydunos !

Kazancknit rocy1apcTBeHHDBIN YHUBEPCHUTET,
Hay4umno-uccnemoBareIbcKuit HHCTUTYT MaTeMAaTUKH U MEeXaHUKN
uMm. H. I'. Heborapesa

IIycre G — (n + 1)-cBsizHast 06IacTh Ha IUIOCKOCTH, MPUYEM BHYTDEHHHE
KOMIIOHEHTHI Tpanunpt 'y, ..., [, orpanuauBaroT 06/1aCTH HEHYJIEBOM TIIOMA-
nu. Yepes 'y obozHadnm BHeNHIOID KOMIOHEHTY OG. OyHKIHEH HAIPs KeHUsT
u(z, G) obnacru G HA3BIBAIOT peElleHKe CIIeAyIOIel KPaeBoii 3a1adu:

Au=-18BG; uwu=0mnaly; u=cualy, i=1n,

r7Ie KOHCTAHTBI C; OMPEIETSAIOTCS U3 YCIOBUM f g—fb ds = a;, 1 =1,n. 3neco a; —
7

IO obsacTu, orpanndennoi I';, z € G.

OyHKIMSA HAMPSIKEHUS W PA3JIUIHbIe (DYHKIIMOHAJBI OOJIACTH, TOCTPOEHHBIE
npu TOMOIY (DYHKIUYA HAMPSIKEHW, — KJIACCUIECKHEe OOBHEKThI MATeMaTHIe-
ckoit ¢pusuku. Hambomee BakHbIMU (PUBHICCKUME (DYHKITHOHATAME SIBJISIOTCS

n

xkecTkocTb kpydenus P(G) := 4 [[wu(z, G) dA+4 Y ¢;a; n makcumym byHKINI
G i=1
uanpsikenns u(G) := sup u(z, G). Kiaccuveckune m3onepumerpuveckie Hepa-
zeG

BercTBa Obwiu nosydenst I. Tlonus, A. Bauureitnom, JI. E. Tleiinom u ap. (cm.
[1,2]). OgHUM M3 OCHOBHBIX PE3YJIBTATOB PAOOTHI BJISETCS TOKA3aTEIHCTBO TO-
ro, 94TO PsiJI KJIACCUIECKUX HEPABEHCTB SIBJISETCS CJIEACTBUEM H30MEPUMETPUYIE-
cKOit MOHOTOHHOCTH LP-HOpM (DyHKIMHN HanpsKeHusi. [IpuBenéM OHO U3 yTBEp-
JKIIeHUH.

lu(@, Gl _ lul@, By

lu(@, Allpr~ llu(@, Ry)llp’

edep’ = p=p" =20 ((p >p'), Ri — Kpyz060e KoAbUO, MaAKOE, ¥MO NAO-
n

Teopema. a) ITycmo ||u(z, G)||, < oo, mozda

wadb BHYMPEHHE20 KPY2a PABHA Y G;, G PAOUYC BHEWHE20 KPY2d 00HO3HAUHO

i=
onpedeasemes us yeaosua ||u(z, R)|lp = |lu(z, G)|lp.

! Kazanckuii rocymapcrsennsiit ynusepcurer, yi. Kpemiesckas, 18, Kazans 420008, Poc-
cusd.

E-mail: Rustem.Salahudinov@ksu.ru

Pabora nognep:xara PODPU (npoexkt Ne 02-01-00168) u nporpammoii «Yrusepcurers: Poc-
cum».
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lu™ (=, Gl u"" (@, Re)

[u=t (@, Gl [lu= (2, Ra)llp

0<p <p<p'<1(@p <p’), Re — Kpyeosoe Koavbyo, makoe, 4mo nao-
n

b) ycmo ||u=!(z,G)|, < 0o, mozda 20e

wWadb BHYMPEHHE20 KPY2a PABHA Y, a;, G PAOUYC 6HewHe20 Kpyaa 00HO3HAYHO
i=1
onpedeasemcea us ycaosus ||u=(z, Ra)|, = lu=(z, G) |-
[Tosryuens! Takke HOBBIE M30MEPUMETPUYECKUE HEPABEHCTBA Jjid LP-HOpM
GbYHKIMY HAMPSI)KEHNS, COAEPKAIINE IBA YUCIOBBIX MapaMeTpa.
Crucok aurepartypbl
[1] Homma I, Ceré I'. I3onepuMerpryecKine HEPABEHCTBA MaTeMATHYIECKOI
dusuku. M.: ®usmarrus, 1962.
[2] Bandle C. Isoperimetric inequalities and applications. Boston: Pitman

(Advanced Publishing Program), 1980. (Monographs and Studies in Ma-
thematics; 7).
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Discreteness Criteria for the Spectra of the Elliptic
Operators on Quasimodel Manifolds

A. V. Svetlov!
Volgograd State University

We investigate the dependence of the spectrum of the elliptic partial differen-
tial operator on the metric of a manifold. We consider a complete noncompact
Riemannian manifold M without boundary which is representable as B U D,
where B is a closed set and D is isometric to the product Ry X S; xSy x ... xSy,
(where Ry = (0,400) and S; are compact Riemannian manifolds without
boundary) with metric ds® = dr? 4 ¢i(r)d07 + ... + gi(r) df7, where df? is
the metric on S; and ¢;(r) is a smooth positive function on R,. We assume
dimS; = n; and denote s(r) = ¢ (r)...q.*(r). The manifold M is called a
manifold with end. Since its end D is a simple warped product, M is the sim-
plest case of a quasimodel manifold. On the manifold M we study the Laplace—
Beltrami operator

—A = —divV (1)

and the Schrédinger operator
—A = —divV + ¢(r), (2)

where function ¢(r) is bounded from below by some constant.
Theorem 1. The spectrum of the Laplace—Beltrami operator (1) on the man-
ifold M is discrete if and only if one of the following conditions is satisfied:

V(D\ B(r))

V(D)< and lim —————2 =0, or
( M T SB0)
. V(B(r))
V(D)= and lim ———= =0.

) M S(B())

_ S\ L (20)’
Now we denote F(r) = c(r) + (23(r)) + (28(7")) .
Theorem 2. If F(r) > —K (K = const), the spectrum of the Schrédinger

r4+w
operator (2) on the manifold M is discrete if and only if lim [ F(r)dr = +oo
T—00 r

for all w > 0.

Volgograd State University, pr. Universitetskiy, 30, Volgograd 400062, Russia.
E-mail: andrew.svetlov@volsu.ru
The research was supported by RFBR grant No 03—-01-00304.
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Obstructions to Geometrization of Generalized
Graph Manifolds

P. V. Svetlov?
Steklov Institute of Mathematics at S.-Petersburg

An n-dimensional manifold M (n > 3) is called generalized graph manifold
if it is glued of blocks that are trivial bundles of (n — 2)-tori over compact
surfaces (of negative Euler characteristic) with boundary (see [1]). Each block
M, ~T" 2 x S; admits a geometric structure modelled on E"2 x H?. We say
that M admits a geometrization if we can choose the geometric structures on
its blocks in a such way that all gluing maps were isometries.

In [2] B. Leeb proved that each 3-dimensional graph manifold with boundary
admits a geometrization.

In my talk I will present a 5-dimensional graph manifold with boundary
which admits no geometrization. The 4-dimensional case will be discussed as
well.

References
[1] Buyalo S., Kobel’skii V. Generalized graphmanifolds of nonpositive cur-
vature // St. Petersburg Math. J. 2000. V. 11, n 2. P. 251-268.

[2] Leeb B. 3-manifolds with(out) metrics of nonpositive curvature // Invent.
Math. 1995. V. 122. P. 277-2809.

ISteklov Institute of Mathematics at S.-Petersburg, Fontanka, 27, S.-Petersburg 191023,
Russia.
E-mail: svetlov@pdmi.ras.ru
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ITogmuaOroo6pas3usa B npocrpancree IIlorTku u
TeiixMmrionaepa, cCBA3aHHbBIE C JBYNOPOXKIEHHBIMU
rpynnamMu KOH(OPMHBIX aBTOMOP(U3IMOB

0. A. Cepeeesa !

KemepoBckuit rocyiapcTBeHHBIN yHUBEPCUTET

®uKCcHUpyeM MPOW3BOJBHYIO OTMEYEHHYI) KOMIAKTHYI) DHUMAHOBY TIOBEPX-
nocts [Fy, {ar,br}i_,] poma h > 2, rae {ay,bp}l'_, — xamommueckoe pacce-
yenue Ha Fy takoe, yro ax Nby = Oy € Fy, k = 1,...,h. Bynem obo3nagarb

gepe3 N, HAUMEHBITYI0 HOPMAJIbHYIO MOArPYyIy B (DyHIAMEHTAJIBLHON IPyIi-
h
ne w1 (Fp,Op) = <a1,b1,...,ah,bh : Illaj,b5] = 1>, COIEPIKAILYI0 TOMOTO-
=1
OUYecKue KJIAcchl myTeit by, ba, ..., by, [ag+1, Dg+1l, [Gg+2, bgt2ls ---) [Ggts,
11 ip
—17-1
b9+8]7 H [a‘ngSJrj: ngrerj]: ) H [a‘h*ierj) bh*ierj]) rae [aja bj] = a’jbjaj bj )
j=1 j=1
ao = (g,8,41,...,ip) — PUKCHPOBAHHBIN YHOPSATOUCHHBI HAOOP HEOTPHILA-
TEJIbHBIX IEJIbIX JHCEJI, YAOBJIETBOPSAIOIINX YCAOBUAM: i # 1, k= 1,....p, u
g+s+ii+...+i, = |o| = h. Kneiinosa rpynna G, = 7 (Fo, Og) /N, coorBer-

crByomas noarpyune N, u uMeomas ajaredpandeckoe npeacrapieane G, =

11
<T15'"7Tg7U1;V17"'7Uh—g7Vh—g : [Ulavl]:---:[U97V9]: H[U9+j7V9+j] =
j=1
i2 ip
[ Ustis4gs Vsrineil = . = 11 [U =1 SV oy } = 1>, rae [Uk, Vi] =

-1
s+ intj s+ int+J
n=1 =1

n

Jj=1 Jj=1
UV U, lefl, a 1 — roxmecTennoe mpeobpasosanne C, Gyger oTMeueHHOM
rpymmoii Kébe curHarypbl ¢. DTa TpyTIa, sBsSeTcs CBOOOIHBIM TPOU3BEICHN-
eM ormedenHoi EST-rpynnsl tumna (g,$) W p OTMeYeHHBIX (DYKCOBBIX DY
Gg’ :Gg,s*Gi1 *Gi2 **Gzp

Yepes O, Oynem 0603HaYaThH TPy romeoMopdusmos 1 nmosepxuocrtu Fy
Ha ceDsT TAKUX, 9TO:

1) ¥(0o) = Oy,

2) aBromopdusm 71 (Fy, Op), UHAYUMPOBAHHDBIH 1), ABJgEeTCH aBTOMOP(OU3-
MoM N,

IMaremarnueckuit dbakynasrer, KeMepoBckuii rocylapCcTBeHHBIH yHEBepcHTeT, yi1. Kpac-
Has, 6, Kemeposo 650043, Poccus.
E-mail: Okoin@yandex.ru
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3) rpynust Kébe G, u Gy g, yHUDOPME3UPYIONTHE HOBEPXHOCTH F, coBIaga-

10T KaK OTMeJeHHbIe rpymmsl, T. €. T} o =15, U; y = U, Vi = Vi, 5 =1,..., g,
i =1,...,h — g, tne G, nomydaerca ¢ momompio rpymmsl ¥(N,), kak G
mo N,.

[IpocrpancTBo (), TpeacTaBsieT CODON MHOXKECTBO YIIOPsIOYEHHBIX HAOO-
POB KOMIIJIEKCHBIX 9rCesT (MOZyJIeli), ¢ KOTOPBIME OTOKIECTB/IAIOTCS HOPMUPO-
BaHHBIE YIOPAIOUEHHBIE HAOOPHI 0OPA3YIONUX OTMEIEeHHBIX Ipymn Kébe curua-
Typsl 0. Ilo kmaccudukanun Mackura yHrGOPpMU3AII PUMAHOBBIX TOBEPXHO-
cTeil, CBSI3aHHAS C HEPA3BETBJIEHHBIMY TIJIOCKUMU PErYJISAPHBIMUA HAKPBITUSIMU C
onpeesitoieit moarpymmnoit N, ucaepnbiBaercs rpynnavmu Kébe. s ympore-
HUsI TEXHUYIECKOU CTOPOHBI pabOTHI U BO3MOXKHOCTH BBIMMCATH SBHBIE KOODIW-
HATBHI B [MPOCTPAHCTBE I'PYII, YHUMDOPMHUIUPYIONUX OTMEIEHHBIE KOMITAKTHBHIE
PUMAaHOBBI IOBEPXHOCTH, B KAYECTBE MOCIETHUX PACCMATPUBAIOTCS OTMEYEeHHbIE
EST-rpynnbl, Kak 4actHblii caydail rpynn Kébe curnarypst o (korpa p = 0).

