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Äèíàìèêà ïîëèìåðíîé öåïî÷êè â æèäêîñòè

Èäåàëüíûå öåïè
   

Èäåàëüíàÿ öåïü � ýòî íàáîð îòðåçêîâ ai,
i = 1, . . . ,N, îäèíàêîâîé äëèíû a, ñîåäèí¼ííûõ
øàðíèðàìè. Ïóñòü R = ∑

N
i=1 ai.

Ðàñïðåäåëåíèå ïëîòíîñòè âåðîÿòíîñòè âåëè÷èíû R äëÿ N ≫ 1 áëèçêî ê
ãàóññîâó:

PN(R) =
(
2πNa2/3

)−3/2 exp
(
−3R2/(2Na2)

)
.

À.Þ. Ãðîñáåðã, À. Ð. Õîõëîâ. Ñòàòèñòè÷åñêàÿ ôèçèêà ìàêðîìîëåêóë.
¾Íàóêà¿, 1989.



Ïóñòü p(x, t) � ðåøåíèå çàäà÷è:

∂p
∂ t

− a2

6
∆p = 0, p(x,0) = δ (x),

δ (x) � ôóíêöèÿ Äèðàêà, ñîñðåäîòî÷åííàÿ â íóëå.
Íåòðóäíî çàìåòèòü, ÷òî

PN(R) = p(R,N).

Òî åñòü ðàñïðåäåëåíèå ïëîòíîñòè
âåðîÿòíîñòè ñ áîëüøîé òî÷íîñòüþ
ñîâïàäàåò ñ ôóíäàìåíòàëüíûì
ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíîñòè,
â êîòîðîì ðîëü âðåìåíè èãðàåò
ïàðàìåòð äëèíû äóãè âäîëü öåïî÷êè
(íîìåð çâåíà â öåïî÷êå).
Äëÿ ñëó÷àÿ a = 0,4 ôóíêöèÿ p(x,100)
(ò.å., N = 100) èçîáðàæåíà íà ðèñóíêå.



Ó÷¼ò âíåøíèõ ñèë
Åñëè íà öåïî÷êó äåéñòâóåò âíåøíÿÿ ñèëà ñ ïîòåíöèàëîì ϕ, òî äëÿ
îïðåäåëåíèÿ ðàñïðåäåëåíèÿ ïëîòíîñòè âåðîÿòíîñòè ìû äîëæíû ðåøèòü
çàäà÷ó:

∂q
∂ t

− a2

6
∆q+ϕ q = 0, q(x,0) = δ (x), p =

q∫
qdx

Íàïðèìåð, åñëè äâèæåíèå öåïî÷êè îãðàíè÷åíî òåëîì B, òî

ϕ(x) =

{
0, x ̸∈ B,
+∞, x ∈ B.

Íà ðèñóíêå èçîáðàæåíû ðàñ÷¼òû äëÿ
ñëó÷àÿ, êîãäà B � øàð ðàäèóñà 3.
Çàìåòèì, ÷òî ìàêñèìóì ôóíêöèè p
ñìåñòèëñÿ âïðàâî îò òî÷êè (3,0,0), ãäå
çàêðåïëåíî íà÷àëî öåïî÷êè.



Ðåàëüíûå öåïè
Âîîáùå ãîâîðÿ, çâåíüÿ öåïè èìåþò íåíóëåâîé îáú¼ì. Êðîìå òîãî, îíè
âçàèìîäåéñòâóþò äðóã ñ äðóãîì. Ïóñòü ρ(x) = ∑

N
k=1 Pk(x) � ïëîòíîñòü

ðàñïðåäåëåíèÿ çâåíüåâ â ïðîñòðàíñòâå. Pk(x) � ïëîòíîñòü âåðîÿòíîñòè
òîãî, ÷òî k-å çâåíî íàõîäèòñÿ â òî÷êå x. Ïðåäïîëîæèì, ÷òî êàæäîå çâåíî
ñîçäà¼ò âîêðóã ñåáÿ ýíåðãåòè÷åñêîå ïîëå. Íà êàæäîå çâåíî äåéñòâóþò âñå
äðóãèå çâåíüÿ ÷åðåç îêðóæàþùóþ æèäêîñòü (ïîòåíöèàë ñèëû
âçàèìîäåéñòâèÿ Φ(ρ)), à òàêæå âíåøíÿÿ ñèëà ñ ïîòåíöèàëîì ϕ(x). Òîãäà

∂q
∂ t

− a2

6
∆q+(Φ(ρ)+ϕ(x))q = 0,

ρ(x) =
∫ N

0
p(x, t)dt, p(x, t) =

q(x, t)∫
q(x, t)dx

.

