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Óðàâíåíèÿ â ãðóïïàõ

Ïóñòü Lgr = {·(2),−1 , 1} ñòàíäàðòíûé ãðóïïîâîé ÿçûê.

G � íåêîòîðàÿ ãðóïïà.

Ìû áóäåì ðàññìàòðèâàòü óðàâíåíèÿ â ÿçûêå ñ êîíñòàíòàìè,
L = Lgr ∪ {G}, òàê íàçûâàåìûå äèîôàíòîâû óðàâíåíèÿ.

Ïóñòü x = {x1, . . . , xn} � êîíå÷íîå ìíîæåñòâî ïåðåìåííûõ, t(x) ýòî
òåðì ÿçûêà L îò ïåðåìåííûõ x.

Ïðèìåðû òåðìîâ: xy−2g, [x, a], x1 . . . xn.
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Óðàâíåíèÿ â ãðóïïàõ

Ôîðìóëà âèäà t(x) = 1 íàçûâàåòñÿ óðàâíåíèåì â ÿçûêå L îò
ïåðåìåííûõ x. Ëþáîå ìíîæåñòâî óðàâíåíèé ÿçûêà L îò íåèçâåñòíûõ
x íàçûâàåòñÿ ñèñòåìîé óðàâíåíèé.

Ïðèìåðû. [x, y] = 1, xn = 1, [x, g] = 1.

Òî÷êà a ∈ Gn ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ t(x) = 1, åñëè t(a) = 1
èñòèííî â ãðóïïå G. Ðåøåíèå ñèñòåìû óðàâíåíèé ÿâëÿåòñÿ ðåøåíèåì
êàæäîãî óðàâíåíèÿ ýòîé ñèñòåìû.

Äâå ñèñòåìû óðàâíåíèé S1(x) è S2(x) ÿçûêà L íàçûâàþòñÿ
ýêâèâàëåíòíûìè íàä G åñëè èõ ìíîæåñòâà ðåøåíèé ñîâïàäàþò.
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Íåòåðîâîñòü ïî óðàâíåíèÿì

Îïðåäåëåíèå. Àëãåáðàè÷åñêàÿ ñèñòåìà A íàçûâàåòñÿ íåòåðîâîé ïî
óðàâíåíèÿì, åñëè äëÿ ëþáîãî íàòóðàëüíîãî n ëþáàÿ ñèñòåìà
óðàâíåíèé S(x) îò n íåèçâåñòíûõ x ýêâèâàëåíòíà ñâîåé êîíå÷íîé
ïîäñèñòåìå S0(x) ⊂ S(x).

Ý.Þ. Äàíèÿðîâà, À.Ã. Ìÿñíèêîâ, Â.Í. Ðåìåñëåííèêîâ
Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ íàä àëãåáðàè÷åñêèìè ñèñòåìàìè,
Èçä-âî ÑÎ ÐÀÍ, Íîâîñèáèðñê, 2016.
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Ïðèìåðû

Íåòåðîâû ïî óðàâíåíèÿì ãðóïïû:

Àáåëåâû ãðóïïû;
Êîíå÷íûå ãðóïïû;
Ëèíåéíûå ãðóïïû (ñâîáîäíûå ãðóïïû, êîíå÷íîïîðîæäåííûå
íèëüïîòåíòíûå è ìåòàáåëåâû ãðóïïû);
Æåñòêèå ãðóïïû, ñâîáîäíûå ðàçðåøèìûå ãðóïïû;
Ãèïåðáîëè÷åñêèå ãðóïïû áåç êðó÷åíèÿ;

Ýêâàöèîíàëüíî íåíåòåðîâû àëãåáðàè÷åñêèå ñèñòåìû:

AwrB, A � íåàáåëåâà, B � áåñêîíå÷íà. G. Baumslag,
A.Miasnikov, V.Roman'kov Two theorems about equationally
noetherian groups, JoA, 1997
Gω, G � íåàáåëåâà ãðóïïà. M. Shahryari, A.Shevlyakov Direct
products, varieties, and compactness conditions, GCC, 2017;
Íåêîòîðûå áåñêîíå÷íî ïîðîæäåííûå íèëüïîòåíòíûå ãðóïïû,
êîíå÷íîïîðîæäåííûå öåíòðàëüíî-ìåòàáåëåâû ãðóïïû. Ch. K.
Gupta, N. S. Romanovskii, �The property of being equationally
Noetherian for some soluble groups�, Algebra and Logic, 46:1
(2007), 28�36
Íåêîòîðûå ìîíîèäû, ïîëóãðóïïû.
Íåêîòîðûå áåñêîíå÷íûå ãðàôû, ïîðÿäêè, ãèïåðãðàôû.
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Ëåììà Êîòîâà

Êîòîâ Ì.Â. Î ñâîéñòâå íåòåðîâîñòè ïî óðàâíåíèÿì, Âåñòíèê
Îìñêîãî Óíèâåðñèòåòà, 2013, 2, 24-28.