[Iycts F' — KOMIAKTHAs PUMAHOBA MOBEPXHOCTH POMA h > 2, IOMyCKAOIIast
JBa KOHMOPMHBIX aBTOMOpdU3Ma, (M TPy UMU HOPOKICHHYIO):

— W npocroro nopsinka N > 2, He UMEIONIWI HEMOABUXKHBIX TOUYEK Ha F',

— M mopsinka 2 ¢ 2k, k > 2, HemonBuKHbIMU TOYKamu Ha, F', mpuuém WM =
MW u Nlk.

MHOKecTBO KOMITAKTHBIX PUMAHOBBIX MOBepxHOCTEi F' poma h > 2, momycka-
IOIUX TOJBKO JBa TakuX KOH(pOPMHBIX aBTomopdusma W u M, 6ynem obo3Ha-

9aTh Yepe3 Mﬁ* 5,0 & I€Pe3 M, ;. — COOTBETCTBYIOIIEE My OMHOKECTBO B TPO-

crpaucree Teitxmrosnepa Ty = Ty (Fp). 3mecwh h— poz hbakTOp-TOBEPXHOCTH
F/(W,M), a (W, M) — rpynna, mopoxaguHas aromopdusmavu W u M. 3Ha-
geHne h MOXKHO OIpEeIe/NnTh n3 coorHomennsa Pumana — ['ypsura.

Ounpegesienne. JIpe orMedeHHbIe MOBEpXHOCTH (TOBepxHOCTH TeixMIoun-
nepa) [F,a] u [F*,a*] poma h nasbBatorcs (W, M )-95KBUBAJEHTHBIMHU, €CIIH

F. F* € Mi‘ o I romeomopdusm f: [F,a] — [F*, a*] romoronen aym Kom-

nosumuam W*fW =t u M*fM~!, rne f € a*a™!, a u o* — romoronmueckue
KJ1acchl romeomopdu3mos (ormedanus) us Fy na F u F* cOOTBETCTBEHHO.

B [1] noka3zano, uro cyuiecrByer Henpepbisaoe orobpaxenue O, : Ty — @y,
rae h = |o].
Teopema 1. 1) Muooicecmeo Mj, ,, AGAAECMCA 3AMEHYMOLM KOMNACKCHO-
;

AHAAUMUYECKUM N0OMHO2000pasuem 6 T, Komnaexcnol pasmeprocmu 3h — 3 +
2m, (m = k/N), cocmoswum u3 c4€mHozo “UCAG U3OAUPOBAHHBLT TONGPHO
20MEOMOPPHBLT KOMNOHEHM.
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2) Mmnoorcecmeo Q%’“ = O, (M; ,,) ABAAEMCA 3AMEHYMBLM KOMNAEKCHO-

AHANUTNULECKUM MH02000DA3UEM KOMTAEKCHOT pasmeprocmu 3h — 3 + 2m, co-
CTOAULUM U3 CHETNHOZ20 YUCAG USOAUPOSIHHBLT NONAGDHO 20MEOMOPPHULL KOMNO-
HEHM.

Teopema 2. Mnozoobpasue Q%k ABAAELMCA KOMNACKCHO-GHANUMULECKUM

N0OMHO2000pA3UEM KOMNAEKCHOT PA3MEPHOCTIU 3h—3+2m s MHO02000pasuy
Q. C C3h=3 20¢ 0 = (N(29 +m) + 1,2Ns,0,...,0), h = |o|.

[Iycrh Tenepsr F' — KOMITAKTHAs PUMAaHOBA MTOBEPXHOCTDH poma h > 2, momyc-
KAoIIas CAeAyoIne 18 KOHMOPMHBIX aBTOMOPMU3MA:

— P nmopanka Nj > 2 ¢ AByMS HEMOABUXKHBIMU TOYKAMU Ha F,

— M nopsnka 2 ¢ 2k, k > 2, HeIOABMKHBIMA TOYKaMU Ha F', 1Be M3 KOTOPBIX
SIBJISTIOTCSL HELOIBIKHBIMHI TOYKaMu 4yist P, mpuaém P! = M wu, crenosaTesbHo,
Ny =2l,leN.

Awnanornano Gymem 0003HAYATH UYepes3 le 5, OIMHOXKECTBO B TIPOCTPAH-
cree Teiixmiomrepa Tp, cocrosimee u3 OTMEYEHHBIX KOMIAKTHBIX PUMaHOBBIX
IOBEpPXHOCTEH poma h > 2, NOMyCKAOMUX TPYIIY KOH(MPOPMHBIX aBTOMOPQU3-
MOB, TIOPOXKAEHHYTO aBroMopdu3mamu P u M.

Teopema 3. 1) Mnoowcecmeo Mi ABAAEMCA 3AMEHYMBIM KOMNACKCHO-

2k
:
AHAAUMUNECKUM NOOMH02000pasuem 6 Tp, Komnaercrol pazmeprocmu 3h+2m—
1=3h—=3+(2m+2), m=(k—1)/l, cocmoawum u3 cuémrozo YUcAL U30AU-
POBAHHBLL NONAPHO 20MEOMOPPHHBLT KOMNOHEHT.

2) Mmnootcecmeo Q%kl =, (le 2k) C Qo ABAALTNCA 3AMEHYMBIM KOMIAEKC-

HO-GHAAUMUYECKUM TOOMHO2000DA3UEM KOMNAEKCHOT pasmeprocmy 3h+ 2m —
1, cocmoawum u3 CUEMHO20 YUCAAL U3OAUPOSAGHHOLL NONAGDHO 20MEOMOPHHOIL
KOMNOHEHM.

Crucok aureparypsl

[1] Yyemes B. B. IlpocrpascTBa KOMIIAKTHBIX DUMAHOBBIX [IOBEPXHOCTEH U

rpyun Kébe // Cub. mar. xypu. 1981. T. 22, Ne 5. C. 190-205.
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l'eomeTpus COMMTOHHBIX ypPaBHEHUM
CIIMHOBBIX CHUCTEM M MeMOpaHbI

H. C. Cepuxbaes', @. K. Paxumos?, P. Mup3saxynros >

Du3nKO-TeXHUIeCKHiT HHCTUTYT, AMarel, Kazaxcran

CymecrByer rryboKasi CBsi3b MEXKJy TreoMerpueil KpPUBBIX, MOBEPXHOCTEN,
MHOT000pa3uu u HHTErpupyeMbivMu audOepeHnaIbHbIMI YPABHEHUSIMA B 9ACT-
HBIX MPOU3BOAHBIX. llocTeHme M3BECTHBI TaKKe MO, HA3BAHWEM COJUTOHHBIE
ypaBHerus. BaxKHbIM € TOYKY 3peHUsT MATEMATUKU U (DUBUKU MTOIKTIACCOM COJIU-
TOHHBIX yPABHEHWI SBJIAIOTCS CIIMHOBBIE CUCTEMbI, KOTOPBIE 33/IAI0TCS PA3JIAY-
HbiMu ypaBHenusMu tuna Jlannay — Jlubmmua [1-5]. B nannoit pabore namu
MOCTPOEHBI MHTErPUPYEMbIE KJIACCHI KPUBBIX U MOBEPXHOCTEI, 33/ IaHHbIE yPABHE-
nuavu @pene, ypasaenusmu [aycca — Beitnraprena n Maiinapan — Kogarm.
OHu WHIYIUPOBAHBI PA3IUYHBIMUA HHTEIPUPYEMbIMU ODOOMIEHHBIMU YDABHEHNU-
amvu Jlangay — JIudrmuna, B ToM ducie ¢ caMocoriacOBaHHBIMU TOTEHITAATIAMU.
YcraHOB/IEHA CBA3b MOy YEHHBIX PE3YIbTATOB C yPABHEHUSMY [IBUKEHUS MEM-

Opansl Ha AdS, x S9.
Cumcok Jureparypbl

[1] Meip3sakymnos P., Paxuvmos @. K. ColnToHHAst TEOpHUs MArHeTH3Ma U Jud-
depennmannHas reomerpus. Aamarsr: Hayka, 2003.

[2] Mbip3akymoB P. CiiHOBBIE CHCTEMBI ¥ COJIMTOHHAS IeoMeTpHsi. AJIMaThL:
Hayxa, 2001.

[3] Serikbaev N. S., Myrzakul Kur., Rahimov F. K., Myrzakulov R. In: Non-
linear waves: Classical and Quantum Aspects. Eds. F. Kh. Abdullaev,
V. V. Konotop. London: Kluwer, 2004. P. 535-542.

[4] Rahimov F. K., Myrzakul Kur., Serikbaev N. S., Myrzakulov R. In: Non-
linear waves: Classical and Quantum Aspects. Eds. F. Kh. Abdullaev,
V. V. Konotop. London: Kluwer, 2004. P. 543-547.

[5] Cepuxbaes H. C., Mpip3akynos P. u ap. O HEKOTOPBIX HEJIUHEHHBIX MO-
nensix MaraeTukoB. Jy6na, 2003. (IIpenpunt/OMNAN, P17-2003-171).

L ®uzuko-rexnuaeckuit mucruryT, yi. M6parmmosa, 11, Anvarer 480082, Kazaxcran.
E-mail: cnlpmyra@satsun.sci.kz
2®uzuko-Texnutaeckuit macTUTYT, yi1. V6parnmosa, 11, Anvarsr 480082, Kazaxcran.
E-mail: cnlpmyra@satsun.sci.kz
3®uznxo-rexnuaecknit macTuTyT, yiI. 6parnmona, 11, Axvarsr 480082, Kazaxcran.
E-mail: cnlpmyra@satsun.sci.kz
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Convex Integration for Elliptic Systems
Laszlo Szekelyhidi*

Max-Planck-Institute for Mathematics in the Sciences

Recently Gromov’s method of convex integration has been adapted and in-
tensely studied as a method for finding weak solutions to differential inclusions.
These solutions usually have very low regularity properties, and in particular
convex integration led to surprising counterexamples to regularity in elliptic
systems, namely the existence of Lipschitz but nowhere C! solutions to certain
strongly elliptic systems. Whether such solutions can be constructed depends
on algebraic and combinatorial properties of a certain set of matrices naturally
associated with the equation, and ultimately one needs to consider generalized
notions of convexity, in particular rank-one convexity in the space of matrices.

IMax-Planck-Institute for Mathematics in the Sciences, Inselstrasse 22, D-04103 Leipzig,
Germany.
E-mail: szekelyhidi@gawab.com
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O dbyHKIuIX ¢ 3aJaHHBIMHU WHTETrPAJbHBIMUA CPEIHUMU
MO TUMEPOOIMIYECKNM HPAMOYTOJIbHUKAM

B. E. Cunenxo?

Jouenkwii ToCyIapCTBEHHBI YHUBEPCUTET IKOHOMHUKHN W TOPTOBJIN

IIycts D = {z € C : |z|] < 1}, G = Aut(D) — rpymma KOHPOPMHBIX
asromopduszmoB D. Paznoxkenue Usacasol rpynmst G umeer Bug G = KAN,
rie K =80(2), A={a;= (Ptht):t eR}, N={n,= ("7 %) :seR}
(cMm., HampuMep, [3,c.92]).

Paccmorpum caenyroniyio 3amaqy. Ilycrs f € C(D) w nas HEKOTOPO# Ky-
COYHO-TJIAIKO# 3aMKHYTO#t KpuBoit v C D

/f(z)dz:O, g€ q. (1)

Crenyer qu orcioga, uro f romomopdua B D? B obinem ciaydae OTBET OTpUIia-
TeJIbHBIH (CM., HApUMep, [2]), HO TIPM HEKOTOPBIX JOMOIHUTEIBHBIX MPENOII0-
JKeHusax roaomopduocTs [ umeer mecto. OHAM U3 TAKHX MPEANONOKEHUH sIB-
nserca yenosue f € L?(D), momygennoe M. JI. Arpanosckum B [1, Teopema 1.
91O ycaoBme, SBAAACH BEChMa, OOIIAM, HETOYHO IJIT HEKOTOPHIX KOHKPETHBIX
KOHTypoB. HanpumMep B cirydae, Korjga 7 — OKPY>KHOCTh, HEYJIydIIaeMble yCII0-
Bus nosydensl B. B. BomxukoebiM B [2, Teopema 1].

B mamHOli paGore B KadecTBe KOHTYPa Y PACCMATPUBACTCA IPAHUIA THIED-
60JIM4eCcKOro npsAMOyroiabHuka Qn = {z = nsa; -0 : 0 < s < a, 0 <t < 1}
(v > 0). Yenosue (1) ocimabiasiercs: OHO IPEJIOJIArACTCS BBIIOJHEHHBIM JIAIIb
nns g us noarpynmnet N A. Tlpu sTom mokaszamno, uto yeaosue f € L?(D) us [1],
HAKJIAZBIBAIONIEE OrPAHWYCHNs Ha TOBeAeHUe (QyHKINA BOIM3U BCEH TPAHMILI
kpyra D, MOXXHO 3aMEHNUTH OTPAHUYEHUSMA Ha POCT (DYyHKIWW JINIIb B OJHOM
To4ke rpaHunsl D (cM. takxke [4]).