Starovoitov V.N., Starovoitova B.N. Modeling the dynamics of polymer
chains in water solution. Application to sensor design. Journal of Physics:
Conference series, 2017, V. 894, P.n. 012088.
https://doi.org/10.1088/1742-6596/894/1/012088



Ìàòåìàòè÷åñêàÿ çàäà÷à

Ω ⊂ Rn, n ≥ 2, T > 0. Â ΩT = Ω × (0,T) òðåáóåòñÿ íàéòè ðåøåíèå çàäà÷è:

∂tq−∆q+ϕ

(∫ T

0
ρ(·, t)dt

)
q = 0,

ρ(x, t) =
q(x, t)∫

Ω
q(x, t)dx

,

q(x,0) = q0(x), q(x, t) = 0 ïðè x ∈ ∂Ω .

ϕ : R→ R � ïîòåíöèàë âçàèìîäåéñòâèÿ, âðåìÿ t ñîîòâåòñòâóåò äëèíå
äóãè âäîëü öåïî÷êè, ρ(x, t) � ïëîòíîñòü âåðîÿòíîñòè òîãî, ÷òî t-å çâåíî
öåïè íàõîäèòñÿ â òî÷êå x. Ïîñêîëüêó êàæäîå çâåíî âçàèìîäåéñòâóåò ñî
âñåìè äðóãèìè ÷åðåç îêðóæàþùóþ æèäêîñòü, óðàâíåíèå ñîäåðæèò ÷ëåí ñ
èíòåãðàëîì îò ρ ïî âñåé äëèíå öåïî÷êè, ò. å. îò 0 äî T, T � äëèíà
öåïî÷êè.



Ðàçðåøèìîñòü çàäà÷è

Â.Í. Ñòàðîâîéòîâ. Ðàçðåøèìîñòü êðàåâîé çàäà÷è î õàîòè÷íîé äèíàìèêå
ïîëèìåðíîé ìîëåêóëû â ñëó÷àå îãðàíè÷åííîãî ïîòåíöèàëà
âçàèìîäåéñòâèÿ// Ñèáèðñêèå ýëåêòðîííûå ìàòåìàòè÷åñêèå èçâåñòèÿ,
2021, Ò. 18, � 2, Ñ. 1714�1719.

Â. Í. Ñòàðîâîéòîâ. Ðàçðåøèìîñòü ðåãóëÿðèçîâàííîé êðàåâîé çàäà÷è î
õàîòè÷íîé äèíàìèêå ïîëèìåðíîé ìîëåêóëû// Ñèáèðñêèå ýëåêòðîííûå
ìàòåìàòè÷åñêèå èçâåñòèÿ, 2023, Ò. 20, � 2, Ñ. 1597�1604.

V. N. Starovoitov. Problem of chaotic dynamics of polymer chain with a
partly bounded interaction potential// Journal of Elliptic and Parabolic
Equations (submitted)



Ôîðìóëèðîâêà â âèäå îáðàòíîé çàäà÷è

Èçìåíåíèå èñêîìîé ôóíêöèè ñ q íà ρ. Òàê êàê ρ(x, t) = q(x,t)∫
Ω q(x,t)dx

∂tq =
∫

Ω

qdx∂tρ +ρ ∂t

∫
Ω

qdx.

=⇒ Óðàâíåíèå äëÿ ρ:

∂tρ −∆ρ +ϕ

(∫ T

0
ρ(·, t)dt

)
ρ +ρ ∂t log

∫
Ω

qdx = 0.

