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Ïóñòü X � âïîëíå ðåãóëÿðíîå (èëè òèõîíîâñêîå) òîïîëîãè÷åñêîå ïðîñòðàí-
ñòâî, à E � íåêîòîðîå Ê-ïðîñòðàíñòâî ñ áàçîé B. Â ñâÿçè ñ èçó÷åíèåì íåïðåðûâ-
íûõ îòîáðàæåíèé f : X → E (ñì. [2, 3]), åñòåñòâåííî âîçíèêàåò áóëåâà êîìïàê-

òèôèêàöèÿ Ñòîóíà � ×åõà Bß(X) (ñì. [3]), êîòîðàÿ, âîîáùå ãîâîðÿ, îòëè÷àåòñÿ
îò êîìïàêòèôèêàöèè Ñòîóíà � ×åõà è íå ñîâïàäàåò ñ X, åñëè äàæå ïîñëåäíåå
êîìïàêòíî.

Òåîðåìà. Âñÿêàÿ ðåãóëÿðíàÿ E-çíà÷íàÿ áîðåëåâà ìåðà íà X äîïóñêàåò åäèí-

ñòâåííîå ïðîäîëæåíèå äî ðåãóëÿðíîé E-çíà÷íîé áîðåëåâîé ìåðû íà Bß(X).
Îá îäíîì ïðèìåíåíèè E-çíà÷íûõ ìåð ñì. [1].
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Èñïîëüçóÿ ôîðìóëó Ãðèíà ìû ïðåîáðàçóåì âàðèàöèþ èíòåãðàëüíîé ñðåäíåé
êðèâèíû ãëàäêîé ïîâåðõíîñòè â R3 ê êðèâîëèíåéíîìó èíòåãðàëó îò íåêîòîðîãî
âåêòîðíîãî ïîëÿ. Â êà÷åñòâå ñëåäñòâèÿ ìû ïîëó÷àåì èçâåñòíóþ òåîðåìó, ñîãëàñíî
êîòîðîé èíòåãðàëüíàÿ ñðåäíÿÿ êðèâèçíà çàìêíóòíîé ãëàäêîé ïîâåðõíîñòè â R3

ñòàöèîíàðíà ïðè ëþáîì áåñêîíå÷íî ìàëîì èçãèáàíèè.
Ïîëó÷åííûå ðåçóëüòàòû ïîäðîáíî èçëîæåíû â [1] è [2].
Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà Ðîññèé-

ñêîé Ôåäåðàöèè äëÿ ïîääåðæêè ìîëîäûõ ðîññèéñêèé ó÷åíûõ è âåäóùèõ íàó÷íûõ øêîë

Ðîññèéñêîé Ôåäåðàöèè (ãðàíò ÍØ�8526.2008.1).
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Ðèìàíîâî ìíîãîîáðàçèå (M, g) íàçûâàåòñÿ ãåîäåçè÷åñêè îðáèòàëüíûì ïðî-
ñòðàíñòâîì, åñëè êàæäàÿ åãî ãåîäåçè÷åñêàÿ ÿâëÿåòñÿ îðáèòîé îäíîïàðàìåòðè÷å-
ñêîé ãðóïïû äâèæåíèé ðàññìàòðèâàåìîãî ìíîãîîáðàçèÿ. Ýòà òåðìèí ïðåäëîæåí
Î.Êîâàëüñêèì è Ë.Âàíõåêêå â ðàáîòå [6], â êîòîðîé ïîëîæåíî íà÷àëî ñèñòåìà-
òè÷åñêîìó èçó÷åíèþ òàêèõ ìíîãîîáðàçèé. Îáçîð áîëåå ñâåæèõ ðåçóëüòàòîâ ïî
äàííîé òåìàòèêå ìîæíî íàéòè â [1, 3, 4].

Âàæíóþ ðîëü â ðàçëè÷íûõ ðàçäåëàõ ìàòåìàòèêè èãðàþò ñïåöèàëüíûå ïîä-
êëàññû êëàññà ãåîäåçè÷åñêè îðáèòàëüíûõ ïðîñòðàíñòâ: åñòåñòâåííî ðåäóêòèâíûå,
íîðìàëüíûå îäíîðîäíûå, ñëàáî ñèììåòðè÷åñêèå, δ-îäíîðîäíûå ïðîñòðàíñòâà (ðè-
ìàíîâû ìíîãîîáðàçèÿ).

Ýòîò äîêëàä ïîñâÿùåí èçëîæåíèþ îñíîâíûõ ðåçóëüòàòîâ ðàáîòû [2], â êîòîðîé
(â ÷àñòíîñòè) ïîëó÷åíà êëàññèôèêàöèÿ êîìïàêòíûõ ãåîäåçè÷åñêè îðáèòàëüíûõ
ïðîñòðàíñòâ ïîëîæèòåëüíîé ýéëåðîâîé õàðàêòåðèñòèêè. Îòìåòèì, ÷òî â ñëó÷àå
ôëàãîâûõ ïðîñòðàíñòâ òàêàÿ êëàññèôèêàöèÿ áûëà ïîëó÷åíà ðàíåå â ðàáîòå [1].
Â ïîñëåäíåé ÷àñòè äîêëàäà ðàññìàòðèâàþòñÿ âîçìîæíûå ïðèëîæåíèÿ ïîëó÷åí-
íûõ ðåçóëüòàòîâ, â ÷àñòíîñòè, èõ ïðèìåíåíèå ê êëàññèôèêàöèè êîìïàêòíûõ δ-
îäíîðîäíûõ ðèìàíîâûõ ìíîãîîáðàçèé ïîëîæèòåëüíîé ýéëåðîâîé õàðàêòåðèñòè-
êè [5].

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî âåäóùèì íàó÷-

íûì øêîëàì Ðîññèéñêîé Ôåäåðàöèè (ãðàíò ÍØ � 5682.2008.1).
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Èäåÿ ïîñòðîåíèÿ îáîáùåííîãî àíàëîãà âûïóêëîé îáîëî÷êè ìíîæåñòâà, îñíî-
âàííàÿ íà èñïîëüçîâàíèè âìåñòî îïîðíûõ ãèïåðïëîñêîñòåé øàðîâ èç íåêîòîðîãî
ñåìåéñòâà, îïðåäåëÿåìîãî ìåòðè÷åñêèì èëè ãåîìåòðè÷åñêèì óñëîâèåì (íå äîïóñ-
êàþùèì èñïîëüçîâàíèå øàðîâ ñëèøêîì ìàëîãî ðàäèóñà), áûëà âûäâèíóòà è ðåà-
ëèçîâàíà â îäíîé èç ðàííèõ ðàáîò Þ.Ã. Ðåøåòíÿêà [1]. Â ðóñëå ýòîé èäåè ëåæàò è
íåäàâíèå ðåçóëüòàòû, ïðåäñòàâëåííûå Â.Ï. Ãîëóáÿòíèêîâûì. Ïðåäëàãàåìàÿ íà-
ìè êîíñòðóêöèÿ îòíîñèòåëüíîé âûïóêëîé îáîëî÷êè ïëàñòèí êîíäåíñàòîðà òàêæå
âïîëíå ñîîòíîñèòñÿ ñ óïîìÿíóòîé âûøå êîíöåïöèåé, íî èìååò ñâîþ îñîáåííîñòü
â òîì, ÷òî îíà ïðèâîäèò ê ìåáèóñîâî-èíâàðèàíòíîé îïåðàöèè íàä ïëàñòèíàìè
êîíäåíñàòîðà.

Ïóñòü A,B � íåïåðåñåêàþùèåñÿ êîìïàêòíûå ìíîæåñòâà â ïðîñòðàíñòâå R̄n,
Q � ñåìåéñòâî âñåõ îòêðûòûõ øàðîâ Q ⊂ R̄n òàêèõ, ÷òî Q ∩ A = ∅ è Q̄ ∩
B 6= ∅. Ìíîæåñòâî Ã(B) = R̄n \ ∪{Q : Q ∈ Q} íàçûâàåì âûïóêëûì ðàçäóòèåì
ìíîæåñòâà A îòíîñèòåëüíî ìíîæåñòâà B. Â ÷àñòíîì ñëó÷àå, ïðè B = {∞}
ïîëó÷àåì îáû÷íóþ âûïóêëóþ îáîëî÷êó ìíîæåñòâà A ⊂ Rn.

Ïîâåäåíèå êîíôîðìíîé åìêîñòè êîíäåíñàòîðà ïðè âûïîëíåíèè ýòîé îïåðàöèè
ïîêà óäàëîñü èçó÷èòü òîëüêî â ðàçìåðíîñòè 2:

Òåîðåìà. Ïóñòü (E−, E+) � êîíäåíñàòîð ñî ñâÿçíûìè ïëàñòèíàìè â R̄2. Òî-
ãäà Cap(Ẽ−(E+), E+) ≤ 2 Cap(E−, E+) è Cap(Ẽ−(E+), Ẽ+(E−)) ≤ 3 Cap(E−, E+).

Âîïðîñ î òî÷íûõ îöåíêàõ èçìåíåíèÿ åìêîñòè ïðè âûïîëíåíèè ýòîé îïåðàöèè
îñòàåòñÿ îòêðûòûì, òàêæå êàê è âîïðîñ î ñóùåñòâîâàíèè àíàëîãè÷íîé îöåíêè
äëÿ ïðîñòðàíñòâåííîãî êîíäåíñàòîðà ñî ñâÿçíûìè ïëàñòèíàìè.
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Íåïðèâîäèìîé ãðóïïîé ãîëîíîìèè îäíîñâÿçíîãî ëîðåíöåâà ìíîãîîáðàçèÿ Nn

ìîæåò áûòü òîëüêî ãðóïïà SO(n−1, 1). Ñ äðóãîé ñòîðîíû â ëîðåíöåâîì ñëó÷àå, â
îòëè÷èå îò ðèìàíîâà, ñóùåñòâóþò ïðèâîäèìûå, íî íå ðàçëîæèìûå ãðóïïû ãîëî-
íîìèè, ê èññëåäîâàíèþ êîòîðûõ è ñâîäèòñÿ çàäà÷à êëàññèôèêàöèè ëîðåíöåâûõ
ãðóïï ãîëîíîìèè. Â ðàáîòàõ [1�3] çàäà÷à êëàññèôèêàöèè áûëà ðåøåíà ëîêàëü-
íî. À èìåííî, áûë ïîëó÷åí ñïèñîê ïðèâîäèìûõ, íî íå ðàçëîæèìûõ ïîäàëãåáð
g ⊂ so(n− 1, 1), êàæäàÿ èç êîòîðûõ ìîæåò áûòü àëãåáðîé ãîëîíîìèè (íåïîëíîé)
ëîêàëüíî îïðåäåëåííîé ëîðåíöåâîé ìåòðèêè. Ñ êàæäîé òàêîé àëãåáðîé ãîëîíî-
ìèè àññîöèèðîâàíà åå îðòîãîíàëüíàÿ ÷àñòü h ⊂ so(n − 2), ÿâëÿþùàÿñÿ ðèìà-
íîâîé àëãåáðîé ãîëîíîìèè. Îáðàòíî, äëÿ ëþáîé ðèìàíîâîé àëãåáðû ãîëîíîìèè
h ⊂ so(n − 2) ñóùåñòâóåò ðîâíî ÷åòûðå òèïà ëîðåíöåâûõ àëãåáðû ãîëîíîìèè
g ⊂ so(n− 1, 1) ñ äàííîé îðòîãîíàëüíîé ÷àñòüþ h.

Îäíàêî âîïðîñ î ãëîáàëüíîì ñòðîåíèè ëîðåíöåâûõ ìåòðèê ñî ñïåöèàëüíûìè
ãîëîíîìèÿìè äî ñèõ ïîð äî êîíöà íå ÿñåí. Â ðàáîòå [4] áûëà ïðåäëîæåíà çàäà÷à
ïîñòðîåíèÿ ãëîáàëüíî ãèïåðáîëè÷åñêèõ ëîðåíöåâûõ ìíîãîîáðàçèé äëÿ êàæäîãî
ñïåöèàëüíîãî òèïà ãðóïïû ãîëîíîìèè. Êðàòêî ãîâîðÿ, ãëîáàëüíî ãèïåðáîëè÷å-
ñêîå ëîðåíöåâî ïðîñòðàíñòâî � ýòî ïðîñòðàíñòâî, îáëàäàþùåå ïðîñòðàíñòâåí-
íîïîäîáíîé ãèïåðïîâåðõíîñòüþ, ñ êîòîðîé ëþáàÿ íåïðîäîëæàåìàÿ íåïðîñòðàí-
ñòâåííîïîäîáíàÿ êðèâàÿ ïåðåñåêàåòñÿ ðîâíî â îäíîé òî÷êå. Ýòî îäíî èç ñàìûõ
ñèëüíûõ óñëîâèé ïðè÷èííîñòè, íàèáîëåå ïîëåçíîå äëÿ ìàòåìàòè÷åñêîé ôèçèêè.
Â [4] ÷àñòü ñïåöèàëüíûõ ãðóïï ãîëîíîìèè (à èìåííî òèï 2) áûë ðåàëèçîâàí ãëî-
áàëüíî ãèïåðáîëè÷åñêèìè ëîðåíöåâûìè ìíîãîîáðàçèÿìè. Â [5] áûëà äîêàçàíà
ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü H � ãðóïïà ãîëîíîìèè ðèìàíîâà ïðîñòðàíñòâà, ïðåäñòàâ-
ëåíèå ãîëîíîìèè êîòîðîé íå ñîäåðæèò â êà÷åñòâå ïðÿìîãî ìíîæèòåëÿ ïðåäñòàâ-
ëåíèå èçîòðîïèè êýëåðîâà ñèììåòðè÷åñêîãî ïðîñòðàíñòâà ðàíãà áîëüøåãî îäèí.
Òîãäà äëÿ ëþáîé ñïåöèàëüíîé ëîðåíöåâîé ãðóïïû ãîëîíîìèè G ñ îðòîãîíàëü-
íîé ÷àñòüþ H ñóùåñòâóåò ãëîáàëüíî ãèïåðáîëè÷åñêîå ëîðåíöåâî ìíîãîîáðàçèå ñ
ãðóïïîé ãîëîíîìèè G.
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íûìè ãðóïïàìè ãîëîíîìèè // Ñèá. ìàò. æóðí. 2009. Ò. 50, � 4. Ñ. 721�736.

5



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

Î ÍÎÂÛÕ ßÂÍÛÕ ÏÐÈÌÅÐÀÕ ÐÈÌÀÍÎÂÛÕ
ÌÅÒÐÈÊ Ñ ÃÐÓÏÏÎÉ ÃÎËÎÍÎÌÈÈ SU(4)
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Ïóñòü M = SU(3)/U(1)1,1,−2 � ïðîñòðàíñòâî Àëîôôà � Óîëëàõà ñî ñòðóê-
òóðîé 3-ñàñàêèåâà 7-ìåðíîãî ìíîãîîáðàçèÿ. Íà M × R+ ðàññìîòðèì ðèìàíîâó
ìåòðèêó ñëåäóþùåãî âèäà:

dt2 +A1(t)2η2
1 +A2(t)2η2

2 +A3(t)2η2
3 +B(t)2(η2

4 + η2
5) + C(t)2(η2

6 + η2
7), (1)

ãäå t � êîîðäèíàòà íà R+, {ηi} � îðòîíîðìèðîâàííûé êîðåïåð íà M , ñîãëàñî-
âàííûé ñ 3-ñàñàêèåâîé ñòðóêòóðîé (ïîäðîáíîñòè ñì. â [1], ãäå èçó÷àåòñÿ ñëó÷àé
ìåòðèêè (1) ïðè B = C). Êîíóñíóþ îñîáåííîñòü (ïðè t = 0) ïðîñòðàíñòâàM×R+

ðàçðåøèì ñëåäóþùèì îáðàçîì: çàòÿíåì íà óðîâíå {t = 0} êàæäóþ îòâå÷àþùóþ
êîâåêòîðó η1 îêðóæíîñòü â òî÷êó. Ïîëó÷åííîå ìíîãîîáðàçèå, ïðîôàêòîðèçîâàí-
íîå ïî Z4, äèôôåîìîðôíî E

8 � ÷åòâåðòîé ñòåïåíè êàíîíè÷åñêîãî êîìïëåêñíîãî
ëèíåéíîãî ðàññëîåíèÿ íàä ïðîñòðàíñòâîì ôëàãîâ â C3. Ïðè èññëåäîâàíèè (ìå-
òîäàìè, àíàëîãè÷íûìè [1]) ìåòðèê âèäà (1) ñ ãðóïïîé ãîëîíîìèè Spin(7), íàìè
áûëî íàéäåíî îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ðèìàíîâûõ ìåòðèê ñ ãðóïïîé ãî-
ëîíîìèè SU(4) ⊂ Spin(7):

Òåîðåìà. Ïðè 0 < α < 1 ðèìàíîâà ìåòðèêà

ds2 = r4(r2−α2)(r2+α2)
r8−2α4(r4−1)−1 dr

2 + r8−2α4(r4−1)−1
r2(r2−α2)(r2+α2)η

2
1 + r2(η2

2 + η2
3)

+(r2 − α2)(η2
4 + η2

5) + (r2 + α2)(η2
6 + η2

7)
(2)

ÿâëÿåòñÿ ãëàäêîé ðèìàíîâîé ìåòðèêîé íà E8 ñ ãðóïïîé ãîëîíîìèè SU(4). Ïðè
α = 0 ìåòðèêà (2) èçîìåòðè÷íà ìåòðèêå Êàëàáè [2] ñ ãðóïïîé ãîëîíîìèè SU(4);
ïðè α = 1 ìåòðèêà (2) èçîìåòðè÷íà ìåòðèêå Êàëàáè [2] ñ ãðóïïîé ãîëîíîìèè
Sp(2) ⊂ SU(4). Ìåòðèêè (2) íåãîìîòåòè÷íû ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà
α.

Òàêèì îáðàçîì, ïîñòðîåííîå íàìè îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ìåòðèê
¾ñîåäèíÿåò¿ ñïåöèàëüíóþ êýëåðîâó è ãèïåðêýëåðîâó ìåòðèêè Êàëàáè, ïîñòðîåí-
íûå â [2]. Îòìåòèì, ÷òî îáå ìåòðèêè Êàëàáè ÿâëÿëèñü ïåðâûìè ÿâíûìè ïðèìåðà-
ìè ñïåöèàëüíîé êýëåðîâîé è ãèïåðêýëåðîâîé ìåòðèê. Äîêàçàííàÿ íàìè òåîðåìà
îïðîâåðãàåò ãèïîòåçó Äæîéñà [3, Ch. 8.2], ÷òî â êîìïëåêñíîé ðàçìåðíîñòè m ≥ 3
èç âñåõ ðèìàíîâûõ ìåòðèê ñ ãðóïïîé ãîëîíîìèè SU(m), òîëüêî ìåòðèêà Êàëàáè
ìîæåò áûòü çàïèñàíà ÿâíûì îáðàçîì â ýëåìåíòàðíûõ ôóíêöèÿõ.

ËÈÒÅÐÀÒÓÐÀ
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ìèè Spin(7) // Ñèá. ìàò. æóðí. 2007. Ò. 48, � 1. Ñ. 11�32.
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POSITIVE RICCI CURVATURE

Áàçàéêèí ß.Â.1, Ìàòâèåíêî È.Â.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
ivan.matvienko@gmail.com

Ëþáàÿ ñâÿçíàÿ ñóììà êîíå÷íîãî ÷èñëà ýêçåìïëÿðîâ S2×S2, CP 2 è −CP 2 îá-
ëàäàåò ðèìàíîâîé ìåòðèêîé ïîëîæèòåëüíîé êðèâèçíû Ðè÷÷è [2]. Ñ äðóãîé ñòî-
ðîíû, ëþáàÿ òàêàÿ ñâÿçíàÿ ñóììà äîïóñêàåò ýôôåêòèâíîå äåéñòâèå òîðà T 2, ò. å.
ÿâëÿåòñÿ T 2-ìíîãîîáðàçèåì. Áîëåå òîãî, ëþáîå îäíîñâÿçíîå T 2-ìíîãîîáðàçèå ãî-
ìåîìîðôíî îäíîé èç óêàçàííûõ ñâÿçíûõ ñóìì [3]. Ïðè ýòîì â êàæäîì êëàññå
ãîìåîìîðôèçìà T 2-ìíîãîîáðàçèÿ ñóùåñòâóåò, âîîáùå ãîâîðÿ, áåñêîíå÷íîå ÷èñëî
ýêâèâàðèàíòíî ðàçëè÷íûõ T 2-ìíîãîîáðàçèé. Äàííàÿ ðàáîòà ïîëîæèòåëüíî îòâå-
÷àåò íà âîïðîñ î òîì, ñóùåñòâóåò ëè ðèìàíîâà ìåòðèêà ïîëîæèòåëüíîé ñåêöè-
îííîé êðèâèçíû Ðè÷÷è â êàæäîì êëàññå T 2-ýêâèâàðèàíòíî ãîìåîìîðôíûõ îäíî-
ñâÿçíûõ ÷åòûðåõìåðíûõ T 2-ìíîãîîáðàçèé [1]. À èìåííî, äîêàçàíà

Òåîðåìà. Íà êàæäîì îäíîñâÿçíîì ÷åòûðåõìåðíîì T 2-ìíîãîîáðàçèè ñóùå-
ñòâóåò ðèìàíîâà ìåòðèêà ïîëîæèòåëüíîé êðèâèçíû Ðè÷÷è, îòíîñèòåëüíî êîòî-
ðîé T 2 äåéñòâóåò èçîìåòðèÿìè.
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ÏÑÅÂÄÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÍÀ

ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÀÕ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ
ÔÓÍÊÖÈÉ ÌÍÎÃÈÕ ÏÅÐÅÌÅÍÍÛÕ

WAVELET APPROXIMATION, FOURIER WIDTHS, AND
APPROXIMATE RECOVERY OF

PSEUDO-DIFFERENTIAL OPERATORS ON CERTAIN
CLASSES OF PERIODIC FUNCTIONS IN SEVERAL

VARIABLES

Áàçàðõàíîâ Ä.Á.

Èíñòèòóò ìàòåìàòèêè, Àëìàòû, Êàçàõñòàí; dauren@math.kz

Ôèêñèðóåì n, d ∈ N: n ≤ d; äëÿ ïðîèçâîëüíûõ ε ⊂ εd = {1, . . . , d} (∅ 6= ε =
{j1, . . . , j|ε|}, 1 ≤ j1 < . . . < j|ε| ≤ d) è x = (x1, . . . , xd) ∈ Rd ïîëîæèì x(ε) =
(xj1 , . . . , xj|ε|) ∈ R|ε|. Äàëåå, ôèêñèðóåì ðàçáèåíèå ε = {ε(1), . . . , ε(n)} ìíîæåñòâà
εd (ò. å. εd = ∪ni=1ε

(i), ε(i) ∩ ε(j) = ∅ ïðè i 6= j, ε(i) 6= ∅, di := |ε(i)|, i ∈ εn). Äëÿ
óäîáñòâà äëÿ x ∈ Rd ïèøåì x = (x1, . . . , xn), ãäå xi = x(ε(i)) ∈ Rdi , i ∈ εn.

Âûáåðåì áåñêîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè η
(i)
0 : Rdi → R òàêèå, ÷òî

0 ≤ η
(i)
0 (ξi) ≤ 1, ξi ∈ Rdi ; η(i)

0 (ξi) = 1 ïðè |ξi| ≤ 1; η(i)
0 (ξi) = 0 ïðè |ξi| ≥

3/2 (i ∈ εn). Ïîëîæèì η(i)(ξi) = η
(i)
0 (2−1ξi)− η(i)

0 (ξi), η(i)
j (ξi) = η(i)(2−j+1ξi), j ∈

N; ηk(ξ) =
∏n
i=1 η

(i)
ki

(ξi), ξ ∈ Rd, k = (k1, . . . , kn) ∈ Nn0 .
Ïóñòü Lq = Lq ( Td)(1 ≤ q ≤ ∞) � ïðîñòðàíñòâî ôóíêöèé f , 2π - ïåðèîäè÷å-

ñêèõ ïî êàæäîé ïåðåìåííîé, ñóììèðóåìûõ â ñòåïåíè q (ñóùåñòâåííî îãðàíè÷åí-
íûõ ïðè q =∞) íà Td, ñ íîðìîé ‖ f ‖q = ‖ f |Lq ( Td) ‖ (çäåñü Td � d-ìåðíûé òîð),
à lθ = lθ( Nn0 ) (1 ≤ θ ≤ ∞)� ïðîñòðàíñòâî êðàòíûõ (êîìïëåêñíîçíà÷íûõ) ÷èñëî-
âûõ ïîñëåäîâàòåëüíîñòåé {ak} = {ak}k∈Nn

0
ñî ñòàíäàðòíîé íîðìîé ‖{ak} | lθ ‖.

Îïðåäåëåíèå. Ïóñòü s = (s1, . . . , sn) ∈ (0,∞)n, 1 ≤ θ ≤ ∞. Ïðîñòðàíñòâî
òèïà Íèêîëüñêîãî � Áåñîâà Bs, ε

p θ ( Td) (1 ≤ p ≤ ∞) ñîñòîèò èç âñåõ ôóíêöèé

f ∈ Lp ( Td), äëÿ êîòîðûõ êîíå÷íà íîðìà

‖ f |B ‖ = ‖ f |Bs, ε
p θ ( Td) ‖ = ‖{2(s,k)‖

∑
λ∈Zd

ηk(λ)f̂(λ)ei(λ, x)‖p} | lθ‖.

Ïðîñòðàíñòâî òèïà Ëèçîðêèíà � Òðèáåëÿ Fs, εp θ ( Td) (1 ≤ p < ∞) ñîñòîèò èç

âñåõ ôóíêöèé f ∈ Lp ( Td), äëÿ êîòîðûõ êîíå÷íà íîðìà

‖ f |F ‖ = ‖ f |Fs, εp θ ( Td) ‖ = ‖‖{2(s,k)
∑
λ∈Zd

ηk(λ)f̂(λ)ei(λ,x)} | lθ‖‖p.

(Çäåñü f̂(λ) = (2π)−d
∫

Td f(x)e−i(λ,x) dx � êîýôôèöèåíòû Ôóðüå ôóíêöèè f , λ ∈
Zd.)

Â äîêëàäå áóäóò ðàññìîòðåíû òî÷íûå â ñìûñëå ïîðÿäêà îöåíêè äëÿ ïðèáëè-
æåíèé ôóíêöèé èç åäèíè÷íûõ øàðîâ ïðîñòðàíñòâ Bs, ε

p θ ( Td) è Fs, εp θ ( Td) ñïåöèàëü-
íûìè ÷àñòè÷íûìè ñóììàìè ðàçëîæåíèé ïî êðàòíîé ïåðèîäèçèðîâàííîé ñèñòåìå
âñïëåñêîâ Ìåéåðà â Lq ( Td) è äëÿ ïîïåðå÷íèêîâ Ôóðüå â ðÿäå ñëó÷àåâ. Êðîìå
òîãî, áóäóò äàíû ïðèëîæåíèÿ ýòèõ îöåíîê ê çàäà÷å ïðèáëèæåííîãî âîññòàíîâëå-
íèÿ ñïåöèàëüíîãî êëàññà ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ôóíêöèÿõ èç
ýòèõ ïðîñòðàíñòâ.
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INVARIANT STRUCTURES ON RIEMANNIAN
HOMOGENEOUS k-SYMMETRIC SPACES
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Îäíîðîäíûå ïðîñòðàíñòâà, ïîðîæäàåìûå ýíäîìîðôèçìàìè ãðóïï Ëè, áûëè
âïåðâûå ðàññìîòðåíû Â.È.Âåäåðíèêîâûì â 1964 ã. êàê åñòåñòâåííûå îáúåêòû,
âîçíèêàþùèå ïðè èçó÷åíèè èì â òîò ïåðèîä íîðìàëèçîâàííûõ è ñîïðÿæåííûõ
ñâÿçíîñòåé â ãëàâíûõ ðàññëîåíèÿõ. Âàæíåéøèì ïîäêëàññîì òàêèõ ïðîñòðàíñòâ
ñòàëè ââåäåííûå Í.À.Ñòåïàíîâûì â 1967 ã. ðåãóëÿðíûå Φ-ïðîñòðàíñòâà G/H,
êîòîðûå ÿâëÿþòñÿ ðåäóêòèâíûìè è âêëþ÷àþò, â ñâîþ î÷åðåäü, îäíîðîäíûå Φ-
ïðîñòðàíñòâà ïîðÿäêà k (îäíîðîäíûå k-ñèììåòðè÷åñêèå ïðîñòðàíñòâà), ò. å. àâ-
òîìîðôèçì Φ ãðóïïû ËèG èìååò ïîðÿäîê k (ñëó÷àé k = 2 ñîîòâåòñòâóåò îäíîðîä-
íûì ñèììåòðè÷åñêèì ïðîñòðàíñòâàì). Îêàçàëîñü, ÷òî àâòîìîðôèçì Φ ïîðîæäàåò
íà G/H íå òîëüêî îáîáùåííûå ¾ñèììåòðèè¿, íî è èíâàðèàíòíûå êàíîíè÷åñêèå
ñòðóêòóðû êëàññè÷åñêèõ òèïîâ: ïî÷òè êîìïëåêñíûå J , ïî÷òè ïðîèçâåäåíèÿ P , f -
ñòðóêòóðû (f3+f = 0, K.Yano), h-ñòðóêòóðû (h3−h = 0). Ïðè ýòîì êàê ¾ñèììåò-
ðèè¿, òàê è êàíîíè÷åñêèå ñòðóêòóðû ñîãëàñîâàíû ñ åñòåñòâåííûìè èíâàðèàíòíû-
ìè (ïñåâäî)ðèìàíîâûìè ìåòðèêàìè, âîçíèêàþùèìè íà G/H. Êëàññè÷åñêèì ïðè-
ìåðîì çäåñü ñòàëà îáíàðóæåííàÿ åùå â êîíöå 1960-õ ãã. êàíîíè÷åñêàÿ ñòðóêòó-
ðà J íà îäíîðîäíûõ 3-ñèììåòðè÷åñêèõ ïðîñòðàíñòâàõ (Í.À.Ñòåïàíîâ, J.A.Wolf,
A.Gray), êîòîðàÿ ñòàëà ýôôåêòèâíûì èíñòðóìåíòîì âî ìíîãèõ êîíñòðóêöèÿõ
äèôôåðåíöèàëüíîé ãåîìåòðèè è ãëîáàëüíîãî àíàëèçà. Îòäåëüíûå íîâûå ïðèìå-
ðû êàíîíè÷åñêèõ ñòðóêòóð âïîñëåäñòâèè âîçíèêàëè (A. J. Ledger, O.Kowalski è
äð.), à ïîëíîå èõ îïèñàíèå áûëî ïîëó÷åíî â [1, 2].

Ñðåäè ïðèëîæåíèé êàíîíè÷åñêèõ ñòðóêòóð âûäåëèì îáîáùåííóþ ýðìèòîâó
ãåîìåòðèþ, ñîçäàííóþ â ñåðåäèíå 1980-õ ãã. Â.Ô.Êèðè÷åíêî (ñì., íàïðèìåð, [3])
è ðàçâèâàåìóþ òåïåðü â ðàçíûõ àñïåêòàõ. Çäåñü êàíîíè÷åñêèå f -ñòðóêòóðû ïîç-
âîëèëè ïðåäúÿâèòü îáøèðíûé ðåñóðñ èíâàðèàíòíûõ ïðèìåðîâ äëÿ âàæíåéøèõ
êëàññîâ îáîáùåííûõ ïî÷òè ýðìèòîâûõ ñòðóêòóð. Àíàëîãè÷íî, ñ ïîìîùüþ êàíî-
íè÷åñêèõ ñòðóêòóð P íà îäíîðîäíûõ k-ñèììåòðè÷åñêèõ ïðîñòðàíñòâàõ ïîñòðîå-
íû êëàññû èíâàðèàíòíûõ ðèìàíîâûõ ñòðóêòóð ïî÷òè ïðîèçâåäåíèÿ (â ñîîòâåò-
ñòâèè ñ êëàññèôèêàöèåé A.M.Naveira). Îïèñàíèå ýòèõ è äðóãèõ ôàêòîâ, à òàêæå
ñåðèè ïðèìåðîâ êàê ïîëóïðîñòîãî, òàê è ðàçðåøèìîãî òèïîâ, ñîäåðæàòñÿ â [4].
Ñðåäè íåäàâíèõ ðåçóëüòàòîâ � íîâûå êëàññû êàíîíè÷åñêèõ ïðèáëèæåííî êåëå-
ðîâûõ è ýðìèòîâûõ f -ñòðóêòóð íà îäíîðîäíûõ k-ñèììåòðè÷åñêèõ ïðîñòðàíñòâàõ
îòíîñèòåëüíî ñåìåéñòâà äèàãîíàëüíûõ ðèìàíîâûõ ìåòðèê (À.Ñ.Ñàìñîíîâ).
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ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÃÅÎÌÅÒÐÈ×ÅÑÊÎÃÎ ÑÐÅÄÍÅÃÎ
ÎÏÅÐÀÒÎÐÀ Â ÏÐÎÑÒÐÀÍÑÒÂÅ Lp(x), ω(R

n)

BOUNDEDNESS OF THE GEOMETRIC MEAN
OPERATOR IN THE SPACES Lp(x), ω(R

n)

Áàíäàëèåâ Ð.À.

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Àçåðáàéäæàíà, Áàêó,
Àçåðáàéäæàí; bandalievr@rambler.ru

Â ïðåäñòàâëåííîé ðàáîòå èññëåäóåòñÿ çàäà÷à î íàõîæäåíèè äâóõâåñîâîãî êðè-
òåðèÿ äëÿ ãåîìåòðè÷åñêîãî ñðåäíåãî îïåðàòîðà â ïðîñòðàíñòâå Ëåáåãà ñ ïåðåìåí-
íûì ïîêàçàòåëåì ñóììèðóåìîñòè. Ýòîò îïåðàòîð èìååò âèä

Gf(x) = exp

 1
|B(0, |x|)|

∫
B(0, |x|)

ln f(y) dy

 , ãäå f > 0

è B(0, |x|) = {y : y ∈ Rn; |y| ≤ |x|} .
Îïðåäåëåíèå. ×åðåç Lp(x),ω (Rn) îáîçíà÷èì âåñîâîå ïðîñòðàíñòâî èçìåðè-

ìûõ ôóíêöèé f íà Rn òàêèõ, ÷òî
∫
Rn

|f(x)ω(x)|p(x) dx < ∞. Îòìåòèì, ÷òî ïðè

óñëîâèÿõ 1 ≤ p(x) ≤ p+ < +∞, âåñîâîå ïðîñòðàíñòâî Lp(x), ω (Rn) ÿâëÿåòñÿ áàíà-
õîâûì ïî íîðìå (ñì. [1]) (p+ = sup

x∈Rn

p(x))

‖f‖Lp(x), ω(Rn) = ‖f‖Lp(·), ω
= inf

λ > 0 :
∫
Rn

∣∣∣∣f(x)ω(x)
λ

∣∣∣∣p(x) dx ≤ 1

 .

Òåîðåìà.Ïóñòü p− = inf
x∈Rn

p(x), 1 < p− ≤ p(x) ≤ q(x) ≤ q <∞,
1

r(x)
=

1
p−
− 1
p(x)

äëÿ ï.â. x ∈ Rn è ‖1‖Lr(·)(Rn) <∞. Ïðåäïîëîæèì, ÷òî v(x) è w(x) � âåñîâûå
ôóíêöèè, îïðåäåëåííûå íà Rn è óäîâëåòâîðÿþùèå óñëîâèþ:

D(s, p, q) = sup
t>0

t
n(s−1)

p−

∥∥∥∥∥∥∥
w(·)
| · |

s
p−

exp

 1
|B(0, | · |)|

∫
B(0, |x|)

ln
1

v(y)
dy


∥∥∥∥∥∥∥
Lq(·)(|·|>t)

, (1)

ãäå s ∈ (1, p−). Òîãäà äëÿ ñïðàâåäëèâîñòè íåðàâåíñòâà

‖Gf‖Lq(·), w(Rn) ≤ C ‖f‖Lp(·), v(Rn) (2)

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå óñëîâèÿ (1). Êðîìå òîãî, åñëè Ñ íàèëó÷øàÿ
ïîëîæèòåëüíàÿ ïîñòîÿííàÿ â íåðàâåíñòâå (2), òî

sup
s>1

e
s

p− D(s, p, q)[
es + 1

s−1

]1/p− ≤ C ≤ 2
(
p−
q−

+
q+ − p−
q+

) 2
p−
‖1‖Lr(·)(Rn) inf

s>1
e

s−1
p− D(s, p, q).

Â ñâÿçè ñ òåîðåìîé îòìåòèì ðàáîòó [2].
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ÂÈÐÒÓÀËÜÍÛÅ ÓÇËÛ È ÊÎÑÛ

VIRTUAL KNOTS AND BRAIDS

Áàðäàêîâ Â. Ã.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
bardakov@math.nsc.ru

Âèðòóàëüíûå óçëû êàê îáîáùåíèå êëàññè÷åñêèõ óçëîâ ââåë Ë.Êàóôìàí. Îí
æå îïðåäåëèë è ãðóïïó âèðòóàëüíûõ êîñ V Bn, à Â.Â.Âåðøèíèí íàøåë äëÿ íåå
áîëåå ýêîíîìíîå ïðåäñòàâëåíèå. Çàòåì Êàìàäà äîêàçàë, ÷òî âñÿêèé âèðòóàëüíûé
óçåë ÿâëÿåòñÿ çàìûêàíèåì íåêîòîðîé âèðòóàëüíîé êîñû è äâà âèðòóàëüíûõ óç-
ëà ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå èì êîñû ñâÿçàíû
íåêîòîðîé ïîñëåäîâàòåëüíîñòüþ ïðåîáðàçîâàíèé. Ýòè òåîðåìû ÿâëÿþòñÿ àíàëî-
ãàìè òåîðåì Àëåêñàíäåðà è Ìàðêîâà.