O6osnauum A, = {nsa; - 0: kK < s<k+1,t >0} 0, ={nsa;-0:s¢€
R, r<t< 7+ 1}

Teopema. [Iycmov f(z) € C(D), u das nexomopozo o >0 u ecex g € NA

f(z)dz=0.
9(9Qa)

LA /s 7886, Tonenx 83064, Ykpauna.
E-mail: V.Silenko@bk.ru
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Toer)a emu

=o0 (1 ‘Z‘) z — 1 no sunepbosureckum NPamvLm;
=o0 (1 ‘Z‘) z — 1 no opuyursam;
)VﬁERf() ( Z),z—>1,z€A,€;
4)VvreR f(z) =0 (lil‘z‘>,z—>1,z697

mo f(z) eonomopgna 6 D.

Crucok aurepartypbl
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MNuTerpanpHbIil onepaTop CBA3aHHBIN

C UHTEerpaJIbHO-reoOMeTpnYeCKnmMmn COOTHOIIECHUAMMN
AJIA BBIITY KJIBIX HOBerHOCTeI';’I

B. B. Crascxuti !

FOropckuit rocytapcTBeHHBI YHUBEPCHTET

Omnpenennm WHTErpadbHBIA OMEpaTop, KOTOPBIA COMOCTABIAET (DyHKIH
x(k), onnoro aprymenra k > 0, dbyukumio Q[x]|(k1,k2) or aByx aprymeHToB
o opmyte

2

QI (k1. k») = / Xl (1 cos?(g) + e sin® (i) dep,
0

— k1ka o
rae k, = T oo (0) Tha o (2) k1 >0, ko > 0. [JauubIil OomepaTop BO3HUKAET PHU

BBIBOJIE MHTETPATBHO-TEOMETPUIECKUX COOTHOIIEHUH C OPTOTOHAJIBLHBIM TPOEK-
TUPOBAHUEM JIJTST BBITYKJIBIX TOBEPXHOCTEI.
B pabore ucciemayrorcs cBOACTBA JAHHOIO HWHTEPAJIHLHOTO OIEPATOPA.

fOropckuit rocymapcreenubiii ynusepcurer, yi. Mupa, 13, Xantei-Mancuiick 628007,
Poccus.

E-mail: slavsky@uriit.ru

Pabora Bemonmena mpu duHAHCOBOH mnomgep:kke Poccuiickoro dorma dynmamMeHTaIb-
HBIX wucciaepoBanuil (rpant 02-01-01071), coBeroM MO BeLyIIMM HAy9IHBIM LIKOJaM Pd
(BIII 311.2003.1), a Taxxke rparroBeiM nerrpom npu Caskr-IleTepOyprckoM yHHBEpCHTETE
(rpauT E 02-1.0-120).
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IIpumenenue Teopem BjoxKeHuda npocrtpaucts CobosieBa

YHCJIOBBIX ITOCJIEeI0BATEJILHOCTEe
B rapMOHMNYE€CKOM aHaJIn3e

E. C. Cmaunos?

Uucturyr mpukIaaHoii MaTeMaTuKN
MununcrepcrBa obpaszoBanug u Hayku Pecnybnukm Kazaxcran

IMycrs 1 < p < 400, 1 <0 < 4o a = {ak};if) — 3aJlaHHadg II0CJIe10Ba-
TEJBHOCTh HEOTPULATEIbHBIX YUCEl, Jisd KOTopoil sup{ay @ k € ZT} = +oo.
3aech Z1 — MHOXKECTBO HeOTPUIATEILHLIX NEJLIX druces. Ilyers f € L [0, 27],
] * O3HAYAET [EPUONMIHOCTD JIEMEHTOB Kacca ¢ mepuonam 2m; E, (f), — eé
TPUTOHOMETpUUECKOe Hamiaydiee npubnumxenue B L, [0, 27]. Bygem rosopurs,

oo 176
10 1 € Buafa), ccnn [ Bya(@)] = 171 + (£ o BL(1) ) < +o0. Bean
k=0

r>0wuap =2 keN, 1o Byla) = BJy, — Kmaccmeckoe MpoCTPaHCTBO
O. B. Becosa [1]. C nomolpio TeopeM BJIOXKEHUs JJis IIPOCTPAHCTBA, YUCIIO-
BBIX TOCTEIOBATEIBHOCTEH 2] yCTaHABNIUBAIOTCS HEOOXOAUMBIE U TOCTATOTHBIE
YCJIOBUS JJIsl TOI'O YTOObL:

1) Bpg(a) < Lgg[0,27], 1 < p < ¢ < +00;

2) nyis Beex f € Byy(a) cymecrsosamu nponssommsie Beiina f(7) € L,[0, 27,
r > 0;

3) Bpo(a) — Bys(B), 1 < p < g < 4005

4) g Beex f € Bpp(a) mocimeqoBaTeabHOCTh TPHTOHOMETPHYECKIX KOI(D-
bunmentos @yphe yaosieTopsita coorHontenmio {c, (f) 2% o € ly;

5) Bpg(a) = M,, tme 1 <r < 2,p = 22—7,7”’ M, — mpocTpaHCTBO TPUTOHO-
METPUYECKUX MYJIbTHILINKATOPOB Dyphe.

Crucok aureparypsbl

[1] Becos O. B. WccnenoBanne omHoro cemeiicrBa (byHKIHOHAIBHBIX TPO-
CTPAHCTB B CBS3U C TeopeMaMu Biaoxkenus u nponokenus // Tp. Marewm.
un-ta uM. B. A. Creknosa AH CCCP. 1961. T. 60. C. 42-81.

[2] Cmammos E. C. Teopems! Broxenus mjs npocrparcts Cobosesa ducio-
BBIX TocJiesioBaresibHocredi // Tp. no anamu3y u reomerpun. HoBocnbupck:
N3n-sBo Nu-ta marem., 2000. C. 553-570.

"YMucTuryT mpukaagEoil MaTeMaTukn MuHEHCTepcTBa 06pa3oBaHHS U HayKH Pecrmy6amku
Kazaxcran, ysn. Yausepcurerckas, 28, Kaparanga 470074, Ka3axcraH.
E-mail: esmailov@kargu.krg.kz
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O mouTH KOMILIEKCHBIX CTPYKTypax Ha cdepe S°¢
H. K. Cmonenuyes

KemepoBcknii rocy1apcTBeHHBINT YHUBEPCHTET

Kak usBecTHo, cpeau geTHoMepHbIX cdep Toabko S? u S¢ nomyckaror nourn
KOMILIEKCHBIE CTPYKTYpbI. Ilpuaem, na S? onu Bce muTerpupyeMsl, a ais SO ecrs
OCHOBaHUS MOJIAraTh, YTO MOYTH KOMIIJIEKCHBIE CTPYKTYPhI HEMHTErpupyeMbl. B
pabote [1] moKa3aHa HEMHTErPUPYEMOCTh OPTOTOHAJTIBHBIX TTOYTH KOMITJIEKCHBIX
crpykryp J Ha cranmaptrOit chepe (S8, go). B pabore [2] nokaszano, 9T0 HemH-
TErpUpyeMbIMU OYIyT MOYTH KOMILTEKCHBIE CTPYKTYPbI J, OPTOrOHAJbHbBIE HE
TOJILKO OTHOCHTE/IbHO CTAHJAPTHOW METPUKH, HO W JJjIs METPUK, OJIM3KUX K
craagaptHoil. Cpeay OPTOTOHAILHEIX MOYTH KOMILIEKCHBIX CTPYKTYp J Ha SO
0c0ob0e MECTO 3AHMMAET TTOYTH KOMILIEKCHAs cTpyKTypa Kamm Jy, koTropas omnpe-
JIeJISIeTCST TPY MTOMOIIA YMHOXKEHHUsT B OKTaBax Kau.

Haiinennr xapakrepuctuku crpyKTypbl Ko Jy. A uMmenHo, HafiZieHO BbIpa-
Kenne PyHIAMEHTATLHON POPMBI wg, BeIAucaeH TeH30p Heiternxeiica, moka3aHo,
aro dyHIaMeHTa bHAS (hOpMa wy ABASETCS COOCTBEHHOM s omeparopa Jla-
mIaca.

[Toka He W3BECTHO TIPUMEPOB MOYTH KOMIITIEKCHBIX CTPYKTYp Ha, SO, ormmra-
HBbIX OT cTPYKTYpbl Kau. [Toaromy 3TOT BOOPOC BBI3LIBAET OIMPEIETEHHbBIN WH-
repec. [TocTpoeHo ceMeficTBO wy-aCCOMMUPOBAHHBIX TOYTH KOMILIEKCHBIX CTPYK-
Typ Ha cdepe. [lokazano, 9T0 BCe CTPYKTYPHI JTAHHOTO CeMEACTBA HEHHTErPHU-
PyeMBI.

UssecrHo [3], uTo cpesn npoussenenuit 4eTHOMepHBIX cdep Toabko S? x S2,
82 x §4, 62 x S u S% x SO nomyckalor moYTH KOMILIEKCHBIE CTPYKTYpbI. Pac-
CMATPUBAETCS [MOYTH KOMILIEKCHAS CTPYKTYpPa HA €IUHCTBEHHOM HETPUBUAJb-
HOM cilydae npoussesenus S2 x S4,

Crucok aurepartypbl

[1] LeBrun C. Orthogonal complex structures on S® // Proc. Amer. Math.
Soc. 1987. V. 101, Ne 1. P. 136-138.

[2] Bor G., Hernandez-Lamoneda L. The canonical bundle of hermitian ma-
nifold // Bol. Soc. Mat. Mexicana (3). 1999. V. 5. P. 187-198.

[3] Datta B., Subramanian S. Nonexistence of almost complex structures on
products of even-dimensional spheres // Topology Appl. 1990. V. 36.
P. 39-42.

I Kemeporckuii rocymapcreenusiii ynusepcurer, yir. Kpacwuast, 6, Kemeposo 650043, Poccusi.
E-mail: smolen@kemsu.ru
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TpéxBecoBoe HEpAaBEHCTBO Xapau
OJ9 KBAa3UMOHOTOHHBIX (PYyHKITHIT

M. B. Copoxunat, M. JI. Toavoman ?

Poccuiickuit yauBepcuTeT JApyKOBI HAPOIOB

Hepapencrsa tuna Xapay urpatoT OOJBIIYIO POJIb B MATEMATHIECKOM aHa-
su3e u ero npuitokenusx. OHU SBISAIOTCS TOYHBIMY HA MHOXKECTBE BCEX HEOTPH-
[ATEJIbHBIX U3MepUMbIX GyHKIMHA. B TO xKe BpeMsi B Teopun (DYHKITHOHATBHBIX
MPOCTPAHCTB YaCTO BO3HUKAET HEOOXOJAMMOCTH MPUMEHEHUS MOMOOHBIX HEepa-
BEHCTB Ha, MHOXKECTBE (DyHKIM C JIOMOTHATEIbHBIMA YCIOBUAMU (KBA3K)MOHO-
TOHHOCTH, TPUYEM B TAKUX CIydYasX KJIACCUUECKHE HEPABEHCTBA XapIu Tepsi-
0T CBOIO TOYHOCTD. [IpuMepavu (byHKIHHE ¢ AByMs YCIOBUSIMU MOHOTOHHOCTH
SIBJISIIOTCS. BTOPbIE HEBO3PACTAOIINE MEPECTAHOBKU (DYHKIMH U MOIYIH HEImpe-
PBIBHOCTH B TEOPUH (DYHKIIMOHAIBHBIX IIPOCTPAHCTB, a TakKe K -(yHKITHOHAIBI
9. Tlerpe B Teopuu uHTEpHOIANUU. TOUYHBIE IBYXBECOBHIE HEPABEHCTBA THIIA
Xapau ObLIH MOJIyYeHbl CPABHUTEILHO HeJABHO B paborax M. Apunno, M. Kap-
po, M. JI. Tonpamana, B. /1. Crenanosa u ap.

IIycrs B, 7y,  — Heorpuuarenbubie HGopesesckue Mepbl Ha Ry = (0,00);
p,q,7 € Ry; nycrb o(t), ¥1(t) — nonoxuresnbHbie 6opesesckue GyHKIUM Ta-

Kue, 910 Y(t) = i;gg T, 4(0) =0, ¢(c0) = 00, (1) = 1; obozHaTHM (4 4) =

{ f=0: 11{1((?) 1, Jo(ft)) T} — KOHyC (DYyHKIWH € ABYMS YCIOBUSIMH MOHOTOHHO-

CTH OTHOCUTEJbHO 3ajaHHbix MyHKumii o (t), 11(t). Paccmorpum Bemuuaunny

%) 1/q %S} 1/p
H(R,) = Hop, o (Ap.a.foy)=  sup <I(Af)qdv> (ffpdﬂ> ,

T€Q g w1) \O 0
¢ 1/r
re A = ( I du) — 0606mgnnbIil oneparop Xapau. Bemmunuy H(Ry)
0
MOJKHO Ha3BaTh HOPMOW CyKeHus omeparopa A Ha KOHYC Q(y ;). [lomoxmm

_ 1/p

o0 p

ot = (][5 + 28] 7 990) " € G dommmenminnns
0

dbynxuua mepol § na Komyce oy, y,). Hocaenosaremsnocts = {u ez mac-
Kperusupyer ¢yHIaMenTaabuyo Gyuxknuo hg(t) ma Ry, ecmm a) 0 < py 17,

Poccuiickuit yHuBepcuTeT Apy:KOLI HapomoB, yiI. Mukmyxo-Makmas, 6, Mocksa 117198,
Poccus.