Ëåììà. Àëãåáðàè÷åñêàÿ ñèñòåìà A = 〈A,L〉 íå ÿâëÿåòñÿ
ýêâàöèîíàëüíî íåòåðîâîé òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò
ïîñëåäîâàòåëüíîñòü (ai)i∈N, ai ∈ An è ïîñëåäîâàòåëüíîñòü
óðàâíåíèé (si(x))i∈N ÿçûêà L, òàêèå ÷òî A 6|= si(ai) äëÿ ëþáîãî i, è
A |= sj(ai) äëÿ ëþáûõ j < i.

s1 a1

s2 a2

s3 a3

s4 a4

. . .
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Ïðèìåðû. Ïðîñòûå ãðàôû. Áåñêîíå÷íàÿ êëèêà.

Ïóñòü L = {E(x, y)}, !E(x, x).

Ïóñòü Γ = {a1, a2 . . . , } � áåñêîíå÷íàÿ êëèêà.



E(x, a1) a1
E(x, a2) a2

...
...

E(x, ai) ai
...

...

Ïî ëåììå Êîòîâà, áåñêîíå÷íàÿ êëèêà íå ÿâëÿåòñÿ ýêâàöèîíàëüíî
íåòåðîâîé. Íî îíà ñòàíåò íåòåðîâîé åñëè ìû îòìåíèì ïðàâèëî
!E(x, x).
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Áåñêîíå÷íîå ïðÿìîå ïðîèçâåäåíèå íåàáåëåâûõ ãðóïï

Ïîëîæèì G =
∏∞

i Gi è ai = (1, . . . , 1, a′i, 1, . . .) ∈ G, ãäå a′i ∈ Gi è a′i
íåöåíòðàëüíûé ýëåìåíò â Gi è b′i ∈ Gi, [a′i, b

′
i] 6= 1. Òîãäà G íå

ÿâëÿåòñÿ ýêâàöèîíàëüíî íåòåðîâîé.



[x, b1] = 1 a1
[x, b2] = 1 a2
...

...
[x, bi] = 1 ai
...

...
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Ñóùåñòâóåò îñëàáëåííàÿ âåðñèÿ ñâîéñòâà íåòåðîâîñòè ïî
óðàâíåíèÿì:

Îïðåäåëåíèå. Ïóñòü n íàòóðàëüíîå ÷èñëî. Áóäåì ãîâîðèòü, ÷òî
àëãåáðàè÷åñêàÿ ñèñòåìà A n-íåòåðîâà ïî óðàâíåíèÿì åñëè ëþáàÿ
ñèñòåìà óðàâíåíèé îò n íåèçâåñòíûõ ýêâèâàëåíòíà ñâîåé êîíå÷íîé
ïîäñèñòåìå.

G. Baumslag, A. Miasnikov, V. Remeslennikov, Algebraic geometry over
groups I. Algebraic sets and ideal theory. Journal of Algebra, 219 (1999)
16-79.

Problem. Let a group G = 〈G,LG〉 is 1-equationally noetherian. Does it
follow that G is equationally noetherian?
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Ì.Â. Êîòîâ äîêàçàë, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî n ñóùåñòâóåò
àëãåáðàè÷åñêàÿ ñèñòåìà êîòîðàÿ n-ýêâàöèîíàëüíî íåòåðîâà, íî íå
ÿâëÿåòñÿ íåòåðîâîé â îáùåì.

Íåñëîæíî ïîêàçàòü, ÷òî äëÿ áèíàðíûõ ïðåäèêàòíûõ àëãåáðàè÷åñêèõ
ñèñòåì (ãðàôû, ïîðÿäêè è ò.ï.) ñâîéñòâà 1-íåòåðîâîñòè è
íåòåðîâîñòè ïî óðàâíåíèÿì ýêâèâàëåíòíû.

Ïîëó÷åíî îïèñàíèå âñåõ íåòåðîâûõ ïðîñòûõ ãðàôîâ (ñîâìåñòíî ñ È.
Áó÷èíñêèì).
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Öåïî÷êè öåíòðàëèçàòîðîâ

Ïóñòü g ∈ G, òîãäà ìíîæåñòâî: C(g) = {h ∈ G|[g, h] = 1} íàçîâåì
öåíòðàëèçàòîðîì ýëåìåíòà g â ãðóïïå G.

Ïóñòü M ⊂ G, òîãäà C(M) =
⋂

g∈M C(g).

Ïóñòü â ãðóïïå G ñóùåñòâóåò áåñêîíå÷íàÿ ñòðîãî óáûâàþùàÿ
öåïî÷êà öåíòðàëèçàòîðîâ: G > C(M1) > C(M2) > . . . > C(Mi) > . . ..

