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Ïîñòàíîâêà çàäà÷è

Ââåäåì îáîçíà÷åíèÿ:

Γ � ðåøåòêà â Rd.

Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ.

Γ̃ � äâîéñòâåííàÿ ðåøåòêà.

Ω̃ � öåíòðàëüíàÿ çîíà Áðèëëþåíà ðåøåòêè Γ̃.

Ïðèìåð: Γ = Zd, Ω = [0, 1)d , Γ̃ = (2πZ)d, Ω̃ = (−π, π)d.

Ïóñòü ε > 0 � ìàëûé ïàðàìåòð. Îáîçíà÷èì

f ε(x) := f
(x
ε

)
.
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Ïîñòàíîâêà çàäà÷è

Îñíîâíîé îáúåêò

Â ïðîñòðàíñòâå L2(Rd;Cn) ðàññìîòðèì îïåðàòîð

Aε = b(D)∗gε(x)b(D), D := −i∇.

Çäåñü g(x) � Γ-ïåðèîäè÷åñêàÿ (m×m)-ìàòðèöà-ôóíêöèÿ,

c′1m 6 g(x) 6 c′′1m, 0 < c′ 6 c′′ <∞;

b(D) =
∑d

j=1 bjDj � ìàòðè÷íûé ðàçìåðà m× n
äèôôåðåíöèàëüíûé îïåðàòîð ïåðâîãî ïîðÿäêà.

Ïðåäïîëàãàåòñÿ, ÷òî m > n è ñèìâîë b(ξ) =
∑d

j=1 bjξj èìååò
ìàêñèìàëüíûé ðàíã:

rank b(ξ) = n, 0 6= ξ ∈ Rd.
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Ïîñòàíîâêà çàäà÷è

Òî÷íîå îïðåäåëåíèå îïåðàòîðà Aε äàåòñÿ â òåðìèíàõ
êâàäðàòè÷íîé ôîðìû

aε[u,u] =

∫
Rd

〈gε(x)b(D)u, b(D)u〉 dx, u ∈ H1(Rd;Cn).

Ïðè íàøèõ ïðåäïîëîæåíèÿõ âûïîëíåíû íåðàâåíñòâà

c0

∫
Rd

|Du|2 dx 6 aε[u,u] 6 c1

∫
Rd

|Du|2 dx, u ∈ H1(Rd;Cn).

Ïðèìåð:

Aε = −div gε(x)∇ = D∗gε(x)D.

Â ýòîì ñëó÷àå n = 1, m = d è b(D) = D.
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Ïîñòàíîâêà çàäà÷è

Öåëü èññëåäîâàíèÿ

Íàøà öåëü � èçó÷èòü ïîâåäåíèå îïåðàòîð-ôóíêöèé

cos(τA1/2
ε ), A−1/2

ε sin(τA1/2
ε ), τ ∈ R,

ïðè ìàëîì ε.

Ðåçóëüòàòû ìîæíî ïðèìåíèòü ê çàäà÷å Êîøè

äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ:

∂2
τuε(x, τ) = −(Aεuε)(x, τ), x ∈ Rd, τ ∈ R;

uε(x, 0) = φ(x), (∂τuε)(x, 0) = ψ(x).

Ðåøåíèå ïðåäñòàâèìî â âèäå

uε(·, τ) = cos(τA1/2
ε )φ+ A−1/2

ε sin(τA1/2
ε )ψ.
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Ýôôåêòèâíûé îïåðàòîð

Ìû ïîêàçûâàåì, ÷òî â íåêîòîðîì ñìûñëå

cos(τA1/2
ε ) ∼ cos(τA

1/2
0 ), A−1/2

ε sin(τA1/2
ε ) ∼ A

−1/2
0 sin(τA

1/2
0 )

ïðè ìàëîì ε.

Çäåñü A0 � ýôôåêòèâíûé îïåðàòîð âèäà

A0 = b(D)∗g0b(D).

Îïðåäåëåíèå ýôôåêòèâíîé ìàòðèöû g0:

Ïóñòü Λ(x) � ìàòðèöà-ôóíêöèÿ ðàçìåðà n×m, ÿâëÿþùàÿñÿ
Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗g(x)(b(D)Λ(x) + 1m) = 0,

∫
Ω

Λ(x) dx = 0.

Òîãäà g0 åñòü (m×m)-ìàòðèöà âèäà

g0 = |Ω|−1

∫
Ω

g̃(x) dx, g̃(x) = g(x)(b(D)Λ(x) + 1m).
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g̃(x) dx, g̃(x) = g(x)(b(D)Λ(x) + 1m).
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Îáçîð

Â 2001�2006 ãîäàõ â ðàáîòàõ Áèðìàíà è Ñóñëèíîé áûëî
èçó÷åíî ïîâåäåíèå ðåçîëüâåíòû (Aε + I)−1 ñ ïîìîùüþ
òåîðåòèêî-îïåðàòîðíîãî ïîäõîäà. Óñòàíîâëåíû îöåíêè:∥∥(Aε + I)−1 − (A0 + I)−1

∥∥
L2(Rd)→L2(Rd)