E-mail: msorokina@sci.pfu.edu.ru

2Poccuiickuit yrusepcuTeT apy»k0el HapoOmoB, yia. Muxmyxo-Maxras, 6, Mocksa 117198,
Poccus.
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po =15 b) hg(p)wr () 17, hp()vo(w) 1l ¢) Z =721 UZy: Zy N Zy = & u ans
t € [, ] hg@)1(t) = hg(u)Pr(m), 1€ Za; hg(t)o(t) ~ ha(pu)o(m),
| € Zy. Obo3Ha"mM

Hnt1 [t a/r -
E— Z dp dy = p>4q
nez \ ha(T)" 00, p<g
S 1/q Hs41 a/r 1/e or
dp . p>r,
Gn = /d’y ; &, = / s o=P7"
! T sqz;l ha(T)" ’ oo, p<r
Hn = Hs
sup @5, gn, p<gq,
nez
F: 1/%
<Z ooy — gﬁ+1]> , P>
nez
oo _ 1/;’7

o) = | [ |5+ o) T
0

1/p 1/p

dy (o, B) — / G dst) | ep(nB) = / Bt dA(t)
0 1

Breném ycnosne meBbiposkaeHHOCTH Meph 3: 3 € Ny, v1)(P) & cp(Yo, Y1, ) =
17 dp(w(ﬁﬁ) = ep(whﬁ) = 0.

Teopema. ITycmv 3 € Ny, p,)(p); nocaedosamervrocms (i duckpemusupy-
em gyndamenmanvruyro gynkyuio hg(t) na Ry. Toeda H(Ry) ~ E + F.

3ameuanue 1. OTBeThbl MOSTyYEHBI TAKKE U B CIAydae HAPYIIEHUS yCIOBHI
HEBBIPOXK IEHHOCTU MepbI (.

0o 1/r
Sameuanune 2. Ouenku eauuunbl H (R ) nis oneparopa B= <f T du)
t

MOJIYYAIOTCS U3 OLEHOK JIJIst OmepaTopa A ¢ MOMOIIBI0 COOTBETCTBYIOIIEH 3aMe-
HBI [TIEPEMEHHBIX.
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Onpe,qe.neHI/Ie KOMIIAKTHBIX IIOJIMHOXKECTB
10 d)YHKHI/IOHaJIaM OT HUX

B. H. Cmenanosg?

OMcKHit TOCyTapCTBEHHBIIT TEXHUYECKUN YHUBEPCUTET

[Iycrs ™! — equrnunas chepa B R™; u, v — Touxu Ha S~ !. PaccMmorpum
ypaBHEHWe TIepBoro poja

f(u) = / K ((u,0)) a(do) 1)

gn—1

oTHOCUTE/IbHO Mephl i Ha S™ 1 K ({u,v)) — 3anannas Gyukmus (11po).
Teopema 1. Ecau adpo K ((u,v)) € Li[—1,1] u aunetinas o6oroura cucme-
My €20 cobemeennur dynryud naomna 6 L1(S™ 1), mo ypasnenue (1) umeem
He boaee 00H020 pewerus 8 6aHarosom npocmparcmee mep na S™L.
YacrubiMu ciaydasgmu ypapuenus (1) siBJSIOTCS HUZKeCJIEAYIONHME yDaBHEe-
nus [1]. Cdepuueckoe npeodbpaszosanue Pagona uérnoii dbyuxiun f(u):

B = ) = =— [ 1) @)

Wn—2
gn—1
b

Baech S22 = {v € S" H{v,u) =0} = S~ Nut — nomcdepa ¢ momocom B u;
Au(*) — (n—2)-mepnas cdepuueckas mepa Jlebera na 6ombImoit mogcdepe S72;
Wn—2 — Mepa miomam S" 2. Kocuryc-npeobpazoBanue I6THON DyHKIAH:

(Tf)(w) = / [(w, 0)] f(0) A(dv). (3)

Sn—l
ITonycdepuueckoe mpeobpa3oBanme HEIETHON (DYHKITAN:

1

Wn—1

(H)(w) = f(u) =

/ () £ (0) Mdv), (4)

Sn—1

rie A(-) — cdepuueckas mepa JleGera na S" !, y — dynknus Xesucaiina.

YOmckuit rocymapcTBeHHEBIH TexHMYecKmit yHmBepcuTer, mp. Mupa, 11, Omck 634050,
Poccus.
E-mail: stpnv@rol.ru
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9Tr npeobpa3oBaHusa HAXOAAT NIMPOKOE IIPUMEHEHHE B T€OMETPHUU BbIITYK-
JIBIX TeJl (30HOM/IbI, IPOEKIMOHHbIE (DYHKIMU U CBA3AHHBIE BOIPOCHI, cM. [1]).
ITosromy BaxkHBI (POPMYJIBI OOPAITEHUSA I ITHX HHTErPAIbHBIX IIpeobpaso-
Banuii. ®opmysa obpalienus ypaBueHus (2) MOXKeT ObITh IOJydeHa u3 o0mieit
dbopmynsr obpamienus Xenracona [2]. I3 dbopmysbl obpalienus njas ypapHe-
nus (2) caenytor dbopmysbl obpaluenus s npeobpasosanuii (3) u (4).

[Tycts B — 3aMKHyTast BBIIYKJIas THIEPIOBEPXHOCTb B N-MEPHOM EBKJIN-
nosoMm mpocrpancTse R™. Paccmorpum, cBsi3aHHble ¢ TOBEpPXHOCTHIO B, mHTe-
IPAaJIbI:

V() = 2 / (1, 0) | Om(d0), Wi () = / (1, 0)) (),
Sn—l Sn—l

rie 0., (1) — m-sa GyHKIMa KpuBU3HbL runepuoBepxuoctu B, 1 <m < n — 1.

B reomerpudeckoit Tomorpadgun MHTEpPEC MPeCTaBISIOT BOIPOCHI OMpesie-
JIEHWsT KOMITAKTHBIX MOAMHOXKECTB M0 (GyHKIMOHATaM OT HuX. [Ipumenss Teo-
pemy 1 mas saep K ((u,v)) = [(u,v)| 1 K({u,v)) = x({u, v)), nonyuaem ciemy-
IOIIWI PE3yJIbTAT:

Teopema 2. 3amrxnymas 6unykias 2unepnoseprHocms B odnosnaumo c
MOYHOCMBIO 00 NAPAANEADHOZ0 NEPEHOCH ONPEOIEARLMCA M -MU UHMEPAALMU
kpusudnv, Vi (u) u Wi (u), 1 <m < n—1.

Ecan runepnioBepxaocTh B riagkasi, TO, UCIOAB3Yd (POPMYJIbI OOPAIIEHHST,
MOZKHO TIOJIy9UTh B SBHOM B/ (GPOPMYJTY JIJTsi IPOU3BE/ICHIS MIIABHBIX PAJINYCOB
KpUBU3HBI B.

B kadecTBe MpuMeEpOB OMpeIeIeHNsT HEBBITYKJIBIX MHOT000pa3uit MOYKHO MTPH-
BECTHU CJIEYIOIIHE TeOPEMBI.

Teopema 3. C8a3H0E KOMNAKMHOE GHANUTNUYECKOE M-MEDHOE MH02000D0~
sue M, 1 <m < n—1, 6e3 kpas, sroscennoe 6 R™, n > 2, odnodnauno onpede-
AAEMCA CEOUMU NPOEKUUAMY Ha k-mepHbie noonpocmpancmea, 1 < k< n — 1.

Teopema 4. CsaszHoe KOMNAKMHOE GHAAUMUNECKOE M-MmepHoe, 1 < m <
n — 1, yenmpuposannoe mmozoobpazue M 6e3 kpas, erodcennoe 6 R™, n >
2, 00M03HAUHO Onpedesfemca no \;-Mmepam ecer cexenudl ezo noaapv, MO i-
MEPHOLMU TOONPOCTNPAHCTNEAMY 0AA 08YT PASAUNHBLLT 3HaYeHut i, 1 < i < n—1.

Crucok aureparypbl

[1] Gardner R. J. Geometric tomography. Cambridge-New York: Univ. Press,
1995.

[2] Helgason S. The totally-geodesic Radon transform on constant curvature
spaces // Contemp. Math. 1990. V. 113. P. 141-149.
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On Divergent Number Sequences
A. M. Sukhotin !
Tomsk Polytechnic University

An explanation of G. Galilei’s paradox [1,p.140-146] can be obtained by
means of some conditions, which make it possible to divide all injective map-
pings ¢: N — N into five classes: finitely surjective, potentially surjective, po-
tentially antisurjective, finitely antisurjective and total antisurjective mappings.
In particular, the following statements are proved:

Theorem 1. Any injection of the latter 3 classes can’t belong to the surjective
mappings set.

Theorem 2. Necessary criterion of surjectivity of the injective mappings
w: N — N is of an asymptotic nature: lim(p(n) : n) = 1.

Definition 1. A pair (m,n) of variables m,n € N, is named an exact pair
at n — oo, if

A(p,n(p) € N) Vn > n(p) : m =n+p.

The concept of the exact pair of natural variables allows to prove the follow-

ing equivalence:
(Tn - 0) A (an - 0)

for every number series.

The following important concept has been introduced in [2, p. 214].

Definition 2. We name a numerical sequence (a) as a divergent sequence,
if there are two infinite subsequences £1,{3 C N, &1 (&2 = &, such that the
following condition is satisfied:

36 >0, n* € N):V(m, k) € (&1,&), m, k> n" |am — ar| = 6. (1)

Definition 3. Numerical sequence (a) is termed as a properly convergent
sequence, if the following condition is fulfilled:

(Ve >0 3n(e) € N) : (Vn = n(e) |ant1 — an| < ). (2)

Theorem 3. Every numerical sequence satisfies to one and only to one of
two conditions: (1) or (2).

I Tomsk Polytechnic University, Russia.
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It is easy to prove the following statement by condition (1):

Statement 1. The sequence (a), determined for all n € N by formula a,, =
sin(n), is a convergent and limited ones. But for this sequence there is not any
subsequence £ C N and a number a € R such that limay = a, k € &.

The new introduced concepts substantiate the existence of infinity hyper-
real numbers. For example, both sequences (a) and (b) defined as a,, = n'=®
and b, = an(lnn)l_a, a > 0, correspondingly satisfy condition (2).

Y

n
Statement 2. So (a,) with a, = Y, p~ ', n € N, satisfies condition (2),
p=1
then a solution of an asymptotic equation a. =Arcsin(x.) exists.

References
[1] Galilei G. Selected Works. V. 1. M.: Nauka, 1964. (Russian).
[2] Sukhotin A. M. About a properly convergence of number sequences //
Current methods of boundary-value problems. Materials of Voronezh

Spring Mathematical School «Pontrjagin’s readings-XVs. Voronezh: VSU,
2004. P. 214-215. (Russian).
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JInneitaareie mosepxaoctn B E4
0. A. Tuxonosa !

DU3MKO-TEeXHUYCCKUIT MHCTUTYT HU3KUX TeMIIepaTryp
uMm. B. 1. Bepkuna HAH Vkpanusr

Teopus JHHEHUATHIX MOBEPXHOCTEH B F> ABIAETCS XOPOIIO Pa3BUTOH 0613~
cThio B aud depeHnuaabHOi TeOMeTPUN eBKJIMI0BOTO MTPOCTpancTBa. meorcs
noapobubie 0630pbl 31oit Teopun B kuurax B. @. Karana [1], B. . Ilynu-
KOBCKOro [2] u ap. B noknaje 6yayT paccMOTPEHbI HEKOTOPbBIE JIOKAJbHBIE U
r7I00aIbHbIE CBOCTBA JHHEMAThIX HOBepXHOCTeil B F4.

[Tycts v — mekoTopas Kpubas B E* ¢ pagnyc-sextopom p(t), rae t — aamna
nyru u &1, €2, €3, 4 — €8 narypanbubit 6a3uc @pene. Bo3bMeM emHIYHOE BEK-
TopHoe noJie a(t) BHoJb KPUBOIi v, Takoe 4To a(t) ecThb JuHeiiHasd KOMOUHALMS
BeKTOPOB &o, &3, &4 B coOOTBeTCTBYyIOMEil ToOUKe KpuBoil. Paccmarpusaercs yim-
HeifgaTas MoBepxHoCTh B B, 3amanmas paamyc-sekropom 7(t, u) = p(t) +ua(t).
Ha cayuait Takux JUHEHYIATHIX TOBEPXHOCTEH B Y€THIPEXMEPHOM MTPOCTPAHCTBE
€CTECTBEHHBIM 00Pa30M TIEPEHOCSTCST HEKOTOPbIe M3BECTHBIE MOHITHS U YTBEp-
JKJIeHUS, CBA3aHHBIE, HANIPUMED, CO CTPUKIIMOHHON JIMHUEI, rayCcCcOBOii KpUBU3-
HO# u T. A. B wacrHOCTH, TPOAHAIM3UPOBAHO IIOBEJIEHUE 'ayCCOBOM KPUBU3HBI
HA [TOJIHBIX JTUHEHYaThIX MOoBepxHOCTHAX. [lokazana

Teopema 1. Modyav unmezpasa om 2aycco6oti KpususHol pe2ysaprot Au-
netuamot noseprnocmu F? ¢ E* 20MeoMOPPHOT YuAUHIDY, paser YdeoerHol
daune A cepuneckotli Kpueol, ONUCHEAEMOT KOHUOM 6EKMOPE HANPABAeHUA at)
npamosunetinnz obpasyrouwus: | [[ K ds| = 2.