Òîãäà ñóùåñòâóþò ýëåìåíòû m1 ∈M1, . . .mi ∈Mi, . . . è
a0 ∈ G, a1 ∈ C(M1), . . . , ai ∈ C(Mi), . . .



[x,m1] = 1 a0
[x,m2] = 1 a1

...
...

[x,mi] = 1 ai−1
...

...
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Îò öåïî÷êè öåíòðàëèçàòîðîâ ê óðàâíåíèÿì

Òåîðåìà 1. Åñëè â ãðóïïå G ñóùåñòâóåò ñòðîãî óáûâàþùàÿ
áåñêîíå÷íàÿ öåïî÷êà öåíòðàëèçàòîðîâ, òîãäà G íå ÿâëÿåòñÿ
íåòåðîâîé ïî óðàâíåíèÿì îò îäíîé ïåðåìåííîé.

Ìîæåì ëè ìû îáðàòèòü òåîðåìó 1? Â îáùåì ñëó÷àå íå ìîæåì.
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Ñëó÷àé äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï.

Òåîðåìà 2. Ïóñòü G äâóñòóïåííî íèëüïîòåíòíàÿ ãðóïïà áåç
êðó÷åíèÿ íå ÿâëÿþùàÿñÿ íåòåðîâîé ïî óðàâíåíèÿì îò îäíîé
ïåðåìåííîé. Òîãäà ñóùåñòâóåò ñòðîãî óáûâàþùàÿ öåïî÷êà
öåíòðàëèçàòîðîâ â G ñêîëü óãîäíî áîëüøîé äëèíû.

yn a [y,m] c = 1



[y,m1]c1 = 1 a1
[y,m2]c2 = 1 a2

...
...

[y,mi]ci = 1 ai
...

...
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
[y,m1]c1 = 1 a1

...
...

[y,mn]cn = 1 an

Ïóñòü y′ � ðåøåíèå. Ïîëîæèì y = x y′


[x,m1] = 1 a1

...
...

[x,mn] = 1 an

C(m1) > C(m1,m2) > . . . > C(m1, . . . ,mn)
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Ðåøåíèå ïðîáëåìû 1. Áåñêîíå÷íî ïîðîæäåííûé ñëó÷àé.

G = 〈a1, . . . , b1, . . . , c1, . . . , d1, . . . |R = {[ai, bj ] = [di, cj ], i > j}〉N(2,Z)

a1 b1 c1 d1

a2 b2 c2 d2

a3 b3 c3 d3

a4 b4 c4 d4

. . .
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Ñèñòåìà óðàâíåíèé íàä G

Ãðóïïà G íå ÿâëÿåòñÿ íåòåðîâîé, òàê êàê ñóùåñòâóåò ñèñòåìà
óðàâíåíèé S è ïîñëåäîâàòåëüíîñòü (ai, bi) ∈ G2, òàêèå, ÷òî ëåììà
Êîòîâà âûïîëíåíà äëÿ S è (ai, bi):

[x, b1][y, c1] = 1 (a1, d1)
[x, b2][y, c2] = 1 (a2, d2)

...
...

[x, bi][y, ci] = 1 (ai, di)
...

...
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Óðàâíåíèÿ îò îäíîé ïåðåìåííîé.

Ïî òåîðåìå 2, åñëè ãðóïïà G íå ÿâëÿåòñÿ 1-íåòåðîâîé ïî óðàâíåíèÿì,
òî öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü ãðóïïû G íå êîíå÷íà.

Íî ìîæíî ïîêàçàòü, ÷òî Cdim(G) = 2.
C(x) = 〈x〉 ·G′ åñëè x /∈ Z(G).
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Êîíå÷íîïîðîæäåííûé ñëó÷àé

Ch. K. Gupta, N. S. Romanovskii, �The property of being
equationally Noetherian for some soluble groups�, Algebra and
Logic, 46:1 (2007), 28�36

Ïóñòü D = F2/[F ′′2 , F2].

Ãðóïïà D íàçûâàåòñÿ öåíòðàëüíî-ìåòàáåëåâîé. Ãðóïïà D êîíå÷íî
ïîðîæäåíà. Ïóñòü N äâóñòóïåííî íèëüïîòåíòíàÿ ãðóïïà
áåñêîíå÷íîãî ðàíãà. Êîììóòàíò ãðóïïû D èçîìîðôåí ãðóïïå N .
Òîãäà D/R ñîäåðæèò G êàê ïîäãðóïïó.

Theorem

Ñóùåñòâóåò êîíå÷íîïîðîæäåííàÿ ãðóïïà êîòîðàÿ ÿâëÿåòñÿ íåòåðîâîé
ïî óðàâíåíèÿì îò îäíîé ïåðåìåííîé, íî íå ÿâëÿåòñÿ íåòåðîâîé ïî
óðàâíåíèÿì.
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