6 Cε, (1)∥∥(Aε + I)−1 − (A0 + I)−1 − εK(ε)
∥∥
L2(Rd)→L2(Rd)

6 Cε2, (2)∥∥(Aε + I)−1 − (A0 + I)−1 − εK1(ε)
∥∥
L2(Rd)→H1(Rd)

6 Cε. (3)

Çäåñü êîððåêòîðû K1(ε) è K(ε) çàäàíû ñîîòíîøåíèÿìè

K1(ε) = ΛεΠεb(D)(A0 + I)−1,

(Πεu)(x) = (2π)−d/2
∫

Ω̃/ε

ei〈x,ξ〉û(ξ) dξ,

K(ε) = K1(ε) +K1(ε)∗ +K3.
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Îáçîð

Ðåçóëüòàòû äëÿ ïîëóãðóïïû e−Aετ , τ > 0, áûëè ïîëó÷åíû
Ñóñëèíîé (2004, 2010) è Âàñèëåâñêîé (2009):∥∥e−Aετ − e−A0τ

∥∥
L2(Rd)→L2(Rd)

6 C(τ)ε, (4)∥∥e−Aετ − e−A0τ − εK(ε, τ)
∥∥
L2(Rd)→L2(Rd)

6 C(τ)ε2, (5)∥∥e−Aετ − e−A0τ − εK1(ε, τ)
∥∥
L2(Rd)→H1(Rd)

6 C(τ)ε. (6)

Çäåñü K(ε, τ) è K1(ε, τ) � ïîäõîäÿùèå êîððåêòîðû.
Îöåíêè (1)�(6) íàçûâàþò îïåðàòîðíûìè îöåíêàìè

ïîãðåøíîñòè.

Äðóãîé ïîäõîä ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê
ïîãðåøíîñòè (ìåòîä ñäâèãà) áûë ïðåäëîæåí â 2005 ã.
Æèêîâûì è Ïàñòóõîâîé. Ñì. îáçîð Æèêîâà è
Ïàñòóõîâîé (ÓÌÍ, 2016).
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Îáçîð

Îáñóäèì òåïåðü ñèòóàöèþ ñ óñðåäíåíèåì óðàâíåíèé òèïà
Øð¼äèíãåðà è ãèïåðáîëè÷åñêèõ óðàâíåíèé.

Â 2008 ã. Áèðìàí è Ñóñëèíà ïîêàçàëè, ÷òî∥∥e−iτAε − e−iτA0
∥∥
H3(Rd)→L2(Rd)

6 C(1 + |τ |)ε, (7)∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥
H2(Rd)→L2(Rd)

6 C(1 + |τ |)ε. (8)

Â 2019 ã. Ìåøêîâà ïîëó÷èëà àíàëîãè÷íûé ðåçóëüòàò äëÿ
îïåðàòîðà A

−1/2
ε sin

(
τA

1/2
ε

)
âìåñòå ñ ïðèáëèæåíèåì ïî

ýíåðãåòè÷åñêîé íîðìå:∥∥A−1/2
ε sin

(
τA1/2

ε

)
−A−1/2

0 sin
(
τA

1/2
0

)∥∥
H1(Rd)→L2(Rd)

6C(1 + |τ |)ε,∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)
− εK̃1(ε, τ)

∥∥
H2(Rd)→H1(Rd)

6 C(1 + |τ |)ε.
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Îáçîð

Â ðàáîòàõ Ñóñëèíîé (2017), Äîðîäíîãî (2021),
Äîðîäíîãî è Ñóñëèíîé (2018, 2020) áûëà ïîäòâåðæäåíà
òî÷íîñòü ýòèõ ðåçóëüòàòîâ â îáùåì ñëó÷àå, êàê ïî òèïó
íîðìû, òàê è â îòíîøåíèè çàâèñèìîñòè îöåíîê îò τ .

Îäíàêî, â òåõ æå ðàáîòàõ ïðè íåêîòîðûõ äîïîëíèòåëüíûõ
ïðåäïîëîæåíèÿõ ðåçóëüòàòû áûëè óñèëåíû è â òîì, è â
äðóãîì îòíîøåíèè.

Â 2022 ã. Ñóñëèíà ïîëó÷èëà àïïðîêñèìàöèè ñ
êîððåêòîðàìè äëÿ �ïîäïðàâëåííîé ýêñïîíåíòû�
e−iτAε (I + εΛεb(D)Πε) ïî (Hs → L2)-íîðìå ñ
ïîãðåøíîñòüþ O(ε2) è ïî (Hs → H1)-íîðìå ñ
ïîãðåøíîñòüþ O(ε) (ïðè ïîäõîäÿùèõ ïîêàçàòåëÿõ s).
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Îñíîâíûå âîïðîñû

Ïðîáëåìà

Âîçìîæíî ëè àïïðîêñèìèðîâàòü îïåðàòîðû cos(τA
1/2
ε ) è

A
−1/2
ε sin(τA

1/2
ε ) ïî (Hs→L2)-íîðìå ñ òî÷íîñòüþ O(ε2)?

Ìîæíî ëè ïðèáëèçèòü îïåðàòîð cos(τA
1/2
ε ) ïî

(Hs → H1)-íîðìå ñ ïîãðåøíîñòüþ O(ε)?