Êàê è äëÿ ãðóïïû êîñ Bn äëÿ V Bn ñóùåñòâóåò ýïèìîðôèçì íà ãðóïïó ïîä-
ñòàíîâîê Sn, ÿäðî êîòîðîãî íàçûâàåòñÿ ãðóïïîé êðàøåíûõ âèðòóàëüíûõ êîñ è
îáîçíà÷àåòñÿ V Pn. Èçâåñòíî [1], ÷òî V Pn ïðè n ≥ 2 ÿâëÿåòñÿ ïîëóïðÿìûì ïðî-
èçâåäåíèåì

V Pn = V ∗n−1 o V Pn−1,

ãäå V ∗n−1 � ñâîáîäíàÿ ïîäãðóïïà ãðóïïû V Pn.
Â ðàáîòå [2] îïðåäåëåíà ñèñòåìà èíâàðèàíòîâ êîíå÷íîãî òèïà (èíâàðèàíòû

Ãóñàðîâà � Âàñèëüåâà) äëÿ ãðóïïû V Bn. Ýòà ñèñòåìà ÿâëÿåòñÿ ïîëíîé ñèñòåìîé
èíâàðèàíòîâ òîãäà è òîëüêî òîãäà, êîãäà V Pn àïïðîêñèìèðóåòñÿ íèëüïîòåíòíû-
ìè ãðóïïàìè áåç êðó÷åíèÿ.

Äðóãîå ïðåäñòàâëåíèå ãðóïïû V P3 íàéäåíî â [3], ãäå äîêàçàíî, ÷òî V P3 = G3∗
Z è G3 èìååò ïðåäñòàâëåíèå ñ ïîðîæäàþùèìè a1, a2, b1, b2, c1 è ñîîòíîøåíèÿìè

[a1, b1] = [a2, b2] = 1, bc11 = ba2
1 , ac11 = ab21 , bc12 = ba1b2

2 , ac12 = ab1a2
2 .

Êðîìå òîãî, G3 = Q3 h 〈c1〉, ãäå Q3 � ïîäãðóïïà G3, ïîðîæäåííàÿ ýëåìåíòàìè
a1, b1, a2, b2 è èìåþùàÿ áåñêîíå÷íîå ìíîæåñòâî ñîîòíîøåíèé

[ai, bi]c
k
1 = 1, i = 1, 2, k ∈ Z,

çàïèñàííûõ â ïîðîæäàþùèõ a1, b1, a2, b2. Èñïîëüçóÿ ýòî ïðåäñòàâëåíèå â [3] óñòà-
íîâëåíî, ÷òî ãðóïïà V P3 àïïðîêñèìèðóåòñÿ íèëüïîòåíòíûìè ãðóïïàìè áåç êðó-
÷åíèÿ.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ãðóïïà Q3 è äîêàçûâàåòñÿ

Òåîðåìà. ßäðî ãîìîìîðôèçìà Q3 íà ïðÿìîå ïðîèçâåäåíè Z2 × Z2 ÿâëÿåòñÿ
ñâîáîäíîé ãðóïïîé, ò. å. ñóùåñòâóåò êîðîòêàÿ òî÷íàÿ ïîñëåäîâàòåëüíîñòü

1 −→ F∞ −→ Q3 −→ Z2 × Z2 −→ 1,

ãäå F∞ � ñâîáîäíàÿ ãðóïïà ñ÷åòíîãî ðàíãà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÀÂÖÏ Ìèíîáðàçîâàíèÿ Ðîñ-

ñèè ¾Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû¿ (ïðîåêò 2.1.1/419).

ËÈÒÅÐÀÒÓÐÀ
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ÈÍÒÅÃÐÀËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ
Â ÑÅ×ÅÍÈßÕ ÁÀÍÀÕÎÂÛÕ ÐÀÑÑËÎÅÍÈÉ

INTEGRAL OPERATORS
IN THE SPACES OF MEASERABLE SECTIONS

Áàñàåâà Å.Ê., Ïëèåâ Ì.À.

1Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà
ÐÀÍ è ÐÑÎ-À, Âëàäèêàâêàç, Ðîññèÿ; helen@smath.ru

2Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà
ÐÀÍ è ÐÑÎ-À, Âëàäèêàâêàç, Ðîññèÿ; plimarat@yandex.ru

Òåîðèÿ èçìåðèìûõ è íåïðåðûâíûõ áàíàõîâûõ ðàññëîåíèé � àêòèâíî ðàçâèâà-
þùàÿñÿ îáëàñòü ñîâðåìåííîãî ôóíêöèîíàëüíîãî àíàëèçà, ñì., íàïðèìåð, [1�4]. Â
ïîñëåäíèå ãîäû ñòàëè èçó÷àòüñÿ îïåðàòîðû, çàäàííûå íà ïðîñòðàíñòâàõ ñå÷åíèé
[5, 6].

Ïåðåéäåì ê òî÷íûì îïðåäåëåíèÿì. Áàíàõîâî ðàññëîåíèå X íàä ìíîæåñòâîì
Ω ñ çàäàííîé èçìåðèìîé ñòðóêòóðîé I íàçûâàþò èçìåðèìûì áàíàõîâûì ðàññëî-
åíèåì (ÈÁÐ) íàä Ω è îáîçíà÷àþò (X , I) èëè êîðî÷å X .

Ïóñòü E � èäåàëüíîå ïðîñòðàíñòâî íàä L0(Ω). Ïîëîæèì ïî îïðåäåëåíèþ

E(X ) := {f ∈ L0(Ω,Σ, ν,X ) :
f∈ E}.

Ïóñòü (A,Σ1, ν) è (B,Σ2, µ) � ïðîñòðàíñòâà ñ êîíå÷íûìè ìåðàìè, X è Y �
ÈÁÐ ñ ëèôòèíãàìè íàä (A,Σ1, ν) è (B,Σ2, µ) ñîîòâåòñòâåííî, T : E(X )→ F (Y) �
ëèíåéíûé îïåðàòîð. Ðàññìîòðèì èçìåðèìîå îïåðàòîðíîå ñå÷åíèå K, ãäå äëÿ ëþ-
áîãî (s, t) ∈ A×B ëèíåéíûé îïåðàòîð K(s, t) ïðèíàäëåæèò L(X (t),Y(s)). Êðîìå
òîãî, äëÿ ëþáûõ èçìåðèìûõ ñå÷åíèé f ∈ E(X ) è z ∈ L∞(Y?) µ-ïî÷òè âñþäó
ñïðàâåäëèâî ðàâåíñòâî

〈z(s), (Tf)(s)〉 =
∫
A

〈z(s),K(s, t)f(t)〉 dν(t).

Òîãäà ãîâîðÿò, ÷òî îïðåäåëåí ñëàáûé èíòåãðàëüíûé îïåðàòîð T ñ ÿäðîì K.

Òåîðåìà. Ïóñòü T : E(X ) → F (Y) � ëèíåéíûé ìàæîðèðóåìûé îïåðàòîð.
Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) T � ñëàáûé èíòåãðàëüíûé îïåðàòîð;
2) äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè

(fn)∞n=1 ⊂ E(X ),
fn6 g (∀n ∈ N, g ∈ E+),

ñïðàâåäëèâà èìïëèêàöèÿ
fn (ν)→ 0 =⇒

Tfn (o)→ 0.
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òîðà // Â ïå÷àòè.

12



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

Î ÏÎÐßÄÊÀÕ ÏÐÈÁËÈÆÅÍÈß ÔÓÍÊÖÈÎÍÀËÜÍÛÕ
ÊËÀÑÑÎÂ Â ÀÍÈÇÎÒÐÎÏÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

APPROXIMATION ORDERS OF FUNCTIONAL CLASSES
IN ANISOTROPIC SPACES

Áåêìàãàíáåòîâ Ê.À.

Êàçàõñòàíñêèé ôèëèàë ÌÃÓ èì. Ì.Â.Ëîìîíîñîâà, Àñòàíà, Êàçàõñòàí;
bekmaganbetov-ka@yandex.ru

Ïóñòü 1 ≤ p = (p1, . . . , pn), r = (r1, . . . , rn) ≤ ∞. Äëÿ ôóíêöèé f ∈ Lpr ([1])
îáîçíà÷èì ÷åðåç

∆s(f,x) =
∑

k∈ρ(s)

ak(f)e2πi(k,x),

ãäå {ak(f)}k∈Zn � êîýôôèöèåíòû Ôóðüå ôóíêöèè f ïî êðàòíîé òðèãîíîìåòðè-
÷åñêîé ñèñòåìå, ρ(s) = {k = (k1, . . . , kn) ∈ Zn :

[
2si−1

]
≤ |ki| < 2si , i = 1, . . . , n},

(k,x) =
∑n
j=1 kjxj .

Àíèçîòðîïíûì ïðîñòðàíñòâîì ÁåñîâàBαθpr ([1, 2]) íàçûâàåòñÿ ìíîæåñòâî ôóíê-
öèé f èç Lpr äëÿ êîòîðûõ êîíå÷íà íîðìà

‖f‖Bαθ
pr

=
∥∥∥∥{2(α,s)‖∆s(f)‖Lpr

}
s∈Zn

+

∥∥∥∥
lθ

,

ãäå 0 < α = (α1, . . . , αn) <∞, 0 < θ = (θ1, . . . , θn) ≤ ∞, ‖·‖lθ � íîðìà äèñêðåòíîãî
ïðîñòðàíñòâà Ëåáåãà lθ ñî ñìåøàííîé ìåòðèêîé.

Ïóñòü γ = (γ1, . . . , γn), s = (s1, . . . , sn), ãäå γj > 0, sj ∈ Z+ äëÿ âñåõ j = 1, . . . , n
è

Qn(γ,N) =
⋃

(s,γ)<N

ρ(s), TQn(γ,N) =

t(x) =
∑

k∈Qn(γ,N)

bke
2πi(k,x)

 ,

Eγ,N (f)Lpr � íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ Lpr ïîëèíîìàìè èç TQn(γ,N),

Sγ,N (f,x) =
∑

k∈Qn(γ,N)

ak(f)e2πi(k,x) � ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f .

Òåîðåìà. Ïóñòü 0 < α = (α1, . . . , αn) < ∞, 1 < p = (p1, . . . , pn) < q =
(q1, . . . , qn) < ∞, 1 ≤ θ = (θ1, . . . , θn), τ = (τ1, . . . , τn), r = (r1, . . . , rn) ≤ ∞, αj0 +
1
qj0
− 1
pj0

= min
j=1,...,n

{αj +
1
qj
− 1
pj
} è αj0 + 1

qj0
− 1

pj0
> 0, γj = (αj + 1

qj
− 1

pj
)/(αj0 +

1
qj0
− 1

pj0
), j = 1, . . . , n. Òîãäà

Eγ,N
(
Bατpr

)
Lqθ
� 2

−
�
αj0+ 1

qj0
− 1

pj0

�
N
N

Pn
j=2

�
1

θj
− 1

τj

�
+ ,

ãäå Eγ,N
(
Bατpθ

)
Lqθ

= sup
‖f‖Bατ

pθ
≤1

Eγ,N (f)Lqθ
, (a)+ = max(a, 0).

Çàìåòèì, ÷òî äàííàÿ òåîðåìà îáîáùàåò è óñèëèâàåò, ñîîòâåòñòâóþùèé ðåçóëü-
òàò èç ðàáîòû [2].

ËÈÒÅÐÀÒÓÐÀ

1. Íóðñóëòàíîâ Å.Ä. Èíòåðïîëÿöèîííûå òåîðåìû äëÿ àíèçîòðîïíûõ ôóíêöèîíàëüíûõ
ïðîñòðàíñòâ è èõ ïðèëîæåíèÿ // Äîêë. ÀÍ. 2004. Ò. 394, � 1. Ñ. 16�19.

2. Àêèøåâ Ã.À. Ïðèáëèæåíèå ôóíêöèîíàëüíûõ êëàññîâ â ïðîñòðàíñòâàõ ñî ñìåøàííîé
íîðìîé // Ìàòåì. ñá. 2006. Ò. 197, � 8. Ñ. 17�40.
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ÎÏÅÐÀÒÎÐ ËÀÏËÀÑÀ ÍÀ ÎÄÍÎÐÎÄÍÛÕ
ÍÎÐÌÀËÜÍÛÕ ÐÈÌÀÍÎÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈßÕ

THE LAPLACE OPERATOR ON HOMOGENEOUS
NORMAL RIEMANNIAN MANIFOLDS

Áåðåñòîâñêèé Â.Í.1, Ñâèðêèí Â.Ì.2

1Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñê,
Ðîññèÿ; berestov@ofim.oscsbras.ru

2Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñê,
Ðîññèÿ; svirkin@ofim.oscsbras.ru

Äîêëàä ïîñâÿùåí àíàëèçó ñâîéñòâ è ïîèñêó ñïåêòðà îïåðàòîðà Ëàïëàñà íà
âåùåñòâåííûõ ôóíêöèÿõ îäíîðîäíûõ íîðìàëüíûõ ðèìàíîâûõ ìíîãîîáðàçèé.

Óñòàíàâëèâàþòñÿ ñâÿçè ìåæäó ñïåêòðàìè äâóõ ðèìàíîâûõ ìíîãîîáðàçèé, ñî-
åäèíåííûõ ðèìàíîâîé ñóáìåðñèåé ñ âïîëíå ãåîäåçè÷åñêèìè ñëîÿìè, ìåæäó ñïåê-
òðîì òðàíçèòèâíîé ãðóïïû èçîìåòðèéG/H ðèìàíîâîãî ìíîãîîáðàçèÿ è ñïåêòðîì
ãðóïïû Ëè G, à òàêæå ìåæäó ñïåêòðîì ïðÿìîãî ïðîèçâåäåíèÿ äâóõ ðèìàíîâûõ
ìíîãîáðàçèé M × N è ñïåêòðàìè åãî ñîìíîæèòåëåé M è N . Âñëåäñòâèå ýòèõ
ñîîòíîøåíèé èññëåäîâàíèå ñïåêòðà ëàïëàñèàíà ñâîäèòñÿ ê ñëó÷àþ êîìïàêòíûõ
ïðîñòûõ ñâÿçíûõ îäíîñâÿçíûõ ãðóïï Ëè ñ áèèíâàðèàíòíîé ðèìàíîâîé ìåòðèêîé.

Óêàçûâàåòñÿ âåñüìà ýôôåêòèâíûé ñïîñîá âû÷èñëåíèÿ ñïåêòðà ëàïëàñèàíà
óêàçàííûõ âûøå ãðóïï Ëè ÷åðåç ïðåäñòàâëåíèÿ èõ àëãåáð Ëè.
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ÑËÀÁÎ ÀÄÄÈÒÈÂÍÛÉ ÔÓÍÊÖÈÎÍÀË È ÏÐßÌÀß
ÇÎÐÃÅÍÔÐÅß

A WEAKLY ADDITIVE FUNCTIONAL AND THE
SORGENFREI LINE

Áåøèìîâ Ð.Á.1, Ñàôàðîâà Ä.Ò.2

1Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì.Óëóãáåêà, Òàøêåíò,
Óçáåêèñòàí; rbeshimov@mail.ru

2Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì.Óëóãáåêà, Òàøêåíò,
Óçáåêèñòàí

Â íàñòîÿùåé ðàáîòå äîêàçàíî, ÷òî ôóíêòîð ñëàáî àääèòèâíûé ôóíêöèîíàë
íå ñîõðàíÿåò ïðÿìóþ Çîðãåíôðåÿ.

Ôóíêöèîíàë ν : C(X)→ R íàçûâàåòñÿ:
1) ñëàáî àääèòèâíûì, åñëè ν(ϕ+ cX) = ν(ϕ) + c äëÿ âñåõ ϕ ∈ C(X) è c ∈ R;
2) ñîõðàíÿþùèì ïîðÿäîê, åñëè äëÿ ëþáûõ ϕ,ψ ∈ C(X) èç òîãî, ÷òî ϕ ≤ ψ

âûòåêàåò íåðàâåíñòâî ν(ϕ) ≤ ν(ψ);
3) íîðìèðîâàííûì, åñëè ν(1X) = 1.
Äëÿ áèêîìïàêòà X ÷åðåç O(X) îáîçíà÷èì ìíîæåñòâî âñåõ ñëàáî àääèòèâ-

íûõ, ñîõðàíÿþùèõ ïîðÿäîê, íîðìèðîâàííûõ ôóíêöèîíàëîâ. Ýëåìåíòû ìíîæå-
ñòâà O(X) äëÿ êðàòêîñòè íàçîâåì ñëàáî àääèòèâíûìè ôóíêöèîíàëàìè. Áàçó
îêðåñòíîñòåé ñëàáî àääèòèâíîãî ôóíêöèîíàëà îáðàçóþò ìíîæåñòâà âèäà (ν;ϕ1, . . . , ϕk; ε) =
{ν′ ∈ O(X) : |ν(ϕi) − ν

′
(ϕi)| < ε, i = 1, 2, . . . , k}, ãäå ϕ ∈ C(X), i = 1, 2, . . . , k è

ε > 0 [1].
Ïóñòü X,Y � òèõîíîâñêèå ïðîñòðàíñòâà, è f : X → Y � íåïðåðûâíîå îòîá-

ðàæåíèå. Ðàññìîòðèì Ñòîóí � ×åõîâñêîå ïðîäîëæåíèå îòîáðàæåíèÿ f , ò.å. βf :
βX → βY . Ïîëîæèì Oβ(X) = {µ ∈ O(βX) : supp µ ⊂ X}, Oβ(f) = O(βf)|Oβ(X).
Òîãäà îòîáðàæåíèåOβ(f) : Oβ(X)→ Oβ(Y ) äåéñòâóåò ïî ôîðìóëå (Oβ(f)(µ))(ϕ) =
µ(ϕ ◦ f), ãäå µ ∈ Oβ(X), ϕ ∈ Cb(Y ). Çäåñü ÷åðåç Cb(Y ) îáîçíà÷àåòñÿ ìíîæåñòâî
âñåõ îãðàíè÷åííûõ, íåïðåðûâíûõ ôóíêöèé, îïðåäåëåííûõ íà òèõîíîâñêîì ïðî-
ñòðàíñòâå Y.

Ïóñòü R � ìíîæåñòâî âñåõ âåùåñòâåííûõ ÷èñåë, à B � ñåìåéñòâî âñåõ èíòåð-
âàëîâ [x, r), ãäå x, r ∈ R, x < r è r � ðàöèîíàëüíîå ÷èñëî. Ýëåìåíòû ñåìåéñòâà B
îòêðûòî-çàìêíóòûå ìíîæåñòâà îòíîñèòåëüíî òîïîëîãèè, ïîðîæäåííîé áàçîé B.
Ñåìåéñòâî B îáëàäàåò áàçîé. Ïðîñòðàíñòâî R íàçûâàåòñÿ ïðÿìîé Çîðãåíôðåÿ.

Óòâåðæäåíèå [2]. Ïðÿìàÿ Çîðãåíôðåÿ íàñëåäñòâåííî ñåïàðàáåëüíà.

Òåîðåìà. Ôóíêòîð Oβ : Tych → Tych íå ñîõðàíÿåò ïðÿìóþ Çîðãåíôðåÿ.

Ñëåäñòâèå 1.ÔóíêòîðOβ : Tych → Tych íå ñîõðàíÿåò îäíó ñòðåëêó Ï.Ñ.Àëåêñàíäðîâà.
Ñëåäñòâèå 2. Ôóíêòîð Pβ : Tych → Tych íå ñîõðàíÿåò ïðÿìóþ Çîðãåíôðåÿ.

Ñëåäñòâèå 3. Ôóíêòîð exp íå ñîõðàíÿåò ïðÿìóþ Çîðãåíôðåÿ.
ËÈÒÅÐÀÒÓÐÀ

1. Radul T.N. On the functor of order-preserving functionals // Comment. Math. Univ.
Carol. 1998. V. 39, � 3. P. 609�615.

2. Ýíãåëüêèíã Ð. Îáùàÿ òîïîëîãèÿ. Ì., 1986.
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ÈÍÒÅÃÐÀËÜÍÎÅ ÏÐÅÄÑÒÀÂËÅÍÈÅ È ÃÐÀÍÈ×ÍÎÅ
ÏÎÂÅÄÅÍÈÅ ÔÓÍÊÖÈÉ, ÎÏÐÅÄÅËÅÍÍÛÕ Â

ÎÁËÀÑÒÈ Ñ ÏÈÊÎÌ

INTEGRAL REPRESANTATION AND BOUNDARY
BEHEVIOUR OF FUNCTIONS DEFINED IN A DOMAIN

WITH A PEAK

Âàñèëü÷èê Ì.Þ.1, Ïóïûøåâ È.Ì.2

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê,
Ðîññèÿ; lolavas@mail.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê,
Ðîññèÿ; iluxa1@ngs.ru

Ñôîðìóëèðóåì ðàññìàòðèâàåìóþ çàäà÷ó. Ïóñòü ϕ ∈ C0,1([0, 1]) � òàêàÿ ôóíê-
öèÿ, ÷òî âûïîëíÿþòñÿ ðàâåíñòâà lim

τ→+0
ϕ(τ) = lim

τ→+0
ϕ′(τ) = 0. Ïóñòü ω ⊂ Rn−1

� ñòðîãî ëèïøèöåâà îáëàñòü, ñîäåðæàùàÿ íà÷àëî êîîðäèíàò è ñîäåðæàùàÿñÿ â
åäèíè÷íîì øàðå B(0′, 1) = {x′ ∈ Rn−1 : |x′| < 1}. ×åðåç G ⊂ Rn îáîçíà÷èì
îáëàñòü

G = {X = (x′, xn) ∈ Rn : 0 < xn < 1,
x′

ϕ(xn)
∈ ω},

÷åðåç S îáîçíà÷èì ÷àñòü ãðàíèöû ∂G

S = {X = (x′, xn) ∈ Rn : X ∈ ∂G, 0 < xn < 1}.

Ïóñòü íà S çàäàíî ñåìåéñòâî ôóíêöèé fα, α = (α1, . . . , αn), αj ∈ N, |α| = α1 +
. . .+αn, |α| 6 l−1, l > 1 � íàòóðàëüíîå ÷èñëî. Ïîëîæèì e(τ, ρ) = min{ϕ(τ), ϕ(ρ)},
σ(τ, ρ) = χ

(
|τ−ρ|
5e(τ,ρ)

)
, 0 < τ, ρ < 1, ãäå χ � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èíòåðâàëà

(0, 1). Äëÿ P,Q ∈ S ïîëàãàåì

rα(P,Q) = fα(Q)−
∑

|α+β|6l−1

fα+β(P )
(P −Q)β

β!
.

Ñèñòåìó ôóíêöèé fα áóäåì îáîçíà÷àòü ÷åðåç f . Òàêèì îáðàçîì, f = {fα}|α|6l−1.

Ïðîñòðàíñòâî ñåìåéñòâ f = {fα}|α|6l−1, äëÿ êîòîðûõ êîíå÷íà íîðìà (1 < p <∞)

‖f‖B =
∑

|α|6l−1

{∫
S

|fα(P )|pϕ(pn)dΣ
} 1

p

+

+
∑

|α|6l−1

{∫
S

∫
S

|rα(P,Q)|p

|P −Q|(l−|α|)p+n−2
σ(pn, qn)dΣP dΣQ

} 1
p

,

îáîçíà÷èì ÷åðåç B
l− 1

p
p,ϕ (S).

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.

Òåîðåìà îãðàíè÷åíèÿ. Ïóñòü F ∈W l
p(G), è fα = DαF |S , |α| 6 l− 1. Òîãäà

f = {fα}|α|6l−1 ∈ B
l− 1

p
p,ϕ (S), è ñïðàâåäëèâî íåðàâåíñòâî

‖f‖B 6 C‖F‖W l
p(G),

16



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

ãäå ïîñòîÿííàÿ C çàâèñèò òîëüêî îò l, p, n è îáëàñòè G.

Òåîðåìà ïðîäîëæåíèÿ. Ïóñòü f = {fα}|α|6l−1 ∈ B
l− 1

p
p,ϕ (S). Òîãäà ñóùå-

ñòâóåò òàêàÿ ôóíêöèÿ F ∈ W l
p(G), ÷òî DαF |S = fα, |α| 6 l − 1, è ñïðàâåäëèâî

íåðàâåíñòâî
‖F‖W l

p(G) 6 C‖f‖B ,

ãäå ïîñòîÿííàÿ C çàâèñèò òîëüêî îò l, p, n è îáëàñòè G.
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ÊÎÍÑÒÀÍÒÛ È ÔÓÍÊÖÈÈ ÂËÎÆÅÍÈß
ÏÐÎÑÒÐÀÍÑÒÂ ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ ÍÀ

ÅÄÈÍÈ×ÍÎÉ ÑÔÅÐÅ

EMBEDDING CONSTANTS AND FUNCTIONS FOR
SOBOLEV-LIKE SPACES ON THE UNIT SPHERE

Âàñêåâè÷ Â.Ë.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

vask@math.nsc.ru

Ïîëó÷åíû ÿâíûå âûðàæåíèÿ íîðì îïåðàòîðîâ âëîæåíèÿ ïðîñòðàíñòâ Xr
2 (S)

ñîáîëåâñêîãî òèïà íà åäèíè÷íîé ñôåðå S â ïðîñòðàíñòâî C(S) íåïðåðûâíûõ
ôóíêöèé íà òîé æå ñôåðå (íîðìû òàêîãî òèïà ïðèíÿòî íàçûâàòü ¾êîíñòàíòà-
ìè âëîæåíèÿ¿). Ïðèíàäëåæíîñòü ôóíêöèè èñõîäíîìó ïðîñòðàíñòâó Xr

2 (S) ôîð-
ìóëèðóåòñÿ êàê óñëîâèå ñóììèðóåìîñòè êâàäðàòîâ åå êîýôôèöèåíòîâ Ôóðüå (â
ðàçëîæåíèè ïî ñôåðè÷åñêèì ãàðìîíèêàì âñåâîçìîæíûõ ïîðÿäêîâ k, k = 1, 2, . . . )
ñ âåñîì λ2r

n,k, ãäå n � ðàçìåðíîñòü íåçàâèñèìûõ ïåðåìåííûõ, λn,k = k(n+ k − 2),
à r � ÷èñëî, âîçìîæíî äðîáíîå, õàðàêòåðèçóþùåå ãëàäêîñòü êëàññà. Íàéäåííûå
äëÿ êîíñòàíò âëîæåíèÿ ôîðìóëû äàþò èõ âûðàæåíèÿ â âèäå ñóìì ïîëîæèòåëü-
íûõ àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ, çàâèñÿùèõ îò r è n.

Òåîðåìà 1. Ïðè r > (n − 1)/4 êîíñòàíòà âëîæåíèÿ ïðîñòðàíñòâà Xr
2 (S) â

C(S) çàäàåòñÿ ðàâåíñòâîì

A(r)
n =

{
1 +

1
σn−1

∞∑
k=1

σ(k)
λ2r
n,k

}1/2

,

ãäå σn−1 � ïëîùàäü ñôåðû S è σ(k) = (n+ 2k − 2) (n+k−3)!
k!(n−2)! .

Óñòàíîâëåíî òàêæå ñóùåñòâîâàíèå ôóíêöèé ðàññìàòðèâàåìûõ âëîæåíèé, ò.å.

òàêèõ ôóíêöèé u = u(θ) èç Xr
2 (S), äëÿ êîòîðûõ ‖u | C(S)‖ = A

(r)
n ‖u | Xr

2 (S)‖.
Òåîðåìà 2. Ïðè r > (n−1)/4 ôóíêöèþ âëîæåíèÿ ïðîñòðàíñòâà Xr

2 (S) â C(S)
çàäàåò àáñîëþòíî ñõîäÿùèéñÿ ðÿä âèäà

Gθ0(θ) = 1 +
1

σn−1

∞∑
k=1

σ(k)
λ2r
n,k

G
(n)
k (θ · θ0), θ ∈ S,

ãäå θ0 � íåêîòîðûé ¾ïîëþñ¿ íà ñôåðå S, θ ·θ0 � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ

θ è θ0, à G
(n)
k (t) � íîðìàëèçîâàííûé ïîëèíîìîì Ãåãåíáàóýðà, G

(n)
k (1) = 1.

Èíôîðìàöèÿ î êîíñòàíòàõ è ôóíêöèÿõ âëîæåíèé âîñòðåáîâàíà êàê ïðè îöåíêå
ïîãðåøíîñòåé ïðèáëèæåííûõ ôîðìóë, òàê è ïðè îöåíêå èõ îáóñëîâëåííîñòè [1�3].
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Ïîä ïðÿìîóãîëüíûìè ãèïåðáîëè÷åñêèìè ìíîãîãðàííèêàìè ïîíèìàþòñÿ ìíî-
ãîãðàííèêè ñ ïðÿìûìè äâóãðàííûìè óãëàìè â ïðîñòðàíñòâå Ëîáà÷åâñêîãî H3.
Â [1] áûëè îïðåäåëåíû îïåðàöèè äåêîìïîçèöèè è ðåáåðíîé õèðóðãèè è äîêàçàíà
ñëåäóþùàÿ óíèâåðñàëüíîñòü ââåäåííûõ â [2] ìíîãîãðàííèêîâ Ë¼áåëëÿ.

Òåîðåìà 1 [1]. Ïóñòü P0 � ïðÿìîóãîëüíûé ãèïåðáîëè÷åñêèé ìíîãîãðàííèê.
Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü îáúåäèíåíèé ïðÿìîóãîëüíûõ ãèïåðáîëè-
÷åñêèõ ìíîãîãðàííèêîâ P1, . . . , Pk òàêèõ, ÷òî äëÿ i = 1, . . . , k ìíîæåñòâî Pi ïî-
ëó÷åíî èç Pi−1 äåêîìïîçèöèåé èëè ðåáåðíîé õèðóðãèåé, è Pk ñîñòîèò èç ìíîãî-
ãðàííèêîâ Ë¼áåëëÿ. Áîëåå òîãî,

vol(P0) > vol(P1) > vol(P2) > . . . > vol(Pk).

Â [3] ïîëó÷åíû îöåíêè îáúåìîâ ìíîãîãðàííèêîâ ÷åðåç ÷èñëî âåðøèí.

Òåîðåìà 2 [3]. Åñëè P � êîìïàêòíûé ïðÿìîóãîëüíûé ãèïåðáîëè÷åñêèé ìíî-
ãîãðàííèê ñ N âåðøèíàìè, òî

(N − 2) · v8
32

6 vol(P ) < (N − 10) · 5v3
8
,

ãäå v8 � îáúåì ïðàâèëüíîãî èäåàëüíîãî îêòàýäðà, à v3 � îáúåì ïðàâèëüíîãî èäå-
àëüíîãî òåòðàýäðà. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü êîìïàêòíûõ ìíîãîãðàííèêîâ
Pi ñ Ni âåðøèíàìè òàêàÿ, ÷òî vol(Pi)/Ni ñòðåìèòñÿ ê 5v3/8 ïðè i→∞.

Ïóñòü vert(R) � ÷èñëî âåðøèí ìíîãîãðàííèêà R. Âåëè÷èíà 5v3/8 ÿâëÿåòñÿ
äâîéíîé ïðåäåëüíîé òî÷êîé äëÿ ìíîæåñòâà vol(R)/ vert(R) â ñëåäóþùåì ñìûñëå.

Òåîðåìà 3 [4]. Äëÿ êàæäîãî öåëîãî k > 1 ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü
êîìïàêòíûõ ïðÿìîóãîëüíûõ ãèïåðáîëè÷åñêèõ ìíîãîãðàííèêîâ Rk(n) òàêàÿ, ÷òî

lim
n→∞

vol(Rk(n))
vert(Rk(n))

=
k

k + 1
· 5v3

8
.

Ìíîãîãðàííèêè Rk(n) ñòðîÿòñÿ èç ìíîãîãðàííèêîâ Ë¼áåëëÿ, à âû÷èñëåíèÿ
îáúåìîâ îñíîâàíû íà ðåçóëüòàòàõ [5].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé (� 09�01�00255) è èíòåãðàöèîííîãî ïðîåêòà ÑÎ ÐÀÍ è ÓðÎ ÐÀÍ.
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Èññëåäóþòñÿ óñëîâèÿ ñîáîëåâñêèõ ãîìåîìîðôèçìîâ ϕ : D → D′ åâêëèäîâûõ
îáëàñòåé â Rn, n ≥ 2, ãàðàíòèðóþùèå ïðèíàäëåæíîñòü îáðàòíîãî îòîáðàæåíèÿ
íåêîòîðîìó êëàññó Ñîáîëåâà. Äëÿ ãîìåîìîðôèçìà ϕ : D → Rn, D ⊂ Rn, êëàññà
W 1

1,loc(D) îïðåäåëèì ìíîæåñòâî Z = {x ∈ D : J(x, ϕ) = detDϕ(x) = 0}, è ïðèñî-
åäèíåííóþ ìàòðèöó adjDϕ(x), îïðåäåëÿåìóþ èç óñëîâèÿ A adjA = I detA, åñëè
îïðåäåëèòåëü n×n-ìàòðèöû A îòëè÷åí îò íóëÿ, è ïî íåïðåðûâíîñòè â òîïîëîãèè
Rn×n â îñòàëüíûõ ñëó÷àÿõ. Ãîìåîìîðôèçì ϕ : D → D′ èìååò êîíå÷íîå èñêàæå-
íèå, åñëè Dϕ(x) = 0 äëÿ ïî÷òè âñåõ òî÷åê ìíîæåñòâà Z. Ââåäåì â ðàññìîòðåíèå
äâå ôóíêöèè èñêàæåíèÿ:

1) äëÿ îòîáðàæåíèÿ ϕ : D → Rn, D ⊂ Rn, êëàññà W 1
1,loc(D) îïðåäåëèì

D 3 x 7→ Kϕ,p(x) =


| adjDϕ(x)|

|J(x,ϕ)|
n−1

p

ïðè x ∈ D \ Z,

0 â îñòàëüíûõ ñëó÷àÿõ.
(1)

Çàìåòèì, ÷òî Kϕ,p(x) = | adjDϕ(x)| ïðè p =∞ â òåõ òî÷êàõ, ãäå J(x, ϕ) 6= 0;
2) äëÿ îòîáðàæåíèÿ ψ : D′ → Rn, D ⊂ Rn, êëàññà W 1

1,loc(D
′) ïîëîæèì

D′ 3 y 7→ Kψ,q′(y) =


|Dψ(y)|

|J(y,ψ)|
1
q′

ïðè y ∈ D′ \ Z ′,

0 â îñòàëüíûõ ñëó÷àÿõ.
(2)

Çàìåòèì, ÷òî Kψ,q′(y) = |Dψ(y)| ïðè q′ =∞ â òåõ òî÷êàõ, ãäå J(y, ψ) 6= 0.
Â ðàìêàõ ðàáîòû [1] ïîëó÷åíà ñëåäóþùàÿ

Òåîðåìà. Ïóñòü ãîìåîìîðôèçì ϕ : D → D′ îáëàäàåò ñëåäóþùèìè ñâîéñòâà-
ìè:

1) ϕ ∈W 1
q,loc(D), n− 1 ≤ q ≤ ∞,

2) adjDϕ(x) = 0 ïî÷òè âñþäó íà ìíîæåñòâå Z,
3) Kϕ,p(·) ∈ L%(D), ãäå 1

% = n−1
q −

n−1
p , n− 1 ≤ q ≤ p ≤ ∞ (% =∞ ïðè q = p).

Òîãäà îáðàòíûé ãîìåîìîðôèçì èìååò ñâîéñòâà:
4) ϕ−1 ∈W 1

p′,loc(D
′), ãäå p′ = p

p−n+1 , p
′ = 1 ïðè p =∞,

5) ϕ−1 èìååò êîíå÷íîå èñêàæåíèå (|J(y, ϕ−1| > 0 ïî÷òè âñþäó â D′ ïðè n ≤ q),
6) Kϕ−1,q′(·) ∈ L%(D′), ãäå q′ = q

q−n+1 , q
′ =∞ ïðè q = n− 1.

Áîëåå òîãî, ‖Kϕ−1,q′(·) | L%(D′)‖ = ‖Kϕ,p(·) ∈ L%(D)‖.
Óñëîâèÿ ñëåäóþùåãî óòâåðæäåíèÿ ïðåäñòàâëÿþò ñîáîé íîâîå îïðåäåëåíèå êâà-

çèêîíôîðìíîãî îòîáðàæåíèÿ.

Ñëåäñòâèå 1. Ïóñòü ãîìåîìîðôèçì ϕ : D → D′ ïðèíàäëåæèò êëàññó Ñîáî-
ëåâà ϕ ∈ W 1

n,loc(D). Åñëè äëÿ íåêîòîðîãî íåîòðèöàòåëüíîãî ÷èñëà M ∈ R âû-

ïîëíÿåòñÿ íåðàâåíñòâî | adjDϕ(x)|
n

n−1 ≤ M |J(x, ϕ)| äëÿ ïî÷òè âñåõ x ∈ D, òî
îòîáðàæåíèå ϕ êâàçèêîíôîðìíî.
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Ñëåäóþùåå óòâåðæäåíèå ïðè n = 2, q = 1 äðóãèìè ìåòîäàìè äîêàçàíî â [2].
Êðîìå òîãî, ïðè n > 2, q = n − 1 îíî óñèëèâàåò òåîðåìó 1.2 èç [3], â êîòîðîé
âìåñòî óñëîâèÿ ¾adjDϕ(x) = 0 ïî÷òè âñþäó íà ìíîæåñòâå Z¿ íàêëàäûâàåòñÿ
áîëåå ñèëüíîå òðåáîâàíèå êîíå÷íîñòè èñêàæåíèÿ îòîáðàæåíèÿ ϕ.