Takzke paccMOTPEHO MOBEIEHHE rayCccoBa KPYdeHUsi KT, KOTOPOe SBJISAETCS
MHBAPUAHTOM HOPMAJIHHON CBSI3HOCTH MTOBEPXHOCTH.

Teopema 2. IToanas pezyraphas aunetivaman noseprrocmos 6 EY ¢ nyae-
6bLM 2aYCCOBHLM KPYHeHuem aubo aesicum 6 E3, aubo umeem nanpasiaousyo
Kpusyto v, Aescauyro 6 E3, u npamosuneiingro obpazyiowyro, napaiiLesbHyio
NOCMOAHHOMY 6EKMOPY €4.

Crucok aurepartypbl
[1] Karar B. @. OcHOBBI TEOPHHU MOBEPXHOCTEH B TEH30PHOM U3JI0XKeHNUH. M.~
JI.: OTU3, 1947.
[2] HIymukosckmii B. U. Knaccudeckas muddepeHnnaibHas reoMeTpusi B
ren3opuoM m3nokennu. M.: @usmarruz, 1963.

L ®usnuKo-TeXHIYECKHH HHCTUTYT HU3KHX TeMmeparyp uM. B. 1. Bepkuna HAH Vkpaunsr,
up. Jlennna, 47, Xapbkos 61103, Ykpaura.
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ITpomomxumocTs KBa3ucuMMeTpuIecKnX (byHKIIi
1 BEpPXHUE MHOXKECTBa

. A. Tpouenro!

Wucturyt maremaruku uMm. C. JI. Cobosea CO PAH

Orobparkenne f MeTpUYecKHX TPOCTPAHCTB HasbiBaercs (M, a)-ksasucum-
mempuet; ¢ koucraaramu M > 1,0 < a < 1, ecim

() < g em (=)

JJIsl BCEX TPOEK Z, Y, Z TaKuX, 4ro |x —y|/|z — z| < 1. Orobpakenue Ha3biBaeTcs
CTEleHHO KBa3ucuMMeTpueii, eciu oHo sBisercd (M, a)-kBasucummerpueil ¢
HekoTopbiMu KoucTanTamu M > 1, 0 < a < 1. Orobpaxkenne f Merpudeckoro
npocrpasctsa (I, ) B (T'1, 01) Ha30BéM (P, Q)-Huasunwuyesom, ecin

o1(f(z), f(y)) < Po(z,y) + Q

st Beex o,y € I

910 oupeneseHre ecreCrBEHHO 000DIaeTcs HAa HEOJHO3HAYHbIe (DYHKIINU.
IMycrs X, Y — nonmuoxkecrsa R, 01(X,Y) = sup{o(a,b) : a € X, b € Y}.
Heomnosnaunyio dbyukmuio f: I' — R wazosém (P, Q)-Huasunwuyesod, eciu

o1(f(z), f(y)) < Po(z,y) + Q

it Beex z,y € I'. Bugpo, uro diam f(x) < Q.

JIemma. Heodnosnawnas (P, Q)-nusaiunwuyess Gynryus npodosrcaemcs
C NPOU3BOALHO20 NOOMHOHCECTNEE MEMPUBECKO20 NPOCMPAHCTNEE HA 6CE NPO-
CMPAHCMBO € COLPAHEHUEM KOHCTNAGHM.

ITycth A — MPOM3BOJILHOE METPHYECKOE TPOCTPAHCTBO C PACCTOSTHUEM | —y.
B [1] mHOX)ecTBO A X Ry = A Hazesnsioch METPHUKOii, SKBUBAJIEHTHO runepbo-
smdgeckoil B ciydae R™ X Ry = Ri"’l. Ero nmonMuoxkecTBa ObLIM HA3BAHBL 8EPT-
HuMU MHoocecmeamu A. 31ech MbI OyeM OTOXKIECTBIATh TOUKY (x,7) € A co
cdepoii B A.

"Mucruryr maremaruxu um. C. JI. Cobosesa CO PAH, mp. Komrrora, 4, Hosocubupck
630090, Poccust.

E-mail: trotsenk@math.nsc.ru

Pabora BeimosiHeHa npu (BUHAHCOBOU mojaepkke rpantoB POOU 02-01-00255 u HIII-
1172.2003.1.
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Nuvexkrusaoe orobpaxkenue F: A — A’ kaxoii nape (z,y) pasiudHbIX TO-
yek u3 A crasur B coorBercrBue kodbdunuenr uckaxeunud k(z,y) = In |F(z) —
F(y)|/|z — y|. Takum obGpasom, Ha A 3a/aHa BElECTBEHHAS HEOJIHO3HAMHASN
dyukuua uckaxenus f(z,r) = {k(z,y): |z —y|=r}.

Teopema 1. Omobpasicenue F: A — A’ mempuneckus npocmpancme a6.as-
emcs cmenennoll K6a3ucummempuet mozda u moavko moeada, xKozda e2o (Heoo-
HO3HAYHAR) PYHKEYUA UCKadicenus, | A = R aeasemes nuaiunuwuyesot.

Ora TeopeMa JEeMOHCTPUPYET MIPUINHY BBEJIECHUS BEPXHUX MHOXKeCTB. Myib-
TUILIMKATABHBIM CBONCTBAM OTOOPAKEHWsI METPUIECKUAX IMPOCTPAHCTB COOTBET-
CTBYIOT aJJUTHUBHBIE CBONCTBA OTOOPAYKEHWS BEPXHUX MHOXKECTB. VCmosb3yst
HUAJIWIIIAIIEBO MPOIOJIKeHre (DYHKIMY MCKAYKEHUsI, MOJIy9aeM OCHOBHOM pe-
3yJIbTAT:

Teopema 2. JTrobas monomonnas (M, a)-Keasucummempuueckas Gyrruua,
onpPedenEHHaA HA NPOUSEONLHOM TOOMHONCECTNEE GEULLCTEEHHOT NPAMOT, NPO-
doancaemea do (M, o) -keasucummempuu eceti npamoti. Koncmarwmo M’ u o/
saeucam om M u o u He 3asucam om nodmnodicecmsa npamoti. Huxaxas ne
MOHOMOHHAA UMY HE CMENEHHAA KEA3UCUMMEMPUA He npodosxcaemcea o Kea-
3ucumMmempuy ecet npAmos.

Crucok aurepartypsbl

[1] Trotsenko D. A., Viiséila J. Upper sets and quasisymmetric maps // Ann.
Acad. Sci. Fenn. Math. 1999. V. 24. P. 465-488.
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Ananu3 HeanHeHBIX (PAKTOPOB MHTEHCUBHOTO
celicCMIYeCKOro BO34eiiCTBIUSA HA T'PYHTOBYIO TOJIIILY

K. JI. Tyaesa!

MuaCcTUTYT TpUKIAIHON MAaTeMATUKA U HH(MOPMATUKA

UccnenoBanns HeMHEHHBIX siBJEHWI B IPyHTax, HadaTbie B Poccun mouru
40 mer HaA3a[, SIBUWINCH CBOEOOPA3HBIM CTUMYJIOM J[JIs COBPEMEHHON KOHIIEIl-
MU CO3IAaHUs JUHAMHUYECKUX MOJeseil IPyHTOBbIX ocHOBauuii. Kpome uwmcro
HAYYIHBIX HHTEPECOB OOJIBINON NHTEPEC BHI3BIBAET BOMPOC MTPOTHO3UPOBAHUS IO~
BEJICHAS TPYHTOB U COOPYZKEHMIT ¢ TOYKU 3PEHUA AJEKBATHOCTH OXKUIAEMOMY
MIPOSABJIEHUIO ceficMUIecKoTo Bo3eiicTBus. Hacrosiee nccemoBanme mpeicTaB-
Jisier coboit pa3paboTKy M MCIOJIb30BAHUE MATEMATHIECKUX METOIOB JJIs OIie-
HOK HEJIMHEHHOCTU I'DYHTOBOIl TOJIIIN PAa3/IMYHBIX JIMTOJIOFMYECKOIO COCTaBa U
bU3UIECKOro COCTOSHUST TPYHTOB IS eJeil CeiCMUYIECKOTO MUKPOPAMOHUPO-
BaHUA.

[IpencraBimennas MaTeMaTUdecKas MOJIENb YYUTHIBAET CTPYKTYPHBIE OCO-
OeHHOCTH, TIPUCYIINe KOHKPETHBIM PeaJbHbIM cpemaMm. Mogens mpezicraBiiser
coboit croxkHOe HenmHelHoe muddepeHnuaibHoe ypaBHeHne KoaeOaHuil rpyH-
TOBOM TOJIIIK C YIETOM CHUJI JUCCUIIAIAN [IPU WHTEHCUBHOM CEMCMUYIECKOM BO3-
EeWCTBUU HA HEKOTOPOH TuryOwmHe. [IjIs YuCIeHHOrO PEeIeHus CUCTEMbI yPaBHe-
HIM MCIOIB30BAH METOJ KOHEUHBIX PA3HOCTEH NI pacdeTa KOJeOaHWi cpe ¢
rpaHuIiaMU pas3jesa.

Jlannabie pacyéTOB MO3BOJILIOT UCCIIEIOBATH IPYHT B YCIOBUAX, MAKCAMAJIIb-
HO TPHUOJIMIKEHHBIX K PEAJbHBIM YCJIOBUSIM, HANPSAKEHHO-I1e(OPMUAPOBAHHOTO
COCTOSTHVSI, 00YCJIOBJIEHHOTO WHTEHCUBHBIM CEHCMWYECKUM BO3IEHCTBHEM. DTHU
UCCJIeIOBaHUs OyIyT BasKHBIM 3BEHOM B CHCTEME TTPOrHO033, MOCIEICTBUN CUIIb-
HBIX 3€MJIETPSICEHUIN HA HUCCAEIYEeMbIX TEPPUTOPUAX W, B YACTHOCTHU, OYIYT WC-
[TOJIb30BAHbBI IIPU Pa3paboTKe PEeKOMEHIAIMA i CeCMUIeCKOTO MUKPOpaiio-
HUPOBAHUSA JIJId y4eTa BO3MOXKHOI HeJIMHEHHOCTH OTKJIUKA FPYHTA Ha CUIbHBIE
BO3JICCTBUA.

PaccmarpuBaercs cioif mouBbl ¢ HeauHeHHBIME cBoiicTBamu mpu 0 < z < A,
a z > h — TOIyIpPOCTPAHCTBO C YyNpyruMu JnHeiHbIMI cBoficTBamu. Ha cioit
OYBLI 2z = h JeficTByeT BepTHKaJbHas npeobianaromas SH-BonHa ¢ 3ananHoi
yacroroil fo. [loBesenue cBOWCTB IPYHTa OLNUCHLIBAETCSA HEJIUHEHHON 3aBUCHMO-
crbio no Xapauu — JIpHeBudy, ceasbiBatonieii Gyukiuu nedbopmanuu v(z,t) u

"YMucTuryT mpuKTagHOi MaTeMaTHKH M mHGOpMATHKH, yi1. Mapkyca, 22, Bragukaskas
326027, Russia.
E-mail: jannatuaeva@inbox.ru
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KacareJbHOrO Hanpszkenus 7(z,t) (¢ — Bpems):

T=G"), (1)

Go
1+
HHUE MOy YIPYTOCTU JJIT MAaJIbIX BO3MYITIEHUH, Yo — 3aJaHHOe MaKCUMaJIbHOe
3uauenune aedopmanun. JaHHOE TpencTaBIeHne MOLY/S YIPYTOCTH YAUTHIBAET
KOHEUHOCTh jiepopManun ((PU3NIECKy0 HEJTMHEHHOCTD ), T. €. IIPE/IIOI0KEHNE O
Majioctu Jedopmanuii, CBOMCTBEHHOE NI JIUHEHHONW TeOpUU YIpPYyroCTH 37eCh
He BBITIOTHIETCS.

HonosaurebHo K 3asucumoctu (1) BBOAUTCA XapaKTepU3yIoIas HeJuHei-

woe 3aryxanue Gyaxkmusa 3(y) = Bo+ [Bm — Bo] %, rae Bo u B, — 3aaHHbIE

K03bMUIMEHTHI 3aTyXaHusd, o = 1 /) — HelTHHeHHBIH mapaMerp.
VpaBHeHue, ONUCHIBAIOIIEE IUHAMUKY PDYHTOBO# CPEJIbl, BBITJISIIUT CJIE/LY-
) )

IOIIUM 00Pa30M: % = pa, T1ae p — NJIOTHOCTb, @& — yYCKOPEHHE.

rae G(y) = — Moaynb ynpyroctu, Gy — 3aJaHHOe MaKCUMaJIbHOe 3Have-

KacarenbHoe Hanpsizkenne npezcrapisiercs B Buge 7 = G(y)y+GoS(7) %—Z, u
Jlasiee 3a7a9a CBOAMTCS K HAXOXKIAEHUIO (DYHKINKM CMelneHus u(z,t), IpuHIMast
BO BHHUMAaHHE TO OOCTOSATETHCTBO, YTO 4 = %, v = %

BOHpOC IDOCTAHOBKH TI'DAHUYHBIX W HaYaJIbHBIX yCJIOBI/Iﬁ permaeTca Caemay-

fomuM obpaszom. Ha rpanmme z = h 3amaérca mMmmyabCcHAsS (DYHKIMS BUIA
_ 2 [ t=t]?
uo(t) = wo ({ﬂ'%} — %) e [ﬂ “0 ] , TIe tg — BpeMs, TIpH KOTOPOM dHa-

croTa KoJlebaHuil MPUHUMAET HAMOOJIbIIee 3HAYCHHIE.