Ðåçóëüòàòû:

Äëÿ îïåðàòîðà A
−1/2
ε sin(τA

1/2
ε ) îòâåò íà ïåðâûé âîïðîñ

ïîëîæèòåëåí. Òàêàÿ àïïðîêñèìàöèÿ áûëà íàéäåíà â
ðóêîïèñè Ìåøêîâîé (2018). Ìû ïîëó÷èëè äðóãîé
âàðèàíò ïðèáëèæåíèÿ.
Ïîëó÷åíû òðåáóåìûå àïïðîêñèìàöèè íå äëÿ êîñèíóñà
cos(τA

1/2
ε ), à äëÿ �ïîäïðàâëåííîãî êîñèíóñà�

cos(τA
1/2
ε ) (I + εΛεb(D)Πε).
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Îñíîâíûå âîïðîñû

Ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû ê çàäà÷å Êîøè ñ
íà÷àëüíûìè äàííûìè èç ñïåöèàëüíîãî êëàññà:

∂2
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Ðåäóêöèÿ 1: ìàñøòàáíîå ïðåîáðàçîâàíèå

Ìû ïðèìåíÿåì òåîðåòèêî-îïåðàòîðíûé ïîäõîä, îñíîâàííûé íà
ìàñøòàáíîì ïðåîáðàçîâàíèè, òåîðèè Ôëîêå�Áëîõà è
àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé.
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1/2
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Ðåäóêöèÿ 2: ðàçëîæåíèå â ïðÿìîé èíòåãðàë

Èñïîëüçóÿ òåîðèþ Ôëîêå�Áëîõà, ðàçëîæèì îïåðàòîð A â
ïðÿìîé èíòåãðàë:

A ∼
∫
Ω̃

⊕A(k) dk.

Îïåðàòîð A(k) äåéñòâóåò â L2(Ω;Cn) è çàäàåòñÿ âûðàæåíèåì

A(k) = b(D + k)∗g(x)b(D + k)

ïðè ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ.
Íàì íóæíî àïïðîêñèìèðîâàòü îïåðàòîðû

cos(τε−1A(k)), εA(k)−1/2 sin(τε−1A(k))

ðàâíîìåðíî ïî k ∈ Ω̃.
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Àíàëèòè÷åñêàÿ òåîðèÿ âîçìóùåíèé

Îïåðàòîð A(k) ÿâëÿåòñÿ ýëëèïòè÷åñêèì îïåðàòîðîì â
îãðàíè÷åííîé îáëàñòè; åãî ñïåêòð äèñêðåòåí.

Ìû ðàññìàòðèâàåì A(0) êàê íåâîçìóùåííûé îïåðàòîð è A(k)
(ïðè ìàëîì k) � êàê âîçìóùåííûé. Èìååì:

N := KerA(0) = {u ∈ L2(Ω;Cn) : u(x) = c ∈ Cn}.

Ïóñòü P � îðòîïðîåêòîð íà N:

Pu = |Ω|−1

∫
Ω

u(x) dx.

Òàêèì îáðàçîì, òî÷êà λ0 = 0 ÿâëÿåòñÿ n-êðàòíûì
èçîëèðîâàííûì ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A(0). Òîãäà
ïðè |k| 6 t0 âîçìóùåííûé îïåðàòîð A(k) èìååò ðîâíî n
ñîáñòâåííûõ çíà÷åíèé λ1(k), . . . , λn(k) íà èíòåðâàëå [0, δ], à
èíòåðâàë (δ, 3δ) ñâîáîäåí îò ñïåêòðà.
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Àíàëèòè÷åñêàÿ òåîðèÿ âîçìóùåíèé

Ïîëîæèì k = tθ, t = |k|, θ ∈ Sd−1. Èçó÷àåì ñåìåéñòâî

A(k) = A(tθ) =: A(t,θ)

ìåòîäàìè àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé ïî ïàðàìåòðó t.

Â ñèëó òåîðåìû Êàòî�Ðåëëèõà ñóùåñòâóþò âåùåñòâåííî
àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ
ýëåìåíòîâ îïåðàòîðà A(t,θ):

A(t,θ)ϕl(t,θ) = λl(t,θ)ϕl(t,θ), l = 1, . . . , n, t 6 t0,

ïðè÷åì íàáîð {ϕl(t,θ)} îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â
ñîáñòâåííîì ïîäïðîñòðàíñòâå îïåðàòîðà A(t,θ), îòâå÷àþùåì
ïðîìåæóòêó [0, δ].
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Àíàëèòè÷åñêàÿ òåîðèÿ âîçìóùåíèé

Ïðè ìàëîì t âûïîëíåíû ñòåïåííûå ðàçëîæåíèÿ

λl(t,θ) = γl(θ)t2 + µl(θ)t3 + νl(θ)t4 + . . . , (9)

ϕl(t,θ) = ωl(θ) + tϕ
(1)
l (θ) + . . . , (10)

l = 1, . . . , n.