Ñëåäñòâèå 2. Ïóñòü ãîìåîìîðôèçì ϕ : D → D′ îáëàäàåò ñëåäóþùèìè ñâîé-
ñòâàìè:

1) ϕ ∈W 1
q,loc(D), n− 1 ≤ q ≤ ∞,

2) adjDϕ(x) = 0 ïî÷òè âñþäó íà ìíîæåñòâå Z,
Òîãäà îáðàòíûé ãîìåîìîðôèçì èìååò ñâîéñòâà:

3) ϕ−1 ∈W 1
1,loc(D

′),
4) ϕ−1 èìååò êîíå÷íîå èñêàæåíèå (|J(y, ϕ−1| > 0 ïî÷òè âñþäó â D′ ïðè n ≤ q),
5) Kϕ−1,q′(·) ∈ L q

n−1 ,loc(D′), ãäå q′ = q
q−n+1 , q

′ =∞ ïðè q = n− 1.

Îòìåòèì ÷àñòíûé ñëó÷àé ïðåäûäóùåãî ñëåäñòâèÿ: ïðè q =∞ èìååì, ÷òî ãî-
ìåîìîðôèçì ϕ : D → D′ êëàññà Ñîáîëåâà W 1

∞,loc(D), îáëàäàþùèé ñâîéñòâîì

adjDϕ(x) = 0 ïî÷òè âñþäó íà ìíîæåñòâå Z, èìååò îáðàòíûé ϕ−1 ∈ W 1
1,loc(D

′),
óäîâëåòâîðÿþùèé óñëîâèþ |J(y, ϕ−1)| > 0 ïî÷òè âñþäó âD′ è íåðàâåíñòâó |Dϕ−1(y)| ≤
L|J(y, ϕ−1)| äëÿ ïî÷òè âñåõ y ∈ D′.

Ñëåäóþùåå óòâåðæäåíèå ïðè n ≤ q ≤ p < ∞ äðóãèìè ìåòîäàìè äîêàçàíî
â [4].

Ñëåäñòâèå 3. Ïóñòü ãîìåîìîðôèçì ϕ : D → D′ îáëàäàåò ñëåäóþùèìè ñâîé-
ñòâàìè:

1) ϕ ∈W 1
q,loc(D), n− 1 ≤ q ≤ ∞,

2) îòîáðàæåíèå ϕ èìååò êîíå÷íîå èñêàæåíèå,
3) Kϕ,p(·) ∈ Lκ(D), ãäå 1/κ = 1/q−1/p, n−1 ≤ q ≤ p ≤ ∞ (κ =∞ ïðè q = p).

Òîãäà îáðàòíûé ãîìåîìîðôèçì èìååò ñâîéñòâà:
4) ϕ−1 ∈W 1

p′,loc(D
′), ãäå p′ = p

p−n+1 , p
′ = 1 ïðè p =∞,

5) ϕ−1 èìååò êîíå÷íîå èñêàæåíèå (|J(y, ϕ−1| > 0 ïî÷òè âñþäó â D′ ïðè n ≤ q),
6) Kϕ−1,q′(·) ∈ L%(D′), ãäå q′ = q

q−n+1 , q
′ =∞ ïðè q = n−1, à 1/% = 1/p′−1/q′.

Áîëåå òîãî, ‖Kϕ−1,q′(·) | L%(D′)‖ ≤ ‖Kϕ,p(·) ∈ Lκ(D)‖n−1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 08�01�00531�a) è Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæêè íàó÷íûõ

øêîë (ÍØ�5682.2008.1).
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Ðàññìàòðèâàåòñÿ ïëîñêàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ òðåìÿ ïàðàìåòðàìè, ÿâëÿþùàÿñÿ ìîäåëüþ ïîïóëÿöèè òèïà ¾õèùíèê-
æåðòâà¿ ïðåäëîæåííóþ â ðàáîòå [1].

Äëÿ ýòîé ñèñòåìû óêàçàíû âñå ìíîæåñòâà ëîêàëüíûõ áèôóðêàöèé äî êîðàç-
ìåðíîñòè 3 âêëþ÷èòåëüíî, ïîñòðîåíà ïîëíàÿ áèôóðêàöèîííàÿ äèàãðàììà ñèñòå-
ìû è ïåðå÷èñëåíû âñå åå âîçìîæíûå ãðóáûå ôàçîâûå ïîðòðåòû.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóí-

äàìåíòàëüíûõ èññëåäîâàíèé (� 09�01�00070), ìåæäèñöèïëèíàðíûõ ïðåêòîâ ÑÎ ÐÀÍ

� 107 è � 119.

ËÈÒÅÐÀÒÓÐÀ

1. Li Y., Xiao D. Bifurcations of a predanor-prey system of Holing and Leslie types //
Chaos, Solitons and Fractals. 2007. V. 44. P. 606�619.
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Âîðîíîâ Ä.Ñ.1, Ãëàäóíîâà Î.Ï.2

1Àëòàéñêàÿ ãîñóäàðñòâåííàÿ ïåäàãîãè÷åñêàÿ àêàäåìèÿ, Áàðíàóë, Ðîññèÿ;
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2Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áàðíàóë, Ðîññèÿ;
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Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ, íà÷àòûå â [1]. Â äàííîé ðàáîòå
èçó÷åíû ÷åòûðåõìåðíûå ãðóïïû Ëè ñ ëåâîèíâàðèàíòíîé ðèìàíîâîé ìåòðèêîé è
ïî÷òè ãàðìîíè÷åñêèì (ò. å. ñ íóëåâûì ðîòîðîì è äèâåðãåíöèåé) òåíçîðîì Ñõî-
óòåíà � Âåéëÿ èëè ïî÷òè ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ. Êëàññèôèöèðîâàíû
÷åòûðåõìåðíûå âåùåñòâåííûå àëãåáðû Ëè, ãðóïïû Ëè êîòîðûõ íàäåëåíû ëåâî-
èíâàðèàíòíîé ðèìàíîâîé ìåòðèêîé è ïî÷òè ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ.

Â êà÷åñòâå ïðèìåðà ïðèâåäåì îäíó èç òåîðåì, äîêàçàííûõ â ðàáîòå.

Òåîðåìà. Ïóñòü LG � âåùåñòâåííàÿ ÷åòûðåõìåðíàÿ óíèìîäóëÿðíàÿ ðàç-
ëîæèìàÿ àëãåáðà Ëè ãðóïïû Ëè G ñ ëåâîèíâàðèàíòíîé ðèìàíîâîé ìåòðèêîé è
ïî÷òè ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ. Òîãäà àëãåáðà Ëè LG è åå ñòðóêòóðíûå
êîíñòàíòû ñîäåðæàòñÿ â ñëåäóþùåé òàáëèöå:

Àëãåáðà Ëè Íåíóëåâûå ñòðóêòóðíûå êîíñòàíòû ckij
Îãðàíè÷åíèÿ
íà ckij

4A1

A3,6

⊕
A1 c312 = B, c123 = B B > 0

A3,6

⊕
A1 c312 = C, c213 = −C C > 0

A3,6

⊕
A1 c123 = C, c213 = −C C > 0

A3,9

⊕
A1 c312 = c123 = CL2 + C, c213 = −C, c413 = CL C > 0

A3,9

⊕
A1 c312 = −c213 = BK2 +B, c123 = B, c423 = −BK B > 0

A3,9

⊕
A1 c312 = A, c412 = −AM, c123 = −c213 = AM2 +A A > 0

Çàìå÷àíèå. Òèïû àëãåáð Ëè â äàííîé òàáëèöå ñîîòâåòñòâóþò êëàññèôèêà-
öèè Ã.Ì.Ìóáàðàêçÿíîâà [2].

Çàìå÷àíèå. Â óíèìîäóëÿðíîì ñëó÷àå ïîëó÷åíà êëàññèôèêàöèÿ ÷åòûðåõìåð-
íûõ ãðóïï Ëè ñ ëåâîèíâàðèàíòíîé ðèìàíîâîé ìåòðèêîé è ïî÷òè ãàðìîíè÷åñêèì
òåíçîðîì Ñõîóòåíà � Âåéëÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 08�01�98001), à òàêæå ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé

Ôåäåðàöèè(� ÍØ�5682.2008.1).
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Ò. 419, � 6. Ñ. 735�738.
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� 1. Ñ. 114�123.
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Äâóìåðíûå ïîâåðõíîñòè ÏÐÂ (ïðåäñòàâèìûå ðàçíîñòüþ âûïóêëûõ ôóíêöèé,
À.Ä.Àëåêñàíäðîâ, 1949), íàñëåäóþò ìíîãèå çàìå÷àòåëüíûå ñâîéñòâà âûïóêëûõ
ïîâåðõíîñòåé. Â ÷àñòíîñòè, èçâåñòíî, ÷òî ïî÷òè â êàæäîé èõ òî÷êå îïðåäåëåí
âòîðîé äèôôåðåíöèàë è ñîïðèêàñàþùèéñÿ ïàðàáîëîèä. Ìíîæåñòâî êîíè÷åñêèõ
òî÷åê íà ïîâåðõíîñòè ÏÐÂ íå áîëåå ÷åì ñ÷åòíî, à ìíîæåñòâî ðåáåð ñîñòîèò èç
íå áîëåå ÷åì ñ÷åòíîãî ìíîæåñòâà ñïðÿìëÿåìûõ êðèâûõ. Ïðè ýòîì ìíîæåñòâî
êîíè÷åñêèõ òî÷åê, â êîòîðûõ àáñîëþòíàÿ âíåøíÿÿ êðèâèçíà áîëüøå íåêîòîðîãî
ïîðîãà ε â êàæäîé îãðàíè÷åííîé îáëàñòè êîíå÷íî, à ìíîæåñòâî ðåáåð, êàñàòåëü-
íûé äâóãðàííûé óãîë â êîòîðûõ ìåíüøå íåêîòîðîãî ïîðîãà π − ε, ïðåäñòàâëÿåò
ñîáîé êîíå÷íîå ÷èñëî êðèâûõ ñ îãðàíè÷åííîé âàðèàöèåé ïîâîðîòà.

Ïëîùàäü ñôåðè÷åñêîå èçîáðàæåíèÿ ψ äëÿ ïîâåðõíîñòè ÏÐÂ M ïðåäñòàâëÿåò
ñîáîé âïîëíå àääèòèâíóþ ôóíêöèþ áîðåëåâñêèõ ìíîæåñòâ ñ îãðàíè÷åííîé âàðè-
àöèåé, òàê ÷òî äëÿ íåå ñïðàâåäëèâî ðàçëîæåíèå Ëåáåãà ψ(M) = C(M) + S(M) +
D(M) íà àáñîëþòíî íåïðåðûâíóþ ÷àñòü C(M), íà ñèíãóëÿðíóþ ÷àñòü S(M), êî-
òîðàÿ ÿâëÿåòñÿ ñôåðè÷åñêèì èçîáðàæåíèåì ðåáåð, è íà äèñêðåòíóþ ÷àñòü D(M),
êîòîðàÿ ÿâëÿåòñÿ ñôåðè÷åñêèì èçîáðàæåíèåì êîíè÷åñêèõ âåðøèí.

Òàêèì îáðàçîì, âîçíèêàåò åñòåñòâåííàÿ çàäà÷à ïðàâèëüíîé àïïðîêñèìàöèè
ïîâåðõíîñòåé ÏÐÂ, â êîòîðîé íà ìíîãîãðàííèêàõ Pk îïðåäåëåíî ðàçëîæåíèå Ëå-
áåãà, ò.å. ψk(Pk) = Ck(Pk) +Sk(Pk) +Dk(Pk), ïðè ýòîì êàæäûé ÷ëåí ðàçëîæåíèÿ
äëÿ ïîâåðõíîñòè M àïïðîêñèìèðóåòñÿ ïî îòäåëüíîñòè.

Ðàíåå àâòîðîì áûë ïðåäëîæåí ìåòîä ïîñòðîåíèÿ äèñêðåòíîãî ñôåðè÷åñêî-
ãî îòîáðàæåíèÿ äëÿ ïàðû ìíîãîãðàííèêîâ äâîéñòâåííûõ (ëîêàëüíî ïîëÿðíûõ)
îòíîñèòåëüíî ñîïðèêàñàþùåãîñÿ ïàðàáîëîèäà (åñëè îí ñóùåñòâóåò), â êîòîðîì
êàæäîé ðåãóëÿðíîé âåðøèíå pi ìíîãîãðàííèêà ñîïîñòàâëÿåòñÿ îòîáðàæåíèå φi
äâîéñòâåííîé ãðàíè Qi íà íîðìàëüíîå èçîáðàæåíèå âåðøèíû. Ýòî îòîáðàæåíèå
ÿâëÿåòñÿ ëîêàëüíîé àïïðîêñèìàöèåé ñôåðè÷åñêîãî îòîáðàæåíèÿ ïîâåðõíîñòèM ,
à ãðàäèåíò îòîáðàæåíèÿ φi ÿâëÿåòñÿ àïïðîêñèìàöèåé ìàòðèöû îïåðàòîðà ôîðìû
(òåíçîðà êðèâèçíû). Ðåãóëÿðíóþ âåðøèíó ìíîãîãðàííèêà äîãîâîðèìñÿ íå íàçû-
âàòü êîíè÷åñêîé, ïîñêîëüêó â íåé îäíîçíà÷íî îïðåäåëåíà êàñàòåëüíàÿ ïëîñêîñòü,
ïàðàëëåëüíàÿ äâîéñòâåííîé ãðàíè. Òàêîå æå ðàññóæäåíèå ñïðàâåäëèâî îòíîñè-
òåëüíî ðåãóëÿðíûõ (íå îñòðûõ) ðåáåð.

Äëÿ ïîñòðîåíèÿ ðàçëîæåíèÿ Ëåáåãà íà êàæäîé èç äâîéñòâåííûõ ìíîãîãðàí-
íûõ ïîâåðõíîñòåé, îíè äîëæíû ñêëåèâàòüñÿ èç ðåãóëÿðíûõ ïîäîáëàñòåé, íå ñî-
äåðæàùèõ êîíè÷åñêèõ âåðøèí è îñòðûõ ðåáåð. Ïðè ýòîì ìíîæåñòâî êîíè÷åñêèõ
âåðøèí äëÿ ïàðû äâîéñòâåííûõ ìíîãîãðàííèêîâ Pk è Pk ñîâïàäàåò, à ìíîæåñòâî
îñòðûõ ðåáåð ÿâëÿåòñÿ àïïðîêñèìàöèåé îäíîãî è òîãî æå êîíå÷íîãî ìíîæåñòâà
êðèâûõ ñ îãðàíè÷åííîé âàðèàöèåé ïîâîðîòà. Ìíîãîãðàííûå ïîâåðõíîñòè Pk è
P ?k ìîæíî âûáèðàòü òàê, ÷òîáû ïîâåðõíîñòü M ëåæàëà ìåæäó íèìè, òàê ÷òî
ïîñòðîåííûé ìåòîä àïïðîêñèìàöèè ÿâëÿåòñÿ ðîäñòâåííûì ìåòîäó èñ÷åðïûâàíèÿ
Àðõèìåäà.
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Ðàáîòà îñíîâàíà íà ðåçóëüòàòàõ òðóäîâ Äæ.Ñêîòòà Êàðòåðà, êîòîðûé âìåñòå
ñ íåñêîëüêèìè ñîàâòîðàìè â 2001 ãîäó îïóáëèêîâàë ñòàòüþ ïðî êîöèêëè÷åñêèé
èíâàðèàíò çàöåïëåíèé. Ýòîò èíâàðèàíò áûë îòêðûò ÷åðåç òåîðèþ êîãîìîëîãèé
ãðóïïîèäîâ. Ãðóïïîèä � ýòî ìíîæåñòâî ñ áèíàðíîé îïåðàöèåé è òðåìÿ àêñèîìà-
ìè, îòðàæàþùèìè äâèæåíèÿ Ðàéäåìàéñòåðà. Â äîêëàäå áóäåò îçâó÷åíî ïîñòðî-
åíèå äâóõ êîöèêëè÷åñêèõ èíâàðèàíòîâ äëÿ çàöåïëåíèé â ïðîåêòèâíîì ïðîñòðàí-
ñòâå.

Ïåðâûé èíâàðèàíò � êîöèêëè÷åñêèé èíâàðèàíò � ñòðîèòñÿ ñ ïîìîùüþ ïðà-
âèëüíîé ðàñêðàñêè äèàãðàììû ýëåìåíòàìè êîíå÷íîãî ãðóïïîèäà è íåêîòîðîãî
2-êîöèêëà, îòâå÷àþùåãî äàííîìó êîíå÷íîìó ãðóïïîèäó. Ïðàâèëüíàÿ ðàñêðàñêà
äèàãðàììû çàöåïëåíèÿ ââîäèòñÿ àâòîðîì. Òàêèì îáðàçîì, êîöèêëè÷åñêèé èíâà-
ðèàíò íå ÿâëÿåòñÿ åäèíñòâåííûì äëÿ êîíêðåòíîãî óçëà: îí çàäàåòñÿ ïàðîé äàí-
íûõ îáúåêòîâ � êîíå÷íûì ãðóïïîèäîì è åãî 2-êîöèêëîì. Îêàçûâàåòñÿ, ïîñòðîåí-
íûé èíâàðèàíò òåñíî ñâÿçàí ñ óæå èçâåñòíûì êîöèêëè÷åñêèì èíâàðèàíòîì äëÿ
çàöåïëåíèé â òðåõìåðíîé ñôåðå. Åñëè âçÿòü ïîäíÿòèå çàöåïëåíèÿ ïðè íàêðûòèè
èç òðåõìåðíîé ñôåðû â ïðîåêòèâíîå ïðîñòðàíñòâî, òî ïîëó÷èâøèéñÿ ïðîîáðàç
áóäåò çàöåïëåíèåì â 3-ñôåðå. Òîãäà çíà÷åíèå èçâåñòíîãî èíâàðèàíòà îò ýòîãî çà-
öåïëåíèÿ áóäåò ñîâïàäàòü ñî çíà÷åíèåì ïîñòðîåííîãî èíâàðèàíòà îò èñõîäíîãî
çàöåïëåíèÿ.

Âòîðîé èíâàðèàíò � ñêðó÷åííûé êîöèêëè÷åñêèé èíâàðèàíò � ÿâëÿåòñÿ îáîá-
ùåíèåì ïåðâîãî èíâàðèàíòà. Ñêðó÷åííûé êîöèêëè÷åñêèé èíâàðèàíò äëÿ òðåõ-
ìåðíîé ñôåðû áûë îòêðûò Äæ. Ñêîòòîì Êàðòåðîì â 2002 ãîäó. Êàðòåð ïîñòðîèë
ýòîò èíâàðèàíò, ïîëüçóÿñü ñêðó÷åííîé òåîðèåé ãîìîëîãèé, êîòîðàÿ èìååò áîëåå
ñëîæíóþ ñòðóêòóðó, ÷åì îáû÷íàÿ òåîðèÿ ãîìîëîãèé. Ïîñòðîåííûé â äàííîé ðà-
áîòå ñêðó÷åííûé èíâàðèàíò óæå íå ÿâëÿåòñÿ îáîáùåíèåì èçâåñòíîãî ñêðó÷åííîãî
èíâàðèàíòà â ñèëó òîãî, ÷òî óñëîâèÿ íà íà÷àëüíûå ïàðàìåòðû äëÿ 2-êîöèêëîâ ó
îáîèõ èíâàðèàíòîâ ðàçíûå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 07�01�96026�ð2007óðàë�a).
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Â íåêîòîðîé îáëàñòè O ⊂ RN ðàññìîòðèì íàáîð Cr ãëàäêèõ áàçèñíûõ âåê-
òîðíûõ ïîëåé X1, . . . , XN , r ≥ 1, ò. å. íàáîð òàêèõ âåêòîðíûõ ïîëåé, çíà÷åíèÿ
êîòîðûõ â êàæäîé òî÷êå g ∈ O îáðàçóþò áàçèñ êàñàòåëüíîãî ïðîñòðàíñòâà TgO.
Ðàçäåëèì âåêòîðíûå ïîëÿ Xi, i = 1, . . . , N , íà M íåïåðåñåêàþùèõñÿ íàáîðîâ
Li+1 = {Xli+1, . . . , Xli+1}, li = const, i = 0, . . . ,M − 1, l0 = 0. Êàæäîìó íà-
áîðó Li ñîïîñòàâèì íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî αi ≥ 1; ïðè ýòîì ïîëàãà-
åì, ÷òî αi < αi+1 ∀i. Ââåäåì â ðàññìîòðåíèå ñëåäóþùóþ ôóíêöèþ dα(v, u) =

max
j=1,...,N

{
|xj |1/ωj | v = exp(

N∑
i=1

xiXi)(u)
}
, ãäå ωj = αi â ñëó÷àå, åñëè Xj ∈ Li. Ïóñòü

r + 1 ≥ αM

α1
. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Åñëè ôóíêöèÿ dα ÿâëÿåòñÿ êâàçèìåòðèêîé [1] â îáëàñòè O, òî
âåêòîðíûå ïîëÿ óäîâëåòâîðÿþò â îáëàñòè O ñëåäóþùåé òàáëèöå êîììóòàòîðîâ
[Xk, Xl] =

∑
αj≤αk+αl

CjklXj , Cjkl ∈ Cr−1(O).

Â íåêîòîðîé îáëàñòè O ⊂ R3 ðàññìîòðèì âåêòîðíûå ïîëÿ X = (1, 0, f(x, y)),
Y = (0, 1, g(x, y)), T = (0, 0, 1), ãäå f , g ∈ Lip(O) ñ êîíñòàíòîé Ëèïøèöà L, è
ïóñòü d(v, u) = max

{
|a|, |b|, |c|1/2 | v = exp(aX + bY + cT )(u)

}
u, v ∈ O. Ïàðàìåò-

ðèçîâàííóþ àáñîëþòíî íåïðåðûâíóþ êðèâóþ γ(s) ⊂ O íàçîâåì ãîðèçîíòàëüíîé,
åñëè γ̇(s) = (αsX + βsY )(γ(s)) äëÿ ï. â. s.

Òåîðåìà 2. Íàéäåòñÿ îáëàñòü Õ ⊂ O òàêàÿ, ÷òî d ÿâëÿåòñÿ êâàçèìåòðèêîé
íà Õ ñ êîíñòàíòîé èç îáîáùåííîãî íåðàâåíñòâà òðåóãîëüíèêà, ðàâíîé 2L.

Ðàññìîòðèì êâàçèïðîñòðàíñòâî (Õ, d). Òàê êàê f, g âñåãî ëèøü ëèïøèöåâû,
òî ãàðàíòèðîâàòü ñóùåñòâîâàíèå íèëüïîòåíòíîãî êàñàòåëüíîãî êîíóñà, ñì., íà-
ïðèìåð, [2], â ïðîèçâîëüíîé òî÷êå u = (u1, u2, u3) ∈ (Õ, d) íåâîçìîæíî. Ïóñòü

M(s0, u) = 1
s0

s0∫
0

K(s, s0, u) ds, ãäå

K(s, s0, u) =
g(u1 + s0, u2 + s)− g(u1, u2 + s)− f(u1 + s, u2 + s0) + f(u1 + s, u2)

s0
.

Òåîðåìà 3. Ïóñòü â íåêîòîðîé òî÷êå u ∈ Õ âûïîëíÿåòñÿ M(s0, u) 6= 0 äëÿ
íåêîòîðîãî äîñòàòî÷íî ìàëîãî ÷èñëà s0. Òîãäà íàéäåòñÿ îêðåñòíîñòü Ou òî÷êè u
òàêàÿ, ÷òî ëþáûå äâå òî÷êè a, b ∈ Ou ìîæíî ñîåäèíèòü àáñîëþòíî íåïðåðûâíîé
ãîðèçîíòàëüíîé êðèâîé.

Çàìå÷àíèå. Åñëè æå íàéäåòñÿ ïîëîæèòåëüíàÿ êîíñòàíòà h òàêàÿ, ÷òî h <
|M(s, v)| ∀s ∈ (0, s0] ∀v ∈ Ou, òî äëÿ êâàçèïðîñòðàíñòâà (Õ, d) ñïðàâåäëèâ àíàëîã
èçâåñòíîé òåîðåìû Ball-Box.

ËÈÒÅÐÀÒÓÐÀ
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Â ðàáîòå ðàññìàòðèâàþòñÿ òðè êëàññè÷åñêèõ ôàêòà òåîðèè íîðìèðîâàííûõ
ïðîñòðàíñòâ: ïðèíöèï îãðàíè÷åííîñòè, òåîðåìà Áàíàõà � Øòåéíãàóçà è ïðèí-
öèï îãðàíè÷åííîñòè íà âûïóêëîì êîìïàêòå. Ñ ïîìîùüþ ìåòîäîâ áóëåâîçíà÷íîãî
àíàëèçà [1] äîêàçûâàþòñÿ ñôîðìóëèðîâàííûå íèæå òî÷íûå àíàëîãè ýòèõ ïðèí-
öèïîâ äëÿ ñëó÷àÿ ðåøåòî÷íî íîðìèðîâàííûõ ïðîñòðàíñòâ [2] íàä ðàñøèðåííûì
ïðîñòðàíñòâîì Êàíòîðîâè÷à E.

Äëÿ E-íîðìèðîâàííûõ ïðîñòðàíñòâ X è Y ñèìâîëîì L(X,Y ) îáîçíà÷àåòñÿ
ìíîæåñòâî âñåõ ëèíåéíûõ îïåðàòîðîâ T : X → Y òàêèõ, ÷òî (∃ c ∈ E+) (∀x ∈ X)
||||Tx|||| 6 c ||||x||||. Ïðè ýòîì ||||T |||| := inf {c ∈ E+ : (∀x ∈ X) ||||Tx|||| ≤ c ||||x||||}. Ïîäìíîæåñòâî
U ⊂ X íàçûâàåòñÿ âñþäó ïëîòíûì, åñëè inf {||||x−u|||| : u ∈ U} = 0 äëÿ âñåõ x ∈ X.
Ïîäìíîæåñòâî K ⊂ X íàçûâàåòñÿ mix-êîìïàêòíûì, åñëè K mix-ïîëíî è äëÿ
ëþáîé ïîñëåäîâàòåëüíîñòè (xn)n∈N ⊂ K ñóùåñòâóåò ýëåìåíò x ∈ K òàêîé, ÷òî
inf
n>k
||||xn − x|||| = 0 äëÿ âñåõ k ∈ N.

Òåîðåìà 1. Ïóñòü X è Y � E-íîðìèðîâàííûå ïðîñòðàíñòâà, ïðè÷åì X ÿâ-
ëÿåòñÿ ïîëíûì, è ïóñòü T ⊂ L(X,Y ). Åñëè ìíîæåñòâî {||||Tx|||| : T ∈ T } ïîðÿäêîâî
îãðàíè÷åíî äëÿ êàæäîãî ýëåìåíòà x ∈ X, òî ìíîæåñòâî {||||T |||| : T ∈ T } ïîðÿäêîâî
îãðàíè÷åíî.

Òåîðåìà 2. Ïóñòü X è Y � E-íîðìèðîâàííûå ïðîñòðàíñòâà, ïðè÷åì Y ÿâ-
ëÿåòñÿ ïîëíûì. Ïóñòü, êðîìå òîãî, (Tn)n∈N ⊂ L(X,Y ), U � âñþäó ïëîòíîå ïîä-
ìíîæåñòâî X, äëÿ êàæäîãî ýëåìåíòà u ∈ U ñóùåñòâóåò ïðåäåë lim

n→∞
Tnu ∈ Y

è èìååòñÿ òàêîé ýëåìåíò c ∈ E+, ÷òî ||||Tn|||| 6 c äëÿ âñåõ n ∈ N. Òîãäà ñóùåñòâóåò
òàêîé îïåðàòîð T ∈ L(X,Y ), ÷òî ||||T |||| 6 c è lim

n→∞
Tnx = Tx äëÿ âñåõ x ∈ X.

Òåîðåìà 3. Ïóñòü X è Y � E-íîðìèðîâàííûå ïðîñòðàíñòâà, T ⊂ L(X,Y )
è ïóñòüK � âûïóêëîå mix-êîìïàêòíîå ïîäìíîæåñòâî ïðîñòðàíñòâà X. Åñëè ìíî-
æåñòâî {||||Tx|||| : T ∈ T } ïîðÿäêîâî îãðàíè÷åíî äëÿ êàæäîãî ýëåìåíòà x ∈ K,
òî ìíîæåñòâî {||||Tx|||| : T ∈ T , x ∈ K} ïîðÿäêîâî îãðàíè÷åíî.

Òåîðåìû 1�3, ïîëó÷åííûå ìåòîäîì ¾ñïóñêà¿, óñèëèâàþò è îáîáùàþò àíàëî-
ãè÷íûå ðåçóëüòàòû [3], óñòàíîâëåííûå äëÿ ñëó÷àÿ ïðîñòðàíñòâ Áàíàõà � Êàíòî-
ðîâè÷à íàä ðåøåòêîé èçìåðèìûõ ôóíêöèé. (Äîêàçàòåëüñòâà, ïðèâåäåííûå â [3],
îñíîâàíû íà ñïåöèôè÷åñêîé òåõíèêå òåîðèè èçìåðèìûõ áàíàõîâûõ ðàññëîåíèé
ñ ëèôòèíãîì è íå çàäåéñòâóþò ìåòîäû áóëåâîçíà÷íîãî àíàëèçà.)

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ôîíäà ñîäåéñòâèÿ îòå÷åñòâåííîé íàóêå.
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Ïðè ðåøåíèè ñàìûõ ðàçëè÷íûõ íàó÷íûõ ïðîáëåì ñâîþ ýôôåêòèâíîñòü íåîä-
íîêðàòíî äåìîíñòðèðîâàëà ãåîìåòðèÿ. Îáðàùåíèå ê ãåîìåòðèè äàåò âîçìîæíîñòü
ïðåäñòàâèòü ìíîãèå çàäà÷è â òîé èëè èíîé ïðîñòðàíñòâåííîé ôîðìå, ÷òî ïîçâî-
ëÿåò ïîìèìî ÷èñòî àíàëèòè÷åñêèõ âû÷èñëèòåëüíûõ ìåòîäîâ ïðèâëåêàòü ñèíòå-
òè÷åñêèå íàãëÿäíî ãåîìåòðè÷åñêèå ìåòîäû.

Îäíîé èç âàæíåéøèõ ñîâðåìåííûõ íàó÷íûõ ïðîáëåì ÿâëÿåòñÿ çàäà÷à îïèñà-
íèÿ ýêîëîãè÷åñêèõ êàòàñòðîô, êîòîðûì ïîäâåðæåíû ëåñíûå áèîöåíîçû.

Â äîêëàäå ïðåäëàãàåòñÿ ìîäåëü ëåñíîé ýêîñèñòåìû, êîòîðàÿ ñòðîèòñÿ â ïðåä-
ïîëîæåíèè î íàëè÷èè ÿðóñíî-ìîçàè÷íîé ñòðóêòóðû ëåñà (÷åòûðå èëè, åñëè óñëîæ-
íèòü ìîäåëü, � ïÿòü èëè øåñòü ÿðóñîâ) ñ ó÷åòîì âëàæíîñòè � âíåøíèé ôàêòîð
w è ïðèíöèïà êîíêóðåíòíîãî èñêëþ÷åíèÿ � âíåøíèé ôàêòîð l. Äåéñòâåííîñòü
ôàêòîðà ìîçàè÷íîñòè îïðåäåëÿåòñÿ óïðàâëÿþùèì ïàðàìåòðîì u. Àíòðîïîãåí-
íûé ôàêòîð � ýòî óïðàâëÿþùèé ïàðàìåòð v.

Ïîêàçàíî, ÷òî äèíàìèêà äîáðîêà÷åñòâåííîñòè ëåñà x îïèñûâàåòñÿ äèôôåðåí-
öèàëüíûì óðàâíåíèåì âèäà:

dx

dt
=

∂

∂x
V (x, l, u, v, w),

ãäå

V (x, l, u, v, w) =
k0

n
xn + lx4 + ux3 + vx2 + wx (1)

è (n− 2) � ýòî ÷èñëî ÿðóñîâ ëåñà (n− 2 = 4, 5, 6).
Íåòðóäíî âèäåòü, ÷òî ïîòåíöèàëüíàÿ ôóíêöèÿ (1) â òî÷íîñòè îòâå÷àåò ýëå-

ìåíòàðíîé êàòàñòðîôå ¾áàáî÷êà¿ ïðè n = 6, êàòàñòðîôå ¾âèãâàì¿ (n = 7) è,
íàêîíåö, êàòàñòðîôå ¾çâåçäà¿ (n = 8). Ïðè ýòîì ìîäåëü 4-ÿðóñíîãî ëåñà ñòðóê-
òóðíî óñòîé÷èâà, à äâå äðóãèå íå ÿâëÿþòñÿ ñòðóêòóðíî óñòîé÷èâûìè.

Òàêèì îáðàçîì, ýêîëîãè÷åñêèå ëåñíûå êàòàñòðîôû, âûçûâàåìûå çàñóõîé, âû-
ìîêàíèåì ëåñà, ïîëíûìè âûðóáêàìè, ðàçëèâîì íåôòè, çàñîëåíèåì ïî÷âû � ýòî
ñêà÷êîîáðàçíûå ñìåíû ñòàöèîíàðíûõ ðàâíîâåñíûõ ñîñòîÿíèé ëåñà, ñ êîòîðûìè
ñâÿçàíû áèôóðêàöèîííûå ìíîãîîáðàçèÿ â ïðîñòðàíñòâå âíåøíèõ óïðàâëÿþùèõ
ïàðàìåòðîâ. Ïîñêîëüêó ãåîìåòðèÿ ýòèõ ìíîãîîáðàçèé äîñòàòî÷íî õîðîøî èçó-
÷åíà, òî ýêîëîãè÷åñêèå êàòàñòðîôû èíòåðïðåòèðóþòñÿ êàê ïåðåñå÷åíèÿ áèôóð-
êàöèîííûõ ìíîãîîáðàçèé òðàåêòîðèÿìè èçìåíÿþùèõñÿ óïðàâëÿþùèõ ïàðàìåò-
ðîâ (ñì. [1]).
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Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ôîðìóëû Òåéëîðà äëÿ äèñ-
êðåòíûõ àíàëèòè÷åñêèõ ôóíêöèé ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ. Ïóñòü G+

îáîçíà÷àåò ìíîæåñòâî öåëî÷èñëåííûõ òî÷åê ïîëîæèòåëüíîãî îêòàíòà ãàóññîâà
ïðîñòðàíñòâà
G+ = {x+ iy : x = (x1, . . . , xn), y = (y1, . . . , yn), xj , yj ∈ Z+, j = 1, . . . , n}.
Îáîçíà÷èì A(Cn) è D(G+) ìíîæåñòâà àíàëèòè÷åñêèõ ôóíêöèé â Cn è ìíîæåñòâî
äèñêðåòíûõ àíàëèòè÷åñêèõ ôóíêöèé âG+, ñîîòâåòñòâåííî. Ñëåäóÿ Ä. Çàéáåðãåðó [3]
îïðåäåëèì ñèñòåìó ïñåâäîñòåïåíåé {πk(z)} â D(G+).

Ñëåäóþùàÿ òåîðåìà áûëà äîêàçàíà â [1].

Òåîðåìà. Ïóñòü f ∈ D(G+). Òîãäà ñóùåñòâóåò F (ξ) =
∑∞
|k|=0 ak

ξk

(1+i)|k|
∈

A(Cn) òàêàÿ ÷òî f(z) =
∑∞
|k|=0 akπk(z) è ðÿä àáñîëþòíî ñõîäèòñÿ äëÿ âñåõ z ∈ G+.

Â ýòîì ñëó÷àå äëÿ âñåõ z = x+ iy ∈ G+ ìû èìååì

f(z) =
x∑

s=−y
c(x, y, s)F (s),

ãäå

c(x, y, s) =
1

(2πi)n

∫
Γ

[(1 + i)ξj − i]xj [(1− i)ξ−1
j + i]yj

ξ
sj+1
j

dξ,

à Γ � îñòîâ ëþáîãî ïîëèäèñêà, ñîäåðæàùèé âíóòðè 0. Áîëåå òîãî, äëÿ âñåõ öåëûõ
s ∈ Zn+, ñïðàâåäëèâû ðàâåíñòâà

F (s) = (1− i)−|s|
s∑

k=0

( sk ) (−i)|k|f(k),

F (−s) = (1 + i)−|s|
s∑

k=0

( sk ) i|k|f(ik).

Â ñòàòüå [2] òåîðåìà äîêàçàíà äëÿ îäíîìåðíîãî ñëó÷àÿ.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà APVV SK�RU�0007�07 è ãðàí-

òà ÀÂÖÏ ¾Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà Âûñøåé øêîëû¿ 2.1.1/3707.
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ÑÒÐÓÊÒÓÐ ÍÀ SU(2)× SU(2)

ON ONE MAPPING IN THE SPACE OF
LEFT-INVARIANT ALMOST COMPLEX STRUCTURES

ON SU(2)× SU(2)

Äàóðöåâà Í.À.
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Ïóñòü M � 6-ìåðíîå ìíîãîîáðàçèå è ψ ∈ Λ3(M). Â ñòàòüå [2] îïèñàíà ñëå-
äóþùàÿ êîíñòðóêöèÿ ïîñòðîåíèÿ ýíäîìîðôèçìà K íà M ïî äèôôåðåíöèàëüíîé
3-ôîðìå: ψ −→ K ∈ End(TM) ⊗ Λ6, K(X) = A(iXψ ∧ ψ). Çäåñü A : Λ5(M) −→
TM ⊗ Λ6 � èçîìîðôèçì, îïðåäåëåííûé ïî ôîðìóëå ϕ = iA(ϕ)V ol, äëÿ 5-ôîðìû
ϕ ∈ Λ5(M) è ôîðìû îáúåìà V ol íà M . Èçâåñòíî, ÷òî K2 = Id ⊗ τ(ψ), ãäå
τ(ψ) = 1

6 trK
2. Åñëè âûïîëíÿåòñÿ óñëîâèå τ(ψ) < 0, òî íà M ìîæíî îïðåäåëèòü

ïî÷òè êîìïëåêñíóþ ñòðóêòóðó J = 1
κK, ãäå κ =

√
−τ(ψ).