Ha cBobosHoit moBepxHOCTH 2z = 0 MpUHAMAEM, ITO % 0 =0.

Hauasnbuble yciosus 3amumryrcsa B Buge: ul,_o = 0, %‘t:o =0.

Nmeercst aHAIMTUYIECKOE DEITIEHNE JAHHON 3aJa4d, KOTOPOEe TOIYyYeHO Me-
TOJAAMU KOMILIEKCHOIO aHaiu3a u reopuu 0606ménnbx Gyukuuit [1] u no cyru
SABJIsIETCsT TeCTOBbIM. CTaBUTCS [Eb MPUMEHUTH PE/JIOKEHHYTO MOJIETb K Pe-
AJILHBIMU MCTOYHUKAM BO3MYIIEHUN [IJIsT OMEHKM CEHCMUYEeCKOr0 PUCKA TOPOJI-
CKO 3aCTPOHKHU, TOITOMY HEOOXOIUMOCTD B YHCJIEHHBIX JTUCKPETHBIX PEITeHUTX
ouesnnHa. Panee [2] aBTOpamMu GBLIO TOJYYEHO DEIEHHE C TOMOIIBIO SIBHOM
CXeMbI, KOTOPO€e CHJIbHO 3aBUCEO OT miara guckperu3amnuu. [losromy craBut-
CsI T[eJTb yCOBEPIIIEHCTBOBATH MMEIOILYOCS YUCJIEHHYO0 MeTOAuKY perrenusi. Jls
JTAaHHOW MOJENIM MPOBEIEHO YMCIEHHOE HCCJIeJOBAaHUE C MPUMEHEHUEM MEeTOa
UTEpAIUil ¥ METO/a MPOTOHKY JIJIsi HYJIEBOTO MPUOJIMKeHUs. AHAJIN3 MOJIY YeH-
HBIX JAHHBIX TTOKA3BIBAET, UTO MPU yIETE HEJIMHEHHDBIX CBOMCTB 'PYHTOB B MaTe-
MaTHUYIeCKON MOozenn KOjaeOaHuil TPYHTOBON TOJIIM B YCAOBUAX 3HAYUTETHHBIX
nedopmarun Ha rpaduke CleKTPAIbHON KPUBO MOSIBJIAIOTCS UKW HA KPATHBIX
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gacrorax. [lomygyenubre JaHHbIE CPABHUBAJINCD C JAHHBIMU SKCIIEPUMEHTATHHBIX
HCCJIeI0BAHU, COTIOCTABJIEHNE TOKA3AJI0 X0poIiiee cooTBercrue. Takum obpa-
30M, KOMITBIOTEPHBIN DPE3YJIbTaT MOXKET ObITh MCIOJIB30BAH IS UCCJIEIOBAHUI
CefiCMUYIECKUX CBOMCTB IPYHTOB HA PA3JIMYHBIX TIIyOMHAX TOJIIIN.

Crucok aurepartypbl
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[pY UHTEHCUBHBIX BozeiicTBusix // Tes. noka. MexayHnap. Hayd. KoHOD.
«MudopMannoHtble TeXHOJIOTUN U CUCTEMbI: HayKa U MPAKTUKay. Biaau-
KaBKas, 2002.
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Integral Operators with Variable Domain of Integration
Elena P. Ushakova !
Computing Centre FEB RAS

For all p,q € (1, 00) we characterize inequalities

[e'e) l/q oo l/p
[irr@mi@a | <c| [ir@peed
0 0
b()
with integral operator K f(z) = [ k(y,z)f(y)dy, x > 0. Here a non-negative
a(z)

kernel k(y,x) satisfies certain conditions of growth. Border functions a(z) and
b(x) are continuous, strictly increasing and such that a(0) = b(0) = 0, a(c0) =
b(oc0) = oco. Weight functions w(z) > 0, v(z) > 0 are locally integrable.

We apply our result for characterization of weighted LP—L? inequalities
for the Hardy operator with a weight function u > 0 of the form H,f(z) =

b(=)
| f(y)u(y)dy, = > 0, on the cones of monotone functions f.

a(x)

LComputing Centre FEB RAS, Tikhookeanskaya 153, Khabarovsk 680042, Russia.

E-mail: ushakova@as.khb.ru
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(project 03—01-00017) and by the Far Eastern Branch of RAS (project 04-3-I'-01-049).
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O cBsa3u HeroJIOHOMHOI MeTpuKu Ha rpyiie leiizenbepra
¢ merpukoit I'pymunnaa

P. P. @atizyarrunt

Nucturyr maremaruku um. C. JI. Cobosea CO PAH

[esnbio JaHHON PAOOTHI ABJISETCS BHITUCIEHUE MeOIe3UIECKUX HA, MIIOCKOCTH
I'pymuna u u3yuenue yTBep:KaeHus 0 cBsa3u cdep miockoctu ['pymuaa u cdep
rpymmst [eitsernbepra. BoIssCHIIOCH, ITO yTBEP:KIEHHUE O IOy IeHnn Chep rpy-
bl Teit3enbepra HemoCpeICTBEHHBIM BpalienneM cdep ['pymmmHa HyKIaeTcsa B
koppekTupoBke. Haiinena momunduiupoBannas MeTpuka [ pymmnHa, 1 KOTO-
poii CripaBeInBO MOCJIeHee YTBEPIK/IEHIe, TAKKe JOKA3AHO HECKOJIBKO MMeIo-
[IIUX CAMOCTOSITE/ILHOE 3HAUYEHUE TEOPEM O CBA3SX IJIOCKOCTU ['pyIIuHa u TpyTi-
ubl Teiizenbepra. B paborax [1,2] paccMarpuBajics MHIOJUIMIITHYECKUIA OlIepa-
top 0%/02% + 2202 /0y?, ecTecTBEHHO CBA3AHHBIN C BBHIPOKICHHON PUMAHOBOI
merpukoit ds? = dz?+dy? /x? na R?, Tak HasbBaemoit merpukoii ['pymmaa. B [3]
yOOMWHAETCS 1-mapaMerpudecKkas Ipymmna mogoduit mis miaockoctu ['pymimHa,

(z,y) — (Az,A\?y). Be3 Burauc/ienus mpuBeeHbI (bOPMYJIBI /I Te0Ie3UIeCKUX

u Ha 1rockocry ['pymmna x(t) = ¢ sin(bt), y(t) = ¢ (% - %), U Ha TPYyIIIe

leiizenbepra. Orcroma MOXKHO OBLIO ObI JIerko HaiiTu GopMyJsbl chep METPUKH
Ipymunra w rpynmsr TeitsenGepra (H, p), HO 3TOr0 B SIBHOM BHJE CIEJIAHO HE
6ew10. B crarhe [4] Haitnensr Tounbie hopmynst quis cdep rpynner Leitzentepra.
Tam ke 661710 cKa3aHo, 9T0 cepbl Ha rpyire Leit3enbepra morydaTcsa Bpale-
anem «cep Ipymmmas Bokpyr ocn z: r(t) = 2L sin(t/2), z(t) = %(t —sin(t)),
0 <t < 2, c mpomokenueM 1o HenpepbiBHOCTH 10t = 0: 2 =0, r = T. B neii-
CTBUTEJIBHOCTH 3TO OKA3AJIOCh CIIPABEIJIUBBIM i cep MOAuMUIITPOBAHHON
Merpuku ['pymmaa. B pabore mokazaHbl cieayoIue TeOpeMbI:

Teopema 1. Iapamempusosarmsie daunot dyeu (Makcumarvhbie) 2eodedu-
dy?
v2a?
uau x(t) = %\/{C), y(t) = v (2%/5 - w> + const, t € [0,7/y/c], npu
¢ >0, uau x(t) =t, y(t) = const, t € R. ITpu samom xascdwd ompeszox smot
2eodesuneckoli asanaemca kpamyatiwed.

Bpaiuenus (H, p) BOKpYT OCH Z B COOTBETCTBYIOLIEH CUCTEME KOOD/MHAT [ep-
Boro poza uHa H saisiorca uzomerpusmvu (H, p) [4].

weckue na noaynaockocmu (x> 0) ¢ mempuxoti ds? = dz? + umerom 6ud

YOmcknit bumman Nucturyra maremaruku uM. C. JI. Co6onesa CO PAH, yu. Ilesmosa, 13,
Owmck 644099, Poccust.
E-mail: geltorn@rambler.ru

255



Teopema 2. B yuaundpuseckuz koopdunamaz (z,r, ) npoekyus p: (2,1, d)
— (z,71) epynnw letizenbepea H ¢ aesounsapuanmmoti mempurol p na npo-
CMPAHCMBO OPOHUM, OMHOCUMENDHO 2DYNNBL BPAULHUT BOKDPY2 OCU Z ABAAELMCA
cybmempueti na naockocms (r = 0) ¢ mempuxot I'pywuna ds® = dr®+4dz? /r?.
Kpome mozo, npoekyus p COLPAHAET OAUHDL 6CET CNPAMAAEMBLE KPUGHLT HG
epynne (H, p).

3aMernmM, 9TO He BCAKAsS CyOMeTpus 0TOOPaXKaeT reolIe3uvuecKre Ha reoe-
3UYeCKHe, IPUMEPOM TOMY MOZKeT CIyzKuTh cyOmerpus H — E2, paccmarpu-
Baemas B pabore [4]. I[losromy npezpcrasiser unrepec

Teopema 3. IIpoexyus p omobpascaem zeodesuueckue epynno. H ¢ nava-
AOM MG OCU Z Ha zeodezuneckue moduduyuposannoli naockocmu ['pywuna c
coxpaneruem daur dye.

Cuencrue 4. Cgepo epynnw Ietizenbepea (H,p) ¢ yenmpom ¢ E noay-
waromea epauseruem chep moduduyuposarrol mempury I'pywuna ¢ yenmpom
6 0 soxpye ocu z.

IIpeanoxenue 5. Ilapamempusosantvie 0aunoli dyzu (MaKcuMasbrbie) 2e0-

umerom eud

desuneckue na naockoemu I'pywuna ¢ mempukoti ds? = dx? + 5 5
viz

2\/c 4c
uau x(t) = £t, y(t) = const, t € R. IIpu smom kaosrcouli ompesor zeode3uneckol
(nepsozo suda), dauna KoMoOpozo He npesocrodum w/ /¢, AsaremcA Kpamuat-
wed. Kaocowii ompesox npamoti (3) asasemces xpamyatued.

uau x(t) = i%, y(t) = iv( LN M) + const, t € R, npu c > 0,

MoaudunupoBaHHas MIOCKOCTh ['pymmHa — IBYMEPHOE MPOCTPAHCTBO C

MeTpukoit G, g11 = 1, g12 =0, go1 = 0, goo = ol
1

Crucok aurepartypbl
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Onenka paanmajbHbBIX peHieHni

HOJIy.IIPIHGﬁHBIX QIININIITNYECKUX ypaBHeHI/Iﬁ
Ha MOAEJ/JIBbHBIX PUMAaHOBBIX MHOFOOﬁpaBI/IﬂX

0. C. ®edopenko

Boarorpaackwuit rocyiapcTBeHHBIT YHUBEPCATET

B pabore paccmarpuBaercs ypaBHEHUE
Au+ K (@) u(@)" 2u(z) = hiz), p> 1, (1)

HA TOJHOM PUMAHOBOM MHOrOOOpasuu D, H30METPUIHOM IMPSIMOMY [TPOU3BEIE-
Huio [ro; +00) X B, ¢ merpukoii ds? = dr? + g*(r) df?. 3nech B — KoMmakTHOe
pUMaHOBO MHOroobOpasue Ge3 kpas, df*> — merpuxa na B, a g(r) — rmaaxas
nonoxkutenbaast #Ha Ry \{0} dbyukuusa. @yukuus K (r) HeoTpHIATETbHA.

Paguasnbubie pemenus ypasuenus (1) B R panee pacecmarpusanucs C.U. ITo-
xozkaeBbiM [1]. VM 6bLid moJiyYeHbl TOYHbIE AIPUOPHBIE OLEHKH HA [IOBEJEHUEe
peleHui, a TaK¥Ke BBIBEIEHBI YCJIOBUS MOJIOXKUTETBHOCTH PAIUATBHBIX DPeIle-
HUH U JOKA3aHO CYIIECTBOBAHWE KOHTUHYYMa DEIIeHUH.