Çäåñü γl(θ) > c∗ > 0 è µl(θ), νl(θ) ∈ R. Çàðîäûøè
ω1(θ), . . . , ωn(θ) îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â N.
Ïóñòü F (t,θ) � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t,θ) äëÿ
èíòåðâàëà [0, δ]. Ñïðàâåäëèâû àïïðîêñèìàöèè ïðè ìàëîì t:

F (t,θ) = P + tF1(θ) +O(t2), (11)

A(t,θ)F (t,θ) = t2S(θ)P + t3K(θ) +O(t4). (12)

Îïåðàòîðû F1(θ), S(θ) è K(θ) äîïóñêàþò èíâàðèàíòíîå
îïèñàíèå, à òàêæå îïèñàíèå â òåðìèíàõ êîýôôèöèåíòîâ
ñòåïåííûõ ðàçëîæåíèé äëÿ λl(t,θ) è ϕl(t,θ). Èìååì:
F1(θ) = [Λ]b(θ)P + ([Λ]b(θ)P )∗.
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λl(t,θ) = γl(θ)t2 + µl(θ)t3 + νl(θ)t4 + . . . , (9)

ϕl(t,θ) = ωl(θ) + tϕ
(1)
l (θ) + . . . , (10)

l = 1, . . . , n. Çäåñü γl(θ) > c∗ > 0 è µl(θ), νl(θ) ∈ R. Çàðîäûøè
ω1(θ), . . . , ωn(θ) îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â N.

Ïóñòü F (t,θ) � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t,θ) äëÿ
èíòåðâàëà [0, δ]. Ñïðàâåäëèâû àïïðîêñèìàöèè ïðè ìàëîì t:

F (t,θ) = P + tF1(θ) +O(t2), (11)

A(t,θ)F (t,θ) = t2S(θ)P + t3K(θ) +O(t4). (12)

Îïåðàòîðû F1(θ), S(θ) è K(θ) äîïóñêàþò èíâàðèàíòíîå
îïèñàíèå, à òàêæå îïèñàíèå â òåðìèíàõ êîýôôèöèåíòîâ
ñòåïåííûõ ðàçëîæåíèé äëÿ λl(t,θ) è ϕl(t,θ). Èìååì:
F1(θ) = [Λ]b(θ)P + ([Λ]b(θ)P )∗.
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Àíàëèòè÷åñêàÿ òåîðèÿ âîçìóùåíèé

Îïåðàòîð S(θ) = b(θ)∗g0b(θ) íàçûâàåòñÿ ñïåêòðàëüíûì
ðîñòêîì îïåðàòîðíîãî ñåìåéñòâà A(t,θ) ïðè t = 0. Ïðè ýòîì

S(θ)ωl(θ) = γl(θ)ωl(θ), l = 1, . . . , n.

Äàëåå, íàì ïîíàäîáèòñÿ îïåðàòîð N(θ) = PK(θ)P . Èìååì:

N(θ) = b(θ)∗L(θ)b(θ)P,

L(θ) := |Ω|−1

∫
Ω

(Λ(x)∗b(θ)∗g̃(x) + g̃(x)∗b(θ)Λ(x)) dx.

Â òåðìèíàõ êîýôôèöèåíòîâ: N(θ) = N0(θ) +N∗(θ),

N0(θ) =
n∑
l=1

µl(θ)(·, ωl(θ))ωl(θ),

N∗(θ) =
n∑
l=1

γl(θ)
(
(·, Pϕ(1)

l (θ))ωl(θ) + (·, ωl(θ))Pϕ
(1)
l (θ)

)
.
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Ðåçóëüòàòû

Òåîðåìà 1 [Áèðìàí è Ñóñëèíà, 2008]

Ïðè ε > 0 è τ ∈ R ñïðàâåäëèâà îöåíêà∥∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥∥
H2(Rd)→L2(Rd)

6 C(1 + |τ |)ε.

Òåîðåìà 2 [Ìåøêîâà, 2019]

Ïðè ε > 0 è τ ∈ R ñïðàâåäëèâà îöåíêà∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)∥∥∥
H1(Rd)→L2(Rd)

6 C(1 + |τ |)ε.
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Ðåçóëüòàòû ñ êîððåêòîðîì

Òåîðåìà 3 [Äîðîäíûé è Ñóñëèíà, 2023]

Ïðè ε > 0 è τ ∈ R ñïðàâåäëèâà îöåíêà∥∥∥cos
(
τA1/2

ε

)
(I + εΛεb(D)Πε)− cos

(
τA

1/2
0

)
− εK(ε, τ)

∥∥∥
H4→L2

6 C(1 + |τ |)2ε2,

K(ε, τ)=K1(ε, τ)+K2(τ), K1(ε, τ) :=[Λε]b(D)Πε cos
(
τA

1/2
0

)
,

K2(τ) := −
∫ τ

0

cos
(
(τ − ρ)A

1/2
0

)
G(D) sin

(
ρA

1/2
0

)
dρ

−
∫ τ

0

sin
(
(τ − ρ)A

1/2
0

)
G(D) cos

(
ρA

1/2
0

)
dρ,

à G(D) � ÏÄÎ âòîðîãî ïîðÿäêà ñ ñèìâîëîì

G(ξ) := 1
π

∫∞
0

(S(ξ) + ζI)−1b(ξ)∗L(ξ)b(ξ)(S(ξ) + ζI)−1ζ1/2 dζ.
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Ïðè ε > 0 è τ ∈ R ñïðàâåäëèâà îöåíêà∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)
− εK̃(ε, τ)