Äîïîëíèòåëüíî, åñëè íà M çàäàíà äèôôåðåíöèàëüíàÿ 2-ôîðìà ω, è âûïîë-
íåíû ñëåäóþùèå óñëîâèÿ:

1. ω ∧ ψ = 0;
2. ω ∧ ω ∧ ω 6= 0;
3. ψ = 1

3dω;
4. (X,Y ) 7→ g(X,Y ) = ω(X, JY ) > 0, X,Y � âåêòîðíûå ïîëÿ íà M ;
5. dφ = −2µω ∧ ω, µ ∈ R, iJXφ = iXψ,

òî ñòðóêòóðà (ω, g, J) ÿâëÿåòñÿ ïðèáëèçèòåëüíî êåëåðîâîé.
Â ñòàòüå [1] íà SU(2) × SU(2) èñïîëüçîâàíà äàííàÿ êîíñòðóêöèÿ è íàéäåíà

åäèíñòâåííàÿ ïðèáëèçèòåëüíî êåëåðîâà ñòðóêòóðà.
Ïóñòü òåïåðü B � ëåâîèíâàðèàíòíàÿ ìåòðèêà, èíäóöèðîâàííàÿ ôîðìîé Êèë-

ëèíãà � Êàðòàíà íà SU(2) × SU(2), AO+
B � ìíîæåñòâî âñåõ ëåâîèíâàðèàíò-

íûõ ïî÷òè êîìïëåêñíûõ ñòðóêòóð íà SU(2)×SU(2) îðòîãîíàëüíûõ îòíîñèòåëüíî
ìåòðèêè B è îïðåäåëÿþùèõ ôèêñèðîâàííóþ îðèåíòàöèþ. Òîãäà ∀I ∈ AO+

B −→
ωI(X,Y ) = B(IX, Y ), êàæäîé 2-ôîðìå ωI ñîîòâåòñâóåò ñâîé îïåðàòîð KI : ωI −→
dωI −→ KI :KI(X) = A(iXdωI∧dωI). Â ðàáîòå íàéäåíî óñëîâèå, ïðè êîòîðîì îïå-
ðàòîð KI îïðåäåëÿåò ïî÷òè êîìïëåêñíóþ ñòðóêòóðó JI íà SU(2)×SU(2). Íàéäåí
ÿâíûé âèä òàêèõ ïî÷òè êîìïëåêñíûõ ñòðóêòóð â ñòàíäàðòíîì áàçèñå àëãåáðû Ëè
su(2)×su(2), èçó÷åíû èõ ñâîéñòâà. Íàéäåíà ïðîåêöèÿ ñòðóêòóðû JI íà AO+

B , ò. å.
òàêàÿ ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà I ′ ∈ AO+

B , ÷òî JI èíâàðèàíòíà îòíîñèòåëüíî
ωI′ è óäîâëåòâîðÿåò óñëîâèþ ωI′(X, JIX) > 0 äëÿ íåíóëåâûõ X ∈ su(2) × su(2).
Ïîêàçàíî, ÷òî ðåçóëüòàòîì ïîâòîðíîãî îòîáðàæåíèÿ: I ′ −→ dωI′ −→ JI′ ÿâëÿåòñÿ
ïðèáëèçèòåëüíî êåëåðîâà ñòðóêòóðà.
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Ðàáîòà ïîñâÿùåíà òåîðèè ìàòðè÷íûõ êâàçèýëëèïòè÷åñêèõ îïåðàòîðîâ

L(Dx) = (lkj(Dx))

âî âñåì ïðîñòðàíñòâå Rn. Ðàññìàòðèâàåìûé íàìè êëàññ îïåðàòîðîâ âõîäèò â
êëàññ êâàçèýëëèïòè÷åñêèõ îïåðàòîðîâ, ââåäåííûõ Ë.Ð. Âîëåâè÷åì [1], è ñîäåð-
æèò, â ÷àñòíîñòè, îäíîðîäíûå ýëëèïòè÷åñêèå îïåðàòîðû, ýëëèïòè÷åñêèå è ïàðà-
áîëè÷åñêèå îïåðàòîðû ïî Ïåòðîâñêîìó, ýëëèïòè÷åñêèå îïåðàòîðû ïî Äóãëèñó �
Íèðåíáåðãó è äð. Äëÿ ýòèõ îïåðàòîðîâ ìû óñòàíàâëèâàåì òåîðåìû îá èçîìîð-
ôèçìå â ñïåöèàëüíûõ øêàëàõ âåñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâ [2]:

L(Dx) : W r
p,σ(R

n)→W s
p,σ(R

n).

Èç ýòèõ ðåçóëüòàòîâ âûòåêàåò ðÿä èçâåñòíûõ òåîðåì îá èçîìîðôèçìå äëÿ ýëëèï-
òè÷åñêèõ îïåðàòîðîâ, à òàêæå ðÿä íîâûõ òåîðåì îá èçîìîðôèçìå äëÿ ýëëèïòè÷å-
ñêèõ è ïàðàáîëè÷åñêèõ îïåðàòîðîâ â Rn [3�5]. Òåîðåìû îá èçîìîðôèçìå èìåþò
ïðèëîæåíèÿ â òåîðèè ñèñòåì ñîáîëåâñêîãî òèïà [6].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
íèé (� 07�01-000289) è Ñèáèðñêîãî îòäåëåíèÿ Ðîññèéñêîé àêàäåìèè íàóê (� 85).
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ÔÓÍÊÖÈÎÍÀËÜÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂ

È ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÏÎÂÅÄÅÍÈÅ ÔÓÍÊÖÈÉ

EMBEDDING THEOREMS FOR FUNCTIONAL SPACES
AND ASYMPTOTIC BEHAVIOR OF FUNCTIONS

Äåíèñîâà Ò. Å.
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Ïóñòü ôóíêöèÿ y = f(x1, x2, . . . , xn+1) îïðåäåëåíà íà öèëèíäðè÷åñêîì ìíî-
æåñòâå R+ × g, ãäå g � îãðàíè÷åííàÿ îáëàñòü (g ⊂ Rn) ñ ãëàäêîé (n− 1)-ìåðíîé
ãðàíèöåé.

Öåëü äîêëàäà � ïîêàçàòü ñâÿçü ìåæäó ïîðÿäêîì ãëàäêîñòè ýòîé ôóíêöèè ïî

âûäåëåííîé ïåðåìåííîé x1, ñòåïåíüþ ðîñòà íîðìû ‖D̂k
x1
f(γ, x2, . . . , xn+1), Wm

2 (g)‖

(çäåñü D̂k
x1
f(γ, x2, . . . , xn+1) =

+∞∫
0

e−γx1f(x1, x2, . . . , xn) dx1 � ïðåîáðàçîâàíèå Ëà-

ïëàñà, ðàññìàòðèâàåìîå ïðè γ ∈ R, γ > 0) è àñèìïòîòè÷åñêèì ïîâåäåíèåì ôóíê-
öèè y = f(x1, x2, . . . , xn+1) ïî ïåðåìåííîé x1 íà áåñêîíå÷íîñòè +∞.

Ñóùåñòâåííóþ ðîëü â óñòàíîâëåíèè äàííîé âçàèìîñâÿçè èãðàåò ïîâåäåíèå

ïðåîáðàçîâàíèÿ Ëàïëàñà D̂k
x1
f(γ, x2, . . . , xn+1) â ïðàâîé ïîëóîêðåñòíîñòè íóëÿ

ïàðàìåòðà γ.
Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ââîäÿòñÿ â ðàññìîòðåíèå ôóíêöèîíàëüíûå

ïðîñòðàíñòâà V m,N1 (R+) = {f ∈ CN (R+) | Dkf = O(xm−1 + 1) ïðè x ∈ R+

∀k ∈ {0, 1, . . . , N}}, ‖f, V m,N1 (R+)‖ =
N∑
k=0

+∞∫
0

|Dkf(x)|
xm+1+1 dx, QV

m,N
1 (R+) = {f ∈

V m,N1 (R+) | ∃ sup
(0,1]

f̂(γ) ∈ R}, ‖f,QV m,N1 (R+)‖ = ‖f, V m,N1 (R+)‖+
N∑
k=0

sup
(0,1]

|D̂kf(γ)|,

Wm,N
1 (R+ × g) = {f ∈ CNx1

(R+) ∀(x2, . . . , xn+1) ∈ g | ∀k ∈ {0, 1, . . . , N} Dk
x1
f ∈

Wm
2 (g) ∀x1 ∈ R+, D̂k

x1
f ∈ Wm

2 (g) ∀γ ∈ R, γ > 0 è ‖Dk
x1
f,Wm

2 (g)‖ = O(xm−1
1 + 1)

ïðè x1 ∈ R+}, QWm,N
1 (R+ × g) = {f ∈ Wm,N

1 (R+ × g) | ∃ sup
(0,1]

‖f̂ ,Wm
2 (g)‖ ∈ R},

‖f,QWm,N
1 (R+× g)‖ = ‖f,Wm,N

1 (R+× g)‖+
N∑
k=0

sup
(0,1]

‖D̂k
x1
f,Wm

2 (g)‖, äëÿ êîòîðûõ

ïîëó÷åí, â ÷àñòíîñòè, ñëåäóþùèé ðåçóëüòàò.
Åñëè m ≤ N , òî äëÿ ëþáîãî ìóëüòèèíäåêñà ρ = (ρ2, . . . , ρn+1) òàêîãî, ÷òî

n+1∑
i=2

ρi < m− n
2 âûïîëíåíî âëîæåíèåD

ρ2,...,ρn+1
x2,...,xn+1D

k
x1
Wm,N

1 (R+×g) ⊂ QV m,N−k1 (R+)

ïðè ëþáîì (x2, . . . , xn+1) ∈ g è ïðè âñåõ k ∈ {m, . . . , N}.
Èç ýòîãî óòâåðæäåíèÿ ñëåäóåò, ÷òî åñëè f ∈ Wm,N

1 (R+ × g) ïðè m ≤ N , òî
ôóíêöèÿ y = D

ρ2,...,ρn+1
x2,...,xn+1D

m
x1
f â ëþáîé òî÷êå îáëàñòè g ëèáî ñóììèðóåìàÿ, ëèáî

îñöèëëèðóþùàÿ íà ïîëóîñè R+. Óñòàíàâëèâàþòñÿ íåêîòîðûå äîñòàòî÷íûå óñëî-
âèÿ îñöèëëÿöèè ôóíêöèè, à òàêæå ñòàáèëèçàöèè ôóíêöèè ê íóëþ â ïðîèçâîëüíîé
òî÷êå îáëàñòè g.

Îáñóæäàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ ýòîãî ðåçóëüòàòà äëÿ îïèñàíèÿ êà÷å-
ñòâåííûõ ñâîéñòâ ðåøåíèé óðàâíåíèé ñîáîëåâñêîãî òèïà ñ ðîñòîì âðåìåíè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 07�01�00289).
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Âû÷èñëåíèå îáúåìà ìíîãîãðàííèêà � ýòî êëàññè÷åñêàÿ çàäà÷à, èçâåñòíàÿ ñî
âðåìåí Åâêëèäà è íå ïîòåðÿâøàÿ àêòóàëüíîñòü â íàøè äíè. Îñíîâíûå ïðèíöèïû
âû÷èñëåíèÿ îáúåìîâ â íååâêëèäîâûõ ãåîìåòðèÿõ áûëè äàíû Ëîáà÷åâñêèì èØëå-
ôëè. Â ÷àñòíîñòè, îíè íàøëè îáúåìû áèïðÿìîóãîëüíûõ òåòðàýäðîâ (îðòîñõåì) â
ðàçìåðíîñòè òðè. Èçâåñòíî, ÷òî âñÿêèé ìíîãîãðàííèê ìîæåò áûòü ðàçëîæåí íà
êîíå÷íîå ÷èñëî îðòîñõåì. Ýòî äàåò ïðèíöèïèàëüíóþ âîçìîæíîñòü íàéòè îáúåì
ïðîèçâîëüíîãî ìíîãîãðàííèêà. Îòìåòèì, ÷òî äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ òà-
êîé ìåòîä ìàëî ýôôåêòèâåí, ïîñêîëüêó ðàçáèåíèå íà îðòîñõåìû ñàìà ïî ñåáå �
íå ïðîñòàÿ çàäà÷à.

Ïðîñòåéøèì îáîáùåíèåì ïîíÿòèÿ îðòîñõåìû ÿâëÿåòñÿ êóá ËàìáåðòàQ(α, β, γ).
Íàïîìíèì, ÷òî Q(α, β, γ) � ýòî êîìáèíàòîðíûé êóá ñ (ñóùåñòâåííûìè) äâóãðàí-
íûìè óãëàìè α, β è γ ïðè òðåõ íåêîìïëàíàðíûõ ðåáðàõ è ñ ïðÿìûìè óãëàìè ïðè
âñåõ îñòàëüíûõ ðåáðàõ

Êóá Ëàìáåðòà Q(α, β, γ) ìîæåò áûòü ðåàëèçîâàí â ãèïåðáîëè÷åñêîì ïðîñòðàí-
ñòâå ([2, 1]) ïðè 0 < α, β, γ < π

2 è â ñôåðè÷åñêîì ïðîñòðàíñòâå [4] ïðè π
2 < α, β, γ <

π.
Îáúåì ãèïåðáîëè÷åñêîãî êóáà Ëàìáåðòà áûë íàéäåí â [2] è [3] â òåðìèíàõ

ôóíêöèè Ëîáà÷åâñêîãî

Λ(x) = −
x∫

0

log |2 sin t| dt.

Â íàñòîÿùåé ðàáîòå âû÷èñëÿåòñÿ îáúåì ñôåðè÷åñêîãî êóáà Ëàìáåðòà. Îí âû-
ðàæàåòñÿ â òåðìèíàõ ôóíêöèè δ (α, θ) , êîòîðàÿ ñëóæèò ñôåðè÷åñêèì àíàëîãîì
ôóíêöèè

∆ (α, θ) = Λ (α+ θ)− Λ (α− θ) .

Ãëàâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Îáúåì ñôåðè÷åñêîãî êóáà Ëàìáåðòà Q(α, β, γ) ñ ñóùåñòâåííûìè
óãëàìè α, β è γ, π2 < α, β, γ < π, íàõîäèòñÿ ïî ôîðìóëå

V (α, β, γ) =
1
4

(
δ (α, θ) + δ (β, θ) + δ (γ, θ)− 2δ

(π
2
, θ
)
− δ (0, θ)

)
,

ãäå

δ (α, θ) =

π
2∫
θ

log (1− cos 2α cos 2τ)
dτ

cos 2τ
,
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à θ, π2 < θ < π, � îñíîâíîé ïàðàìåòð, îïðåäåëÿåìûé ðàâåíñòâàìè

tan2 θ = −K +
√
K2 +A2B2C2,

K =
A2 +B2 + C2 + 1

2
,

A = tanα, B = tanβ, C = tan γ.
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ òåíçîðíîãî ïðîèçâåäåíèÿ ïîëóàääè-
òèâíûõ ôóíêöèîíàëîâ.

Ïóñòü X � êîìïàêò. ×åðåç C(X) îáîçíà÷èì ìíîæåñòâî âñåõ íåïðåðûâíûõ
ôóíêöèé f : X → R ñ îáû÷íûìè (ïîòî÷å÷íûìè) îïåðàöèÿìè è sup-íîðìîé.

Îïðåäåëåíèå [1]. Ôóíêöèîíàë ν : C(X)→ R íàçûâàåòñÿ:
1) ñëàáî àääèòèâíûì, åñëè äëÿ âñåõ c ∈ R è ϕ ∈ C(X) âûïîëíÿåòñÿ ðàâåíñòâî

ν(ϕ+ cX) = ν(ϕ) + c · ν(1X);
2) ñîõðàíÿþùèì ïîðÿäîê, åñëè äëÿ ôóíêöèé ϕ,ψ ∈ C(X) èç ϕ ≤ ψ âûòåêàåò

ν(ϕ) ≤ ν(ψ);
3) íîðìèðîâàííûì, åñëè ν(1X) = 1.
4) ïîëîæèòåëüíî-îäíîðîäíûì, åñëè ν(tϕ) = tν(ϕ), äëÿ âñåõ ϕ ∈ C(X), t ∈ R+,

ãäå R+ = [0,+∞).
5) ïîëóàääèòèâíûì, åñëè ν(f + g) ≤ ν(f) + ν(g) äëÿ âñåõ f, g ∈ C(X).
Äëÿ êîìïàêòà X ÷åðåç OS(X) îáîçíà÷àåòñÿ ìíîæåñòâî âñåõ ñëàáî àääèòèâ-

íûõ, ñîõðàíÿþùèõ ïîðÿäîê, íîðìèðîâàííûõ, ïîëîæèòåëüíî-îäíîðîäíûõ, ïîëó-
àääèòèâíûõ ôóíêöèîíàëîâ. Ýëåìåíòû ìíîæåñòâà OS(X) äëÿ êðàòêîñòè íàçî-
âåì ïîëóàääèòèâíûìè ôóíêöèîíàëàìè. Ýòî ìíîæåñòâî ñíàáæàåòñÿ òîïîëîãèåé
ïîòî÷å÷íîé ñõîäèìîñòè. Áàçó îêðåñòíîñòåé ôóíêöèîíàëà ν ∈ OS(X) îáðàçóåò
ìíîæåñòâà âèäà

〈ν;ϕ1, . . . , ϕk; ε〉 = {ν′ ∈ OS(X) : |ν′(ϕi)− ν(ϕi)| < ε, i = 1, k},

ãäå ϕi ∈ C(X), i = 1, k, k ∈ N, ε > 0.
Ïóñòü P (X) � ïðîñòðàíñòâî âñåõ ïîëîæèòåëüíûõ íîðìèðîâàííûõ ëèíåéíûõ

ôóíêöèîíàëîâ íà C(X), A � íåïóñòîå ïîäìíîæåñòâî P (X) è f ∈ C(X). Òîãäà
|µ(f)| ≤ ‖f‖ äëÿ ëþáîãî µ ∈ A, è ïîýòîìó ìíîæåñòâî {µ(f) : µ ∈ A} îãðàíè÷åíî
ñâåðõó. Ñëåäîâàòåëüíî, äëÿ ëþáîãî f ∈ C(X) ñóùåñòâóåò

νA(f) = sup{µ(f) : µ ∈ A}, f ∈ C(X). (1)

Òåîðåìà 1 [2]. Äëÿ âñÿêîãî ν ∈ OS(X) ñóùåñòâóåò íåïóñòîé âûïóêëûé êîì-
ïàêò A â P (X) òàêîé, ÷òî ν = νA, ãäå νA � ôóíêöèîíàë âèäà (1), ïðè ýòîì äëÿ
êàæäîãî f ∈ C(X) ñóùåñòâóåò µ ∈ A òàêîé, ÷òî ν(f) = µ(f).

Òåîðåìà 2 [2]. Åñëè A è B � íåïóñòûå âûïóêëûå êîìïàêòû â P (X), òî νA =
νB òîãäà è òîëüêî òîãäà, êîãäà A = B.

Ïóñòü X è Y � êîìïàêòû. Âîçüìåì µ = µA ∈ OS(X), ν = νB ∈ OS(Y ),
ãäå A = ∂(µ) = {λ ∈ P (X) : λ ≤ µ} è B = {λ′ ∈ P (Y ) : λ′ ≤ ν}. Ïîëîæèì
A ⊗ B = {λα ⊗ λβ : λα ∈ A, λβ ∈ B} ⊂ P (X × Y ) è µA ⊗s νB = µA⊗B , ò.å.
µA ⊗s νB(f) = sup{(λα ⊗ λβ)(f) : λα ⊗ λβ ∈ A⊗B}, g ∈ C+(X × Y ).

Ôóíêöèîíàë µA ⊗s νB íàçîâåì òåíçîðíûì ïðîèçâåäåíèåì ïîëóàääèòèâíûõ
ôóíêöèîíàëîâ µA è νB .
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Òåîðåìà 3. Ïóñòü µA ⊗s νB òåíçîðíîå ïðîèçâåäåíèå ïîëóàääèòèâíûõ ôóíê-
öèîíàëîâ µA è νB . Òîãäà äëÿ ϕ ∈ C+(X), ψ ∈ C+(Y ) èìååò ìåñòî

(µA ⊗s νB)(ϕ× ψ) = µA(ϕ) · νB(ψ).

Ïóñòü pX : X × Y → X è pY : X × Y → Y ïðîåêöèè.

Òåîðåìà 4. Èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà OS(pX)(µA ⊗s νB) = µA è
OS(pY )(µA ⊗s νB) = νB .

Çàìå÷àíèå. Åñëè µA ∈ P (X) è νA ∈ P (Y ), òî A = {µ} è B = {ν} îäíîòî-
÷å÷íûå ìíîæåñòâà, è ïîýòîìó µA ⊗s νB = µ⊗ ν. Ýòî îçíà÷àåò, ÷òî ïðîèçâåäåíèå
µA ⊗s νB ñîâïàäàåò ñ òåíçîðíûì ïðîèçâåäåíèåì ëèíåéíûõ ôóíêöèîíàëîâ.
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SYMMETRIZATION APPROACH TO THE PROBLEMS
RELATED TO CRITICAL POINTS AND VALUES OF

COMPLEX POLYNOMIALS

Äóáèíèí Â.Í.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè ÄÂÎ ÐÀÍ, Âëàäèâîñòîê, Ðîññèÿ;
dubinin@iam.dvo.ru

Ðàññìàòðèâàþòñÿ ïðèëîæåíèÿ ñèììåòðèçàöèè è äèññèììåòðèçàöèè êîíäåíñà-
òîðîâ [1] â çàäà÷àõ î íóëÿõ, êðèòè÷åñêèõ òî÷êàõ è êðèòè÷åñêèõ çíà÷åíèÿõ ïîëè-
íîìîâ [2]. Â ÷àñíîñòè, îáñóæäàþòñÿ ñëåäóþùèå óòâåðæäåíèÿ äëÿ àëãåáðàè÷åñêèõ
ïîëèíîìîâ, íàâåÿííûå èçâåñòíîé ãèïîòåçîé Ñìåéëà î ñðåäíåì çíà÷åíèè [3].

Òåîðåìà 1. Åñëè P (z) = zn + . . .+ c1z, òî ñïðàâåäëèâî íåðàâåíñòâî

min{|P (ζ)| : P ′(ζ) = 0} 6 (n− 1)|c1/n|n(n−1).

Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ïîëèíîìîâ âèäà P (z) = zn+c1z, ãäå c1 - ïðîèçâîëüíîå
êîìïëåêñíîå ÷èñëî.

Òåîðåìà 2. Ïóñòü ζν , ν = 1, . . . , n− 1, - êðèòè÷åñêèå òî÷êè ïîëèíîìà P (z) =
zn+. . .+c1z, è ïóñòü âñå íóëè ýòîãî ïîëèíîìà, îòëè÷íûå îò z = 0, ðàñïîëîæåíû íà
n−1 ëó÷àõ, âûõîäÿùèõ èç òî÷êè z = 0 ïîä ðàâíûìè óãëàìè âåëè÷èíû 2π/(n−1)
òàê, ÷òî êàæäûé ëó÷ ñîäåðæèò îäèí è òîëüêî îäèí íóëü. Òîãäà

n−1

√√√√n−1∏
ν=1

∣∣∣∣P (ζν)
c1ζν

∣∣∣∣ > n− 1
n

.

Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ïîëèíîìîâ P (z) = zn + c1z, c1 6= 0.
Íàïîìíèì, ÷òî åñëè âñå íóëè ïîëèíîìà èç òåîðåìû 2, îòëè÷íûå îò z = 0,

èìåþò îäèíàêîâûé ìîäóëü, òî ñïðàâåäëèâî ïðîòèâîïîëîæíîå íåðàâåíñòâî [4].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêò � 08-01-00028) è Äàëüíåâîñòî÷íîãî îòäåëåíèÿ Ðîññèéñêîé

àêàäåìèè íàóê (ïðîåêò � 09�I�Ï4�02).
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Òåîðèÿ ïîòåíöèàëà íà äîïîëíåíèè êîíå÷íîãî íàáîðà èíòåðâàëîâ äî êîìïëåêñ-
íîé ñôåðû ïðèâëåêàåò àêòèâíîå âíèìàíèå ñïåöèàëèñòîâ êàê ïî òåîðèè ôóíêöèé,
òàê è ïî ïðèêëàäíîé ìàòåìàòèêå (â ÷àñòíîñòè, ïî àíàëèçó ñèãíàëîâ). Â äîêëàäå
ìû êàñàåìñÿ îäíîãî àñïåêòà ýòîé òåîðèè: ëîãàðèôìè÷åñêîé åìêîñòè çàìêíóòûõ
ïîäìíîæåñòâ äåéñòâèòåëüíîé îñè. Ìû ïðèâîäèì ïðîñòûå, íî âåñüìà òî÷íûå âåðõ-
íèå è íèæíèå îöåíêè äëÿ åìêîñòè êîíå÷íîãî íàáîðà èíòåðâàëîâ è íèæíþþ îöåí-
êó ñïðàâåäëèâóþ òàêæå äëÿ ìíîæåñòâ, ñîñòîÿùèõ èç ñ÷åòíîãî íàáîðà èíòåðâàëîâ.
Ìû îáñóæäàåì èçâåñòíûå ìåòîäû òî÷íîãî âû÷èñëåíèÿ åìêîñòè íàáîðà èíòåðâà-
ëîâ è äåìîíñòðèðóåì ðåçóëüòàòû ÷èñëåííîãî ñðàâíåíèÿ íàøèõ îöåíîê ñ òî÷íû-
ìè çíà÷åíèÿìè åìêîñòè. Ãëàâíûìè èíñòðóìåíòàìè äîêàçàòåëüñòâ ïðèâîäèìûõ
íåðàâåíñòâ ÿâëÿþòñÿ ðàçäåëÿþùåå ïðåîáðàçîâàíèå è äèññèìåòðèçàöèÿ, ââåäåí-
íûå Â.Í.Äóáèíèíûì è âåðñèÿ ïîñëåäíåé, ðàçðàáîòàííàÿ Ê.Õàëèñòå, ïëþñ íåêî-
òîðûå êëàññè÷åñêèå ðåçóëüòàòû î ìîíîòîííîñòè ëîãàðèôìè÷åñêîé åìêîñòè ïîä
äåéñòâèåì ñèììåòðèçàöèè è ïðîåêòèðîâàíèÿ. Íåðàâåíñòâà, ïðåäñòàâëåííûå â äî-
êëàäå, ïðåäñòàâëÿþò ñîáîé óëó÷øåíèå ïðåäûäóùèõ ðåçóëüòàòîâ À.Þ.Ñîëûíèíà
è Ê.Øèôåðìàéðà.

Ðàáîòà ïîääåðæàíà ÄÂÎ ÐÀÍ (ãðàíòû 09�III�A�01�008 è 09�II�CO�01�003),
ÐÔÔÈ (ãðàíò 08�01�00028�a) è ïðîãðàììîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë
(ãðàíò ÍØ�2810.2008.1).
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Ïóñòü 1 < p ≤ ∞ è w(x) � âåñ Ìàêåíõàóïòà êëàññà Ap â R
n, n ≥ 2; A(x) �

ïîëîæèòåëüíî îïðåäåë¼ííàÿ ñèììåòðè÷åñêàÿ (n × n)-ìàòðèöà ñ èçìåðèìûìè ïî
Ëåáåãó êîìïîíåíòàìè aij(x) íà îòêðûòîì ìíîæåñòâå G ⊂ Rn. òàêàÿ, ÷òî

c−2
0 w(x)2/p|ξ|2 ≤

∑
i,j

aij(x)ξiξj ≤ c20w(x)2/p|ξ|2

äëÿ ëþáîãî ξ = (ξ1, . . . , ξn) ∈ Rn è x ∈ G, c0 ≥ 1.
Àíàëîãè÷íî [1] çàäà¼òñÿ ïîíÿòèå ïîëèêîíäåíñàòîðà â G ñ ïëàñòèíàìè íà Ḡ.

Ñ ïîìîùüþ ìàòðèöû A(x) è ìåòîäîâ ðàáîòû [2] ââîäÿòñÿ îáîáù¼ííûå ¼ìêîñòè è
ìîäóëè ïîëèêîíäåíñàòîðà, óñòàíàâëèâàþòñÿ ìåæäó íèìè ñîîòíîøåíèÿ. Â ÷àñò-
íîñòè, èç íèõ ñëåäóþò êëàññè÷åñêèå ðåçóëüòàòû î ñâÿçè ¼ìêîñòè êîíäåíñàòîðà ñ
ìîäóëåì ñåìåéñòâà êðèâûõ, ñîåäèíÿþùèõ ïëàñòèíû êîíäåíñàòîðà, è ñ ìîäóëåì
ñåìåéñòâà ïîâåðõíîñòåé, îòäåëÿþùèõ ïëàñòèíû êîíäåíñàòîðà â G.

Îòìå÷àåòñÿ, ÷òî óñòðàíèìûå ìíîæåñòâà äëÿ âåñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâ
L1
p,w(G), FDp,w(G) íå âëèÿþò íà ñîîòâåòñòâóþùèå ¼ìêîñòè è ìîäóëè ïîëèêîí-

äåíñàòîðà.
Ïðèìåíÿÿ ïîñòðîåíèÿ èç [3], äàííûå ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü íà

ïîëèêîíäåíñàòîðû íà ãðóïïàõ Êàðíî.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò � 08-01-00028), âåäó-

ùèõ íàó÷íûõ øêîë ÐÔ (ãðàíò ÍØ-2810.2008.1) è ÄÂÎ ÐÀÍ (ãðàíò � 09-ÑÎ-01-009).
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n // Ïðåïðèíò ÀÍ ÑÑÑÐ, Ñèáèðñêîå îòäå-
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÍÅÐÀÂÅÍÑÒÂÀ Ñ

ÊÂÀÇÈÂÛÏÓÊËÎÉ ÔÓÍÊÖÈÅÉ È
ÍÓËÜ-ËÀÃÐÀÍÆÈÀÍÎÌ

WEAK CLOSEDNESS OF THE CLASS OF SOLUTIONS OF
A DIFFERENTIAL INEQUALITY WITH A
QUASICONVEX FUNCTION AND A NULL

LAGRANGIAN

Åãîðîâ À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Ïóñòü k,m, n ∈ N, 2 ≤ k ≤ min{m,n}. Ïóñòü V � îáëàñòü â Rn. Ðàññìîòðèì
êëàññ ðåøåíèé v ∈W 1,k

loc (V ; Rm) äèôôåðåíöèàëüíîãî íåðàâåíñòâà

F (v′(x)) ≤ K(x)G(v′(x)) ï.â. â V. (1)

Çäåñü F : Rm×n → R � êâàçèâûïóêëàÿ ôóíêöèÿ, G : Rm×n → R � íóëü-
ëàãðàíæèàí, K : V → [1,+∞) � êîíå÷íî èçìåðèìàÿ ôóíêöèÿ. Ïðåäïîëîæèì,
÷òî 0 ≤ F (ζ) ≤ C|ζ|k, G(tζ) = tkG(ζ), sup{K ≥ 0 : F (ζ) ≥ KG(ζ), ζ ∈
Rm×n} = 1. Äîêàçàíî, ÷òî åñëè ïîñëåäîâàòåëüíîñòü (vl ∈ W 1,k

loc (V ; Rm))l∈N ðå-

øåíèé íåðàâåíñòâà (1) ñëàáî ñõîäèòñÿ â ïðîñòðàíñòâå W 1,k
loc (V ; Rm) ê îòîáðàæå-

íèþ v0 ∈ W 1,k
loc (V ; Rm), òî ïðåäåëüíîå îòîáðàæåíèå v0 òàêæå ÿâëÿåòñÿ ðåøåíèåì

íåðàâåíñòâà (1). Ýòî îáîáùàåò ðåçóëüòàò Ô. Ãåðèíãà è Ò.Èâàíöà [1] (ñì. òàêæå
ðàáîòó Á.ßíà [2]) î ïðåäåëå ñëàáî ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè îòîáðàæåíèé
ñ êîíå÷íûì èñêàæåíèåì, êîòîðûé, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ àíàëîãîì òåîðåìû
Þ.Ã.Ðåøåòíÿêà [3] î çàìêíóòîñòè îòíîñèòåëüíî ñëàáîé ñõîäèìîñòè êëàññà îòîá-
ðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 08�01�00531�a) è Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæêè íàó÷íûõ

øêîë (ÍØ�5682.2008.1).
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ÓÐÀÂÍÅÍÈÉ

ON ONE VARIATIONAL PROBLEM OF THE
APPROXIMATION MODELING OF DIFFERENTIAL

EQUATIONS

Åãîðøèí À.Î.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Ðàññìàòðèâàþòñÿ íåêîòîðûå âîïðîñû ðåøåíèÿ è èññëåäîâàíèÿ ñëåäóþùåé çà-
äà÷è ïðèáëèæåíèÿ â L2 = L2(IT ) (IT = [0, T ]): ìèíèìèçèðîâàòü

Jz = ‖z− ẑ‖2 ïðè ẑ ∈Ma (Ma = kerDa, Da =
∑n

0 aip
i, p = d/dt). (1)

Çäåñü è äàëåå ‖ · · · ‖ � íîðìà â L2, z è ẑ � ñîîòâåòñòâåííî çàäàííàÿ è àïïðîê-

ñèìèðóþùàÿ ôóíêöèè. ßñíî, ÷òî dimMa = n, Da : C(n)
L2
/Ma → CL2 � ëèíåéíûé

äèôôåðåíöèàëüíûé îïåðàòîð. Âåêòîð êîýôôèöèåíòîâ a îïåðàòîðà Da ìîæåò
ïðèíàäëåæàòü ëèáî ñôåðå, ëèáî ïî÷òè (ò.÷. an 6= 0) ïðîèçâîëüíîé ãèïåðïëîñ-
êîñòè dim = n, íå ïðîõîäÿùåé ÷åðåç íîëü â Rn+1. Êîýôôèöèåíòû îïåðàòîðà Da

ïðåäïîëàãàþòñÿ ïîñòîÿííûìè è ìîãóò áûòü íåèçâåñòíûìè. Â ýòîì ñëó÷àå îíè,
êàê è êîîðäèíàòû ôóíêöèè ẑ â Ma (èëè, ÷òî ýêâèâàëåíòíî, íà÷àëüíûå óñëîâèÿ
ðåøåíèÿ ẑ äèôôåðåíöèàëüíîãî óðàâíåíèÿ Daẑ = 0), ïîäëåæàò îïòèìèçàöèè ïî
êðèòåðèþ J .

Òàêèì îáðàçîì, ðå÷ü èäåò îá àïïðîêñèìàöèè çàäàííîé ôóíêöèè èç L2 â êîíå÷-
íîì èíòåðâàëå ïåðåõîäíûì ïðîöåññîì ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ñ ïîñòîÿííûìè, âîçìîæíî íåèçâåñòíûìè êîýôôèöèåíòàìè è íà÷àëüíûìè óñëî-
âèÿìè. Â ÷àñòíîñòè, ýòî çàäà÷à àïïðîêñèìàöèè ôóíêöèè ñóììîé ýêñïîíåíò êàê
ñ äåéñòâèòåëüíûìè, òàê è ñ êîìïëåêñíûìè âçàèìíî ñîïðÿæåííûìè ïîêàçàòåëÿ-
ìè è äåéñòâèòåëüíûìè êîýôôèöèåíòàìè. Èçó÷àåìóþ çàäà÷ó ìîæíî òàêæå ðàñ-
ñìàòðèâàòü, êàê çàäà÷ó ñèíòåçà äèôôåðåíöèàëüíîãî óðàâíåíèÿ äàííîãî âèäà ïî
çàäàííîìó åãî ðåøåíèþ â êîíå÷íîì èíòåðâàëå. Ê ðàññìàòðèâàåìîìó òèïó çàäà÷
îòíîñÿòñÿ ïðèêëàäíûå çàäà÷è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è èäåíòèôèêà-
öèè, îáíàðóæåíèÿ, ðàñïîçíàâàíèÿ, äèàãíîñòèêè è äðóãèå ðàçíîîáðàçíûå çàäà÷è
àíàëèçà, ñèíòåçà è àïïðîêñèìàöèè ñëîæíûõ äèíàìè÷åñêèõ ïðîöåññîâ.

Íåòðóäíî âèäåòü, ÷òî çàäà÷à (1) åñòü îáîáùåíèå êëàñè÷åñêîé çàäà÷è àïïðîê-
ñèìàöèè ôóíêöèè ïîëèíîìîì ïîðÿäêà n− 1. Â ýòîì ñëó÷àå Da = pn.