=⇒ Îáðàòíàÿ çàäà÷à AD äëÿ u = u(x, t), λ = λ (t):

∂tu−∆u+ϕ

(∫ T

0
u(x,s)ds

)
u−λ u = 0, (x, t) ∈ ΩT ,∫

Ω

u(x, t)dx = 1, t ∈ [0,T],

u(x,0) = u0(x), x ∈ Ω ,

u(x, t) = 0 ïðè x ∈ ∂Ω , t ∈ (0,T).



Âî ìíîãèõ ðàáîòàõ ïî îáðàòíûì çàäà÷àì ïðåäïîëàãàåòñÿ âûïîëíåííûìè
ìàññà óñëîâèé íà êîýôôèöèåíòû óðàâíåíèÿ, íà íà÷àëüíûå äàííûå è äð.,
÷òî äèêòóåòñÿ íåâîçìîæíîñòüþ ïðîâåñòè äîêàçàòåëüñòâî ðàçðåøèìîñòè
â áîëåå îáùåì ñëó÷àå. Íàïðèìåð, óñëîâèå ïåðåîïðåäåëåíèÿ çàïèñûâàþò
ñ âåñîâîé ôóíêöèåé ïîä èíòåãðàëîì, êîòîðàÿ îáðàùàåòñÿ â íóëü íà
ãðàíèöå ∂Ω . Òàêàÿ ïîñòàíîâêà î÷åíü ïîìîãàåò ïðè ðàññìîòðåíèè çàäà÷è
Äèðèõëå è âèçóàëüíî íå ñèëüíî îòëè÷àåòñÿ îò íàøåé. Îäíàêî íàøà
ïîñòàíîâêà çàäà÷è âîçíèêëà ïðè îïèñàíèè êîíêðåòíîãî ôèçè÷åñêîãî
ïðîöåññà, à èìåííî, õàîòè÷íîé äèíàìèêè ïîëèìåðíîé öåïî÷êè â
æèäêîñòè.



Íåêîòîðûå áëèçêèå ðàáîòû

A. I. Prilepko, D. G.Orlovsky, I. A. Vasin. Methods for Solving Inverse
Problems in Mathematical Physics, Marcel Dekker, New York, 2000.

J. R. Cannon, Y. Lin. Determination of a parameter p(t) in some quasi-linear
parabolic di�erential equations// Inverse Problems, 4:1 (1988), 35�45.

À. È.Êîæàíîâ. Ïàðàáîëè÷åñêèå óðàâíåíèÿ ñ íåèçâåñòíûìè
êîýôôèöèåíòàìè, çàâèñÿùèìè îò âðåìåíè// Æóðíàë âû÷èñëèòåëüíîé
ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè, 2017, Ò. 57, � 6, Ñ. 961�972.



Îáðàòíàÿ çàäà÷à AN

Îïðåäåëèòü u = u(x, t), λ = λ (t), òàêèå ÷òî

∂tu−∆u+ϕ

(∫ T

0
u(x,s)ds

)
u−λ u = 0, (x, t) ∈ ΩT ,∫

Ω

u(x, t)dx = 1, t ∈ [0,T],

u(x,0) = u0(x), x ∈ Ω ,

∂u
∂n

(x, t) = 0 ïðè x ∈ ∂Ω , t ∈ (0,T).

Ñòàíäàðòíûé ïîäõîä: ïðîèíòåãðèðîâàâ óðàâíåíèå äëÿ u ïî Ω , ñ ó÷¼òîì
êðàåâîãî óñëîâèÿ è óñëîâèÿ ïåðåîïðåäåëåíèÿ íå ñëîæíî ïîëó÷èòü, ÷òî

λ (t) =
∫

Ω

ϕ

(∫ T

0
u(x,s)ds

)
u(x, t)dx, t ∈ (0,T].



Ïîëó÷èì çàäà÷ó BN:

∂tu−∆u+ϕ

(∫ T

0
u(x,s)ds

)
u−λ u = 0, (x, t) ∈ ΩT ,

λ (t) =
∫

Ω

ϕ

(∫ T

0
u(x,s)ds

)
u(x, t)dx, t ∈ (0,T],

u(x,0) = u0(x), x ∈ Ω ,

∂u
∂n

(x, t) = 0 ïðè x ∈ ∂Ω , t ∈ (0,T).