∥∥∥
H3→L2

6 C(1 + |τ |)2ε2, K̃(ε, τ) = K̃1(ε, τ) + K̃2(τ) + K̃3(τ),

K̃1(ε, τ) :=[Λε]b(D)ΠεA
−1/2
0 sin

(
τA

1/2
0

)
, K̃2(τ) :=−G̃(D) sin

(
τA

1/2
0

)
,

K̃3(τ) := A
−1/2
0

∫ τ

0

cos
(
(τ − ρ)A

1/2
0

)
G(D) cos

(
ρA

1/2
0

)
dρ

− A−1/2
0

∫ τ

0

sin
(
(τ − ρ)A

1/2
0

)
G(D) sin

(
ρA

1/2
0

)
dρ,

à G̃(D) � ÏÄÎ íóëåâîãî ïîðÿäêà ñ ñèìâîëîì

G̃(ξ) := 1
π

∫∞
0

(S(ξ) + ζI)−1b(ξ)∗L(ξ)b(ξ)(S(ξ) + ζI)−1ζ−1/2 dζ.
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Ðåçóëüòàòû ñ êîððåêòîðîì

Äðóãîé âàðèàíò òåîðåìû 4 áûë ðàíåå ïîëó÷åí Ìåøêîâîé.

Òåîðåìà 5 [Äîðîäíûé è Ñóñëèíà, 2023]

Ïðè ε > 0 è τ ∈ R ñïðàâåäëèâà îöåíêà∥∥∥cos
(
τA1/2

ε

)
(I+εΛεb(D)Πε)− cos

(
τA

1/2
0

)
− εK1(ε, τ)

∥∥∥
H3→H1

6 C(1 + |τ |)ε.

Çäåñü

K1(ε, τ) = [Λε]b(D)Πε cos
(
τA

1/2
0

)
.
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Îáñóæäåíèå

Íå ïðåäñòàâëÿåòñÿ âîçìîæíûì àïïðîêñèìèðîâàòü îïåðàòîð
ε cos

(
τA

1/2
ε

)
[Λε]b(D)Πε â òåðìèíàõ ñïåêòðàëüíûõ

õàðàêòåðèñòèê íà êðàþ ñïåêòðà.

Äåéñòâèòåëüíî, ïîñëå
ìàñøòàáíîãî ïðåîáðàçîâàíèÿ è ðàçëîæåíèÿ â ïðÿìîé èíòåãðàë
ýòîò îïåðàòîð ïðåâðàùàåòñÿ â ñåìåéñòâî îïåðàòîðîâ
cos
(
τε−1A(k)1/2

)
[Λ]b(k)P , äåéñòâóþùèõ â L2(Ω;Cn).

Ïîñêîëüêó [Λ]P = P⊥[Λ]P , òî ìû èìååì äåëî ñ îïåðàòîðîì
cos
(
τε−1A(k)1/2

)
P⊥, êîòîðûé áëèçîê ê cos

(
τε−1A(k)1/2

)
F (k)⊥

(â ïðåäåëàõ äîïóñòèìîé ïîãðåøíîñòè). Çäåñü F (k)⊥ �
ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(k), îòâå÷àþùèé
èíòåðâàëó [3δ,∞). Ñëåäîâàòåëüíî, ýòà ÷àñòü ñïåêòðà îòâå÷àåò
çà ïîâåäåíèå ýòîãî îïåðàòîðà.
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Îáñóæäåíèå

Íå ïðåäñòàâëÿåòñÿ âîçìîæíûì àïïðîêñèìèðîâàòü îïåðàòîð
ε cos

(
τA

1/2
ε

)
[Λε]b(D)Πε â òåðìèíàõ ñïåêòðàëüíûõ

õàðàêòåðèñòèê íà êðàþ ñïåêòðà. Äåéñòâèòåëüíî, ïîñëå
ìàñøòàáíîãî ïðåîáðàçîâàíèÿ è ðàçëîæåíèÿ â ïðÿìîé èíòåãðàë
ýòîò îïåðàòîð ïðåâðàùàåòñÿ â ñåìåéñòâî îïåðàòîðîâ
cos
(
τε−1A(k)1/2

)
[Λ]b(k)P , äåéñòâóþùèõ â L2(Ω;Cn).