Ïîèñê a ñóùåñòâëÿåòñÿ ìèíèìèçàöèåé äëèíû ïåðïåíäèêóëÿðà ρ îò z äî Ma.
Ïðåäëàãàþòñÿ ðåêóððåíòíûå àëãîðèòìû âñòðå÷íîé îðòîãîíàëèçàöèè äëÿ âû÷èñ-
ëåíèÿ ïðîåêöèé, à òàêæå ñïåöèàëüíàÿ èòåðàöèîííàÿ ïîöåäóðà ìèíèìèçàöèè ρ,
áûñòðî ñõîäÿùàÿñÿ è äëÿ áîëüøèõ íà÷àëüíûõ óêëîíåíèé a.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÑÎ ÐÀÍ (ïðîåêò � 85).
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Ðàññìàòðèâàåòñÿ (2 + 1)-ìåðíîå íåëèíåéíîå óðàâíåíèå òèïà Øð¼äèíãåðà ñëå-
äóþùåãî âèäà:

iqt +M1q + vq = 0, ipt −M1p− vp = 0, M2v = −2M1(pq), (1)

ãäå p, q è v ÿâëÿþòñÿ ïðîèçâîëüíûìè êîìïëåêñíûìè ôóíêöèÿìè. Çäåñü M1 =
4(a2−2ab−b)∂2

xx+4α(b−a)∂2
xy+α2∂2

yy, M2 = 4a(a+1)∂2
xx−2α(2a+1)∂2

xy+α2∂2
yy,

ãäå a, b � äåéñòâèòåëüíûå ïîñòîÿííûå è α � êîìïëåêñíàÿ ïîñòîÿíííàÿ. Ðåøåíèå
ñèñòåìû (1) èùåì äëÿ ãðàíè÷íûõ óñëîâèé: q → 0, p→ 0, v → 0, ïðè x, y →
±∞. Äëÿ ïîñòðîåíèÿ ðåøåíèé íåîáõîäèìî ðàññìàòðèâàòü ìàòðè÷íóþ ∂̄-ïðîáëåìó
âèäà

∂W (λ, λ̄)
∂λ̄

=
∫∫
G

W (µ, µ̄)R(µ, µ̄;λ, λ̄)dµ ∧ dµ̄+W
′
(λ, λ̄), (2)

ãäåW, W ′ è R ÿâëÿþòñÿ ìàòðè÷íûìè ôóíêöèÿìè, îïðåäåëåííûìè íà îãðàíè÷åí-
íîé îáëàñòè G. Èíòåãðàëüíîå ìàòðè÷íîå óðàâíåíèå, ñîîòâåòñòâóþùåå óðàâíåíèþ
(2), èìååò âèä:

W (λ, λ̄) = V (λ, λ̄) +
1

2πi

∫∫
G

dλ′ ∧ dλ̄′

λ′ − λ

∫∫
G

W (µ, µ̄)R(µ, µ̄;λ′, λ̄′)dµ ∧ dµ̄, (3)

ãäå ñèìâîë ∧ îçíà÷àåò âíåøíåå ïðîèçâåäåíèå èW ′ = ∂V
∂λ̄
. Íàøà çàäà÷à ïîñòðîèòü

ìàòðè÷íûå ôóíêöèè W è R, óäîâëåòâîðÿþùèå (3). Ðàññìîòðèì (3) â êëàññàõ
V (λ, λ̄) ∈ Lq(G), q ≥ p

p−1 , p > 2, R(µ, µ̄;λ
′
, λ̄

′
) ∈ Lp(G), p > 2 ïî µ, µ̄ è

L1(G) ïî λ , λ̄ 1 ≤ q < 2, W ∈ Lq(G), q ≥ p
p−1 ⇒ 1 ≤ q < 2. Ñâÿçü

ìåæäó óðàâíåíèåì (1) è èíòåãðàëüíûì óðàâíåíåì (3) çàäàåòñÿ ôîðìóëàìè q =
−2i(W−1)12, p = 2i(W−1)21, v = i(C2−C1), C1 = i(W−1)11, C2 = i(W−1)22.

Êîíêðåòíûé âèä ðåøåíèÿ óðàâíåíèÿ (1) çàâèñèò îò âûáîðà ÿäðà R, ÷òî ïîçâî-
ëÿåò íàõîäèòü ðàçëè÷íûå ÷àñòíûå ðåøåíèÿ, â òîì ÷èñëå ñîëèòîííîãî òèïà [2�3].
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Lp-ÏÐÎÑÒÐÀÍÑÒÂ, ÀÑÑÎÖÈÈÐÎÂÀÍÍÛÕ ÑÎ

ÑËÅÄÎÌ ÌÀÃÀÐÀÌ

DUALITY OF NON-COMMUTATIVE Lp-SPACES
ASSOCIATED WITH MAHARAM TRACE

Çàêèðîâ Á.Ñ. 1, ×èëèí Â.È. 2

1 Òàøêåíòñêèé èíñòèòóò èíæåíåðîâ æåëåçíîäîðîæíîãî òðàíñïîðòà,
Òàøêåíò, Óçáåêèñòàí; botirzakirov@list.ru

2 Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà, Òàøêåíò, Óçáåêèñòàí;
chilin@ucd.uz

ÏóñòüM � ïðîèçâîëüíàÿ àëãåáðà ôîí Íåéìàíà, S(M) � ∗-àëãåáðà âñåõ èçìå-
ðèìûõ îïåðàòîðîâ, ïðèñîåäèíåííûõ êM, t(M) � òîïîëîãèÿ ñõîäèìîñòè ëîêàëüíî
ïî ìåðå â S(M). Ðàññìîòðèì íà M òî÷íûé íîðìàëüíûé ñëåä Φ ñî çíà÷åíèÿìè
â S(B), ãäå B � êîììóòàòèâíàÿ àëãåáðà ôîí Íåéìàíà. Ãîâîðÿò, ÷òî Φ åñòü ñëåä
Ìàãàðàì, åñëè äëÿ ëþáûõ 0 ≤ x ∈ M, 0 ≤ b ≤ Φ(x), b ∈ S(B), ñóùåñòâóåò òàêîå
0 ≤ y ∈M, ÷òî y ≤ x è Φ(y) = b.

Â ýòîì ñëó÷àå, ñóùåñòâóåò ïîäàëãåáðà ôîí Íåéìàíà A â öåíòðå àëãåáðû
M, ∗-èçîìîðôíàÿ àëãåáðå ôîí Íåéìàíà B. Îïåðàòîð x ∈ S(M) íàçîâåì A-
îãðàíè÷åííûì, åñëè |x| ≤ a äëÿ íåêîòîðîãî a ∈ S(A). Ìíîæåñòâî L∞(M,Φ)
âñåõ A-îãðàíè÷åííûõ îïåðàòîðîâ èç S(M) ÿâëÿåòñÿ çàïîëíåííîé ∗-ïîäàëãåáðîé
â S(M) è ‖x‖∞,Φ = inf{a : |x| ≤ a, a ∈ S(A)} íàäåëÿåò L∞(M,Φ) ñòðóêòóðîé
ïðîñòðàíñòâà Áàíàõà-Êàíòîðîâè÷à.

Îïåðàòîð x ∈ S(M) íàçûâàåòñÿ Φ-èíòåãðèðóåìûì, åñëè íàéäåòñÿ òàêàÿ ïî-

ñëåäîâàòåëüíîñòü {xn} ⊂ M, ÷òî xn
t(M)−→ x è Φ(|xn − xm|)

t(B)−→ 0; â ýòîì ñëó÷àå,

ñóùåñòâóåò òàêîé ýëåìåíò Φ̂(x) ∈ S(B), ÷òî Φ(xn)
t(B)−→ Φ̂(x).

Ïóñòü L1(M,Φ) � ìíîæåñòâî âñåõ Φ-èíòåãðèðóåìûõ îïåðàòîðîâ èç S(M) è
‖x‖1,Φ = Φ̂(|x|), x ∈ L1(M,Φ). Äëÿ p > 1 ïîëîæèì Lp(M,Φ) = {x ∈ S(M) : |x|p ∈
L1(M,Φ)} è ‖x‖p,Φ = (Φ̂(|x|p))

1
p , x ∈ Lp(M,Φ). Ïàðà (Lp(M,Φ), ‖ · ‖p,Φ) ÿâëÿåòñÿ

ïðîñòðàíñòâîì Áàíàõà � Êàíòîðîâè÷à äëÿ âñåõ p ≥ 1.
Ëèíåéíîå îòîáðàæåíèå T : Lp(M,Φ)→ S(B) íàçûâàåòñÿ S(B)-îãðàíè÷åííûì,

åñëè ‖T‖ = sup{|Tx| : ‖x‖p,Φ ≤ 1} ∈ S(B), ãäå 1 � åäèíèöà àëãåáðû B.
Òåîðåìà. Ïóñòü p ≥ 1, 1

p + 1
q = 1. Òîãäà

(i) xy ∈ L1(M,Φ) äëÿ âñåõ x ∈ Lp(M,Φ), y ∈ Lq(M,Φ), ïðè ýòîì, ëèíåéíûé

îïåðàòîð Ty(x) = Φ̂(xy) ÿâëÿåòñÿ S(B)-îãðàíè÷åííûì è ‖Ty‖ = ‖y‖q,Φ;
(ii) äëÿ êàæäîãî ëèíåéíîãî S(B)-îãðàíè÷åííîãî îòîáðàæåíèÿ T : Lp(M,Φ)→

S(B) ñóùåñòâóåò åäèíñòâåííîå y ∈ Lq(M,Φ), òàêîå, ÷òî T = Ty.
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Î ÄÈÑÊÀÕ, ÂËÎÆÅÍÍÛÕ Â ÂÛÏÓÊËÛÅ
ÏÎÂÅÐÕÍÎÑÒÈ

DISKS IMBEDDED IN CONVEX SURFACES

Èîíèí Â.Ê.

Ðîññèéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìîñêâà, Ðîññèÿ; vkionin@mail.ru

Äèñêîì â n-ìåðíîì (n ≥ 3) åâêëèäîâîì ïðîñòðàíñòâå áóäåì íàçûâàòü çàìêíó-
òûé k-ìåðíûé (k ∈ {1, 2, . . . , n}) øàð. Ðàäèóñ ýòîãî øàðà íàçûâàåòñÿ ðàäèóñîì
ñîîòâåòñòâóþùåãî äèñêà, à ÷èñëî k � åãî ðàçìåðíîñòüþ. Îäíîìåðíûé äèñê �
ïðÿìîëèíåéíûé îòðåçîê, à äâóìåðíûé äèñê � ïëîñêèé êðóã. Áóäåì ãîâîðèòü,
÷òî äèñê âëîæåí â çàìêíóòóþ ïîâåðõíîñòü, åñëè îí ïðèíàäëåæèò îáëàñòè, îãðà-
íè÷åííîé ýòîé ïîâåðõíîñòüþ.

Çàôèêñèðóåì (n − 1)-ìåðíóþ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìóþ çà-
ìêíóòóþ âûïóêëóþ ïîâåðõíîñòü S òàê, ÷òîáû â êàæäîé åå òî÷êå âñå ãëàâíûå
íîðìàëüíûå êðèâèçíû áûëè ïîëîæèòåëüíûìè ÷èñëàìè. Äëÿ êàæäîé ãëàäêîé çà-
ìêíóòîé ïîâåðõíîñòè Φ ãàóññîâî îòîáðàæåíèå γ : Φ → S îïðåäåëÿåòñÿ ñëåäóþ-
ùèì îáðàçîì: åñëè p ∈ Φ, òî åäèíè÷íûé íîðìàëüíûé âåêòîð ê Φ â òî÷êå p ðàâåí
åäèíè÷íîìó íîðìàëüíîìó âåêòîðó ê S â òî÷êå γ(p). Åñëè Φ � çàìêíóòàÿ ñòðîãî
âûïóêëàÿ ïîâåðõíîñòü, òî γ � áèåêòèâíîå îòîáðàæåíèå. Îáîçíà÷èì S′ ìíîæå-
ñòâî âñåõ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ çàìêíóòûõ ïîâåðõíîñòåé Φ,
óäîâëåòâîðÿþùèõ óñëîâèþ: ãàóññîâà êðèâèçíà Φ â êàæäîé òî÷êå p ∈ Φ íå ìåíüøå
ãàóññîâîé êðèâèçíû S â òî÷êå γ(p). ßñíî, ÷òî Φ � ñòðîãî âûïóêëàÿ ïîâåðõíîñòü.

Ìíîæåñòâî k-ìåðíûõ äèñêîâ íàçûâàåòñÿ îãðàíè÷åííûì ñâåðõó, åñëè ìíîæå-
ñòâî âñåõ èõ ðàäèóñîâ åñòü îãðàíè÷åííîå ñâåðõó ÷èñëîâîå ìíîæåñòâî.

Ñëåäóþùåå ïðåäëîæåíèå äîïîëíÿåò ðåçóëüòàòû ñòàòüè [1].

Ïðåäëîæåíèå. Äëÿ òîãî ÷òîáû ìíîæåñòâî âñåõ k-ìåðíûõ äèñêîâ, âëîæåí-
íûõ â ïîâåðõíîñòè ìíîæåñòâà S′ áûëî îãðàíè÷åííûì ñâåðõó, íåîáõîäèìî è äî-
ñòàòî÷íî, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî: 2k ≥ n− 1.

Â ñëó÷àå, êîãäà n = 3 è S � ñôåðà ðàäèóñà A, ýòî ïðåäëîæåíèå ñëåäóåò èç òåî-
ðåìû Áîííå [2], óòâåðæäàþùåé, ÷òî äèàìåòð çàìêíóòîé âûïóêëîé ïîâåðõíîñòè
ìåíüøå πA, åñëè â êàæäîé å¼ òî÷êå ãàóññîâà êðèâèçíà íå ìåíüøå A−1.

ËÈÒÅÐÀÒÓÐÀ

1. Èîíèí Â.Ê. Î äèàìåòðàõ âûïóêëûõ ïîâåðõíîñòåé ñ îãðàíè÷åííîé ñíèçó ãàóññîâîé
êðèâèçíîé // Ñèá. ìàò. æóðí. 1995. Ò. 36, � 1. Ñ. 93�101.

2. Áëÿøêå Â. Êðóã è øàð. Ì.: Íàóêà, 1967.
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3-ÌÍÎÃÎÎÁÐÀÇÈß, ÏÎËÓ×ÀÅÌÛÅ ÑÊËÅÉÊÎÉ
ÃÐÀÍÅÉ ÄÂÓÕ ÊÓÁÎÂ

3-MANIFLIDS OBTAINED BY GLUING FACES OF TWO
CUBES

Êàçàêîâ À.À.

ÃÎÓ ÂÏÎ ×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
Alex_8_5@mail.ru

Â 2008 ãîäó Ä.Àìåíäîëà ïîêàçàë, ÷òî ëþáîå ìíîãîîáðàçèå ìîæåò áûòü ïðåä-
ñòàâëåíî â âèäå ñêëåéêè ãðàíåé êóáîâ è ââåë íîâóþ ñëîæíîñòü � êóáè÷åñêóþ
ñëîæíîñòü.

Îïðåäåëåíèå. Êóáè÷åñêàÿ ñëîæíîñòü ìíîãîîáðàçèÿ ðàâíà k, åñëè åãî ìîæíî
ïðåäñòàâèòü ñêëåéêîé ãðàíåé k êóáîâ, è íåëüçÿ ïðåäñòàâèòü ñêëåéêîé ìåíüøåãî
÷èñëà êóáîâ.

Â ñâîèõ ðàáîòàõ Ä.Àìåíäîëà íàøåë âñå ìíîãîîáðàçèÿ, êóáè÷åñêîé ñëîæíî-
ñòè 1. Öåëü äàííîé ðàáîòû � ñîñòàâëåíèå ïîëíîãî ïåðå÷íÿ çàìêíóòûõ îðèåíòè-
ðóåìûõ ìíîãîîáðàçèé, êóáè÷åñêàÿ ñëîæíîñòü êîòîðûõ ðàâíà 2.

Îêàçàëîñü, ÷òî âñåãî òàêèõ ìíîãîîáðàçèé 95: 17 ëèíçîâûõ ïðîñòðàíñòâ, 36
ìíîãîîáðàçèé Çåéôåðòà, 11 ãðàô-ìíîãîîáðàçèé, 4 ãèïåðáîëè÷åñêèõ è 27 ïðèâî-
äèìûõ ìíîãîîáðàçèé.

ËÈÒÅÐÀÒÓÐÀ

1. Ìàòâååâ Ñ.Â. Àëãîðèòìè÷åñêàÿ òîïîëîãèÿ è êëàññèôèêàöèÿ òðåõìåðíûõ ìíîãîîá-
ðàçèé. Ì.: ÌÖÍÌÎ, 2007.
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ÃÐÀÍÈ×ÍÎÅ ÏÎÂÅÄÅÍÈÅ Ã�ËÜÄÅÐÎÂÛÕ
ÎÒÍÎÑÈÒÅËÜÍÎ ÂÍÓÒÐÅÍÍÈÕ ÌÅÒÐÈÊ

ÎÒÎÁÐÀÆÅÍÈÉ ÎÁËÀÑÒÅÉ

BOUNDARY BEHAVIOR OF MAPPINGS OF DOMAINS
THAT ARE H�OLDER WITH RESPECT TO THE INNER

METRICS

Êàðìàçèí À.Ï.1, Ìóõóòäèíîâà Ä.Ð.2

1Ñóðãóòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñóðãóò, Ðîññèÿ;
kap@kpm.surgu.ru

2Ñóðãóòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñóðãóò, Ðîññèÿ;
manilin@mail.ru

Ïóñòü {D} åñòü ñåìåéñòâî âñåõ ãîìåîìîðôíûõ øàðó îáëàñòåé åâêëèäîâà ïðî-
ñòðàíñòâà Rn, n ≥ 2; λD(x, y) � íåêîòîðàÿ âíóòðåííÿÿ ìåòðèêà îáëàñòè D ∈ {D}.
Ãîìåîìîðôèçì f : D → G îáëàñòåé D,G ∈ {D} íàçîâåì λ-áèãåëüäåðîâûì ñ ïîêà-
çàòåëåì α ∈ (0, 1], åñëè ñóùåñòâóåò êîíñòàíòà K ∈ [1,∞) òàêàÿ, ÷òî äëÿ ëþáûõ
òî÷åê x, y ∈ D ñïðàâåäëèâî íåðàâåíñòâî:

1
K
λ

1/α
D (x, y) ≤ λG(f(x), f(y)) ≤ KλαD(x, y)

Ïðè α = 1 ãîìåîìîðôèçì f íàçûâàåòñÿ λ-êâàçèèçîìåòðèåé îáëàñòåé D,G.
Â ðàáîòå óñòàíàâëèâàåòñÿ, ÷òî ãðàíè÷íûå ýëåìåíòû ðàçëè÷íûõ âèäîâ, ïî-

ñòðîåííûå â òåîðèè λ-ïðåäêîíöîâ îáëàñòåé èç {D} (ñì. [1]) è èíâàðèàíòíûå ïðè
λ-êâàçèèçîìåòðèÿõ, îñòàþòñÿ èíâàðèàíòíûìè è ïðè λ-áèã¼ëüäåðîâûõ ãîìåîìîð-
ôèçìàõ ñ ïîêàçàòåëåì α < 1.

Ïóñòü D ∈ {D}; [D]0 � ìíîæåñòâî ïðîñòûõ λ-êîíöîâ D; V0[D] � ìíîæåñòâî
ïðîñòûõ λ-ïðåäêîíöîâ D; Φ[D] � ìíîæåñòâî ãðàíè÷íûõ ýëåìåíòîâ D, ïîëó÷åí-
íûõ ïðè ôàêòîðèçàöèè λ-ïðåäêîíöîâ ïî èõ îáùåìó öîêîëþ, Φ0[D] � ìíîæåñòâî
ìèíèìàëüíûõ ýëåìåíòîâ Φ[D];M [D] � ìíîæåñòâî ìîëåêóë D, åå ãðàíè÷íûõ ýëå-
ìåíòîâ, ïîñòðîåííûõ ñ ïîìîùüþ ïîëíûõ áðóñêîâ, ñïåöèàëüíûõ ýëåìåíòîâ Φ[D]
(ñì. [1]).

Òåîðåìà. Ïóñòü f : D → G åñòü λ-áèãåëüäåðîâûé ñ ïîêàçàòåëåì α ∈ (0, 1]
ãîìåîìîðôèçì îáëàñòåé D,G ∈ {D}. Òîãäà f ïðîäîëæàåòñÿ äî ãîìåîìîðôèçìîâ
ïîïîëíåíèéD∪[D]0,D∪V0[D],D∪Φ0[D],D∪M [D] îáëàñòèD íà ñîîòâåòñòâóþùèå
ïîïîëíåíèÿ îáëàñòè G.

Êðîìå òîãî, â ñèëó ðåçóëüòàòîâ òåîðèè λ-ïðåäêîíöîâ èç [1], ëþáàÿ îáëàñòü
D ∈ {D} ñåêâåíöèàëüíî ïðåäêîìïàêòíà â ïðîñòðàíñòâå D∪Φ0[D], à ïîïîëíåíèå
D ∪M [D] åùå è õàóñäîðôîâî.

Îòìåòèì, ÷òî íåêîòîðûå ñâîéñòâà îáëàñòåé èç {D}, èíâàðèàíòíûå ïðè λ-
êâàçèèçîìåòðèÿõ, íå ñîõðàíÿþòñÿ ïðè λ-áèãåëüäåðîâûõ ñ ïîêàçàòåëåì α < 1 ãî-
ìåîìîðôèçìàõ. Íàïðèìåð, åñëè çà λD(x, y) âçÿòü ìåòðèêó Ðèìàíà ρD(x, y) èëè
ìåòðèêó Ìàçóðêåâè÷à δD(x, y), òî, â îòëè÷èå îò ñëó÷àåâ ρ- èëè δ-êâàçèèçîìåòðèé,
ñïðÿìëÿåìûå êðèâûå èç îáëàñòè D ïðè ρ- èëè δ-áèãåëüäåðîâîì ãîìåîìîðôèçìå
f : D → G ñ ïîêàçàòåëåì α < 1 ìîãóò ïåðåéòè â íåñïðÿìëÿåìûå êðèâûå îáëàñòè
G; èëè ïðè îòîáðàæåíèè f íóëåâîé âíóòðåííèé óãîë íà ãðàíèöå D ìîæåò ïåðåéòè
â íåíóëåâîé óãîë íà ãðàíèöå îáëàñòè G. Îäíàêî ìíîãèå ñâîéñòâà ýëåìåíòîâ [D]0,
V0[D], Φ0[D] è M [D], èíâàðèàíòíûå ïðè λ-êâàçèèçîìåòðèÿõ îáëàñòåé èç {D},
ñîõðàíÿþòñÿ è ïðè λ-áèã¼ëüäåðîâûõ ãîìåîìîðôèçìàõ ñ ïîêàçàòåëåì α < 1.

ËÈÒÅÐÀÒÓÐÀ
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1. Êàðìàçèí À.Ï. Êâàçèèçîìåòðèè, òåîðèÿ ïðåäêîíöîâ è ìåòðè÷åñêèå ñòðóêòóðû ïðî-
ñòðàíñòâåííûõ îáëàñòåé. Ïðèìåíåíèÿ òåîðèè ïðåäêîíöîâ. Ñóðãóò: Èçä-âî ÑóðÃÓ,
2008.

50



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

ÓÑÈËÅÍÈÅ ÒÅÎÐÅÌÛ ÊÎÁÀßÑÈ Î Ì�ÁÈÓÑÎÂÛÕ
ÎÒÎÁÐÀÆÅÍÈßÕ

A STRENGTHENING Of KOBAYASHI'S THEOREM ON
MOEBIUS TRANSFORMATIONS

Êåðãèëîâà Ò.À.

Ãîðíî-àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ãîðíî-Àëòàéñê, Ðîññèÿ;
kergyl@gmail.com

Â ðàáîòå [1] áûëî äîêàçàíî, ÷òî ëþáàÿ àíàëèòè÷åñêàÿ îäíîëèñòíàÿ ôóíêöèÿ
â îáëàñòè D ⊂ C ÿâëÿåòñÿ ìåáèóñîâûì ïðåîáðàçîâàíèåì òîãäà è òîëüêî òîãäà,
êîãäà îáðàç ëþáîé àïîëëîíèåâîé ÷åòâåðêè òî÷åê â D òàêæå ÿâëÿåòñÿ àïîëëîíè-
åâîé.

Â 2007 ã. Êîáàÿñè [2], èñïîëüçóÿ àíãàðìîíè÷åñêîå îòíîøåíèå ÷åòâåðêè òî÷åê,
ïîëó÷èë ñëåäóþùèé ïðèçíàê ìåáèóñîâîñòè îòîáðàæåíèÿ:

Òåîðåìà 1 (Êîáàÿñè, 2007). Ïóñòü λ ∈ C\R. Ïóñòü f : U → C�íåïðåðûâíîå
èíúåêòèâíîå îòîáðàæåíèå êëàññà C1 îáëàñòè U êîìïëåêñíîé ïëîñêîñòè òàêîå, ÷òî
äëÿ ëþáîé ÷åòâåðêè òî÷åê {z1, z2, z3, z4} ∈ U ñ àíãàðìîíè÷åñêèì îòíîøåíèåì

[z1 : z2 : z3 : z4] =
(z1 − z3)(z2 − z4)
(z3 − z2)(z4 − z1)

= λ

âûïîëíÿåòñÿ

[f(z1) : f(z2) : f(z3) : f(z4)] =
(f(z1)− f(z3))(f(z2)− f(z4))
(f(z3)− f(z2))(f(z4)− f(z1))

= λ.

Òîãäà f -ìåáèóñîâî ïðåîáðàçîâàíèå.

Ìû ïîêàçûâàåì, ÷òî òåîðåìà Êîáàÿñè îñòàåòñÿ âåðíîé ïðè ëþáîì λ /∈ {0, 1, ∞}
áåç òðåáîâàíèÿ ãëàäêîñòè è èíúåêòèâíîñòè f . Ïðè ýòîì, åñëè λ /∈ R, òî f ëèáî
êîíñòàíòà, ëèáî äðîáíî-ëèíåéíîå ïðåîáðàçîâàíèå.
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Ðàññìàòðèâàåòñÿ äèíàìèêà âèõðåé â ìîäåëè òåîðèè ïîëÿ ñ äåéñòâèåì

S =
1
2

∫
d4x

{
E2 −H2

4π
− g(|ψ|2 − n0)2 + 2ψ∗(i∂t + a0)ψ − |(i∇+ A− a)ψ|2

}
.

E = −Ȧ,H = ∇×A, aµ ≡ (a0,a) = −∂µχs. Âèõðè çàäàíû ëèíèÿìèXa ≡ Xa(σa, t)
ñèíãóëÿðíîé ôàçû χs ñêàëÿðíîãî ïîëÿ ψ =

√
n0e

iχs ,

∇×∇χs = 2π
∑
a

∫
dσaX′

aδ
(3)(x−Xa).

Èç ñîîòíîøåíèÿ δ
∫
d4xa0 = −2π

∫
dtdσδX[Ẋ ×X′] è ðàâåíñòâà íóëþ ïåðâîé âà-

ðèàöèîííîé ïðîèçâîäíîé äåéñòâèÿ âèõðÿ ñ ýíåðãèåé íà åäèíèöó äëèíû εv

δS0 = δ

[
− 1

8λ2

∫
dtdσ1dσ2

X′
1X

′
2

|X12|
e−|X12|/λ + n0

∫
d4xa0

]
= 0

ñëåäóåò óðàâíåíèå äâèæåíèÿ Ẋ×X′ = γX′′ (λ−2 = 4πn0, γ = εv/2πn0). Îòñþäà è
èç óðàâíåíèé Ôðåíå � Ñåððå íàõîäÿòñÿ ïðîèçâîäíûå ïî âðåìåíè êàê îò òðîéêè
(n,b,X′) ñîîòâåòñòâåííî âåêòîðîâ íîðìàëè, áèíîðìàëè è êàñàòåëüíîãî âåêòîðà
â òåðìèíàõ êðèâèçíû κ è êðó÷åíèÿ τ ,

ṅ = γ

[
κτX′ +

(
κ′′

κ
− τ2

)
b
]
, ḃ = −γ

[
κ′X′ +

(
κ′′

κ
− τ2

)
n
]
, Ẋ′ = γ(κ′b− κτn),

òàê è ïðîèçâîäíûå ïî âðåìåíè îò êðèâèçíû è êðó÷åíèÿ: κ̇ = −γ(2κ′τ + κτ ′), τ̇ =

γ

[
κκ′ +

(
κ′′

κ − τ
2
)′]

.Ìàãíèòíàÿ ñïèðàëüíîñòü (èíâàðèàíò Õîïôà) [1,2] âûðàæà-

åòñÿ ÷åðåç ðàéçèíã Wr è êîýôôèöèåíò çàöåïëåíèÿ Lk êîíòóðîâ [3]:

hA =
∫
d3xA · ∇ ×A = (2π)2

(∑
a

Wr[a] + 2
∑
a<b

Lk[a, b]

)
.

Âàðèàöèÿ ðàéçèíãà δWr = (2π)−1
∫
dσδX·[X′×X′′′] ïîçâîëÿåò íàéòè ïðîèçâîäíóþ

ïî âðåìåíè îò ñïèðàëüíîñòè: ḣA = 2π
∑
a

∫
dσaẊa[X′

a ×X′′′
a ]. Ïîêàçàíî, ÷òî (1)

Ẇr = 0, Ṫw = 0, ḣA = 0 íà óðàâíåíèÿõ äâèæåíèÿ âèõðÿ è (2) èìååòñÿ òîïîëîãè-
÷åñêîå ïðåïÿòñòâèå ê âûáîðó ïîïåðå÷íîé êàëèáðîâêè âèõðÿ: ëîêàëüíî ẊX′ = 0,
íî
∫
dσẊX′ = 2πWr = 2π(Sl− Tw).
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Ñëåäóÿ ðàáîòå [1], áóäåì íàçûâàòü êîíè÷åñêîå ìíîãîîáðàçèå ðàññëîåííûì, åñ-
ëè åãî ïðîñòðàíñòâî-íîñèòåëü ÿâëÿåòñÿ ðàññëîåíèåì Çåéôåðòà. Ïðè ýòîì êîì-
ïîíåíòû ñèíãóëÿðíîãî ìíîæåñòâà ÿâëÿþòñÿ íåîñîáûìè ëèáî îñîáûìè ñëîÿìè.
Îòìåòèì, ÷òî îäíî èç óñëîâèé òåîðåìû æåñòêîñòè [2] â ñëó÷àå êîíè÷åñêèõ ìíîãî-
îáðàçèé ñî ñôåðè÷åñêîé ñòðóêòóðîé òðåáóåò, ÷òîáû ñîîòâåòñòâóþùåå êîíè÷åñêîå
ìíîãîîáðàçèå íå áûëî ðàññëîåííûì.

Îáîçíà÷èì Hn çàöåïëåíèå, ñîñòîÿùåå èç n > 2 ñëîåâ ðàññëîåíèÿ Õîïôà.
Êàæäûå äâå êîìïîíåíòû òàêîãî çàöåïëåíèÿ îáðàçóþò çàöåïëåíèå Õîïôà. ×å-
ðåç Hn(α1, · · · , αn) îáîçíà÷èì êîíè÷åñêîå ìíîãîîáðàçèå ñ íîñèòåëåì òðåõìåðíàÿ
ñôåðà S3 è ñèíãóëÿðíûì ìíîæåñòâîì çàöåïëåíèå Hn è êîíè÷åñêèìè óãëàìè αi,
i = 1, . . . , n âîêðóã åãî êîìïîíåíò.

Òåîðåìà. Åñëè êîíè÷åñêîå ìíîãîîáðàçèå Hn(α1, · · · , αn) c n > 2 ñèíãóëÿðíû-
ìè êîìïîíåíòàìè èìååò ñôåðè÷åñêóþ ñòðóêòóðó, òî äëèíû âñåõ åãî ñèíãóëÿðíûõ
êîìïîíåíò ðàâíû ìåæäó ñîáîé è âûðàæàþòñÿ ôîðìóëîé:

`n =
1
2

n∑
j=1

αj − π(n− 2).

Îáúåì êîíè÷åñêîãî ìíîãîîáðàçèÿ Hn(α1, · · · , αn), n > 2, ðàâåí

VolHn(α1, . . . , αn) =
1
2

1
2

n∑
j=1

αj − π(n− 2)

2

.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 09�01�00255) è ÀÂÖÏ ¾Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû¿ (2.1.1/3707).
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Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f(x, y, ε),
εẏ = g(x, y, ε), (1)

ãäå x ∈ R, y ∈ R, ε� ìàëûé ïîëîæèòåëüíûé ïàðàìåòð, f, g � äîñòàòî÷íî ãëàäêèå
ôóíêöèè, ẋ, ẏ � ïðîèçâîäíûå ïî âðåìåíè.

Ïðè êà÷åñòâåííîì àíàëèçå ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû (1) íàèáîëü-
øèé èíòåðåñ âûçûâàþò âîçíèêíîâåíèå ðåëàêñàöèîííûõ êîëåáàíèé è íàëè÷èå
ðåøåíèé-óòîê [1, 2].

Òåîðåìà. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) a) ôóíêöèÿ g(x, y, ε) = (ϕ1(x) − y)(ϕ2(x) − y)(ϕ3(x) − y); ãäå y = ϕi(x) �

ëèñòû ìåäëåííîé ïîâåðõíîñòè ñèñòåìû (1), ϕi : R→ R, ϕi ∈ C∞(R), i = 1, 2, 3;
b) ϕ3(x) ≤ ϕ2(x) ≤ ϕ1(x), x ∈ [a, b];
c) ∂g

∂y (a, ϕ2(a), 0)=∂g
∂y (a, ϕ3(a), 0)=0, ∂g∂y (b, ϕ1(b), 0)=∂g

∂y (b, ϕ2(b), 0)=0; ∂
2g
∂y2 6= 0;

d) −(ϕ2 −ϕ1)(ϕ3 −ϕ1) < 0, −(ϕ3 −ϕ2)(ϕ1 −ϕ2) > 0, −(ϕ1 −ϕ3)(ϕ2 −ϕ3) < 0,
ãäå ϕ1 = ϕ1(x), ϕ2 = ϕ2(x), ϕ3 = ϕ3(x), x ∈ [a, b], ãäå a, b � àáñöèññû òî÷åê ñðûâà;

2) ñóùåñòâóåò ñåìåéñòâî óòîê uε â ñèñòåìå (1);
3) íà íåóñòîé÷èâîì ëèñòå ìåäëåííîãî ìíîãîîáðàçèÿ, îïèñûâàåìîì óðàâíåíèåì

y = ϕ(x, ε), íåò ïîëîæåíèé ðàâíîâåñèÿ;
4) limε→ε1 TAB(ε) = 0, ãäå TAB(ε) =

∫
AB

dx
f(x,y) =

∫ x2

x1

dx
f(x,ϕ(x,ε)) , x1, x2 � àáñ-

öèññû òî÷åê A, B, ïðè÷åì B � òî÷êà ñðûâà.
Òîãäà â ñèñòåìå (1) ñóùåñòâóåò ðåëàêñàöèîííîå êîëåáàíèå rε1 ; ïðè ýòîì

uε(t) → rε1(t) ïðè ε → ε1 ðàâíîìåðíî ïî t, t0 ≤ t ≤ T, 0 ≤ ε ≤ ε1 < ε0 � 1.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñèáèðñêîãî îòäåëåíèÿ Ðîññèéñêîé

àêàäåìèè íàóê (ìåæäèñöèïëèíàðíûé èíòåãðàöèîííûé ïðîåêò � 107) è Ðîññèéñêîãî

ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (� 09�01�00070�à).

ËÈÒÅÐÀÒÓÐÀ

1. Çâîíêèí À.Ê., Øóáèí Ì.À. Íåñòàíäàðòíûé àíàëèç è ñèíãóëÿðíûå âîçìóùåíèÿ //
Óñïåõè ìàò. íàóê. 1984. Ò. 39, � 2(236). Ñ. 77�127.

2. Êîíîíåíêî Ë.È. Ðåëàêñàöèîííûå êîëåáàíèÿ è ðåøåíèÿ-óòêè â ñèíãóëÿðíûõ ñèñòå-
ìàõ íà ïëîñêîñòè // Ñèá. æóðí. èíäóñòð. ìàò. 2009. Ò. XII, � 2(38). Ñ. 58�64.

54



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

ÀÊÊÓÐÀÒÍÎ ÏÎÊÐÛÂÀÅÌÛÅ
ÑÕÎÄßÙÈÅÑß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ

NEATLY COVERABLE CONVERGENT SEQUENCES

Êîïòåâ À.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
koptev@math.nsc.ru

Ïóñòü Q � ðåãóëÿðíîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî è ïóñòü ïîñëåäîâàòåëü-
íîñòü (qn)n∈N ⊂ Q ñõîäèòñÿ ê òî÷êå q ∈ Q. Íàçîâåì (qn) àêêóðàòíî ïîêðûâàåìîé,
åñëè êàæäîìó k ∈ N ìîæíî ñîïîñòàâèòü çàìêíóòóþ îêðåñòíîñòü Uk òî÷êè qk òàê,
÷òîáû Ui ∩ cl

⋃
n 6=i

Un = ∅ äëÿ âñåõ i ∈ N è(
cl
⋃
n∈N

Un

)
\
⋃
n∈N

Un = {q},

ãäå cl � îïåðàòîð çàìûêàíèÿ. Êàê íåñëîæíî âèäåòü èç îïðåäåëåíèÿ, òàêàÿ ïî-
ñëåäîâàòåëüíîñòü (qn) ÿâëÿåòñÿ ïðàâèëüíîé, ò. å. qi 6= qj ïðè i 6= j è qn 6= q äëÿ
âñåõ n.

Ïîíÿòèå àêêóðàòíî ïîêðûâàåìîé ïîñëåäîâàòåëüíîñòè åñòåñòâåííûì îáðàçîì
âîçíèêàåò â òåîðèè áàíàõîâûõ ðàññëîåíèé ïðè ïîñòðîåíèè íåêîòîðûõ îòîáðàæå-
íèé ñ íàïåðåä çàäàííûìè çíà÷åíèÿìè â òî÷êàõ qn (íàïðèìåð, â [1]), è àâòîðó
èçâåñòíû ñëó÷àè, êîãäà àêêóðàòíàÿ ïîêðûâàåìîñòü ïîñëåäîâàòåëüíîñòè (qn) ñó-
ùåñòâåííà äëÿ íàëè÷èÿ òàêèõ îòîáðàæåíèé.

Äëÿ áàíàõîâà ïðîñòðàíñòâà X ñèìâîëàìè BX è X ′ îáîçíà÷àþòñÿ åãî çàìêíó-
òûé åäèíè÷íûé øàð è ñîïðÿæåííîå áàíàõîâî ïðîñòðàíñòâî ñîîòâåòñòâåííî. Ïðåä-
ïîëàãàåòñÿ, ÷òî X ′ è BX′ íàäåëåíû ∗-ñëàáîé òîïîëîãèåé.

Åñëè áàíàõîâî ïðîñòðàíñòâî X ñåïàðàáåëüíî, òî â X ′ è â BX′ , êàê â ïîäïðî-
ñòðàíñòâå X ′, ïðàâèëüíûå ñõîäÿùèåñÿ ïîñëåäîâàòåëüíîñòè àêêóðàòíî ïîêðûâàå-
ìû. Åñëè æå X íå ÿâëÿåòñÿ ñåïàðàáåëüíûì, òî â X ′ íåò àêêóðàòíî ïîêðûâàåìûõ
ïîñëåäîâàòåëüíîñòåé, à ïðî BX′ ìîæíî ñêàçàòü ñëåäóþùåå.