B pabore orpaHmdmBaeMcs pacCMOTPEHHEM TOJBKO PAIMATBHBIX PEIeHui,
9TO MPUBOJUT K OOBIKHOBEHHOMY Au(PEepeHITHaATHLHOMY YPABHEHUIO

S'(r)
S(r)

rae S(r) = w,g" (r) — miomaap cedenuss MmuOoroobpasus D B TOuUKe 7.

u’(r) +

u'(r) + K (r)|u(r) [P~ u(r) = h(r), (2)

Teopema 1. ITycmo K'(r) < 0 das arbozo r = ro. Ecau cywecmsyem e > 0
makoe, ¥mo mempura mnozoo6pazus D ydosaemeopsem ycaosuro S'(r)/S(r) >
€/2, mo daa 1106020 PaduAALHO20 pelwenus ypasHenus (2) evunoarero

™ 1 ™
KO)P < 2 [ 1) dst e, w0 <2 [1s)ds+ e,

20e ¢1 > 0.

Teopema 2. ITycms dynryua K (r) ydosremsopsaem ycaosuro
S(r)K'(r) + §'(r)K(r) <0 (3)

I Boarorpajackuii rocymapCTBeHHEIH yHEBepcuTeT, ya. 2-a IIpomombmas, 30, Boarorpasn
400062, Poccus.
E-mail: yuri.fedorenko@volsu.ru
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Tozda na ar0bom mrnozoobpasuu D makom, wmo S’(r) > 0 das ar0bozo paduans-
H020 pewenus YypasHenus (2) 6unoineno

T T
1 1 [ h2(t)S?(t) ) h2(t)S%(t)
CSOK < / o L, SRS / ey L2
0 To
20e co > 0.
Hasnee paccmarpuaem MHOroobpasus ¢ HeybbiBaouieit byukiueit g(r).
Teopema 3. IIpednoaooscum, wmo dynryua K(r) ydossemeopsem ycao-
ewo (3). IIpu smom dasn dynxyuu h(r) € C([ro;o0)) emnoaneno h(rg) > 0
u S(r)h' (r) + 5" (r)h(r) > 0 das scex v > ro. Tozda paduarvroe pewsenue ypas-
nenua (2), ydosaemsoparowee navasvbhvm darnvm u(re) = 0, u/(ro) = 0, a6-
AAEMCA TLOAOHCUTILEADHBIM.

Crucok gurepartypbl

[1] Hoxoxkaes C. H. O 1enbix paguajbHBIX DEIIEHUSX HEKOTOPHIX KBA3WUJIIN-
HEHBIX JUIUNTHYECKUX ypaBHenuii // Mar. ¢6. 1992. T. 183, Ne 11. C. 3.

258



O b6eckoHedyHO MaJjioif Jedpbopmaluu pUEMAaHOBA
MPOCTPAHCTBA, AOILyCKAIOIIEro MoJie TPAaBUTAINN

A. E. Qomunal

Kazaxckuit nampona/ibubiil yuHuBepcuter uM. ajab-Papadu

PumanoBo mpocTpancTBO V;, MOKHO pacCMaTpUBAThH KAK IVIAIKYIO 7-MEPHY IO
MOBEPXHOCTh HEKOTOPOTO YMPYTOTO Tejla B eBKINIOBOM TPOCTPAHCTBE [y ip.
Yucmao p OymeM CIATATH JOCTATOTHO OOJBIIHM IJIsi TOTO, YTOOBI IIOTPYIKEHNe
npocrpancrsa V;, B Ej,4, DPOCTPAHCTBO NPHUHAIJIEKAJIO HEOOXOIUMOMY KJlac-
cy. llox BiusiHMEM TPUJIOKEHHBIX CUJI YIPYTHUE TeJa B TON MWW WHON CTErmeHu
nedOpMUPYIOTCs, T. €. MeHsIIoT cBO (hopmy u 00bém. [IpakTudecku BO BCex
caydasx nedOpMaIuu OKa3bIBAIOTCS MAJIBIMU, T. €. U3MEHEHUE JIIO0r0 paccTo-
SIHUSI B TeJIe OKA3bIBAETCS MAJIBIM [0 CPABHEHHUIO C CAMHUM PACCTOSTHHEM.

Paccmorpum Geckoredrno Mamyio aedopmanmio & = xt + u;(x)7, rae u; —
KOMIIOHEHTBI BEKTOPa OECKOHEYHO MaJioil aedOopMaryy, KOTOPBIH OMUCHIBAET
CMEIIeHre TOYKH YIPYroro Teja, & T — ODECKOHEeYHO MaJiblii mapamerp. Ilycrs
HEKOTOpOe TIPOCTPaHCTBO MoABepraeTcsa qannoi nedopmanym, npu arom V,, —
Vi, mpudem g;; = gij + 27;5, TA€ 7Y;; €CTh TeH30p OECKOHEeIHO Mamoil medop-
MAIUU, CBI3aHHBIA C BEKTOPOM DECKOHEYHO MAaJoil AepOPMAIUN CJIE/ Ty FOIUMA
COOTHOIIEHUSIMHA

27v;; = Viu; + Vju,. (1)

CumBon V; obo3Hagaer KoBapuanTHoe fauddepeHImpoBaHre 10 i-0f KOOpInHA-
re. CrieioBaTenbHO, 3aaH1e BEKTOPa nedopMariiu Kak (DYHKIIUU OT KOOPAUHAT
MMOJTHOCTBIO OTIPEIE/IsieT DECKOHeIHO MaIyio Aedopmanuio. Takum 06pa3om, Mbl
npuxoauM K obparnoii 3a1a4ue Cen-Benana, CyTh KOTOPOIT COCTOUT B OTHICKAHUH
BEKTOPa BECKOHEYHO Masoi nedopMalyy Mo U3BECTHBIM KOMIIOHEHTAM TEH30pa,
IAHHOI medopMarnu.

[Tycrs npocTpancTBO, OOpeneaseMoe MeTPUKOi

ds? = dt? — e~ Mt—t0)? (dr2 +7r2dh? + r?sin® 0 d<p2), (2)

nozapepraercst 6eCKOHeTHO MaJoil medopmarmn. PaccMoTpuM 71 HETO TOCTaB-
siernyio 3aga4dy. (1) aynsa merpuku (2) macr cucremy auddepeHuaibHbIX ypaB-
HEHWIi B YACTHBLIX IPOU3BONHBLIX. V CIEIOBATENILHO, ONUCAHHE MPOU3BOJILHON

TKadeapa TAMJI, Kasaxckuii HaIlmOHAIBHEIN yHEBepCHTeT uM. aab-Dapabu, yir. Macan-
am, 39/47, Anvarer 480012, Kazaxcras.
E-mail: fomina_al@mail.ru
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OeckoHEYHO MaJjoi AedOopMaluy JAHHOTO MPOCTPAHCTBA CBOMUTCH K HAXOXK-
JIEHUIO BCEX PEeIeHuil MoJaydeHHON cucTeMbl. TeH30p OeCKOHEIHO MaJjoi me-
dopMarmu T0/2KEH yAOBIETBOPATH HEKOTOPBIM YCIOBUSAM COBMECTHOCTH, KOTO-
pble MOXKHO MHTEPIPETUPOBATH KAaK yCJIOBUA CYIIECTBOBAHMNA MOJIHBIX UHTETrPa-
J0B w;, i = 1,6, qma mectu ypasHernit Ilpadda. JaHHbEe THTETPAJIBI TO3BO-
JITIOT HAWTHU pelreHne YKa3aHHOH cucTeMbl. BocCcTaHOBUB BEKTOP IMPOU3BOILHOM
nedopMarun, MOXKHO HA OCHOBE DelIeHus JAHHOW 3aa4d MMOJIYYUTh PelleHne
JIJIsE 9aCTHBIX CIIy9aeB DECKOHEYHO MAJIbIX JAedopMaliuii JAHHOTO IPOCTPAHCTBAL
nBUXKeHus, KOHMOPMHON nedOpMaIi U T. 1.
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Pa3znoxkenne o0006IIIEHHOI rMIEepPreoMeTpUIecKoi

dbyukun 3F>(z) mo ogHOMYy 060061IEHIIO
dbyukuuii Beccens

M. J[. Xpunmyn '

Wucturyt maremaruku uM. C. JI. Cobosea CO PAH

B nokname paccmarpuBaercs: J0Ka3aTEIbCTBO PA3IOXKEHUS

(z/3)4 . be d+1 d+2 (z/3)3
Td+1) 22\ "7 2 T2 2ae

0 1 1 Z\ 2v
=3 (e ) (5) it ©
v=0 '

oo
rie 3Fo(z)=3Fa(a,b,c;d,e;z) = > W " — 0OOOIIEHHAS TUIEPreOMeT-
n=0

puteckast bynkuus, 4 Fy(—v)=4Fy (—v,a,b,¢; - ) = Z;—”)"(“) (O)n(S)n (=L)"—
ne
- - . 3 =S 3)d+3k
0OODOIMIEHHBIN rUIepreoMeTpudeckuii moauaom, U (g )(z): kgo W:
Z k,(lf(/;}vj_gfl) — o0606umEnuas byuxiusa Beccens (cm. [1], dopmyna (3) upu

d =-2), (a)p =ala—1)...(a+n—-1)=T(a+n)/T(a), (a)g =1 — cumBon
IMoxrammepa, I'(z) — ramma dyukuus. Pazmnoxenue (1) MOXKHO UCIONB30BATH
ISt HAXOXKIEHWs aCUMIITOTHYECKOro TToBesieHnst byHKImu 3F5(2) mpu Gombimx
3HAYEHUSIX TAPAMETPOB G, b, .

@yHKIWs 3F5(z) MUPOKO MPUMEHSIETCS TPY PEIeHNH CJIOXKHBIX (DU3HIECKUX
3a/1a9 B TEOPHHU IUIAT U 0DOJIOYEK U Jp.

Crucok aureparypsbl
[1] Xpunryn M. /. PekyppeHTHbIE COOTHOIIEHUS U TEOPEMbI y MHOXKEHUST JJIsi

pentenuii 06061EHHOrO Muddepennuanbroro ypasenus Beccens // Cub.
Mar. xypa. 1970. T. 11, Ne 3. C. 713-714.

"Wucruryr maremaruku mm. C. JI. Co6oresa CO PAH, mp. Axan. Kontrora, 4, Hosocu-
bupck 630090, Poccus.
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O roMmorerun
M. A. Yewrxosa
Bapnayn

Losopar, 4ro orobpazxenue f: M — M 1yt ABYX PHMAHOBBIX MHor006pa—
suit M, M cuavho corpansousee KPUGU3HY, €CITH f orobpaxaer V"R B V"R
nas kaxxgoro m = 0,1,2,..., tme V™R, V"R oboznauaer m-e KOBapHUAHTHBIE
IPOU3BO/HEIE TEH30PHBIX Hojeit KpuBu3uel R na M u R na M, cooTBeTcTBEH-
HO ([1,c. 324]). Homungy u fuo [1] nokasanm Teopemy: cuabho cOTPaHA0ULus
Kpueusny Jugddeomopduam mexncoy HenpusoduUMbBLMU GHANUMUYECKUMY PUMA-
noevimu mHozoobpasuamu M u M pazmeprocmu, ne menvuiedi 2, ecms 20Mo-
memuseckoe npeobpasosarue.

Teopema 1. Ecau f: M — M duddeomopdusm napv, Heewiporcoernnus
zunepnoseprHocmell 6 eekaudosom npocmparcmee E™, n > 3, corpanarousud
MEH30PbL KPUBU3HDBL, MO nepsvie dyndamenmanvuse Gopmv, g, § U 6MOpPbLE
Pyndamenmanvroe dopmo b, b eunepnoseprrocmeti M, M ydoearemeopsrom
pasencmeam § = t2g, b=1tb, t € R.

Teopema 2. Ecau f: M — M duddeomopdusm napv. HesviporcoernoLs
zunepnoseprHocmell 6 eekaudosom npocmparcmee E™, n > 3, corpanarousud
Men30pPbL KPUSU3HLL, MO 2unepnoseprrocms M nosyuena u3 2unepnoseprio-
cmu M ¢ nomowpio 2omomemuu u uzomempuu 6 E™.

B uwacrmocTu npu msomerpum f mmeeM t? = 1 u EMeer Mecro TeopeMa o
JKECTKOCTH i runeprioepxHocru B B, n > 3 [1].

Crucok aurepartypsbl

[1] Kosasicu III., Homuagy K. Ocuosbl auddepeniuanbuoii reomerpuu.
T. 2. M., 1981.

lyn. Yxkasmosa, 30, Baprayn 656038, Poccus.
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Regularity of Ghosts in Tensor Tomography
Vladimir Sharafutdinov !

Sobolev Institute of Mathematics

We study on a compact Riemannian manifold with boundary the ray trans-
form I which integrates symmetric tensor fields over geodesics. A tensor field
is said to be a nontrivial ghost if it is in the kernel of I and is L2?-orthogonal
to all potential fields. We prove that a nontrivial ghost is smooth in the case
of a simple metric. This implies that the wave front set of the solenoidal part
of a field f can be recovered from the ray transform If. We give an explicit
procedure for recovering the wave front set.

ISobolev Institute of Mathematics, pr. Acad. Koptyug, 4, Novosibirsk 630090, Russia.
E-mail: sharaf@math.nsc.ru
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On Fixed Point Theorems in Fuzzy Metric Spaces
Sushil Sharma !

Department of Mathematics,

Madhav Science College,
Vikram University

We prove some common fixed point theorems in fuzzy metric spaces by
removing the assumption of continuity, relaxing the condition of compatibility
or compatibility of type(a) or compatibility of type() to weak compatibility
and replacing the completeness of the space with a set of alternative conditions.