Ïîñêîëüêó [Λ]P = P⊥[Λ]P , òî ìû èìååì äåëî ñ îïåðàòîðîì
cos
(
τε−1A(k)1/2

)
P⊥, êîòîðûé áëèçîê ê cos

(
τε−1A(k)1/2

)
F (k)⊥

(â ïðåäåëàõ äîïóñòèìîé ïîãðåøíîñòè). Çäåñü F (k)⊥ �
ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(k), îòâå÷àþùèé
èíòåðâàëó [3δ,∞). Ñëåäîâàòåëüíî, ýòà ÷àñòü ñïåêòðà îòâå÷àåò
çà ïîâåäåíèå ýòîãî îïåðàòîðà.
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Îáñóæäåíèå

Íå ïðåäñòàâëÿåòñÿ âîçìîæíûì àïïðîêñèìèðîâàòü îïåðàòîð
ε cos

(
τA

1/2
ε

)
[Λε]b(D)Πε â òåðìèíàõ ñïåêòðàëüíûõ

õàðàêòåðèñòèê íà êðàþ ñïåêòðà. Äåéñòâèòåëüíî, ïîñëå
ìàñøòàáíîãî ïðåîáðàçîâàíèÿ è ðàçëîæåíèÿ â ïðÿìîé èíòåãðàë
ýòîò îïåðàòîð ïðåâðàùàåòñÿ â ñåìåéñòâî îïåðàòîðîâ
cos
(
τε−1A(k)1/2

)
[Λ]b(k)P , äåéñòâóþùèõ â L2(Ω;Cn).

Ïîñêîëüêó [Λ]P = P⊥[Λ]P , òî ìû èìååì äåëî ñ îïåðàòîðîì
cos
(
τε−1A(k)1/2

)
P⊥, êîòîðûé áëèçîê ê cos

(
τε−1A(k)1/2

)
F (k)⊥

(â ïðåäåëàõ äîïóñòèìîé ïîãðåøíîñòè).

Çäåñü F (k)⊥ �
ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(k), îòâå÷àþùèé
èíòåðâàëó [3δ,∞). Ñëåäîâàòåëüíî, ýòà ÷àñòü ñïåêòðà îòâå÷àåò
çà ïîâåäåíèå ýòîãî îïåðàòîðà.
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Îáñóæäåíèå

Íå ïðåäñòàâëÿåòñÿ âîçìîæíûì àïïðîêñèìèðîâàòü îïåðàòîð
ε cos

(
τA

1/2
ε

)
[Λε]b(D)Πε â òåðìèíàõ ñïåêòðàëüíûõ

õàðàêòåðèñòèê íà êðàþ ñïåêòðà. Äåéñòâèòåëüíî, ïîñëå
ìàñøòàáíîãî ïðåîáðàçîâàíèÿ è ðàçëîæåíèÿ â ïðÿìîé èíòåãðàë
ýòîò îïåðàòîð ïðåâðàùàåòñÿ â ñåìåéñòâî îïåðàòîðîâ
cos
(
τε−1A(k)1/2

)
[Λ]b(k)P , äåéñòâóþùèõ â L2(Ω;Cn).

Ïîñêîëüêó [Λ]P = P⊥[Λ]P , òî ìû èìååì äåëî ñ îïåðàòîðîì
cos
(
τε−1A(k)1/2

)
P⊥, êîòîðûé áëèçîê ê cos

(
τε−1A(k)1/2

)
F (k)⊥

(â ïðåäåëàõ äîïóñòèìîé ïîãðåøíîñòè). Çäåñü F (k)⊥ �
ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(k), îòâå÷àþùèé
èíòåðâàëó [3δ,∞). Ñëåäîâàòåëüíî, ýòà ÷àñòü ñïåêòðà îòâå÷àåò
çà ïîâåäåíèå ýòîãî îïåðàòîðà.
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Ðåçóëüòàòû ñ êîððåêòîðîì

Òåîðåìà 6 [Ìåøêîâà, 2019]

Ïðè ε > 0 è τ ∈ R ñïðàâåäëèâà îöåíêà∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)
− εK̃1(ε, τ)

∥∥∥
H2→H1

6 C(1 + |τ |)ε.

Çäåñü

K̃1(ε, τ) := [Λε]b(D)ΠεA
−1/2
0 sin

(
τA

1/2
0

)
.
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Óñèëåíèå ðåçóëüòàòîâ ïðè äîïîëíèòåëüíûõ

ïðåäïîëîæåíèÿõ

Ðåçóëüòàòû äîïóñêàþò óñèëåíèå ïðè ñëåäóþùåì óñëîâèè.

Óñëîâèå 1

Ïóñòü âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ

ïðåäïîëîæåíèé:
1◦. N(θ) = 0 ïðè âñåõ θ ∈ Sd−1.

2◦. N0(θ) = 0 ïðè âñåõ θ ∈ Sd−1 (òî åñòü, µl(θ) ≡ 0 ïðè

l = 1, . . . , n) è, êðîìå òîãî, êðàòíîñòü ñïåêòðà ðîñòêà S(θ)
íå çàâèñèò îò θ.

Çàìå÷àíèå. Åñëè Aε = − div gε(x)∇, ãäå g(x) � ìàòðèöà ñ
âåùåñòâåííûìè ýëåìåíòàìè, òî N(θ) ≡ 0.
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Óñèëåíèå ðåçóëüòàòîâ ïðè äîïîëíèòåëüíûõ

ïðåäïîëîæåíèÿõ

Ðåçóëüòàòû äîïóñêàþò óñèëåíèå ïðè ñëåäóþùåì óñëîâèè.

Óñëîâèå 1

Ïóñòü âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ

ïðåäïîëîæåíèé:
1◦. N(θ) = 0 ïðè âñåõ θ ∈ Sd−1.