Òåîðåìà 1. Ïóñòü X � íåñåïàðàáåëüíîå áàíàõîâî ïðîñòðàíñòâî. Åñëè ïîñëå-
äîâàòåëüíîñòü (fn) ⊂ BX′ àêêóðàòíî ïîêðûâàåìà, òî ‖fn‖ → 1 ïðè n→∞.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî X � ðàâíîìåðíî ãëàäêîå2 áàíàõîâî ïðî-
ñòðàíñòâî. Òîãäà äëÿ àêêóðàòíîé ïîêðûâàåìîñòè ïðàâèëüíîé ïîñëåäîâàòåëüíî-
ñòè (fn) ⊂ BX′ äîñòàòî÷íî, ÷òîáû ‖fn‖ → 1 ïðè n→∞.

Òåîðåìà 3. Ñóùåñòâóåò íåíóëåâîå áàíàõîâî ïðîñòðàíñòâî X òàêîå, ÷òî øàð
BX′ íå ñîäåðæèò íè îäíîé àêêóðàòíî ïîêðûâàåìîé ïîñëåäîâàòåëüíîñòè.

Èìåþòñÿ òàêæå àíàëîãè ýòèõ óòâåðæäåíèé äëÿ ñëó÷àÿ ñëàáîé òîïîëîãèè â X.
Äîêàçàòåëüñòâî òåîðåìû 2 îïèðàåòñÿ íà òîò ôàêò, ÷òî ñîïðÿæåííîå ê ðàâíîìåðíî
ãëàäêîìó ïðîñòðàíñòâó ÿâëÿåòñÿ ðàâíîìåðíî âûïóêëûì (ñì., íàïðèìåð, [2]).

ËÈÒÅÐÀÒÓÐÀ

1. Ãóòìàí À.Å., Êîïòåâ À.Â. Ñîïðÿæåííîå áàíàõîâî ðàññëîåíèå // Íåñòàíäàðòíûé
àíàëèç è âåêòîðíûå ðåøåòêè. Èçä. 2-å. Ïîä ðåä. Ñ.Ñ.Êóòàòåëàäçå. Íîâîñèáèðñê:
Èçä-âî Èí-òà ìàòåìàòèêè, 2005. Ñ. 125�201.

2. Äèñòåëü Äæ. Ãåîìåòðèÿ áàíàõîâûõ ïðîñòðàíñòâ: Èçáðàííûå ãëàâû. Êèåâ: Âèùà
øêîëà, 1980.

2Îïðåäåëåíèå ñì., íàïðèìåð, â [2]. Òàêîâûìè, â ÷àñòíîñòè, ÿâëÿþòñÿ ãèëüáåðòîâû ïðîñòðàí-
ñòâà è ôóíêöèîíàëüíûå ïðîñòðàíñòâà êëàññà Lp ïðè 1 < p <∞.
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ÎÄÍÎÇÍÀ×ÍÀß ÎÏÐÅÄÅËÅÍÍÎÑÒÜ ÎÁËÀÑÒÅÉ È
ÌÎÄÓËÈ ÑÅÌÅÉÑÒÂ ÊÐÈÂÛÕ

UNIQUE DETERMINATION OF DOMAINS AND THE
MODULI OF FAMILIES OF CURVES

Êîïûëîâ À.Ï.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
kopylov@math.nsc.ru

Èçëàãàþòñÿ ðåçóëüòàòû, ïîëó÷åííûå â ïîñëåäíèå ãîäû ïðè èññëåäîâàíèè ïðî-
áëåì îäíîçíà÷íîé îïðåäåëåííîñòè îáëàñòåé â åâêëèäîâûõ ïðîñòðàíñòâàõ.
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Î ÌÍÎÃÎÎÁÐÀÇÈßÕ ÐÎÄÀ 2

GENUS-TWO MANIFOLDS

Êîðàáë¼â Ô. Ã.

ÃÎÓ ÂÏÎ ×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
korablev@csu.ru

Â ýòîé ðàáîòå ìû âûäåëÿåì òðè ñåðèè ãðàô-ìíîãîîáðàçèé ðîäà 2, õàðàêòåðè-
çóþùèåñÿ ñõîæåñòüþ ñòðóêòóðû èõ ðàçáèåíèé Õåãîðà. Îêàçûâàåòñÿ, ÷òî ìíîæå-
ñòâî âñåõ ðàññìàòðèâàåìûõ ìíîãîîáðàçèé ïîêðûâàåò ìíîæåñòâî âñåõ ïîëíîñòüþ
îðèåíòèðóåìûõ ãðàô-ìíîãîîáðàçèé ðîäà 2 è ñîäåðæèò åùå îäíó áåñêîíå÷íóþ ñå-
ðèþ. Ðàññìàòðèâàåìûå ñåðèè îïèñûâàþòñÿ ñëåäóþùèìè òðåìÿ òåîðåìàìè.

Òåîðåìà 1. Ëþáîå ãðàô-ìíîãîîáðàçèå, äîïóñêàþùåå ðàçáèåíèå Õåãîðà ðîäà
2, ïðè êîòîðîì ïîâåðõíîñòü ðàçáèåíèÿ â êàæäîé JSJ-ÿ÷åéêå èçîòîïíà ïîñëîéíîé
ïîâåðõíîñòè, èìååò îäèí èç äâóõ âèäîâ:

1. Ìíîãîîáðàçèå âèäà (D2; (p1, q1), (p2, q2)) ∪ϕ (D2; (p3, q3), (p4, q4)), pi > 1.
2. Ìíîãîîáðàçèå âèäà (A2; (p1, q1), (p2, q2))/ϕ. pi > 1.

Çäåñü ϕ : T 2 → T 2 ãîìåîìîðôèçì òîðà, çàäàííûé â åñòåñòâåííûõ íà êðàÿõ ìíî-

ãîîáðàçèé Çåéôåðòà ñèñòåìàõ êîîðäèíàò ìàòðèöåé

(
0 1
1 0

)
.

Òåîðåìà 2. Åñëè ãðàô-ìíîãîîáðàçèå ðîäà 2 ñîäåðæèò â êà÷åñòâå JSJ-ÿ÷åéêè
ìíîãîîáðàçèå Çåéôåðòà âèäà (A2; (p, 1)), p > 1, òî ýòî ãðàô-ìíîãîîáðàçèå èìååò
îäèí èç òðåõ âèäîâ:

1. Ìíîãîîáðàçèå âèäà (A2; (p, 1))/ψb
.

2. Ìíîãîîáðàçèå âèäà

(D2; (p1, q1), (p2, q2)) ∪ϕ (A2; (p, 1)) ∪ϕ (D2; (p3, q3), (p4, q4)), pi > 1.
3. Ìíîãîîáðàçèå âèäà (A2; (p, 1)) ∪ϕ,ϕ (A2; (p1, q1), (p2, q2)), pi > 1.

Çäåñü ψb : T 2 → T 2 � ãîìåîìîðôèçì òîðà, çàäàííûé ìàòðèöåé

(
1 b
0 −1

)
, ãäå

b ∈ Z.
Òåîðåìà 3. Åñëè ãðàô-ìíîãîîáðàçèå ðîäà 2 ñîäåðæèò â êà÷åñòâå JSJ-ÿ÷åéêè

ìíîãîîáðàçèå Çåéôåðòà âèäà (D2; (2, q), (2k+1, k)), k > 1, òî ýòî ãðàô-ìíîãîîáðàçèå
èìååò îäèí èç òðåõ âèäîâ:

1. Ìíîãîîáðàçèå âèäà (D2; (2, q1), (2, q2)) ∪ψb
(D2; (2, q), (2k + 1, k)).

2. Ìíîãîîáðàçèå âèäà (D2; (p1, q1), (p2, q2), (p3, q3)) ∪ϕ (D2; (2, q), (2k + 1, k)),
pi>1.

3. Ìíîãîîáðàçèå âèäà (M2; (p1, q1), (p2, q2)) ∪ϕ (D2; (2, q), (2k + 1, k)), pi > 1.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 08�01�00162).

ËÈÒÅÐÀÒÓÐÀ

1. Boileau M., Zieschang H. Heegaard genus of closed orientable Seifert 3-manifolds //
Inventiones mathematicae. 1984. V. 76. P. 455�468.

2. Schultens J. Heegaard splittings of graph manifolds // Geometry and Topology. 2004.
V. 8. P. 831�876.

3. Moriah Y., Schultens J. Irreducible Heegaard splittings of Seifert �bered spaces are either
vertical or horizontal // Topology. 1998. V. 37, � 5. P. 1089�112.
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ÇÀÄÀ×È Î ÐÀÑÏÐÅÄÅËÅÍÈÈ ÖÅËÛÕ ÒÎ×ÅÊ È
ÀÄÈÀÁÀÒÈ×ÅÑÊÈÅ ÏÐÅÄÅËÛ

LATTICE POINTS DISTRIBUTION PROBLEMS AND
ADIABATIC LIMITS

Êîðäþêîâ Þ.À.1, ßêîâëåâ À.À.2

1Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ;
yurikor@matem.anrb.ru

2Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé óíèâåðñèòåò, Óôà,
Ðîññèÿ; yakovlevandrey@yandex.ru

Äëÿ ôèêñèðîâàííîãî α ∈ R è ëþáîãî ε > 0 ðàññìîòðèì ëèíåéíîå ïðåîáðàçî-
âàíèå Tε : R2 → R2, îïðåäåëÿåìîå â áàçèñå

~e =
(

1√
1 + α2

,
α√

1 + α2

)
, ~f =

(
− α√

1 + α2
,

1√
1 + α2

)
.

íà ïëîñêîñòè R2, ôîðìóëàìè

Tε~e = ~e, Tε ~f = ε−1 ~f.

Äëÿ ëþáîãî îòêðûòîãî ìíîæåñòâà S ⊂ R2 è äëÿ ëþáîãî ε > 0 îáîçíà÷èì ÷åðåç
nε(S) ÷èñëî âñåõ òî÷åê ðåøåòêè Z2, ïðèíàäëåæàùèõ ìíîæåñòâó Tε(S).

Òåîðåìà. Äëÿ ëþáîãî îãðàíè÷åííîãî îòêðûòîãî ìíîæåñòâà S ⊂ R2 èìåþò
ìåñòî ñëåäóþùèå ôîðìóëû:

1. Äëÿ α 6∈ Q:
nε(S) = ε−1area(S) + o(ε−1), ε→ 0,

ãäå area(S) îáîçíà÷àåò ïëîùàäü ìíîæåñòâà S.
2. Äëÿ α ∈ Q âèäà α = p

q , ãäå p è q âçàèìíî ïðîñòû:

nε(S) = ε−1 1√
p2 + q2

∑
k∈Z
|S ∩ `k|+ o(ε−1), ε→ 0,

ãäå `k îáîçíà÷àåò ïðÿìóþ íà ïëîñêîñòè, îïðåäåëÿåìóþ óðàâíåíèåì qx+py−k = 0
è |S ∩ `k| îáîçíà÷àåò äëèíó ìíîæåñòâà S ∩ `k.

Äîêàçàòåëüñòâî òåîðåìû èñïîëüçóåò ñâåäåíèå äàííîé çàäà÷è ê èññëåäîâàíèþ
àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ñïåêòðà äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà äâóìåð-
íîì òîðå T2 = R2/Z2 â àäèàáàòè÷åñêîì ïðåäåëå, àññîöèèðîâàííîì ñ ëèíåéíûì
ñëîåíèåì Fα. (Ñëîåíèå Fα íà T2 îïðåäåëÿåòñÿ ïàðàëëåëüíûìè ïðÿìûìè íà ïëîñ-
êîñòè ñ óãëîâûì êîýôôèöèåíòîì α.)

Àíàëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî äëÿ ëþáîãî îòêðûòîãî ìíîæåñòâà â
ïðîñòðàíñòâå Rn.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 09�01�00389).
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ÃÅÎÌÅÒÐÈß 1-ÔÎÐÌ ÍÀ ÃÐÓÏÏÀÕ ËÈ

GEOMETRY OF 1-FORMS ON LIE GROUPS

Êîðíåâ Å.Ñ.

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî, Ðîññèÿ; q148@mail.ru

Ïóñòü G � ñâÿçíàÿ ãðóïïà Ëè ðàçìåðíîñòè n, g � åå àëãåáðà Ëè, à α �
ëåâîèíâàðèàíòíàÿ 1-ôîðìà íà G. ßäðî ôîðìû α ÿâëÿåòñÿ ëåâîèíâàðèàíòíûì
ðàñïðåäåëåíèåì íà ãðóïïå G è èìååò ðàçìåðíîñòü n− 1.

Ðàäèêàëîì 1-ôîðìû α íàçûâàåòñÿ ïîäïðîñòðàíñòâî r ⊂ g òàêîå, ÷òî äëÿ âñåõ
X ∈ r è Y ∈ g, dα(X,Y ) = 0. Èç ýòîãî îïðåäåëåíèÿ è òîæäåñòâà ßêîáè ñëåäóåò,
÷òî ðàäèêàë 1-ôîðìû ÿâëÿåòñÿ ïîäàëãåáðîé â g.

Òåîðåìà 1. Åñëè α íåçàìêíóòàÿ 1-ôîðìà íà ãðóïïå G ðàçìåðíîñòè n, à m �
ðàçìåðíîñòü åå ðàäèêàëà r, òîãäà: åñëè n ÷åòíî, òîm òàêæå ÷åòíî è 0 ≤ m ≤ n−2,
à åñëè n íå÷åòíî, òî m òàêæå íå÷åòíî è 1 ≤ m ≤ n− 2.

Åñëè m = 0, òî dα � ñèìïëåêòè÷åñêàÿ ôîðìà, åñëè m = 1, òî α � êîíòàêòíàÿ
ôîðìà.

Îáîçíà÷èì ÷åðåç R ñâÿçíóþ ïîäãðóïïó ïîðîæäåííóþ ðàäèêàëîì r. Ýòà ïîä-
ãðóïïà íàçûâàåòñÿ ïîäãðóïïîé ðàäèêàëà.

Òåîðåìà 2. Ïîäãðóïïà ðàäèêàëà R 1-ôîðìû α ñîâïàäàåò ñ ïîäãðóïïîé èçî-
òðîïèè ôîðìû α. ò. å. AdRα = α.

Îáîçíà÷èì ÷åðåç D ôèêñèðîâàííîå äîïîëíåíèå ðàäèêàëà r â g. Òîãäà D ÿâ-
ëÿåòñÿ ëåâîèíâàðèàíòíûì ðàñïðåäåëåíèåì íà ãðóïïå G, è g = D ⊕ r.

Ïóñòü β � ëåâîèíâàðèàíòíàÿ ñèììåòðè÷íàÿ íåîòðèöàòåëüíàÿ 2-ôîðìà íà
ãðóïïå G òàêàÿ, ÷òî äëÿ âñåõ X ∈ D è Y ∈ g, β(X,Y ) = 0, à îãðàíè÷åíèå ôîðìû β
íà ðàäèêàë r íåâûðîæäåíî. Òîãäà ñóæåíèå ôîðìû β íà R çàäàåò ëåâîèíâàðèàíò-
íóþ ðèìàíîâó ìåòðèêó íà ïîäãðóïïå R. Ôîðìà β íàçûâàåòñÿ ìåòðèêîé ðàäèêàëà.

Òåîðåìà 3. Åñëè ôîðìà β ÿâëÿåòñÿ AdR-èíâàðèàíòíîé, òî ðàñïðåäåëåíèå D
èíâàðèàíòíî îòíîñèòåëüíî ïðèñîåäèíåííîãî äåéñòâèÿ ïîäãðóïïû R.

Òåîðåìà 4. Åñëè ïîäãðóïïà ðàäèêàëà R � êîìïàêòíàÿ óíèìîäóëÿðíàÿ ïîä-
ãðóïïà â G, òî ðàñïðåäåëåíèå D èíâàðèàíòíî îòíîñèòåëüíî ïðèñîåäèíåííîãî äåé-
ñòâèÿ ïîäãðóïïû R.

Ñëåäñòâèå. Åñëè ïîäãðóïïà R ÿâëÿåòñÿ ìàêñèìàëüíûì òîðîì â ãðóïïå G,
òî ðàñïðåäåëåíèå D èíâàðèàíòíî îòíîñèòåëüíî ïðèñîåäèíåííîãî äåéñòâèÿ ïîä-
ãðóïïû R.

Åñëè ñ÷èòàòü, ÷òî ïîäãðóïïà R äåéñòâóåò íà ãðóïïå G ñïðàâà, òî ìîæíî ðàñ-
ñìàòðèâàòü ðàññëîåíèå P (G/R, π,G) ñî ñëîåì R, ãäå π �åñòåñòâåííàÿ ïðîåêöèÿ
ãðóïïû G íà G/R.

Òåîðåìà 5. Ïóñòü R � ïîäãðóïïà ðàäèêàëà 1-ôîðìû α íà ãðóïïå G, β � ëå-
âîèíâàðèàíòíàÿ ìåòðèêà ðàäèêàëà è ïîäãðóïïà R ÿâëÿåòñÿ ìàêñèìàëüíûì òîðîì
â G. Òîãäà

(1) ðàñïðåäåëåíèå D ÿâëÿåòñÿ ñâÿçíîñòüþ â ðàññëîåíèè P ;
(2) åñëè e1, . . . , em � îðòîíîðìèðîâàííûé áàçèñ ðàäèêàëà r, òî ôîðìà ñâÿçíî-

ñòè D èìååò âèä

ω(X) =
m∑
i=1

β(X, ei) ei;

(3) ñâÿçíîñòü D ÿâëÿåòñÿ ïëîñêîé (ò. å. åå ôîðìà êðèâèçíû ðàâíà íóëþ) òîãäà
è òîëüêî òîãäà, êîãäà ðàñïðåäåëåíèå D èíâîëþòèâíî.
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Çàìå÷àíèå. Òåîðåìà 5 îñòàåòñÿ ñïðàâåäëèâîé è â òîì ñëó÷àå, êîãäà R �
íåêîìïàêòíàÿ êîììóòàòèâíàÿ ïîäãðóïïà â G.

Òåîðåìà 6. Ïóñòü G � ñâÿçíàÿ îäíîñâÿçíàÿ ãðóïïà Ëè è R ïîäãðóïïà ðàäè-
êàëà ëåâîèíâàðèàíòíîé 1-ôîðìû α íà G. Òîãäà, åñëè R � íîðìàëüíàÿ ïîäãðóïïà
â G, òî G ∼= G/RoR è ðàññëîåíèå P (G/R, π,G) òðèâèàëüíî.
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ÑÂÎÉÑÒÂÀ ÎÄÍÎÉ 6-ÌÅÐÍÎÉ ÍÈËÜÏÎÒÅÍÒÍÎÉ
ÃÐÓÏÏÛ ËÈ

PROPERTIES OF ONE 6-DIMENSIONAL NILPOTENT LIE
GROUP

Êîðîâèí Å.Í.

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî, Ðîññèÿ;
ezhen84@yandex.ru

Â ðàáîòå [1] íàéäåíû ëåâîèíâàðèàíòíûå ñèìïëåêòè÷åñêèå ñòðóêòóðû íà øå-
ñòèìåðíûõ íèëüïîòåíòíûõ ãðóïïàõ Ëè. Â äàííîé ðàáîòå ðàáîòå ðàññìàòðèâàåòñÿ
ãðóïïà G6,14 êëàññèôèêàöèîííîãî ñïèñêà [1]. Åå àëãåáðà Ëè A6,13 çàäàåòñÿ ñëåäó-
þùèìè íåíóëåâûìè ñêîáêàìè Ëè: [X1, X2] = X4, [X1, X4] = X6, [X1, X3] = X5. Íà
ãðóïïå G6,14 ñóùåñòâóåò òðè ðàçëè÷íûõ ñèìïëåêòè÷åñêèõ ñòðóêòóðû ω1, ω2, ω3.
Îíè çàäàþòñÿ 2-ôîðìàìè: ω1 = α1 ∧ α6 + α2 ∧ α4 + α3 ∧ α5, ω2 = α1 ∧ α6 − α2 ∧
α4 + α5 ∧ α4, ω3 = α1 ∧ α6 + α2 ∧ α5 + α3 ∧ α4.

Â ðàáîòå [2] íàéäåíû ëåâîèíâàðèàíòíûå êîìïëåêñíûå ñòðóêòóðû íà øåñòè-
ìåðíûõ íèëüïîòåíòíûõ ãðóïïàõ Ëè. Â äàííîé ðàáîòå ðàáîòå ðàññìàòðèâàåòñÿ
êîìïëåêñíûå ñòðóêòóðû íà ãðóïïà G6,14, àññîöèèðîâàííûå ñ ñèìïëåêòè÷åñêèìè
ñòðóêòóðàìè ω1, ω2, ω3.

Ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà J íà ñèìïëåêòè÷åñêîì ìíîãîîáðàçèè (M,ω)
íàçûâàåòñÿ àññîöèèðîâàííîé ñ ω, åñëè ω(JX, JY ) = ω(X,Y ), äëÿ ëþáûõ âåê-
òîðíûõ ïîëåé X,Y íà M . Â ýòîì ñëó÷àå 2-ôîðìà gJ(X,Y ) = ω(X, JY ) ÿâëÿ-
åòñÿ ñèììåòðè÷íîé è, ïîýòîìó, îïðåäåëÿåò ïñåâäîðèìàíîâó ìåòðèêó íà M . Â
ýòîì ñëó÷àå ìåòðèêà áóäåò ïî÷òè ýðìèòîâîé, ò. å. áóäåò âûïîëíÿòüñÿ óñëîâèå
g(JX, JY ) = g(X,Y ). Åñëè J � èíòåãðèðóåìàÿ ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà, òî
òðîéêà (gJ , J, ω) îïðåäåëÿåò (ïñåâäî)êåëåðîâó ñòðóêòóðó íà M .

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ëåâîèíâàðèàíòíûå àññîöèèðîâàííûå êîìïëåêñ-
íûå ñòðóêòóðû íà ãðóïïå G6,14 ñóùåñòâóþò òîëüêî äëÿ ñèìïëåêòè÷åñêîé ñòðóê-
òóðû ω3 è îáðàçóþò 8-ïàðàìåòðè÷åñêîå ñåìåéñòâî. Äëÿ äàííîãî ñëó÷àÿ íàéäå-
íû àññîöèèðîâàííûå êîìïëåêñíûå ñòðóêòóðû è ïñåâäî-ðèìàíîâû ìåòðèêè. Âñå
îíè èìåþò ñèãíàòóðó {−,−,+,+,+,+}. Êðîìå òîãî âû÷èñëåíû òåíçîðû êðèâèç-
íû è Ðè÷÷è äëÿ àññîöèèðîâàííûõ (ïñåâäî)êåëåðîâûõ ñòðóêòóð íà G6,13. Òåíçîð
êðèâèçíû ÿâëÿåòñÿ íóëåâûì, åãî ïñåâäîðèìàíîâà íîðìà ðàâíà íóëþ ïðè ëþáûõ
çíà÷åíèÿõ ïàðàìåòðîâ. Òåíçîð Ðè÷÷è ÿâëÿåòñÿ íóëåâûì ïðè ëþáûõ çíà÷åíèÿõ
ïàðàìåòðîâ.

ËÈÒÅÐÀÒÓÐÀ
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ÑÈÃÍÀÒÓÐÀ ÊÐÈÂÈÇÍÛ ÐÈ××È
ËÅÂÎÈÍÂÀÐÈÀÍÒÍÛÕ ÐÈÌÀÍÎÂÛÕ ÌÅÒÐÈÊ ÍÀ

ÃÐÓÏÏÀÕ ËÈ ÌÀËÎÉ ÐÀÇÌÅÐÍÎÑÒÈ

THE SIGNATURE OF THE RICCI CURVATURE OF
LEFT-INVARIANT RIEMANNIAN METRICS ON

LOW-DIMENSIONAL LIE GROUPS

Êðåìë¼â À. Ã.

Ðóáöîâñêèé èíäóñòðèàëüíûé èíñòèòóò (ôèëèàë) ÃÎÓ ÂÏÎ Àëòàéñêèé
ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. È.È.Ïîëçóíîâà, Ðóáöîâñê,

Ðîññèÿ; kremant@mail.ru

Õîðîøî èçâåñòíî, ÷òî ðàçëè÷íûå îãðàíè÷åíèÿ íà êðèâèçíó ðèìàíîâà ìíîãîîá-
ðàçèÿ ïîçâîëÿþò ïîëó÷èòü èíôîðìàöèþ î åãî ãåîìåòðè÷åñêîì è òîïîëîãè÷åñêîì
ñòðîåíèè. ßðêèì ïðèìåðîì ýòîãî ÿâëÿåòñÿ òåîðåìà Ìàéåðñà, óòâåðæäàþùàÿ,
÷òî ïîëíîå ðèìàíîâî ìíîãîîáðàçèå ñ ïîëîæèòåëüíîé êðèâèçíîé Ðè÷÷è ÿâëÿåòñÿ
êîìïàêòíûì è èìååò êîíå÷íóþ ôóíäàìåíòàëüíóþ ãðóïïó.

Äëÿ îäíîðîäíûõ ðèìàíîâûõ ìíîãîîáðàçèé êðèâèçíà Ðè÷÷è åùå áîëåå èíôîð-
ìàòèâíà. Íàïðèìåð, ñîãëàñíî òåîðåìå Áîõíåðà îäíîðîäíîå ðèìàíîâî ìíîãîîáðà-
çèå îòðèöàòåëüíîé êðèâèçíû Ðè÷÷è îáÿçàíî áûòü íåêîìïàêòíûì. Äëÿ çàäàííîãî
îäíîðîäíîãî ïðîñòðàíñòâà G/H (ãäå H � êîìïàêòíàÿ ïîäãðóïïà ãðóïïû Ëè G)
åñòåñòâåííî ïîïûòàòüñÿ îòûñêàòü îáùèå ñâîéñòâà îïåðàòîðà Ðè÷÷è äëÿ âñåâîç-
ìîæíûõ G-èíâàðèàíòíûõ ðèìàíîâûõ ìåòðèê íà ïðîñòðàíñòâå G/H. Ýòó ïðîáëå-
ìó ìîæíî óòî÷íèòü è êîíêðåòèçèðîâàòü ðàçíûìè ñïîñîáàìè. Îäèí èç âîçìîæíûõ
âàðèàíòîâ � ðàññìîòðåòü ñëåäóþùèé âîïðîñ: êàêîâû âîçìîæíûå ñèãíàòóðû îïå-
ðàòîðîâ Ðè÷÷è G-èíâàðèàíòíûõ ðèìàíîâûõ ìåòðèê íà îäíîðîäíîì ïðîñòðàíñòâå
G/H? Áëàãîäàðÿ ðàáîòå Äæ. Ìèëíîðà ìû çíàåì îòâåò íà ýòîò âîïðîñ â ðàçìåð-
íîñòè íå áîëüøå 3. Ðàáîòû Ì. Ïàòðàíãåíàðó, Ë. Áåðàðà-Áåðæåðè è Ñ. Èñèõàðû
äàþò îòâåò íà ïîñòàâëåííûé âîïðîñ äëÿ âñåõ ÷åòûðåõìåðíûõ îäíîðîäíûõ ïðî-
ñòðàíñòâ, îòëè÷íûõ îò ãðóïï Ëè.

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ âîçìîæíûõ ñèãíàòóð îïåðàòîðà Ðè÷÷è
ëåâîèíâàðèàíòíûõ ðèìàíîâûõ ìåòðèê íà ÷åòûðåõìåðíûõ ãðóïïàõ Ëè è ïÿòè-
ìåðíûõ íèëüïîòåíòíûõ ãðóïïàõ Ëè.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî âåäóùèì íàó÷-

íûì øêîëàì Ðîññèéñêîé Ôåäåðàöèè (ãðàíò ÍØ�5682.2008.1).
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ON CONDITIONS OF HOLOMORPHIC CONTINUATION
OF FUNCTIONS FROM THE BOUNDARY OF A DOMAIN

Êóçîâàòîâ Â.È.

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê, Ðîññèÿ;
kuzovatov@yandex.ru

Äàííàÿ ðàáîòà ïîñâÿùåíà ðåçóëüòàòó, ñâÿçàííîìó ñ ãîëîìîðôíûì ïðîäîëæå-
íèåì ôóíêöèé, çàäàííûõ íà ãðàíèöå ìíîãîìåðíîé îãðàíè÷åííîé îáëàñòè, â äàí-
íóþ îáëàñòü. Ðå÷ü èäåò î ôóíêöèÿõ ñ îäíîìåðíûì ñâîéñòâîì ãîëîìîðôíîãî ïðî-
äîëæåíèÿ âäîëü ñåìåéñòâ êîìïëåêñíûõ ïðÿìûõ. Â ðàáîòå ïîêàçàíî, ÷òî ñåìåé-
ñòâî êîìïëåêñíûõ ïðÿìûõ, ïåðåñåêàþùèõ ðîñòîê êîìïëåêñíîé ãèïåðïîâåðõíî-
ñòè, ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ ãîëîìîðôíîãî ïðîäîëæåíèÿ. Äîêàçàòåëüñòâî îñ-
íîâàíî íà èñïîëüçîâàíèè èíòåãðàëüíîãî ïðåäñòàâëåíèÿ Áîõíåðà � Ìàðòèíåëëè
è åãî àíàëèçå.
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ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ËÅÆÀÍÄÐÀ ÊÎÍÅ×ÍÎÃÎ
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LEGENDRE TRANSFORMATION OF A FINITE SET

Êóðêèíà Ì.Â.1, Ïîíîìàð¼â È.Â.2

1Þãîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Õàíòû-Ìàíñèéñê, Ðîññèÿ;
mavi@inbox.ru

2Àëòàéñêàÿ ãîñóäàðñòâåííàÿ ïåäàãîãè÷åñêàÿ àêàäåìèÿ, Áàðíàóë, Ðîññèÿ;
igorpon@mail.ru

Ïðåîáðàçîâàíèå Ëåæàíäðà ïðèìåíÿåòñÿ â ñàìûõ ðàçëè÷íûõ ðàçäåëàõ ÷èñòîé
è ïðèêëàäíîé ìàòåìàòèêè: âûïóêëûé àíàëèç, ìåõàíèêà, âàðèàöèîííîå èñ÷èñ-
ëåíèå, ãåîìåòðèÿ, óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. Â äàííîé ðàáîòå îïðåäå-
ëÿåòñÿ è èññëåäóåòñÿ îáîáùåííîå ïðåîáðàçîâàíèå Ëåæàíäðà äëÿ ïðîèçâîëüíîãî
êîíå÷íîãî ïîäìíîæåñòâà åâêëèäîâà ïðîñòðàíñòâà (â ÷àñòíîñòè ïëîñêîñòè).

Ïóñòü M = {Ai (xi, yi) : i = 1, . . . , N} � êîíå÷íîå ìíîæåñòâî òî÷åê íà ïëîñêî-
ñòè, ïàðó ôóíêöèé

f+ (p) = max {xip− yi : i = 1, . . . , N} , f− (p) = min {xip− yi : i = 1, . . . , N} ,

íàçîâåì ïðåîáðàçîâàíèåì Ëåæàíäðà ìíîæåñòâà M . Â ñëó÷àå êîãäà M âåðøè-
íû âûïóêëîãî ìíîãîóãîëüíèêà íà ïëîñêîñòè ïàðà ôóíêöèé {f+, f−} îäíîçíà÷íî
îïðåäåëÿåò ìíîæåñòâî M . Ôèêñèðóåì ÷èñëî 0 < α < 1. Ïóñòü p = [αN ] � öåëàÿ

÷àñòü ÷èñëà αN, è {ci}Ni=1 � êîíå÷íîå ÷èñëîâîå ñåìåéñòâî. Îáîçíà÷èì ÷åðåç

MAXα

[
{ci}Ni=1

]
=

1
p

p∑
k=1

cik , MINα

[
{ci}Ni=1

]
=

1
p

N∑
k=N−p+1

cik ,

ãäå {cik}
N
k=1 ïåðåñòàíîâêà ïîñëåäîâàòåëüíîñòè {ci}

N
i=1 â ïîðÿäêå óáûâàíèÿ

ci1 ≥ ci2 ≥ . . . ≥ cip ≥ . . . ≥ ciN .

Íàçîâåì îáîáùåííûì ïðåîáðàçîâàíèåì Ëåæàíäðà ìíîæåñòâà M ïàðó ôóíêöèé:

f+
α (p) = MAXα {xip− yi : i = 1, . . . , N} , f−α (p) = MINα {xip− yi : i = 1, . . . , N} .

Äàííîå ïîíÿòèå èñïîëüçóåòñÿ â íåêîòîðûõ çàäà÷àõ, ñâÿçàííûõ ñ äèíàìè÷åñêèì
ïðîãðàììèðîâàíèåì è ëèíåéíîé ðåãðåññèè [1�2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 08�01�98001�p_ñèáèðü_à).
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FINITE-RANK OPERATORS
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Êóñðàåâà Ç.À.1, Ïëèåâ Ì.À.2

1Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Ë.Õåòàãóðîâà,
Âëàäèêàâêàç, Ðîññèÿ; kusraev@smath.ru

2Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà
ÐÀÍ è ÐÑÎ-À, Âëàäèêàâêàç, Ðîññèÿ; plimarat@yandex.ru

Òåîðèÿ ðåøåòî÷íî íîðìèðîâàííûõ ïðîñòðàíñòâ (ÐÍÏ), ðàçðàáîòàííàÿ À. Ã.Êóñðàåâûì
è ó÷åíèêàìè [1], ïîçâîëÿåò ðàññìàòðèâàòü ìíîãèå ïðîáëåìû ñ åäèíûõ êîíöåïòó-
àëüíûõ ïîçèöèé. Â ÷àñòíîñòè ïîíÿòèå ôèíèòíîãî ýëåìåíòà, èçó÷åííîå â ñåðèè
ðàáîò [2�6] ëåãêî ìîæåò áûòü ðàñøèðåíî äî áîëåå øèðîêîãî êîíòåêñòà, ÷òî ïðè-
âîäèò ê ïîÿâëåíèþ íîâûõ ïðèìåðîâ è ðàñøèðåíèþ àíàëèòè÷åñêîé èíòóèöèè. Ïå-
ðåéäåì ê òî÷íûè îïðåäåëåíèÿì.

Ðàññìîòðèì íåêîòîðîå ÐÍÏ (V,E). Ýëåìåíò ϕ ∈ V íàçûâàåòñÿ ôèíèòíûì,
åñëè ñóùåñòâóåò òàêîé ýëåìåíò z ∈ E+, ÷òî äëÿ ëþáîãî x ∈ V ñóùåñòâóåò λx ∈
R+, ÷òî ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâîx∧ nϕ≤ λxz ∀n ∈ N.

Ìíîæåñòâî ôèíèòíûõ ýëåìåíòîâ (V,E) îáîçíà÷àåòñÿ ÷åðåç Φ1(V,E) èëè ïðîñòî
Φ1(V ).

Ïóñòü E è F� âåêòîðíûå ðåøåòêè. Ãîâîðÿò, ÷òî îïåðàòîð T : F → W îð-
òîãîíàëüíî àääèòèâåí, åñëè T (f1 + f2) = Tf1 + Tf2 äëÿ äèçúþíêòíûõ f1 è
f2. Îðòîãîíàëüíî àääèòèâíûé îïåðàòîð T íàçûâàåòñÿ ïîðÿäêîâî îãðàíè÷åííûì,
åñëè îí ïåðåâîäèò ïîðÿäêîâî îãðàíè÷åííûå ìíîæåñòâà â ïîðÿäêîâî îãðàíè÷åí-
íûå ìíîæåñòâà. Ïîðÿäêîâî îãðàíè÷åííûé, îðòîãîíàëüíî àääèòèâíûé îïåðàòîð
T : E → F íàçûâàåòñÿ àáñòðàêòíûì îïåðàòîðîì Óðûñîíà. Ìíîæåñòâî âñåõ àá-
ñòðàêòíûõ îïåðàòîðîâ Óðûñîíà èç E â F îáîçíà÷àåòñÿ U(E,F ).

Òåîðåìà. Ïóñòü E è F � áàíàõîâû ðåøåòêè, F ïîðÿäêîâà ïîëíà è îïåðàòîð
T ∈ U(E,F ) èìååò âèä T = ψ ⊗ g ãäå ψ ∈ U(E,R), g ∈ F . Òîãäà åñëè T ∈
Φ1(U(E,F )), òî ψ ∈ Φ1(U(E,R)) è g ∈ Φ1(F ).
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Íà ìíîãîîáðàçèè M , dimM = m, ãëàäêàÿ ìåòðè÷åñêàÿ ôóíêöèÿ f : Sf → R,
ãäå Sf ⊂ M ×M � îòêðûòàÿ îáëàñòü îïðåäåëåíèÿ, çàäàåò ôåíîìåíîëîãè÷åñêè
ñèììåòðè÷íóþ ãåîìåòðèþ, åñëè âûïîëíÿþòñÿ àêñèîìû [3]:

À. Äëÿ ëþáûõ m + 1 òî÷åê i, i1, . . . , im ∈ M , òàêèõ ÷òî 〈ii1〉, . . . , 〈iim〉 ∈ Sf ,
〈i1i〉, . . . , 〈imi〉 ∈ Sf :

∂(f(ii1), . . . , f(iim))
∂
(
x1
i , . . . , x

m
i

) 6= 0,
∂(f(i1i), . . . , f(imi))

∂
(
x1
i , . . . , x

m
i

) 6= 0,

ãäå
(
x1
i , . . . , x

m
i

)
� êîîðäèíàòû òî÷êè i ∈M .

Á. Ñóùåñòâóåò ãðóïïà äâèæåíèé, ò.å. ïðåîáðàçîâàíèé λ : M → M , äëÿ êîòî-
ðûõ âûïîëíÿåòñÿ ðàâåíñòâî f(λ(i), λ(j)) = f(ij), ïðè÷åì 〈ij〉 ∈ Sf è 〈λ(i)λ(j)〉 ∈
Sf .