Äëÿ çàäà÷è BD

λ (t) =
∫

Ω

(
−∆u(x, t)+ϕ

(∫ T

0
u(x,s)ds

)
u(x, t)

)
dx, t ∈ (0,T],

u(x, t) = 0 ïðè x ∈ ∂Ω , t ∈ (0,T).



Â.Í. Ñòàðîâîéòîâ, À. À. Òèòîâà, Ô. À. Àáäóêàðèìîâ

1-é øàã: èñïîëüçóÿ ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé (êíèãà
À.È.Ïðèëåïêî, Ä. Ã.Îðëîâñêîãî è È. À. Âàñèíà) äîêàçûâàåòñÿ
îäíîçíà÷íàÿ ðàçðåøèìîñòü ëèíåéíîé çàäà÷è

∂tu−∆u+ϕ

(∫ T

0
w(x,s)ds

)
u−λ w = 0, (x, t) ∈ ΩT ,

λ (t) =
∫

Ω

ϕ

(∫ T

0
w(x,s)ds

)
u(x, t)dx, t ∈ (0,T],

ñ çàäàííîé ôóíêöèåé w è ñ ïðåæíèìè êðàåâûìè è íà÷àëüíûìè
óñëîâèÿìè. Ïîòåíöèàë ϕ ñ÷èòàåòñÿ íåïðåðûâíûì è îãðàíè÷åííûì.

2-é øàã: òàêèì îáðàçîì, íà ïåðâîì øàãå ïîñòðîåíî îòîáðàæåíèå Φ ,
òàêîå ÷òî u = Φ(w). Äàëåå ïîêàçûâàåòñÿ, ÷òî ýòî îòîáðàæåíèå èìååò
íåïîäâèæíóþ òî÷êó (òåîðåìà Øàóäåðà).



Äðóãîé ïîäõîä: Â. Í. Ñòàðîâîéòîâ, À. À. Òèòîâà
Ïðîâåä¼ì äàëüíåéøåå ïðåîáðàçîâàíèå çàäà÷è. Çàìåòèì, ÷òî â
ïîñòàíîâêå çàäà÷è BN íå òðåáóåòñÿ âûïîëíåíèÿ óñëîâèÿ
ïåðåîïðåäåëåíèÿ. Ââåä¼ì îáîçíà÷åíèå:

µ(t) = e−
∫ t

0 λ (s)ds, v(x, t) = u(x, t)e−
∫ t

0 λ (s)ds = µ(t)u(x, t).

Ìîæíî ïîêàçàòü, ÷òî

µ(t) =
∫

Ω

v(x, t)dx−
∫

Ω

u0(x)dx+1.

Â äàëüíåéøåì ìû âñåãäà áóäåì ïðåäïîëàãàòü, ÷òî
∫

Ω
u0(x)dx = 1,

ïîýòîìó

µ(t) =
∫

Ω

v(x, t)dx.



Òàêèì îáðàçîì, ïðèõîäèì ê çàäà÷å CN äëÿ ôóíêöèé v è µ:

∂tv−∆v+ϕ

(∫ T

0

v(·, t)
µ(t)

dt
)

v = 0,

µ(t) =
∫

Ω

v(x, t)dx,

v(x,0) = v0(x), x ∈ Ω , µ(0) = 1,
∂v
∂n

(x, t) = 0, x ∈ ∂Ω , t ∈ [0,T],

Àíàëîãè÷íî ïîëó÷àåòñÿ çàäà÷à CD. Â íåé âìåñòî óñëîâèÿ Íåéìàíà ñòîèò
óñëîâèå Äèðèõëå:

v(x, t) = 0, x ∈ ∂Ω , t ∈ [0,T].