2◦. N0(θ) = 0 ïðè âñåõ θ ∈ Sd−1 (òî åñòü, µl(θ) ≡ 0 ïðè

l = 1, . . . , n) è, êðîìå òîãî, êðàòíîñòü ñïåêòðà ðîñòêà S(θ)
íå çàâèñèò îò θ.

Çàìå÷àíèå. Åñëè Aε = − div gε(x)∇, ãäå g(x) � ìàòðèöà ñ
âåùåñòâåííûìè ýëåìåíòàìè, òî N(θ) ≡ 0.
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Óñèëåíèå ðåçóëüòàòîâ ïðè äîïîëíèòåëüíûõ

ïðåäïîëîæåíèÿõ

Òåîðåìà 7 [Äîðîäíûé è Ñóñëèíà, 2020]

Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñëîâèå 1. Òîãäà ïðè ε > 0 è

τ ∈ R ñïðàâåäëèâû îöåíêè∥∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥∥
H3/2→L2

6 C(1 + |τ |)1/2ε,

(13)∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
−A−1/2

0 sin
(
τA

1/2
0

)∥∥∥
H1/2→L2

6C(1 + |τ |)1/2ε.

(14)
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Óñèëåíèå ðåçóëüòàòîâ ïðè äîïîëíèòåëüíûõ

ïðåäïîëîæåíèÿõ

Òåîðåìà 8 [Äîðîäíûé è Ñóñëèíà, 2023]

Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñëîâèå 1. Òîãäà ïðè ε > 0 è

τ ∈ R ñïðàâåäëèâû îöåíêè∥∥∥cos
(
τA1/2

ε

)
(I + εΛεb(D)Πε)− cos

(
τA

1/2
0

)
− εK(ε, τ)

∥∥∥
H3→L2

6 C(1 + |τ |)ε2,∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)
− εK̃(ε, τ)

∥∥∥
H2→L2

6 C(1 + |τ |)ε2.
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Óñèëåíèå ðåçóëüòàòîâ ïðè äîïîëíèòåëüíûõ

ïðåäïîëîæåíèÿõ

Òåîðåìà 9 [Äîðîäíûé è Ñóñëèíà, 2020, 2023]

Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñëîâèå 1. Òîãäà ïðè ε > 0 è

τ ∈ R ñïðàâåäëèâû îöåíêè∥∥∥cos
(
τA1/2

ε

)
(I + εΛεb(D)Πε)− cos

(
τA

1/2
0

)
− εK1(ε, τ)

∥∥∥
H5/2→H1

6 C(1 + |τ |)1/2ε,∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)
− εK̃1(ε, τ)

∥∥∥
H3/2→H1

6 C(1 + |τ |)1/2ε.
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Òî÷íîñòü ðåçóëüòàòîâ

Òåîðåìà 10 [Äîðîäíûé è Ñóñëèíà, 2020]

Ïðåäïîëîæèì, ÷òî N0(θ0) 6= 0 ïðè íåêîòîðîì θ0 ∈ Sd−1, òî

åñòü µl(θ0) 6= 0 äëÿ íåêîòîðîãî l.

1) Ïóñòü τ 6= 0 è s < 2. Òîãäà íå ñóùåñòâóåò êîíñòàíòû

C(τ) > 0, òàêîé ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.

2) Ïóñòü τ 6= 0 è s < 1. Òîãäà íå ñóùåñòâóåò êîíñòàíòû

C(τ) > 0, òàêîé ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.
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Òî÷íîñòü ðåçóëüòàòîâ

Òåîðåìà 10 [Äîðîäíûé è Ñóñëèíà, 2020]

Ïðåäïîëîæèì, ÷òî N0(θ0) 6= 0 ïðè íåêîòîðîì θ0 ∈ Sd−1, òî

åñòü µl(θ0) 6= 0 äëÿ íåêîòîðîãî l.
1) Ïóñòü τ 6= 0 è s < 2. Òîãäà íå ñóùåñòâóåò êîíñòàíòû

C(τ) > 0, òàêîé ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.

2) Ïóñòü τ 6= 0 è s < 1. Òîãäà íå ñóùåñòâóåò êîíñòàíòû

C(τ) > 0, òàêîé ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.
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Òî÷íîñòü ðåçóëüòàòîâ

Òåîðåìà 10 [Äîðîäíûé è Ñóñëèíà, 2020]

Ïðåäïîëîæèì, ÷òî N0(θ0) 6= 0 ïðè íåêîòîðîì θ0 ∈ Sd−1, òî

åñòü µl(θ0) 6= 0 äëÿ íåêîòîðîãî l.
1) Ïóñòü τ 6= 0 è s < 2. Òîãäà íå ñóùåñòâóåò êîíñòàíòû

C(τ) > 0, òàêîé ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.