Ìíîæåñòâî âñåõ äâèæåíèé îáðàçóåò ãðóïïó Ëè. Ðàçìåðíîñòü ãðóïïû äâèæå-
íèé m-ìåðíîé ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íîé ãåîìåòðèè ðàâíà m(m + 1)/2.
Äâóõòî÷å÷íûì èíâàðèàíòîì òàêîé ãðóïïû ÿâëÿåòñÿ ìåòðè÷åñêàÿ ôóíêöèÿ, ïî
êîòîðîìó îíà âîññòàíàâëèâàåòñÿ [1].

Ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íîé n-ìåðíîé ãåîìåòðèåé ÿâëÿåòñÿ ãåîìåòðèÿ
Åâêëèäà ñ ìåòðè÷åñêîé ôóíêöèåé:

θ = θ(ij) =
n∑
k=1

εk
(
xki − xkj

)2
, εk = 1,−1.

Òåîðåìà. Åñëè ìåòðè÷åñêàÿ ôóíêöèÿ

f(ij) = f(θ = θ(ij) =
n∑
k=1

εk
(
xki − xkj

)2
, εk = 1,−1, zi, zj) = f(θ, zi, zj).

çàäàåò n + 1-ìåðíóþ ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íóþ ãåîìåòðèþ, òî â ïîä-
õîäÿùèõ êîîðäèíàòàõ è ñïåöèàëüíîì ìàñøòàáíîì ïðåîáðàçîâàíèè (ôóíêöèÿ îò
ìåòðè÷åñêîé) îíà èìååò âèä:

f(ij) =
n∑
k=1

εk
(
xki − xkj

)2 + α(zi − zj)2, εk, α = 1,−1,

f(ij) =

[
n∑
k=1

εk
(
xki − xkj

)2]
e2zi+2zj , εk = 1,−1.

Çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ôóíêöèîíàëüíûõ óðàâíåíèé.
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SURFACES AND QUASIHYPERBOLIC MAPPINGS
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Ïóñòü D = {z ∈ C : |z| < 1} � îòêðûòûé êðóã, h � ãèïåðáîëè÷åñêàÿ ìåòðèêà
â D ñ ëèíåéíûì ýëåìåíòîì ds = |dz|/(1 − |z|2). Äëÿ a ∈ D, r > 0, B(a, r) = {z ∈
D : h(z, a) < r � ãèïåðáîëè÷åñêèé êðóã.

Îïðåäåëåíèå 1. Ïóñòü µ : D → C � èçìåðèìàÿ ôóíêöèÿ, |µ(z)| ≤ q < 1
(êîýôôèöèåíò Áåëüòðàìè), äëÿ z1, z2 ∈ D îïðåäåëèì ìåòðèêó

ρ(z1, z2) = inf
∫
γ

|dz + µ(z)dz |,

ãäå òî÷íàÿ íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ñïðÿìëÿåìûì êðèâûì, ñîåäèíÿþùèì
òî÷êè z1 è z2 â D.

Êðóã D ñ ìåòðèêîé ρ îáîçíà÷èì ÷åðåç S, ìåòðè÷åñêîå ïðîñòðàíñòâî S íàçîâåì
ïîâåðõíîñòüþ.

Îïðåäåëåíèå 2. Ãîìåîìîðôèçì ϕ : D → S íàçîâåì êâàçèãèïåðáîëè÷åñêèì,
åñëè ñóùåñòâóåò ïîñòîÿííàÿ C ≥ 1 òàêàÿ, ÷òî ëþáîé òî÷êè a ∈ D ñïðàâåäëèâû
îöåíêè

0 < sup
ρ(ϕ(z1), ϕ(z2))
|z1 − z2|

≤ K(a) <∞,

0 < inf
ρ(ϕ(z1), ϕ(z2))
|z1 − z2|

≥ k(a) <∞,

ãäå sup è inf áåðóòñÿ ïî âñåì z1, z2 ∈ B(a, 1), è
K(a)
k(a)

≤ C.

(Ïî ïîâîäó îïðåäåëåíèÿ ñì. [1, ñ. 612])

Îïðåäåëåíèå 3. Ãîìåîìîðôèçì ψ : D → S íàçîâåì êîíôîðìíûì, åñëè äëÿ
ïî÷òè âñåõ x ∈ D ñóùåñòâóåò êîíå÷íûé, íå ðàâíûé íóëþ, ïðåäåë

lim
y∈x

ρ(ψ(x), ψ(y))
|x− y|

.

Äëÿ äàííîãî êîýôôèöèåíòà Áåëüòðàìè µ : D → C ÷åðåç ϕµ îáîçíà÷èì ãîìåî-
ìîðôíîå ðåøåíèå óðàâíåíèÿ Áåëüòðàìè ϕz = µ · ϕz [2, ñ. 89].

Òåîðåìà 1. Ïóñòü µ : D → C � êîýôôèöèåíò Áåëüòðàìè. Åñëè ãîìåî-
ìîðôíîå ðåøåíèå óðàâíåíèÿ Áåëüòðàìè ϕµ ÿâëÿåòñÿ êâàçèãèïåðáîëè÷åñêèì, òî
êîíôîðìíîå îòîáðàæåíèå ϕ : D → S òàêæå ÿâëÿåòñÿ êâàçèãèïåðáîëè÷åñêèì.

Òåîðåìà 2. Åñëè êîýôôèöèåíò Áåëüòðàìè íåïðåðûâåí, òî ïîâåðõíîñòü S
ÿâëÿåòñÿ ðèìàíîâûì ïðîñòðàíñòâîì.
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ÃÐÓÏÏÛ ËÈ U(p, q) ÌÀÒÐÈÖ ÐÀÇÌÅÐÀ p + q ÊÀÊ
ÅÄÈÍÀß ÑÈÑÒÅÌÀ, ÎÑÍÎÂÀÍÍÀß ÍÀ

ÄÐÎÁÍÎ-ËÈÍÅÉÍÛÕ ÏÐÅÎÁÐÀÇÎÂÀÍÈßÕ: I.
ÎÁÙÅÅ ÐÀÑÑÌÎÒÐÅÍÈÅ È ÑËÓ×ÀÈ p + q = 2, 3

LIE GROUPS U(p, q) OF MATRICES OF DIMENSION p + q
AS A SINGLE SYSTEM BASED ON LINEAR

FRACTIONAL TRANSFORMATIONS: I. GENERAL
CONSIDERATIONS AND p + q = 2, 3 CASES

Ëåâè÷åâ À.Â.1, Ñâèäåðñêèé Î.Ñ.2
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Â õðîíîìåòðèè Ñèãàëà (ñì. ìîíîãðàôèþ [4] èëè îáçîð [2]) ÷àñòèöû è èõ âçàè-
ìîäåéñòâèÿ ìîäåëèðóþòñÿ â òåðìèíàõ âåêòîðíûõ ðàññëîåíèé íàä ïðîñòðàíñòâîì-
âðåìåíåì, ïðè ýòîì ãðóïïà Ëè D = U(2) ÿâëÿåòñÿ àíàëîãîì âåêòîðíîé ãðóïïû
ìèðà ÌèíêîâñêîãîM ñïåöèàëüíîé òåîðèè îòíîñèòåëüíîñòè. Èìåííî íà ãðóïïå D
îñíîâàíà òåîðèÿ Âàéíáåðãà-Ñàëàìà, îáúåäèíèâøàÿ ýëåêòðîìàãíèòíûå è ñëàáûå
âçàèìîäåéñòâèÿ. Â ðàçâèâàåìîé ïåðâûì èç àâòîðîâ DLF -òåîðèè, f � ýòî àëãåáðà
Ëè u(1, 1), à l � àëãåáðà Ëè îñöèëëÿòîðà. Ðàññìàòðèâàåìûå êàê ïîäàëãåáðû êîí-
ôîðìíîé àëãåáðû Ëè su(2, 2), ïîäïðîñòðàíñòâà d, f , l, m çàäàþò ãîðèçîíòàëüíûå
ïîäðàññëîåíèÿ è ïàðàëëåëèçóþùèå ïîäãðóïïû; çäåñü m = M , àáåëåâà. Ïåðåõîä
ìåæäó ýòèìè ïàðàëëåëèçàöèÿìè îñóùåñòâëÿåòñÿ íà îñíîâå ëèíåéíûõ èçîìîðôèç-
ìîâ (íå ÿâëÿþùèõñÿ èçîìîðôèçìàìè àëãåáð Ëè). Òàêîâûì, â ÷àñòíîñòè, ÿâëÿåòñÿ
çíàìåíèòîå ñîîòâåòñòâèå ìåæäó m è d, îñóùåñòâëÿåìîå â òåðìèíàõ ìàòðèö Ïàó-
ëè. Ìû ââîäèì àíàëîãè÷íûå (êàíîíè÷åñêèå) ñîîòâåòñòâèÿ ìåæäó d è f , l è d, l è f .
Âûáîð ýòèõ àëãåáð Ëè (èç áåñêîíå÷íîãî ñïèñêà âñåõ ÷åòûð¼õìåðíûõ âåùåñòâåí-
íûõ àëãåáð Ëè) áûë ñäåëàí â [1], ãäå èññëåäîâàëàñü àêñèîìàòèêà Àëåêñàíäðîâà
ñïåöèàëüíîé òåîðèè îòíîñèòåëüíîñòè. Ïîíÿòíî, ÷òî àëãåáðàìè Ëè u(2) è u(1, 1)
èñ÷åðïûâàåòñÿ ñëó÷àé p+ q = 2. Â äîêëàäå ðàññìàòðèâàåòñÿ îáùèé ñëó÷àé êëàñ-
ñè÷åñêèõ àëãåáð Ëè u(p, q), p + q = n ≥ 2. Ââîäÿòñÿ êàíîíè÷åñêèå îòîáðàæåíèÿ
ìåæäó àëãåáðàìè Ëè è ñîîòâåòñòâóþùèå èì âëîæåíèÿ ãðóïï Ëè U(p, q) â U(n),
ïåðåïëåòàþùèå àíàëîãè îòîáðàæåíèÿ Êýëè. Äîêàçûâàþòñÿ íåêîòîðûå ñâîéñòâà
ýòèõ îòîáðàæåíèé è âëîæåíèé (â òåðìèíàõ òîïîëîãèè, êîíôîðìíîé ãåîìåòðèè è
Ëè-àëãåáðàè÷åñêîé òåîðèè). Â ÷àñòíîñòè, çàäàþòñÿ âëîæåíèÿ àëãåáð d, f è l â
u(2, 1) êàê îáðàçîâ ñîïðÿæ¼ííûõ ïîäàëãåáð â u(3). Íà ñîîòâåòñòâóþùèõ ÷åòûð¼õ-
ìåðíûõ ïîäãðóïïàõ ââîäÿòñÿ èíâàðèàíòíûå ëîðåíöåâû ìåòðèêè. Äîêàçûâàåòñÿ
êîíôîðìíîñòü êàíîíè÷åñêèõ îòîáðàæåíèé ìåæäó ýòèìè ïîäãðóïïàìè. Ïðîäîë-
æåíî èññëåäîâàíèå äåôîðìàöèé ðàññìàòðèâàåìûõ àëãåáð Ëè äðóã ê äðóãó, íà÷à-
òîå â [3].
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Óíèâåðñàëüíîå ïðîñòðàíñòâî � ýòî òîïîëîãè÷åñêîå ïðîñòðàíñòâî, êîòîðîå ñî-
äåðæèò ãîìåîìîðôíûå îáðàçû òîïîëîãè÷åñêèõ ïðîñòðàíñòâ îïðåäåëåííîãî êëàñ-
ñà. Çàäà÷ó îá óíèâåðñàëüíûõ ïðîñòðàíñòâàõ ïîñòàâèë åù¼ Ì. Ôðåøå â 20-ûå ãî-
äû ïðîøëîãî ñòîëåòèÿ. Â äîêëàäå ðàçâèâàåòñÿ ìåòîä íàõîæäåíèÿ óíèâåðñàëüíûõ
ïðîñòðàíñòâ ëèíåéíûõ îïåðàòîðîâ, êîòîðûå ñîäåðæàò ãîìåîìîðôíûå îáðàçû ñóá-
äèôôåðåíöèàëîâ â íóëå íåïðåðûâíûõ ñóáëèíåéíûõ îïåðàòîðîâ P : V → Y , ãäå
V � ëþáîå ñåïàðàáåëüíîå áàíàõîâî ïðîñòðàíñòâî, à Y � íåêîòîðîå ïðîñòðàíñòâî
Ëèíäåíøòðàóññà, ò. å. ïðåäâîéñòâåííîå L1(µ) äëÿ íåêîòîðîé ìåðû µ.

Ñ ïðèêëàäíîé òî÷êè çðåíèÿ âàæíî, ÷òîáû ïðè âëîæåíèè ñóáäèôôåðåíöèàëà
ñóáëèíåéíîãî îïåðàòîðà â óíèâåðñàëüíîå ïðîñòðàíñòâî åãî îáðàç ñíîâà áûë áû
ñóáäèôôåðåíöèàëîì êàêîãî-òî ñóáëèíåéíîãî îïåðàòîðà. Âñå ïðîñòðàíñòâà ëèíåé-
íûõ íåïðåðûâíûõ îïåðàòîðîâ L(V, Y ) è èõ ïîäïðîñòðàíñòâà Lc(V, Y ), ñîñòîÿùåå
èç êîìïàêòíûõ îïåðàòîðîâ, íàäåëÿþòñÿ äàëåå òîïîëîãèåé ïðîñòîé ñõîäèìîñòè [1].
Äëÿ êîìïàêòíîãî ñóáëèíåéíîãî îïåðàòîðà P åãî êîìïàêòíûé ñóáäèôôåðåíöèàë
∂ cP ïî îïðåäåëåíèþ ñîñòîèò èç êîìïàêòíûõ ëèíåéíûõ îïåðàòîðîâ, âõîäÿùèõ â
åãî ñóáäèôôåðåíöèàë ∂P , ò.å. ∂cP = ∂P

⋂
Lc(V, Y ). Ïóñòü `2 � ñåïàðàáåëüíîå

ãèëüáåðòîâî ïðîñòðàíñòâî. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà. Ïðîñòðàíñòâî Lc(`2, Y ) êîìïàêòíûõ ëèíåéíûõ îïåðàòîðîâ óíèâåð-
ñàëüíî â ðàâíîñèëüíûõ ñìûñëàõ: 1. Äëÿ êàæäîãî íåïðåðûâíîãî ñóáëèíåéíîãî
îïåðàòîðà P : V → Y íàéäåòñÿ êîìïàêòíûé ñóáëèíåéíûé îïåðàòîð Q : `2 → Y
òàêîé, ÷òî èõ ñóáäèôôåðåíöèàëû ∂P è ∂cQ áóäóò îïåðàòîðíî-àôôèííî ãîìåî-
ìîðôíûìè. 2. Äëÿ êàæäîãî íåïðåðûâíîãî ñóáëèíåéíîãî îïåðàòîðà P : V → Y
íàéäåòñÿ êîìïàêòíûé ñóáëèíåéíûé îïåðàòîð Q : `2 → Y òàêîé, ÷òî èõ ñóáäèô-
ôåðåíöèàëû ∂P è ∂cQ áóäóò àôôèííî ãîìåîìîðôíûìè.

Äîêàçàòåëüñòâî óíèâåðñàëüíîñòè Lc(`2, Y ) áàçèðóåòñÿ íà ðàáîòàõ àâòîðà î
ïðåäñòàâëåíèè ñóáëèíåéíûõ îïåðàòîðîâ ìíîãîçíà÷íûìè îòîáðàæåíèÿìè [2, 3], à
òàêæå îäíîé òåîðåìå Êëè [4] î òîì, ÷òî âûïóêëûé êîìïàêò â ëèíåéíîì òîïîëî-
ãè÷åñêîì ïðîñòðàíñòâå, äëÿ êîòîðîãî ñóùåñòâóåò ñ÷åòíàÿ ñèñòåìà íåïðåðûâíûõ
ëèíåéíûõ ôóíêöèîíàëîâ, ðàçäåëÿþùàÿ òî÷êè ýòîãî êîìïàêòà, àôôèííî ãîìåî-
ìîðôåí âûïóêëîìó êîìïàêòó ãèëüáåðòîâà ïðîñòðàíñòâà `2.
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Îïðåäåëåíèå. Íå÷åòêèì îòíîøåíèåì òîëåðàíòíîñòè íà ìíîæåñòâå X íà-
çûâàåòñÿ ôóíêöèÿ λ : X → [0, 1] îáëàäàþùàÿ ñâîéñòâàìè:

• λ(x, x) = 1, x ∈ X (ðåôëåêñèâíîñòü);

• λ(x, y) = λ(y, x), x, y ∈ X (ñèììåòðè÷íîñòü).

Çíà÷åíèå λ(x, y) èíòåðïðåòèðóåòñÿ êàê ìåðà ñõîäñòâà ýëåìåíòîâ x, y ∈ X. Íå÷åò-
êîå îòíîøåíèå òîëåðàíòíîñòè íàçûâàåòñÿ íå÷åòêèì îòíîøåíèåì ýêâèâàëåíòíî-
ñòè, åñëè âûïîëíåíî

• λ(x, y) ≥ min {λ(x, z), λ(z, y)}, x, y, z ∈ X (òðàíçèòèâíîñòü).

Åñëè X � êîíå÷íîå ìíîæåñòâî ñîäåðæàùèå n ýëåìåíòîâ, òî ôóíêöèþ λ(x, y)
óäîáíî ïðåäñòàâëÿòü â âèäå ñèììåòðè÷íîé ìàòðèöû A = ‖λij‖i,j=1,...,n. Òðàíçè-
òèâíûì çàìûêàíèåì íå÷åòêîãî îòíîøåíèÿ òîëåðàíòíîñòè A íàçûâàåòñÿ íàèìåíü-

øåå íå÷åòêîå îòíîøåíèå ýêâèâàëåíòíîñòè A ⊃ A, A =
∞⋃
k=1

Ak. Ïðàêòè÷åñêîå èñ-

ïîëüçîâàíèå ââåäåííûõ ïîíÿòèé ìîæíî ñõåìàòè÷íî îïèñàòü ñëåäóþùèì îáðàçîì:
òðåáóåòñÿ ïîñòðîèòü êëàññèôèêàöèþ íåêîòîðûõ îáúåêòîâ ñîñòàâëÿþùèõ ìíîæå-
ñòâî X, äëÿ ýòîãî âíà÷àëå êàêèì-ëèáî îáðàçîì íà ìíîæåñòâå X îïðåäåëÿåòñÿ
íå÷åòêîå îòíîøåíèå òîëåðàíòíîñòè A, çàòåì áåðåòñÿ åãî òðàíçèòèâíîå çàìûêà-
íèå A, êîòîðîå è îïðåäåëÿåò èñêîìóþ êëàññèôèêàöèþ îáúåêòîâ ìíîæåñòâî X.
Òàê êàê èìååòñÿ ïðîèçâîë â âûáîðå ïåðâîíà÷àëüíîãî íå÷åòêîãî îòíîøåíèÿ òî-
ëåðàíòíîñòè A, ñâÿçàííûé ñî ìíîãèìè ïðè÷èíàìè, â òîì ÷èñëå ñî ñëó÷àéíûìè
ïîãðåøíîñòÿìè, òî âîçíèêàåò åñòåñòâåííàÿ ïðîáëåìà èçó÷åíèÿ êàê çàâèñèò A îò
ýòèõ ñëó÷àéíîñòåé.

Òåîðåìà. Ïóñòü λij , i < j, � ñëó÷àéíûå íåçàâèñèìî ðàñïðåäåëåííûå âåëè-
÷èíû ñ ôóíêöèé ðàñïðåäåëåíèÿ F (x). Òîãäà âåëè÷èíû λij , i < j, îäèíàêîâî ðàñ-
ïðåäåëåíû ñ ôóíêöèåé ðàñïðåäåëåíèÿ G(x) = Pn[F (x)], ãäå Pn[u] � ïîëèíîì îò

u ñòåïåíè n(n−1)
2 . Äëÿ n ≤ 7 îíè ðàâíû:

P3 = (2− u)u2,

P4 = u3
(
2u3 − 5u2 + 2u+ 2

)
,

P5 = −u4
(
6u6 − 18u5 + 12u4 + 7u3 − 6u2 − 2

)
,

P6 = u5
(
24u10 − 84u9 + 78u8 + 20u7 − 44u6 − 3u4 + 8u3 + 2

)
,

P7 = u6(2 + 10u4 − 11u5 + 20u6 − 70u8 − 80u10 + 340u11 − 570u13 + 480u14 − 120u15.

Äàííûå èññëåäîâàíèÿ ïîääåðæàíû Ñîâåòîì ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôå-

äåðàöèè äëÿ ïîääåðæêè ìîëîäûõ ó÷åíûõ è âåäóùèõ íàó÷íûõ øêîë Ðîññèéñêîé Ôåäå-

ðàöèè (ïðîåêò ÍØ�5682.2008.1).
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Â åâêëèäîâîì ïðîñòðàíñòâå Rn äâèæåòñÿ òî÷êà z ñîãëàñíî ñèñòåìå ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì

ż (t) = Az (t) +Bz (t− h)− Cu (t) +Dv (t) , (1)

ãäå z ∈ Rn, n ≥ 1, u ∈ Rp, v ∈ Rq; h � ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî;
A,B � ïîñòîÿííûå êâàäðàòíûå ìàòðèöû ïîðÿäêà (n×n), C,D � ïîñòîÿííûå ìàò-
ðèöû ïîðÿäêà (n×p), (n×q). Âåêòîðû u, v íàçûâàþòñÿ óïðàâëÿþùèìè ïàðàìåò-
ðàìè ïðåñëåäîâàòåëÿ è óáåãàþùåãî, ñîîòâåòñòâåííî, ‖u(·)‖L2 ≤ ρ, ‖v(·)‖L2 ≤ σ,
ãäå ρ, σ � íåîòðèöàòåëüíûå êîíñòàíòû.

Â ïðîñòðàíñòâå Rn âûäåëåíî òåðìèíàëüíîå ìíîæåñòâîM â âèäåM = M0+M1,
ãäå M0 � ëèíåéíîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Rn, M1 � âûïóêëîå êîìïàêò-
íîå ïîäìíîæåñòâî ïîäïðîñòðàíñòâà L, îðòîãîíàëüíîãî äîïîëíåíèÿ M0 â Rn (ò. å.
M0⊕L = Rn). Ïðåñëåäîâàíèå íà÷èíàåòñÿ â ìîìåíò t = 0 èç ïîëîæåíèÿ z0 (·) ∈ X,
ãäå X = {z0(t) : t ∈ [−h, 0], z0(0) ∈ Rn \M}, è ñ÷èòàåòñÿ çàêîí÷åííûì â ìîìåíò
T = T (z0(·)), êîãäà ôàçîâàÿ òî÷êà z(T ) âïåðâûå ïîïàäàåò íà ìíîæåñòâî M . Íà-
÷àëüíûì ñîñòîÿíèåì äëÿ ñèñòåìû (1) ÿâëÿåòñÿ n-ìåðíàÿ àáñîëþòíî íåïðåðûâíàÿ
ôóíêöèÿ z0(t), îïðåäåëåííàÿ íà îòðåçêå [−h, 0]. Öåëü óáåãàþùåãî èãðîêà ïðè ýòîì
ñîñòîèò â òîì, ÷òîáû îòòÿíóòü îêîí÷àíèå èãðû. ×åðåç K (τ), −∞ < τ ≤ T , îáî-
çíà÷èì ìàòðè÷íóþ ôóíêöèþ, îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè: à)K (τ) = 0̃,
τ < 0, 0̃ � íóëåâàÿ ìàòðèöà ïîðÿäêà n; á) K (0) = E, E � åäèíè÷íàÿ ìàòðèöà
ïîðÿäêà n; â) ýëåìåíòû ìàòðèöû K (τ), 0 ≤ τ ≤ T , ïðèíàäëåæàò êëàññó C [0, T ];
ã) K (τ) óäîâëåòâîðÿåò óðàâíåíèþ K̇ (τ) = AK (τ) + BK (τ − h) ïðè 0 < τ ≤ T .
Îáîçíà÷èì ÷åðåç π ìàòðèöó îïåðàòîðà îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ èç Rn íà
L.

Ïðåäïîëîæåíèå 1. Ñóùåñòâóþò ìàòðè÷íàÿ ôóíêöèÿ F (t) : L→ L, t ∈ [ 0, T ]
ïîëóíåïðåðûâíî ñâåðõó çàâèñÿùàÿ îò t, íåêîòîðàÿ êîíñòàíòà α ∈ [0, ρσ ), ÷èñëî
T > 0, µ(t), 0 ≤ t ≤ T , � ñóììèðóåìàÿ ñ êâàäðàòîì íåîòðèöàòåëüíàÿ ñêàëÿðíàÿ

ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ
∫ T
0
µ2(t) dt ≤ (ρ−ασ)2, è èçìåðèìîå çàìêíó-

òîçíà÷íîå ìíîãîçíà÷íîå îòîáðàæåíèå M(t) ⊂ L, 0 ≤ t ≤ T , è íåêîòîðàÿ êîíñòàí-
òà δ ∈ [0, 1),

∫ T
0
M(t) dt ⊂ δM1, òàêèå, ÷òî äëÿ âñåõ t ∈ [0, T ] íåïóñòî ìíîæåñòâî

ŵ(t) = ∩{[M(t) + πK(t)CSα|v|+µ(t)] − F (t)πK(t)Dv}, ãäå ïåðåñå÷åíèå áåðåòñÿ ïî
âñåì âåêòîðàì v ∈ Rq, Sα|v|+µ(t) � p-ìåðíûé çàìêíóòûé øàð ðàäèóñà α|v|+ µ(t),
ñ öåíòðîì â íà÷àëå êîîðäèíàò. Ïóñòü ζ(T, η, z0(·)) = πK(T )z0(0)+

∫ 0

−h πK(T − t−
h)Bz0(t)dt + η −

∫ T
0
w(T − t) dt, ãäå w(t) ∈ ŵ(t), 0 ≤ t ≤ T . Îïðåäåëèì ÷èñëîâóþ

ôóíêöèþ λ(z0(·), η, T, t, v) ñëåäóþùèì îáðàçîì: λ(z0(·), η, T, t, v) = sup{λ ≥ 0 :
λζ(T, η, z0(·)) ∈M(T−t)+πK(T−t)CSα|v|+µ(T−t)−F (T−t)πK(T−t)Dv−w(T−t)}
ïðè ζ(T, η, z0(·)) 6= 0, λ(z0(·), T, η, t, v) = T−1, ïðè ζ(T, η, z0(·)) = 0.
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Ïðåäïîëîæåíèå 2. à) Äëÿ ëþáîãî íà÷àëüíîãî ïîëîæåíèÿ z0 (·) ∈ X ñóùå-

ñòâóåò ÷èñëî T > 0 òàêîå, ÷òî ñïðàâåäëèâî íåðàâåíñòâî inf
∫ T
0
λ(z0(·), T, η, t, v(t)) dt >

1, ãäå òî÷íàÿ íèæíèÿ ãðàíèöà áåðåòñÿ ïî âñåì èçìåðèìûì ôóíêöèÿì v(·) òàêèì,
÷òî ‖v(·)‖L2 ≤ σ.

á) Äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ v = v (t), 0 ≤ t < ∞, óáåãàþùåãî

ñóùåñòâóåò âåêòîð η ∈ L òàêîé, ÷òî âûïîëíåíî âêëþ÷åíèå
∫ T
0

[E−F (T−t)]πK(T−
t)Dv(t) dt ∈ η + (1− δ)M1.

Òåîðåìà. Åñëè äëÿ íà÷àëüíîãî ïîëîæåíèÿ z0 (·) ∈ X âûïîëíåíû ïðåäïî-
ëîæåíèÿ 1 è 2, òî èç íà÷àëüíîãî ïîëîæåíèÿ z0 (·) ∈ X âîçìîæíî çàâåðøåíèå
ïðåñëåäîâàíèÿ çà âðåìÿ T = T (z(·)).
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Èññëåäîâàíèÿ çàäà÷è Êîøè è ñìåøàííûõ êðàåâûõ çàäà÷ â ÷åòâåðòè ïðîñòðàí-
ñòâà Rn+1

++ = {(t, x) : t > 0, x ∈ Rn+} äëÿ ñèñòåì ñîáîëåâñêîãî òèïà ïîêàçà-
ëè [1], ÷òî, çà÷àñòóþ, íå óäàåòñÿ óñòàíîâèòü ðàçðåøèìîñòü âî âñåé øêàëå âåñî-
âûõ ñîáîëåâñêèõ ïðîñòðàíñòâ W l

p,γ ñ ýêñïîíåíöèàëüíûì âåñîì e−γt. Êàê ïðàâè-
ëî, âîçíèêàþò îãðàíè÷åíèÿ íà ïîêàçàòåëü ñóììèðóåìîñòè âèäà p > p∗, ãäå ÷èñëî
p∗ > 1 çàâèñèò îò ïîðÿäêà ñèñòåìû è ðàçìåðíîñòè n. Â ñëó÷àå, êîãäà p ≤ p∗,
äëÿ ðàçðåøèìîñòè êðàåâûõ çàäà÷ íåîáõîäèìî òðåáîâàòü, ÷òîáû äàííûå óäîâëå-
òâîðÿëè äîïîëíèòåëüíûì óñëîâèÿì òèïà óñëîâèé îðòîãîíàëüíîñòè íåêîòîðûì
ïîëèíîìàì (ñì., íàïðèìåð, [1, 2]). Òàêèå îãðàíè÷åíèÿ âîçíèêàþò ïðè ïîëó÷åíèè
Lp-îöåíîê ðåøåíèé, ïðè ýòîì äëÿ ðàçëè÷íûõ êîìïîíåíò ðåøåíèÿ îãðàíè÷åíèÿ íà
ïîêàçàòåëü ñóììèðóåìîñòè ìîãóò áûòü ðàçíûìè, ò. å. Lp-îöåíêè ðåøåíèé èìåþò
àíèçîòðîïíûé õàðàêòåð íå òîëüêî ïî ãëàäêîñòè, íî è ïî ñòåïåíè ñóììèðóåìîñòè.
Ïîýòîìó ïðè èññëåäîâàíèè ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ ñèñòåì ñîáîëåâñêî-
ãî òèïà íóæíî ó÷èòûâàòü òàêóþ àíèçîòðîïíóþ ñóììèðóåìîñòü è èñïîëüçîâàòü
ôóíêöèîíàëüíûå ïðîñòðàíñòâà, áîëåå àäàïòèðîâàííûå ê êðàåâûì çàäà÷àì äëÿ
òàêèõ ñèñòåì.

Â íàñòîÿùåé ðàáîòå ìû áóäåì ðàññìàòðèâàòü ñïåöèàëüíóþ øêàëó âåñîâûõ
ñîáîëåâñêèõ ïðîñòðàíñòâ W l

p,γ,σ, ââåäåííûõ â [3], ñ ýêñïîíåíöèàëüíûì âåñîì ïî t
è ñòåïåííûìè âåñàìè ïî x. Ìû ïîêàæåì, êàê, óïðàâëÿÿ âåñîâûì ïàðàìåòðîì σ,
ò. å. âûáèðàÿ ïîäõîäÿùåå ôóíêöèîíàëüíîå ïðîñòðàíñòâî (ñì., íàïðèìåð, [1, 4�6]),
ìîæíî íå òîëüêî îñëàáèòü òðåáîâàíèÿ íà äàííûå, íî è â ðÿäå ñëó÷àåâ óñòàíîâèòü
áåçóñëîâíóþ ðàçðåøèìîñòü âî âñåé øêàëå ïðîñòðàíñòâ W l

p,γ,σ, 1 < p <∞.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñèáèðñêîãî îòäåëåíèÿ Ðîññèéñêîé àêàäåìèè íàóê

(� 85).
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Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè
ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; mag@sscc.ru

Ïðåäñòàâëåííûå ðåçóëüòàòû îïóáëèêîâàíû â [1]. Ñèìâîëû ( · ) è (×) îáîçíà-
÷àþò ñêàëÿðíîå è âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ, ∇ � îïåðàòîð Ãàìèëüòîíà

(¾íàáëà¿), ∆u = uxx + uyy, g
def= u2

x + u2
y, α = α(x, y) � óãîë íàêëîíà âåêòîðà

gradu(x, y) ê îñè Ox, òàê ÷òî cosα = ux/
√
g, sinα = uy/

√
g, ~i, ~j, ~k � îðòû ïî

îñÿì x, y, z.

1. Òåîðåìà 1. Äëÿ ãàóññîâîé êðèâèçíû K(x, y) ïîâåðõíîñòè â òðåõìåðíîì
åâêëèäîâîì ïðîñòðàíñòâå ñ ãðàôèêîì z = u(x, y), îïðåäåëÿåìîé èçâåñòíîé [2,

c. 90] ôîðìóëîéK(x, y) def=(uxxuyy−u2
xy)/(1+u2

x+u
2
y)

2, ñïðàâåäëèâî ïðåäñòàâëåíèå

K(x, y) = div ~V1, ãäå ~V1 = −~V /{2(1 + g)}, ~V = (1/2) grad (u2
x + u2

y) −∆u gradu =
−(u2

x +u2
y) rot (α~k) = (uyuxy −uxuyy)~i+(uxuxy −uyuxx)~j = (gradu×∇)× gradu.

Çàìåòèì, ÷òî äëÿ ñðåäíåé êðèâèçíû H(x, y) ïîâåðõíîñòè z = u(x, y) äèâåð-
ãåíòíîå ïðåäñòàâëåíèå èçâåñòíî [2, ñ. 92]: H(x, y) = div {gradu/

√
1 + g }.

Ñëåäñòâèå. Óñëîâèÿ ïîñòîÿíñòâà êðèâèçíû K = const (íóëåâîé êðèâèçíû

K = 0) è div ~V1 = const (ñîëåíîèäàëüíîñòü ïîëÿ ~V1 èëè óñëîâèå (grad g·rot (α~k)) =

0) ýêâèâàëåíòíû. Ñïðàâåäëèâî ðàâåíñòâî

∫∫
D

K(x, y) dx dy =
∫
S

(~V1 · ~η) ds, ãäå

D � îáëàñòü íà ïëîñêîñòè (x, y) ñ êóñî÷íî-ãëàäêîé ãðàíèöåé S, ~η � åäèíè÷íàÿ
âíåøíÿÿ íîðìàëü ê S. Ñëåäîâàòåëüíî, äâîéíîé èíòåãðàë îò ãàóññîâîé êðèâèç-
íû K(x, y) ïîâåðõíîñòè z = u(x, y) ïî ïðîåêöèè åå îãðàíè÷åííîãî êóñêà íà ïëîñ-
êîñòü x, y, êàê è ïîëíàÿ åãî êðèâèçíà, çàâèñèò òîëüêî îò çíà÷åíèé ôóíêöèè u è
åå ÷àñòíûõ ïðîèçâîäíûõ íà ãðàíèöå ýòîãî êóñêà.

Àíàëîãè÷íûå ôîðìóëû ïîëó÷åíû äëÿ ãàóññîâîé êðèâèçíû ïîâåðõíîñòè â òðåõ-
ìåðíîì ïñåâäîåâêëèäîâîì ïðîñòðàíñòâå ñ ãðàôèêîì t = u(x, y).

2. Ïóñòü Ω � ïîâåðõíîñòü â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå ñ ëèíåé-
íûì ýëåìåíòîì (ðèìàíîâîé ìåòðèêîé) ds2 = n2(x, y)(dx2 + dy2), Σ � îãðàíè÷åí-
íàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé íà ïîâåðõíîñòè Ω, D � ïðîåêöèÿ Σ íà
ïëîñêîñòü x, y.

Òåîðåìà 2. Ïóñòü u(x, y) ∈ C3(D), n(x, y) ∈ C2(D). Ãàóññîâà êðèâèçíàK(x, y)
ïîâåðõíîñòè Ω âûðàæàåòñÿ ÷åðåç ïåðâûé è âòîðîé äèôôåðåíöèàëüíûå ïàðàìåò-

ðû Áåëüòðàìè∆1u
def= n−2(u2

x+u
2
y) è∆2u

def= n−2∆u ïðîèçâîëüíîé ôóíêöèè u(x, y) ∈
C3(D) äëÿ Ω ïî ôîðìóëå K(x, y) = ∆2 ln

√
∆1u − n−2 div ~Q ⇒ K(x, y)n2(x, y) =

−∆ lnn2/2 = div {grad ln
√

∆1u− ~Q}, ãäå ~Q def=(∆2u/∆1u) gradu = (∆u/g) gradu.
Îòñþäà ñëåäóåò ôîðìóëà äëÿ ïîëíîé (èíòåãðàëüíîé) êðèâèçíû îáëàñòè Σ.
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Ïîíÿòèÿ ïîëóãðóïïû-ðàñïðåäåëåíèÿ è ãðóïïû-ðàñïðåäåëåíèÿ áûëè îïðåäå-
ëåíû Æ.Ë.Ëèîíñîì [1] äëÿ áàíàõîâûõ ïðîñòðàíñòâ. Èçó÷åíèåì èõ ñâîéñòâ, â
îñíîâíîì â áàíàõîâûõ ïðîñòðàíñòâàõ, çàíèìàëèñü è çàíèìàþòñÿ ìíîãèå ìàòåìà-
òèêè. Äëÿ áàíàõîâûõ ïðîñòðàíñòâ ïîëóãðóïïà-ðàñïðåäåëåíèå ñîâïàäàåò ñ ôóí-
äàìåíòàëüíûì ðåøåíèåì ñîîòâåòñòâóþùåé àáñòðàêòíîé çàäà÷è Êîøè â ñìûñëå
âåêòîðíîçíà÷íûõ ðàñïðåäåëåíèé. Â ñëó÷àå ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ äëÿ
ïîëóãðóïï-ðàñïðåäåëåíèé ïî Ëèîíñó ýòî áûëî óæå íå òàê. Ýòî íåñîîòâåòñòâèå
áûëî óñòðàíåíî ïîñëå ââåäåíèÿ Â.Â.Èâàíîâûì [2] äðóãîãî ïîíÿòèÿ ïîëóãðóïïû-
ðàñïðåäåëåíèÿ. Â ðàáîòå [3] äàíî îïðåäåëåíèå ïîëóãðóïïû-ðàñïðåäåëåíèÿ, íåìíî-
ãî îòëè÷íîå îò îïðåäåëåíèÿ â [2], íà îñíîâå êîòîðîãî àâòîð îïðåäåëèë ãðóïïó-
ðàñïðåäåëåíèå ïî òèïó Ëèîíñà è èçó÷èë íåêîòîðûå å¼ ñâîéñòâà. Â îïðåäåëåíèè
Ëèîíñà ãðóïïà-ðàñïðåäåëåíèå ¾ñêëåèâàåòñÿ¿ èç äâóõ ïîëóãðóïï-ðàñïðåäåëåíèé,
÷òî íå î÷åíü åñòåñòâåííî, òàê êàê îáû÷íûå ïîëóãðóïïà è ãðóïïà îïåðàòîðîâ îïðå-
äåëÿþòñÿ íåçàâèñèìî äðóã îò äðóãà. ßí Êèçèíñêèé â ðàáîòå [4] äëÿ ãðóïïû-
ðàñïðåäåëåíèÿ â áàíàõîâîì ïðîñòðàíñòâå ïîëó÷èë äâà óñëîâèÿ, êàæäîå èç êîòî-
ðûõ ðàâíîñèëüíî óñëîâèþ ¾ñêëåèâàíèÿ¿ è, òåì ñàìûì, óñòàíîâèë âîçìîæíîñòü
¾íåçàâèñèìîãî¿ îïðåäåëåíèÿ ãðóïïû-ðàñïðåäåëåíèÿ.