Ðàçðåøèìîñòü çàäà÷è CN

Òåîðåìà

Ïðåäïîëîæèì, ÷òî T ∈ (0,∞), v0 ∈ L2(Ω),
∫

Ω
v0 dx > 0, v0 ≥ 0 è

ϕ : R+ → R+ � íåïðåðûâíàÿ ôóíêöèÿ, òàêàÿ ÷òî 0 ≤ ϕ(ξ )≤ K äëÿ âñåõ

ξ ∈ R+ è íåêîòîðîãî K > 0. Òîãäà ñóùåñòâóåò îáîáù¼ííîå ðåøåíèå

v ∈ L∞(0,T;L2(Ω))∩L2(0,T;H1(Ω)) çàäà÷è CN, òàêîå ÷òî v ≥ 0,
∂tv ∈ L2(0,T;H−1(Ω)), v ∈ C(0,T;L2(Ω)),

1
2
∥v(·, t)∥2 +

∫ t

0
∥∇v(·,s)∥2 ds+

∫ t

0

∫
Ω

ϕ(ζ (x))v2(x,s)dxds ≤ 1
2
∥v0∥2 (1)

è ∫
Ω

v(x, t)dx ≥ C∗ > 0

äëÿ âñåõ t ∈ [0,T], ãäå

ζ (x) =
∫ T

0

v(x, t)∫
Ω

v(x, t)dx
dt è C∗ = e−KT

∫
Ω

v0(x)dx.



Ðàçðåøèìîñòü çàäà÷è AN

Òåîðåìà

Ïðåäïîëîæèì, ÷òî T ∈ (0,∞), u0 ∈ L2(Ω),
∫

Ω
u0 dx = 1, u0 ≥ 0 è

ϕ : R+ → R+ � íåïðåðûâíàÿ ôóíêöèÿ, òàêàÿ ÷òî 0 ≤ ϕ(ξ )≤ K äëÿ âñåõ

ξ ∈ R+ è íåêîòîðîãî K > 0. Òîãäà ñóùåñòâóåò îáîáù¼ííîå ðåøåíèå (u,λ )
çàäà÷è AN, òàêîå ÷òî

1 u ≥ 0, u ∈ L∞(0,T;L2(Ω))∩L2(0,T;H1(Ω)), u ∈ C(0,T;L2(Ω)),

1
2
∥u(·, t)∥2 +

∫ t

0
∥∇u(·,s)∥2 ds

+
∫ t

0

∫
Ω

ϕ(ζ (x))u2(x,s)dxds ≤ e2KT

2
∥u0∥2 (2)

äëÿ âñåõ t ∈ [0,T], ãäå ζ (x) =
∫ T

0 u(x, t)dt.
2 λ ∈ L1(0,T), λ ≥ 0 è ∫ T

0
λ (t)dt ≤ KT. (3)



Íåêîòîðûå ìîìåíòû äîêàçàòåëüñòâà

Íåîáõîäèìî íàéòè u è λ . Ïîëîæèì

u(x, t) =
v(x, t)
µ(t)

, µ(t) =
∫

Ω

v(x, t)dx, λ (t) =−µ ′(t)
µ(t)

,

ãäå v � îáîáù¼ííîå ðåøåíèå çàäà÷è CN ñ v0 = u0.
Çàìåòèì, ÷òî µ ∈ C[0,T] è µ(t)≥ C∗ > 0 äëÿ âñåõ t ∈ [0,T]. Ïîýòîìó
u ∈ C(0,T;L2(Ω)). Êðîìå òîãî,

∫
Ω

u(x, t)dx = 1 äëÿ âñåõ t ∈ [0,T] è u ≥ 0 â
ΩT . Äëÿ îïðåäåëåíèÿ ôóíêöèè λ ∈ L1(0,T) íàì òðåáóåòñÿ, ÷òîáû
µ ′ ∈ L1(0,T).∫

ΩT

t |∂tv(x, t)|2 dxdt ≤ 1
4
∥v0∥2 ⇒

∫ T

0
t |µ ′(t)|2 dt ≤ |Ω |

4
∥v0∥2

⇒
∫ T

0
tλ 2(t)dt ≤ C,

ãäå ïîñòîÿííàÿ C çàâèñèò îò C∗, |Ω | è ∥u0∥.



Ñïàñèáî çà âíèìàíèå!