IDepartment of Mathematics, Madhav Science College, Vikram University, Ujjain 456010,
India
E-mail: sksharma2005@Qyahoo.com
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Pasznoxkenue B mpocrpancrBax CoboJjieBa ¢ IIOMOIMIbIO
KacaTeJbHOU M HOPMAJILHOI COCTABJIAIOIINX CEYECHUS

A. A. Ilranynos

Kpacrogpckuit Tocy1apcTBEHHBI YHUBEPCUTET

[Tycrs X — C'°°-MHOr0OOGpa3ne pa3MepHOCTH n 1 ycTh { A;, F; } — ssumunru-
geckuit quddepennuanbabii KoMIieke Ha X, rae F; cyrb C-BeKTOPHOE pacciio-
enue Hag X panra k;, a A; — nuddepeHnmanbHbIi oepaTop Hopaaka m; = 1
Ha X (cm. [1]). Ilycth D — oTHOCHTEIBHO KOMMAKTHAs 00JacTh B X ¢ rpaHu-
neit 0D € C* u H*(D, E;) obo3Hadaer mpocrpancTBo CoboseBa, cocTosiee
M3 pachpeIe/ieHnii cedeHunii paccaoenns F;, nMeomux ciabble Tpou3BOIHLIE B
npocrpanctse Jlebera L2(X, E) no nopaaka s € N srioanrensao. O603HaqmM
rakzke depe3 HE(D, E;) 3ambikanue B upocrpancrse H®(D, E;) rnagkux cede-
Huil ¢ kKoMnakTHbM HOcuTesieM B D. Eciu npocrpancrso €(D, E;) conepKurcs
B H™i(D, E;), To roBopsr, uro nanubie Komm 7;(u) cevennst u € €(D, E;) or-
HOCHTEJIbHO oreparopa A; pasubl Hy/mo Ha 0D, ecm [ G a, (v, u) = 0 ays Beex

oD

v e C3°(X, B} ), tme Ga,(-,-) — omeparop I'puna nas A; (cum. [1]). Muoxe-
CTBO 3JieMeHTOB npocTpaHcTBa €(D, E;) ¢ Hynesbimu manubivu Komwn wa 9D
orHocuTenbHO {A;, E;} obosnaunm uepes F(E(D, E;), 7). Daementsr dhakTop-
= % €CTECTBEHHO TPAKTOBATH KAK JTAH-
uble Komn 7; va I’ gyt A; wag npocrpancreom €(D, F;) (cp. [1]). Anamornd-
Hble 0003HAYeHWs W MOHATHS BBENEM U i Komiekca {A¥, E;), dbopmanbHO
conpsizkeHHoro Komruiekcy {A;, E;}. Ilpu stom manubie Komm Ti(i)l (u) ceuenus
u € €(D, E;) orHocurensHo oneparopa Af | 6ymeM obo3nauars tepe3 v;(u). Co-
crapsronye 7(u) u (%) 9aCcTO HA3BIBAIOT KACATEIbHON U HOPMAJIbHON 4aCThIO
ceqerns u € €(D, E;). Obo3uadum gepe3s A; aanaacuar Komiiekca {A;, E;},
e A, =AFA + A1 A, agepe3 S"(A;, D) MHOXKeCTBO CJIabbIX PEIIeHui
oneparopa A; B obsactu D, npunayexaiux npocrpancrsy H™ (D, E;).

Teopema. [Tycms nopadku onepamopos A; u A;_1 cosnadarom u pasHv, m.
Ecau onepamop A; ydosaemeopaem ycaosuro eQUHCMEEHHOCTIUY 6 MAAOM 6 HEKO-

mopot oxpecmuocmu D, mo

npocrpaucrsa C(E(D, E;), T)

H™(D, Ei) = Hg'(D, Ei) @ §(5™ (A, D), 7) © §(5™(Ai, D), v),

a COOMBEMCMBYOULUE «NPOEKMOPVL> HENPEPDLEHDL.

L®axynprer MaTeMaTuKu U HHbOpMaTHKE, KpacHogpcKuit rocyapcTBeHHbIH YHHBEPCHTET,
np. Ceobonusrit, 79, Kpacuosipck 660041, Poccusi.
E-mail: shlapuno@Ilan.krasu.ru
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JIoKa3aTe/IbCTBO IIPOBOIUTCA ¢ HCIOIL30BAHHEM IIOTEHIMAIOB JBOMHOIO U
POCTOrO CJIOEB U OCHOBAHO Ha uzesx u3 [1,§ 13].

Crucok aurepartypsbl

[1] Tapxamos H. H. Meron napamerpukca B reopun auddepeHnuanbHbX
komtiekcoB. HoBocubupck: Hayka, 1990.
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Counting Subgroups of Crystallographic Groups
Michael N. Shmatkov !

Sobolev Institute of Mathematics

Considering crystallographic group G defined by its representation

T g
<aj,bj,xi | J?:m = 1, Hl‘i H[aj,bj] = 1>,
=1 j=1

for orientable case, where g, r, m1, ..., m, are integers with g, > 0, m; > 0,
i runs over 1,...,r, j runs over 1,...,g, [a,b] stands for aba=1b~1, and

r g
mi 2 _
<aj,xi | ] =1, HxiHaj = 1>,
=1 j=1

for non-orientable case, where g, r, my, ..., m, are integers with g > 1, r > 0,
m; > 0,trunsover 1,...,7, jruns over 1,..., g, we establish a method to count
the number on subgroups of an arbitrary index n for the group G.

To establish main formulas we use well known interconnection between the
number of subgroups of index n of a finitely generated group and the num-
ber of its transitive permutational representations of degree n, some results of
A. Mednykh on enumeration of ramified coverings of Riemannian surfaces [1],
several combinatorial techniques, and some results of G. Jones on solutions of
some equations in finite groups [2].

Remark, that there is a well known correspondence between the number of
subgroups of index n in the fundamental group of a manifold (orbifold) and the
problem of counting n-sheeted coverings over the manifold (orbifold), initially
stated by A. Hurwitz for branched coverings over Riemannian surfaces [3]. With
a help of the general technique of A. Mednykh [4] for enumeration conjugacy
classes of a finitely generated group our method can be used to count the number
of coverings with given multiplicity over 2-dimensional orbifolds.
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ISobolev Institute of Mathematics, pr. Acad. Koptyug, 4, Novosibirsk 630090, Russia.
E-mail: smn@math.nsc.ru

267



[2] Jones G. A. Counting subgroups of non-euclidean crystallographic
groups // Math. Scand. 1999. V. 84. P. 23-39.

[3] Hurwitz A. Uber Riemann’sche Eliichen mit gegeben Verzweigungspunk-
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Quasieuclidean Models of
the Fomenko—Matveev—Weeks Manifold

Ruslan N. Shmatkov?

Sobolev Institute of Mathematics

In this paper two non-isomorphic Quasieuclidean models of the three-dimen-
sional closed orientable hyperbolic manifold M; are constructed. The mani-
fold M; was early constructed independently by S.V. Matveev, A.T. Fomenko [1]
and J. Weeks [2]. The volume of this manifold is the least (known) of hyperbolic
manifolds volumes.

A three-dimensional hyperbolic manifold is a factor space M = H?/T, where
I' is a discrete isometry group acting without fixed points of the three-dimen-
sional Lobachevskij space H?. The volume of the manifold M is defined by the
natural way with a help of the volume in H?. We consider below only three-
dimensional orientable hyperbolic manifolds with finite volumes.

Properties of hyperbolic manifolds are strongly different with properties of
Euclidean and spherical manifolds.

The structure of the volume set for three-dimensional hyperbolic manifolds
was described by W. Thurston and T. Jorgensen. According to Thurston—
Jorgensen’s Theorem [3], volumes of three-dimensional hyperbolic manifolds
form the well-ordered non-discrete subset with the order type w® on the re-
al line. In particular, there is a closed manifold with the least volume.

In [2] J. Weeks calculated the volumes of hyperbolic manifolds, obtained
by Dehn surgery on hyperbolic knots and links with a small order. It was per-
formed with a help of his effective computer program SnapPea. In particular,
during this calculation was found a closed hyperbolic manifold M; with the
least volume (0.94...).

At the same time S. V. Matveev and A. T. Fomenko constructed by another
way a hyperbolic manifold, whose volume was equal numerically to the volume
of Weeks manifold [1]. Since that time the manifold M is called as Fomenko—
Matveev—Weeks manifold.

The isometry group of the manifold M; was calculated by E. Molnar [4],
and the orbifolds connected with the isometry group were completely described
in the paper [5].

ISobolev Institute of Mathematics, pr. Acad. Koptyug, 4, Novosibirsk 630090, Russia.
E-mail: ruslan@math.nsc.ru
This report is supported by RFBR (grant 03-01-00104a).
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In particular, it was established in [5] that the manifold M; can be obtained
as a two-fold covering of the three-sphere branched over the knot 949, and as
the regular three-fold covering of the three-sphere branched over the two-bridge
knot 52.

In this paper Quasieuclidean models of the manifold M; are constructed.
The models arise as regular three-fold coverings over the two-bridge knot 59
with an isthmus (i.e. over knotted theta-graph).

Such a construction can be performed by two different ways giving two non-
isomorphic Quasieuclidean structures on the manifold Mj.

The main result of this paper is the following theorem.

Theorem. There are two non-isomorphic Quasieuclidean models of the Fo-
menko—Matveev—Weeks manifold M.
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Can You See the Fundamental
Frequency of a Drum?

Mikhail Shubin !

Northeastern University

I will explain a joint result by V. Maz’ya and myself, which is based on
the ideas of our paper [2]. An earlier result by V. Maz’ya and M. Otelbaev is
described in [1]. Necessary definitions and results about the Wiener capacity
can be found in [1, 3].

Let us consider an open set 2 C R™ and denote the bottom of the spectrum
of its minus Dirichlet Laplacian (—A)pi. by A(2). (We understand the minus
Dirichlet Laplacian as the self-adjoint operator which is the Friedrichs extension
of the operator —A defined on C§°(€2).) In case when Q is a bounded domain
with a sufficiently regular boundary, A\(Q2) is the lowest eigenvalue of —A with
the Dirichlet boundary condition on 0€2. In the general case we can write

JIVul?dx

AQ)= inf —Y—o-r—.
(@) uegéO(Q) [ |u|? da
)

It follows that ' C Q implies A(Q) < A(©')). In particular, if B, is an open ball
of radius 7, such that B, C Q, then \(2) < A\(B,.) = C,r~2 where C,, = \(By).
It follows that for the interior radius of €2, which is defined as

ro = sup{r| 3B, C Q},

we have

M) < Cprg®.

But this estimate is not good for unbounded domains or domains with compli-
cated boundaries. In particular, a similar estimate from below does not hold in
general.

The way to improve this estimate is to relax the requirement for B, to be
completely inside 2 by allowing some part of B,., which has a “small” Wiener

IDepartment of Mathematics, Northeastern University, 360 Huntington Ave., Boston, MA
02115, USA.
E-mail: shubin@neu.edu
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capacity, to stick out of (2. Namely, let us take an arbitrary v € (0,1) and call
a compact set F' C B, negligible (or, more precisely, y-negligible) if

cap(F) < «ycap(By).

(Here cap(F) denotes the Wiener capacity of F, B, is the closure of B;.)
Now denote

ra, = inf{r|3B,, B, \Qisy— negligible}.

This is the interior capacitary radius.

Theorem 1. Let us fiz v € (0,1). Then there exist ¢ = c¢(y,n) > 0 and
C =C(y,n) > 0, such that for every open set ! C R™

org? S AQ) < Crg?.

Let us formulate some interesting corollaries of this theorem.
Corollary 1. A(Q2) > 0 if and only if rq ., < co.

This corollary gives a necessary and sufficient condition of strict positivity
of the operator (—A)pi; in .
Since the condition A(2) > 0 does not contain v, we immediately obtain

Corollary 2. Conditions rq . < 0o, taken for different v’s, are equivalent.

Denoting F' = R™ \ © (which can be an arbitrary closed subset in R™), we
obtain from the previous corollary (comparing v = 0.01 and v = 0.99):

Corollary 3. Let F' be a closed subset in R™, which has the following prop-
erty: there exists r > 0 such that
cap(B, \ Q) = 0.01 cap(B,)
for all B,.. Then there exists r1 > 0 such that
cap(By, \ Q) > 0.99 cap(B,,)

for all B, .

This is a new property of capacity which is proved by spectral theory argu-
ments.

Once upon a time Marc Kac formulated a fundamental and fascinating ques-
tion: “Can you hear the shape of a drum?” The precise meaning of this
question is as follows: is it possible to reconstruct the drum (a bounded domain
in R?) up to an isometry by the spectrum of its Dirichlet Laplacian?

272



Theorem 1 suggest formulation of a question, which is roughly inverse to
the question of Marc Kac: “Can you see the fundamental frequency of a
drum?” More precisely, can you find a simple visual image related to a domain
in R? (or R™), such that it allows to recover the lowest eigenvalue of the Dirichlet
Laplacian in this domain? Assuming that our eye can filter out the sets of small
capacity, a partial answer to this question is given by Theorem 1.
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