2) Ïóñòü τ 6= 0 è s < 1. Òîãäà íå ñóùåñòâóåò êîíñòàíòû

C(τ) > 0, òàêîé ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.
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Òåîðåìà 11 [Äîðîäíûé è Ñóñëèíà, 2020]

Ïðåäïîëîæèì, ÷òî N0(θ0) 6= 0 ïðè íåêîòîðîì θ0 ∈ Sd−1, òî

åñòü µl(θ0) 6= 0 äëÿ íåêîòîðîãî l.
1) Ïóñòü s > 2. Òîãäà íå ñóùåñòâóåò ïîëîæèòåëüíîé

ôóíêöèè C(τ) > 0, òàêîé ÷òî lim|τ |→∞C(τ)/|τ | = 0 è ïðè âñåõ

τ ∈ R è äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.

2) Ïóñòü s > 1. Òîãäà íå ñóùåñòâóåò ïîëîæèòåëüíîé

ôóíêöèè C(τ), òàêîé ÷òî lim|τ |→∞C(τ)/|τ | = 0 è ïðè âñåõ

τ ∈ R è äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.
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Òî÷íîñòü ðåçóëüòàòîâ

Òåîðåìà 11 [Äîðîäíûé è Ñóñëèíà, 2020]

Ïðåäïîëîæèì, ÷òî N0(θ0) 6= 0 ïðè íåêîòîðîì θ0 ∈ Sd−1, òî

åñòü µl(θ0) 6= 0 äëÿ íåêîòîðîãî l.
1) Ïóñòü s > 2. Òîãäà íå ñóùåñòâóåò ïîëîæèòåëüíîé

ôóíêöèè C(τ) > 0, òàêîé ÷òî lim|τ |→∞C(τ)/|τ | = 0 è ïðè âñåõ

τ ∈ R è äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥cos
(
τA1/2

ε

)
− cos

(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.

2) Ïóñòü s > 1. Òîãäà íå ñóùåñòâóåò ïîëîæèòåëüíîé

ôóíêöèè C(τ), òàêîé ÷òî lim|τ |→∞C(τ)/|τ | = 0 è ïðè âñåõ

τ ∈ R è äîñòàòî÷íî ìàëûõ ε âûïîëíåíî∥∥∥A−1/2
ε sin

(
τA1/2

ε

)
− A−1/2

0 sin
(
τA

1/2
0

)∥∥∥
Hs(Rd)→L2(Rd)

6 C(τ)ε.
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Òåîðåìû 10 è 11 ïîäòâåðæäàþò òî÷íîñòü òåîðåì 1 è 2, êàê â
îòíîøåíèè òèïà îïåðàòîðíîé íîðìû, òàê è â îòíîøåíèè
çàâèñèìîñòè îöåíîê îò τ .

Ðåçóëüòàòû ñ êîððåêòîðàìè òàêæå òî÷íû.

Òåîðåìà 12 [Äîðîäíûé è Ñóñëèíà, 2023]

Ïðåäïîëîæèì, ÷òî N0(θ0) 6= 0 ïðè íåêîòîðîì θ0 ∈ Sd−1, òî

åñòü µl(θ0) 6= 0 äëÿ íåêîòîðîãî l. Òîãäà ðåçóëüòàòû
òåîðåì 3�6 òî÷íû êàê â îòíîøåíèè òèïà íîðìû, òàê è â

îòíîøåíèè çàâèñèìîñòè îöåíîê îò τ .
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Òî÷íîñòü ðåçóëüòàòîâ

Òåîðåìû 10 è 11 ïîäòâåðæäàþò òî÷íîñòü òåîðåì 1 è 2, êàê â
îòíîøåíèè òèïà îïåðàòîðíîé íîðìû, òàê è â îòíîøåíèè
çàâèñèìîñòè îöåíîê îò τ .
Ðåçóëüòàòû ñ êîððåêòîðàìè òàêæå òî÷íû.

Òåîðåìà 12 [Äîðîäíûé è Ñóñëèíà, 2023]

Ïðåäïîëîæèì, ÷òî N0(θ0) 6= 0 ïðè íåêîòîðîì θ0 ∈ Sd−1, òî

åñòü µl(θ0) 6= 0 äëÿ íåêîòîðîãî l. Òîãäà ðåçóëüòàòû
òåîðåì 3�6 òî÷íû êàê â îòíîøåíèè òèïà íîðìû, òàê è â

îòíîøåíèè çàâèñèìîñòè îöåíîê îò τ .
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Òî÷íîñòü ðåçóëüòàòîâ

Íàêîíåö, ìû ïîäòâåðæäàåì, ÷òî óñèëåííûå ðåçóëüòàòû
(ñïðàâåäëèâûå ïðè óñëîâèè 1) òîæå òî÷íû.

Òåîðåìà 13 [Äîðîäíûé è Ñóñëèíà, 2020, 2023]

Ïðåäïîëîæèì, ÷òî N0(θ) = 0 ïðè âñåõ θ ∈ Sd−1, òî åñòü

µl(θ) ≡ 0 ïðè l = 1, . . . , n. Ïðåäïîëîæèì, ÷òî νj(θ0) 6= 0 ïðè

íåêîòîðûõ j è θ0 ∈ Sd−1. Òîãäà ðåçóëüòàòû òåîðåì 7�9
òî÷íû êàê â îòíîøåíèè òèïà íîðìû, òàê è â îòíîøåíèè

çàâèñèìîñòè îöåíîê îò τ .
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