Àâòîð ïðåäëàãàåò íîâîå îïðåäåëåíèå ãðóïïû-ðàñïðåäåëåíèÿ. Ýòî ïîíÿòèå,
îïðåäåëÿåìîå äëÿ ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ, ñîãëàñóåòñÿ ñ ïðåäûäóùèìè,
íî íå ñâÿçàíî óñëîâèåì ¾ñêëåèâàíèÿ¿ è íå çàâèñèò îò îïðåäåëåíèÿ ïîëóãðóïïû-
ðàñïðåäåëåíèÿ (õîòÿ, êàê è â ñëó÷àå ïîëóãðóïï è ãðóïï îïåðàòîðîâ, ñõîäñòâî
â îïðåäåëåíèÿõ ýòèõ äâóõ ïîíÿòèé áåçóñëîâíî åñòü). Äëÿ ãðóïï-ðàñïðåäåëåíèé
óñòàíîâëåíû ñâîéñòâà, êàê îáîáùàþùèå óæå èçâåñòíûå, òàê è íîâûå.
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Ìû óêàæåì íîâûé ìåòîä ïîñòðîåíèÿ ìèíèìàëüíûõ ëàãðàíæåâûõ (ML) ïî-
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Ïóñòü V = Cn � n-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì êîìïëåêñíûõ
÷èñåë C, GL(n,C) � ãðóïïà âñåõ îáðàòèìûõ ëèíåéíûõ ïðåîáðàçîâàíèé V è G =
SO(p, q,C) = {g ∈ GL(n,C) : gTJg = gJgT = J, det g = 1} � ñïåöèàëüíàÿ
ïñåâäîîðòîãîíàëüíàÿ ïîäãðóïïà â GL(n,C), ãäå p+ q = n, p, q ∈ N, J = (Jij)ni,j=1,

Jii = 1, åñëè i = 1, p, Jii = −1, åñëè i = p+ 1, n, Jij = 0 â îñòàëüíûõ ñëó÷àÿõ.
Äëÿ âåêòîðîâ x = {xi}ni=1, y = {yi}ni=1 èç V ðàññìîòðèì ïñåâäîîðòîãîíàëüíîå
ïðîèçâåäåíèå [x, y] = x1y1 + . . .+ xpyp − xp+1yp+1 − . . .− xnyn.

Ðàññìîòðèì ëåâîå äåéñòâèå (g, x)→ gx ãðóïïû G â V , ò. å. îáû÷íîå óìíîæåíèå
ìàòðèöû g íà ñòîëáåö x.

Ïóòåì x(t) â V íàçûâàåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîå îòîáðàæåíèå x èç
îòðåçêà [0, 1 â V , ò. å. x(t) = {xi(t)}ni=1, ãäå xi : [0, 1] → V . Ãîâîðÿò, ÷òî äâà ïóòè
x(t) è y(t) ýêâèâàëåíòíû, åñëè ñóùåñòâóåò òàêîé ýëåìåíò g ∈ G, ÷òî y(t) = g(t)
äëÿ ëþáîãî t ∈ [0, 1]. Äëÿ ïóòè x(t) = {xi(t)}ni=1 ÷åðåç C〈x〉G îáîçíà÷èì äèôôå-
ðåíöèàëüíîå ïîëå âñåõ G-èíâàðèàíòíûõ äèôôåðåíöèàëüíî ðàöèîíàëüíûõ ôóíê-

öèé îò ñ÷åòíîãî ÷èñëà ïåðåìåííûõ x1, . . . , xn, x
′
1, . . . , x

′
n, . . . , x

(r)
1 , . . . , x

(r)
n , . . ., ãäå

x
(r)
i � ïðîèçâîäíàÿ r-ãî ïîðÿäêà îò xi(t). Êðîìå òîãî, ÷åðåç M(x) áóäåì îáîçíà-

÷àòü n × n-ìàòðèöó, â êîòîðîé r-ì ñòîëáöîì ñëóæèò âåêòîð (x(r−1)
1 , . . . , x

(r−1)
n ).

Â äàëüíåéøåì ñ÷èòàåì, ÷òî ïóòü x(t) ðåãóëÿðåí, ò. å. detM(x)(t) 6= 0 äëÿ âñåõ
t ∈ [0, 1]. ×åðåçMT (x) îáîçíà÷àåì ìàòðèöó, òðàíñïîíèðîâàííóþ ê ìàòðèöåM(x),
à ÷åðåç M ′(x) � n× n-ìàòðèöó ñ r-ì ñòîëáöîì (x(r)

1 , . . . , x
(r)
n ).

Òåîðåìà 1. Â äèôôåðåíöèàëüíîì ïîëå C〈x〉G ñëåäóþùèå äèôôåðåíöèàëü-
íûå ìíîãî÷ëåíû ÿâëÿþòñÿ åãî îáðàçóþùèìè: fm〈x〉 = [x(m), x(m)], m = 0, n− 2,
è ϕ〈x〉 = detM(x).

Â ñëåäóþùåé òåîðåìå äàåòñÿ êðèòåðèé äëÿ SO(p, q,C)-ýêâèâàëåíòíîñòè ïóòåé
â V .

Òåîðåìà 2. Ïóñòü x(t), y(t) � ðåãóëÿðíûå ïóòè â V . Ñëåäóþùèå óñëîâèÿ
ýêâèâàëåíòíû:

(i) (M(x))−1M ′(x) = (M(y))−1M ′(y),MT (x)JM(x) = MT (y)JM(y), detM(x) =
detM(y);

(ii) [x(m)(t), x(m)(t)] = [y(m)(t), y(m)(t)] è detM(x)(t) = detM(y)(t) äëÿ âñåõ
t ∈ [0, 1], m = 0, n− 2;

(iii) ïóòè x(t) è y(t) SO(p, q,C)-ýêâèâàëåíòíû.
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Ïóñòü n ∈ N, Qn := [0, 1]n. Ýëåìåíò x ∈ Rn áóäåì çàïèñûâàòü â âèäå x =
(x1, . . . , xn), xi ∈ R. Ïóñòü S � íåâûðîæäåííûé ñèìïëåêñ â Rn. ×åðåç di(S) îáî-
çíà÷èì ìàêñèìàëüíóþ äëèíó îòðåçêà, ïðèíàäëåæàùåãî S è ïàðàëëåëüíîãî îñè
xi. Ïîëîæèì òàêæå

ξ(S) := min {σ ≥ 1 : Qn ⊂ σS} .
Çäåñü σS åñòü ðåçóëüòàò ãîìîòåòèè S îòíîñèòåëüíî öåíòðà òÿæåñòè ñ êîýôôèöè-
åíòîì σ. Îñíîâíûì ñîäåðæàíèåì íàñòîÿùåãî äîêëàäà ÿâëÿåòñÿ ñëåäóþùåå äîêà-
çàííîå àâòîðîì óòâåðæäåíèå [1].

Òåîðåìà. Äëÿ ëþáîãî íåâûðîæäåííîãî ñèìïëåêñà S ⊂ Rn âûïîëíÿåòñÿ íåðà-
âåíñòâî

n∑
i=1

1
di(S)

≤ ξ(S). (1)

Âêëþ÷åíèå Qn ⊂ S ýêâèâàëåíòíî ðàâåíñòâó ξ(S) = 1. Ïîýòîìó èç (1) ñëåäóåò,
÷òî åñëè Qn ⊂ S, òî äëÿ íåêîòîðîãî i = 1, . . . , n ñèìïëåêñ S ñîäåðæèò îòðåçîê
äëèíû n, ïàðàëëåëüíûé i-é êîîðäèíàòíîé îñè. ×èñëî n çäåñü íå ìîæåò áûòü
óâåëè÷åíî (äîñòàòî÷íî ðàññìîòðåòü cèìïëåêñ, îãðàíè÷åííûé ãèïåðïëîñêîñòÿìè
xk = 0 è ãèïåðïëîñêîñòüþ

∑
xk = n). Ýòî ñâîéñòâî ñèìïëåêñà, ñîäåðæàùåãî êóá,

è èìååòñÿ â âèäó â çàãîëîâêå.
Ïðèâåä¼ì ïðèìåðû äðóãèõ ñëåäñòâèé òåîðåìû. Ïî ïîâîäó òåìàòèêè ñëåäñòâèÿ

1 ñì. [2]. Ðåçóëüòàò ÷èñòî ãåîìåòðè÷åñêîãî ñëåäñòâèÿ 2 èçâåñòåí � ðàíåå îí áûë
ïîëó÷åí Ì.Ëàññàêîì [3]. ×åðåç C(Qn) îáîçíà÷àåòñÿ ïðîñòðàíñòâî íåïðåðûâíûõ
ôóíêöèé f : Qn → R c íîðìîé ‖f‖C(Qn) := maxx∈Qn |f(x)|, à ÷åðåç Π1(Rn) �
ñîâîêóïíîñòü ìíîãî÷ëåíîâ îò n ïåðåìåííûõ îáùåé ñòåïåíè ≤ 1.

Ñëåäñòâèå 1. Ïóñòü P : C(Qn) → Π1(Rn) � èíòåðïîëÿöèîííûé ïðîåêòîð,
óçëû êîòîðîãî ñîâïàäàþò ñ âåðøèíàìè ñèìïëåêñà S. Ñïðàâåäëèâî íåðàâåíñòâî

‖P‖ ≥ 2
n+ 1

(
n∑
i=1

1
di(S)

− 1

)
+ 1.

Çäåñü ‖P‖ � íîðìà P êàê îïåðàòîðà èç C(Qn) â C(Qn).
Ñëåäñòâèå 2. Ïóñòü ñèìïëåêñ S∗ ⊂ Qn èìååò ìàêñèìàëüíûé âîçìîæíûé

îáú¼ì èç âñåõ ñèìïëåêñîâ, ïðèíàäëåæàùèõ Qn. Òîãäà äëÿ êàæäîãî i = 1, . . . , n
ñèìïëåêñ S∗ ñîäåðæèò ðîâíî îäèí îòðåçîê äëèíû 1, ïàðàëëåëüíûé îñè xi.
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Ïóñòü (M, g) � êîìïàêòíîå n-ìåðíîå ðèìàíîâî ìíîãîîáðàçèå ñ íåïóñòûì êðà-
åì ∂M , g � ìåòðèêà. Áóäåì äàëåå ïðåäïîëàãàòü ðèìàíîâî ìíîãîîáðàçèå M ïðî-
ñòûì, òî åñòü ëþáûå äâå òî÷êè y, z ∈M ñîåäèíÿþòñÿ åäèíñòâåííîé ãåîäåçè÷åñêîé
γ(y, z), âñå òî÷êè êîòîðîé, çà èñêëþ÷åíèåì áûòü ìîæåò òî÷åê y, z ïðèíàäëåæàò
äîïîëíåíèþ M \∂M è êîòîðàÿ ãëàäêî çàâèñèò îò êîíöîâ y, z. Ðàññìîòðèì ôóíê-
öèþ

w(y, z) =
∫
γ(y,z)

ds,

ãäå y, z � ïðîèçâîëüíûå òî÷êè ìíîãîîáðàçèÿ M , s � íàòóðàëüíûé ïàðàìåòð
âäîëü ãåîäåçè÷åñêîé γ(y, z). Ôóíêöèÿ w(y, z) íàçûâàåòñÿ ãîäîãðàôîì ìåòðèêè g.

Îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ ìåòðèêè ïî ãîäîãðàôó ñòàâèòñÿ ñëåäóþùèì
îáðàçîì. Èçâåñòíà ôóíêöèÿ w(y, z) äëÿ ëþáûõ òî÷åê y, z ∈ ∂M . Íàéòè ìåòðèêó
g(x), x ∈M .

Åñëè Rn � n-ìåðíîå âåùåñòâåííîå åâêëèäîâî ïðîñòðàíñòâî ïåðåìåííûõ x =
(x1, . . . , xn), M � êîìïàêòíàÿ îáëàñòü â Rn ñ êîíôîðìíî-åâêëèäîâîé ìåòðèêîé

ds2 = λ2|dx|2, ãäå λ(x) > 0 � íåêîòîðàÿ äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, òî ðàññìàò-
ðèâàåìàÿ çàäà÷à îïðåäåëåíèÿ λ(x) íàçûâàåòñÿ îáðàòíîé êèíåìàòè÷åñêîé çàäà÷åé.

Â äàííîé ðàáîòå ïîëó÷åíû äèôôåðåíöèàëüíûå ñîîòíîøåíèÿ íà ìåòðèêó g(x),
x ∈ M , è ãîäîãðàô w(y, z), y, z ∈ ∂M , êîòîðûå âûïîëíÿþòñÿ èëè íåò îäíîâðå-
ìåííî. Ìåòðèêà g(x) èìååò ïðîèçâîëüíûé âèä.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 09�01�00422à), Èòå-

ãðàöèîííîãî ãðàíòà ÑÎ ÐÀÍ (ïðîåêò � 93).
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Ïóñòü M � êîìïëåêñíîå ìíîãîîáðàçèå è T � ïîëîæèòåëüíûé ïîòîê íà M .
Åñëè u è f � ãëàäêèå äèôôåðåíöèàëüíûå ôîðìû íà M , ãîâîðÿò, ÷òî ∂∂u =
f íà T, åñëè ∂∂u∧T = f∧T. Â ýòîé ñòàòüå èçó÷àåòñÿ âîïðîñ: ìîæíî ëè ðàçðåøèòü
∂∂-óðàâíåíèå íà T è åñëè ýòî òàê, êàêîãî ðîäà îöåíêè ìîæíî íàéòè äëÿ ðåøåíèÿ.

Ðàçðåøèìîñòü ∂∂-óðàâíåíèé ÿâëÿåòñÿ êëàññè÷åñêîé (ñì. [1�3]).
Åñëè ω � ãëàäêàÿ ïîëîæèòåëüíàÿ (1, 1)-ôîðìà, îïðåäåëèì ìåðó ñëåäà σT ïî-

ëîæèòåëüíîãî ïîòîêà áèðàçìåðíîñòè (p, p) îòíîñèòåëüíî ω σT := T ∧ ωp, ãäå
ωp = ωp/p!.

Òåîðåìà 1. Ïóñòü T � ïîëîæèòåëüíûé ïîòîê áèðàçìåðíîñòè (p, p) â îòêðû-
òîì ìíîæåñòâå D èç Cn. Ïðåäïîëîæèì, ÷òî T L2-íîðìàëüíûé è ÷òî i∂∂(T ∧
ωp−2) ≤ 0. Ïóñòü ϕ � ãëàäêàÿ ñòðîãî ïëþðèñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â D. Òî-
ãäà äëÿ ëþáîé (p − 1, p)-ôîðìû F â L2

loc(T ) ñóùåñòâóåò (p − 1, p − 1)-ôîðìà u â
L2(T ) òàêàÿ, ÷òî ∂∂u ∧ T = −∂F ∧ T è ||u||ϕ ≤ ||F ||ϕ.

Îïðåäåëåíèå. k-ôîðìà f ÿâëÿåòñÿ ïðèìèòèâíîé íà T , åñëè k ≤ n è f ∧
ωn−k+1 ∧ T = 0.

Ïðåäëîæåíèå 1. Ïóñòü f ∈ Λq,2T . Òîãäà ñóùåñòâóþò îäíîçíà÷íî îïðåäå-

ëåííûå ïðèìèòèâíûå ôîðìû f0 ∈ Λq−2,0
T , f1 ∈ Λq−1,1

T è f2 ∈ Λq,2T òàêèå, ÷òî
f = f0 ∧ ω2 + f1 ∧ ω + f2.

Ñëåäóþùåå ïðåäëîæåíèå ÿâëÿåòñÿ ðåøàþùèì â äîêàçàòåëüñòâå àïðèîðíîãî
íåðàâåíñòâà äëÿ ∂∂ è ∂ (â ñëó÷àå p = 1 ñì. [4[).

Ïðåäëîæåíèå 2. Êâàäðàòè÷íàÿ ôîðìà îïðåäåëåííàÿ íà ïðîñòðàíñòâå ïðè-
ìèòèâíûõ ôîðì èç Λp,qT [γ, γ]σT = cq+pγ ∧ γ ∧ ωn−q−p ∧ T ðàçëàãàåòñÿ íà ïîëî-

æèòåëüíî îïðåäåëåííûå [σr, σr]σT , åñëè (−1)p
2+r2 = −1, è îòðèöàòåëüíî îïðå-

äåëåííûå [τ, τ ]σT , [σr, σr]σT , åñëè (−1)p
2+r2 = 1, ôîðìû, 0 ≤ r ≤ p − 1 è r ≥ 1

ïðè p ≤ 2. (Â ñëó÷àå p = 0 ôîðìà [τ, τ ]σT ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé,
ïðè p = 1 ôîðìà [σ0, σ0]σT ÿâëÿåòñÿ îòðèöàòåëüíî, à ïðè p = 2 � ïîëîæèòåëüíî
îïðåäåëåííîé.)

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÑÔÓ ïî ÍÌ ïðîåêòó (� 45.2007).
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1. Ñ ìåòîäîì îáðàòíîé çàäà÷è ðàññåÿíèÿ ñâÿçàíû íåêîòîðûå âîïðîñû òåîðèè
èíòåãðàëüíûõ óðàâíåíèé. Â [1,2] áûëè íàéäåíû òîæäåñòâà äëÿ ðåçîëüâåíòíîãî
ÿäðà R(x, y)

R(x, y)−
∫ t

s

K(x, z)R(z, y)dz = K(x, y)

ïðè óñëîâèÿõ íåçàâèñèìîñòè K(x, z) îò ïåðåìåííûõ s, t è åäèíñòâåííîñòè ðåøå-
íèÿ R:

∂R(x, y)/∂t = R(x, t)R(t, y), ∂R(x, y)/∂s = −R(x, s)R(s, y). (1)

Òåì æå ñïîñîáîì, ïðè óñëîâèÿõ íåçàâèñèìîñòè K(x, z) îò ïåðåìåííûõ ti è åäèí-
ñòâåííîñòè ðåøåíèÿ R óðàâíåíèÿ

R(x, y)−
(∫ t1

a1

+
∫ t2

a2

+
∫ t3

a3

)
K(x, z)R(z, y)dz = K(x, y)

ïîëó÷àåì èç (1) ðåøåíèÿ ϕij = R(x, y)|x=ti,y=tj çàìêíóòîé íåëèíåéíîé ñèñòåìû

∂ϕij/∂tk = ϕikϕkj ,

ãäå èíäåêñû i, j, k ∈ {1, 2, 3} ïîïàðíî ðàçëè÷íû.
2. Ðåøåíèå 6-ãî óðàâíåíèÿ Ïåíëåâå ÷åðåç îïðåäåëèòåëü Ôðåäãîëüìà áûëî ïî-

ëó÷åíî â [3]. Ðåçóëüòàò òîãî æå ðîäà ñëåäóåò èç òîæäåñòâà (1) äëÿ óðàâíåíèÿ

ψ±(x)−
(
λ1

∫
l1

+λ2

∫
l2

)xαy−α − x−αyα
x− y

ψ±(y)dy = x±α

(ãäå l1, l2 � íåãîìîòîïíûå ïóòè îò 1 äî t, íå çàäåâàþùèå 0 è∞, à êîýôôèöèåíòû
λ1, λ2 íå çàâèñÿò îò t), åñëè ó÷åñòü òåîðåìó [4] î ÿäðå ðåçîëüâåíòû:

R(x, y) = (x− y)−1[ψ+(x)ψ−(y)− ψ−(x)ψ+(y)]

è ñîîòíîøåíèÿ ψ±(tx; t, λ1, λ2) = t±αψ±(x; t−1,−λ1,−λ2).
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íèé // Óñïåõè ìàò. íàóê. 1954. Ò. 9, � 3, Ñ. 234�235.

3. Jimbo M., Miwa T. Studies on Holonomic Quantum Fields. XVII // Proc. Japan Acad.,
Ser. A. 1980. V. 56, �. 9, P. 405�410.

4. Its A.R., Izergin A.G., Korepin V.E. Temperature Correlators of the Impenetrable Bose
Gas as an Integrable System // Commun. Math. Phys. 1990. V. 129, � 1, P. 205�222.
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ÇÍÀ×ÅÍÈß t-ÈÍÂÀÐÈÀÍÒÀ ÄËß ÌÍÎÃÎÎÁÐÀÇÈÉ
ÇÅÉÔÅÐÒÀ

VALUES OF THE t-INVARIANT FOR SEIFERT
MANIFOLDS

Îâ÷èííèêîâ Ì.À.

ÃÎÓ ÂÏÎ ×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
ovch@csu.ru

Äâóìåðíûé ïîëèýäð ïðîñòîé, åñëè ëèíê ëþáîé åãî îñîáîé òî÷êè ÿâëÿåòñÿ
ïîëíûì ãðàôîì ñ ÷åòûðüìÿ âåðøèíàìè èëè ãðàôîì ñ òðåìÿ ïðîñòûìè ðåáðàìè
è äâóìÿ âåðøèíàìè. Îñîáûå òî÷êè ïåðâîãî òèïà íàçûâàþòñÿ âåðøèíàìè ïîëè-
ýäðà. Ñïàéíîì êîìïàêòíîãî òðåõìåðíîãî ìíîãîîáðàçèÿ íàçûâàåòñÿ äâóìåðíûé
ïîëèýäð â ìíîãîîáðàçèè, åñëè äîïîëíåíèå ê íåìó ãîìåîìîðôíî ïðÿìîìó ïðîèç-
âåäåíèþ êðàÿ ìíîãîîáðàçèÿ è ïîëóèíòåðâàëà, åñëè êðàé íåïóñò, ëèáî îòêðûòîìó
òðåõìåðíîìó øàðó, åñëè ìíîãîîáðàçèå çàìêíóòîå. Ñïàéí ïðîñòîé, åñëè îí
ÿâëÿåòñÿ ïðîñòûì ïîëèýäðîì.

t-Èíâàðèàíò êîìïàêòíîãî 3-ìíîãîîáðàçèÿM îïðåäåëÿåòñÿ ïî ïðîèçâîëüíîìó
ïðîñòîìó ñïàéíó P ìíîãîîáðàçèÿ ôîðìóëîé

t(M) =
∑
Q⊂P

(−ε)−v(Q)εχ(Q),

ãäå Q îáîçíà÷àåò ïðîñòîé ïîäïîëèýäð, âîçìîæíî ïóñòîé, â ïðîñòîì ñïàéíå P ,
v(Q) îáîçíà÷àåò ÷èñëî âåðøèí ïîäïîëèýäðà Q, χ(Q) � ýéëåðîâà õàðàêòåðèñòèêà
ïîäïîëèýäðà, ε � êîðåíü óðàâíåíèÿ ε2 = ε+ 1.

t-Èíâàðèàíò ÿâëÿåòñÿ òîïîëîãè÷åñêèì èíâàðèàíòîì ìíîãîîáðàçèÿ, ïîòîìó
÷òî åãî çíà÷åíèå íå çàâèñèò îò âûáîðà ïðîñòîãî ñïàéíà P â ìíîãîîáðàçèèM ([2]).

Èçâåñòíî, ÷òî t-èíâàðèàíò ìîæíî ðàññìàòðèâàòü êàê íåáîëüøóþ ìîäèôèêà-
öèþ èíâàðèàíòà Òóðàåâà � Âèðî óðîâíÿ 5. Ìîäèôèêàöèÿ ñîñòîèò â òîì, ÷òîáû
ïðè âû÷èñëåíèè èíâàðèàíòà ïðèíèìàòü âî âíèìàíèå òîëüêî öåëûå öâåòà ([1]).

Â äàííîé ðàáîòå ïîëíîñòüþ ðåøàåòñÿ çàäà÷à íàõîæäåíèÿ ôîðìóë, äàþùèõ
çíà÷åíèÿ t-èíâàðèàíòà çåéôåðòîâîãî ìíîãîîáðàçèÿ ïî ïàðàìåòðàì ìíîãîîáðàçèÿ.

Ðåøåíèå ñóùåñòâåííî èñïîëüçóåò ñïåöèàëüíûé ñïîñîá ïîñòðîåíèÿ ïðîñòûõ
ñïàéíîâ çåéôåðòîâûõ ìíîãîîáðàçèé ([3]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 08�01�00162) è èíòåãðàöèîííîãî ïðîåêòà ÓðÎ � ÑÎ ÐÀÍ.
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ÔÓÍÊÖÈÎÍÀËÜÍÀß ÐÀÑÏÐßÌËßÅÌÎÑÒÜ
ÏÎÂÅÐÕÍÎÑÒÅÉ

FUNCTIONAL FLATTENABILITY OF SURFACES

Ïàðô¼íîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
pai79@sibmail.ru

Ïóñòü äàíà ëèïøèöåâà ôóíêöèÿ ω : Rν → R, ãäå ν ∈ N. Ïóñòü n = ν + 1,

Ωω = {x = (x′, xn) ∈ Rn : xn > ω(x′)} è Ω0 = {x ∈ Rn : xn > 0}.

Íàñ èíòåðåñóåò îïèñàíèå âñåõ òåõ ω, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå:

(i) Ñóùåñòâóåò òàêîé áèëèïøèöåâ C∞-äèôôåîìîðôèçì g : Ω0 → Ωω, ÷òî
g(ξ, 0+) = (ξ, ω(ξ)) äëÿ âñåõ ξ ∈ Rν è ïðàâèëî u 7→ u ◦ g êîìïîçèöèè çà-

äàåò èçîìîðôèçì ïðîñòðàíñòâà F spq(Rn)
∣∣∣
Ωω

íà F spq(Rn)
∣∣∣
Ω0

.

Çäåñü 0 < p < ∞, 0 < q 6 ∞ è 1
p < s < ∞; F spq(Rn) � ïðîñòðàíñòâî Ëèçîðêè-

íà � Òðèáåëÿ; F spq(Rn)
∣∣∣
X
� ñóæåíèå F spq(Rn) íà îòêðûòîå ìíîæåñòâî X â ñìûñëå

òåîðèè ðàñïðåäåëåíèé. Åñëè 1 < p <∞, òî ïðîñòðàíñòâî F spp(Rn) � ýòî ïðîñòðàí-
ñòâî Ñëîáîäåöêîãî, à ïðîñòðàíñòâî F sp2(Rn) ñ s ∈ N � ýòî ïðîñòðàíñòâî Ñîáîëåâà
W s
p (Rn). Óñëîâèå (i) åñòü íåêîòîðàÿ ôîðìàëèçàöèÿ ïîíÿòèÿ ¾äîñòàòî÷íî ãëàäêàÿ

ãðàíèöà ∂Ωω¿ â èíòåðåñàõ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé â Ωω.
Ïðîäîëæåíèåì ïî íåïðåðûâíîñòè îïðåäåëåí îïåðàòîð ñëåäà trω : F spq(Rn) →

Lp(Rν) òàêîé, ÷òî trωf(ξ) = f(ξ, ω(ξ)) äëÿ ξ ∈ Rν , åñëè f øâàðöåâà. Äëÿ j ∈ N0

ïóñòü ñåìåéñòâî Dj ñîñòîèò èç êóáîâ âèäà I = [0, lI ]ν + lIa, ãäå a ∈ Zν è lI = 2−j .
Ïóñòü D =

⋃∞
j=0Dj (äèàäè÷åñêîå ñåìåéñòâî). ×åðåç 2I îáîçíà÷èì êóá ñ òåì æå

öåíòðîì, ÷òî ó I, è ðåáðîì 2lI . Îáîçíà÷èì oscMr ω(2I) = (2lI)−ν/r inf ‖ω−γ‖Lr(2I),
ãäå inf áåðåòñÿ ïî âñåì ìíîãî÷ëåíàì γ ñòåïåíè íå âûøå M â Rν . Äëÿ I ∈ D \ D0

ïóñòü (åäèíñòâåííûé) êóá I ′ ∈ D òàêîâ, ÷òî lI′ = 2lI è I ′ ⊃ I. Ïðè I ∈ D0

ôîðìàëüíî ñ÷èòàåì βI′ = 0.
Òåîðåìà 1. Èìååì (i)⇔ (ii)⇔ (iii) äëÿ ñëåäóþùèõ óñëîâèé:

(ii) Ïðîñòðàíñòâà trωF
s
pq(Rn) è tr0F

s
pq(Rn) èçìåðèìûõ ôóíêöèé íàä Rν ðàâíû,

à èõ ôàêòîð-êâàçèíîðìû ýêâèâàëåíòíû.

(iii) Âîçüìåì öåëîå M > s− 1− 1
p è òàêîå r ∈ (0,∞)∪{∞}, ÷òî s > n

p −
ν
r . Òîãäà

ñóùåñòâóåò C > 0 òàêîå, ÷òî äëÿ ëþáûõ βI ∈ R, I ∈ D, èìååì∑
I∈D

ln−spI oscMr ω(2I)p|βI |p 6 C
∑
I∈D

ln−sp+pI |βI − βI′ |p.

Äîêàçàòåëüñòâî íåêîòîðûõ óòâåðæäåíèé òåîðåìû 1 ñîäåðæèòñÿ â ðàáîòå [1]. Â
òåîðåìå 2.2 èç [1] äàí ÿâíûé êðèòåðèé ñïðàâåäëèâîñòè óñëîâèÿ (iii), à òåì ñàìûì
è óñëîâèÿ (i).
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ÏÐÈÌÅÍÅÍÈÅ ÊÂÀÇÈÊÎÍÔÎÐÌÍÎÑÒÈ Â ÒÅÎÐÈÈ
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THE USE OF QUASICONFORMALITY IN THE ERROR
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Ïåøêè÷åâ Þ.À.
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Â òå÷åíèå ïîñëåäíèõ ÷åòûð¼õ äåñÿòèëåòèé íåçàâèñèìî äðóã îò äðóãà ðàçâèâà-
ëèñü òåîðèÿ óñòîé÷èâîñòè êâàçèêîíôîðìíûõ îòîáðàæåíèé è òåîðèÿ óñòîé÷èâî-
ñòè ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, õîòÿ ó íèõ áûëà îáùàÿ ñîñòàâ-
ëÿþùàÿ: îáóñëîâëåííîñòü êâàäðàòíîé ìàòðèöû è å¼ ñâîéñòâà. Íàïðèìåð, ðàñ-
ñóæäåíèÿ [1, ñ. 116] òèïè÷íû äëÿ êâàçèêîíôîðìíûõ îòîáðàæåíèé, à îïðåäåëåíèå
êâàçèêîíôîðìíîñòè [2, ñ. 18] îñíîâàíî íà ñïåöèàëüíîì ïîíÿòèè îáóñëîâëåííîñòè.

1. Êâàçèêîíôîðìíàÿ îáóñëîâëåííîñòü. Êðîìå ÷èñëà îáóñëîâëåííîñòè condA
êâàäðàòíîé ìàòðèöû A ïîðÿäêà n ïî ñïåêòðàëüíîé íîðìå, ðàññìîòðèì êîýôôè-
öèåíò q(A,m) èñêàæåíèÿ m-ïëîùàäåé [1] è ÷èñëî îáóñëîâëåííîñòè Q(A,m) [4].
Ïðè ýòîì

1/q(A,m) ≤ Q(A,m) ≤ q(A,m), q(A,m) ≤ (condA)m.

2. Óãëîâàÿ ìåðà îáóñëîâëåííîñòè. Îáîçíà÷èì ÷åðåç ϕ(i) óãîë ìåæäó âåêòîðîì-
ñòîëáöîì a(i) ìàòðèöû A è âåêòîðíûì ïðîèçâåäåíèåì A(i) îñòàëüíûõ n − 1
âåêòîðîâ-ñòîëáöîâ A. Åñëè condA � ÷èñëî îáóñëîâëåííîñòè A ïî åâêëèäîâîé
íîðìå, òî

(condA)2 ≥
∑

1/ sinϕ(i).

Äëÿ n = 2 òàêîå íåðàâåíñòâî áûëî ïîëó÷åíî â ðàáîòå àâòîðà [5]. Íà âîçìîæíîñòü
òàêîé òðàêòîâêè ìåðû îáóñëîâëåííîñòè óêàçàíî â ó÷åáíîì ïîñîáèè [1, ñ. 116].
Òàì æå îòìå÷åí òîëüêî íåîáõîäèìûé õàðàêòåð óñëîâèÿ min sinϕ(i) ≥ 1/q (q ≥ 1).
Äîñòàòî÷íîå óñëîâèå ïðèâåäåíî â ðàáîòå àâòîðà [3].

3. Ëîãàðèôìè÷åñêèé ãðàäèåíò äèôôåðåíöèðóåìîé ìàòðèöû. Äëÿ êâàäðàòíîé
ìàòðèöû A(x) ðàññìîòðèì ëîãàðèôìè÷åñêèé ãðàäèåíò gradA(x)/‖A(x)‖, åâêëè-
äîâà íîðìà êîòîðîãî ïðè óìíîæåíèè íà |∆x| äà¼ò ïðåäåëüíóþ îòíîñèòåëüíóþ
ïîãðåøíîñòü âû÷èñëåíèÿ ∆A = A(x + ∆x) − A(x). Ïðè ýòîì äà¼òñÿ âåðõíÿÿ
îöåíêà ìîäóëÿ ëîãàðèôìè÷åñêîãî ãðàäèåíòà detA, êîíå÷íî-ðàçíîñòíûé âàðèàíò
êîòîðîé èçâåñòåí ïî ìîíîãðàôèè [6, c. 150]. Âîçìîæíî ïîäîáíîå èññëåäîâàíèå è
äðóãèõ ñêàëÿðíûõ ôóíêöèé îò A(x), íàïðèìåð, condA(x).

Ðàññìîòðåííûå ïðèìåíåíèÿ êâàçèêîíôîðìíîñòè � ñîñòàâíàÿ ÷àñòü èññëåäî-
âàíèÿ êâàçèðåãóëÿðíûõ âåêòîðíûõ ïîëåé, ïðîãðàììà èññëåäîâàíèÿ êîòîðûõ â
ïëîñêîì ñëó÷àå áûëà ïðåäñòàâëåíà àâòîðîì íà ñàéòå ìåæäóíàðîäíîé íàó÷íîé
êîíôåðåíöèè ¾Ñîâðåìåííûå ïðîáëåìû âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìà-
òè÷åñêîé ôèçèêè¿, ïîñâÿù¼ííîé ïàìÿòè àêàäåìèêà À.À.Ñàìàðñêîãî â ñâÿçè ñ
90-ëåòèåì ñî äíÿ åãî ðîæäåíèÿ.

ËÈÒÅÐÀÒÓÐÀ
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Ïëèåâ Ì.À.

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà ÐÀÍ
è ÐÑÎ-À, Âëàäèêàâêàç, Ðîññèÿ; plimarat@yandex.ru

Â ïîñëåäíèå ãîäû òåîðèÿ áàíàõîâûõ ðàññëîåíèé âñå áîëüøå ïðèâëåêàåò âíè-
ìàíèå èññëåäîâàòåëåé [1�5]. Âåêòîðíûå ïðîñòðàíñòâà òàêèõ ñå÷åíèé ïðè îïðåäå-
ëåííûõ óñëîâèÿõ ÿâëÿþòñÿ áàíàõîâûìè ïðîñòðàíñòâàìè. Âûçûâàåò èíòåðåñ èçó-
÷åíèå ãåîìåòðèè ýòèõ ïðîñòðàíñòâ. Ïåðâûå øàãè â ýòîì íàïðàâëåíèè ñäåëàíû â
[6, 7]. Ïåðåéäåì ê òî÷íûì îïðåäåëåíèÿì. Áàíàõîâî ðàññëîåíèå X íàä ìíîæåñòâîì
Ω ñ çàäàííîé èçìåðèìîé ñòðóêòóðîé íàçûâàþò èçìåðèìûì áàíàõîâûì ðàññëîå-
íèåì íàä Ω è îáîçíà÷àþò (X , I).

Ïóñòü E � èäåàëüíîå ïðîñòðàíñòâî íàä L0(Ω). Ïîëîæèì ïî îïðåäåëåíèþ

E(X ) := {v ∈ L0(Ω,Σ, ν,X ) : ‖v(ω)‖Xω
∈ E}.

Íàïîìíèì, ÷òî äëÿ ïðîèçâîëüíîãî áàíàõîâà ïðîñòðàíñòâà X ÷åðåç BX è SX îáî-
çíà÷àþòñÿ çàìêíóòûé åäèíè÷íûé øàð è åäèíè÷íàÿ ñôåðà ñîîòâåòñòâåííî. Íà-
ïîìíèì, ÷òî äëÿ ïðîèçâîëüíîãî áàíàõîâà ïðîñòðàíñòâà X ÷åðåç BX è SX îáî-
çíà÷àþòñÿ çàìêíóòûé åäèíè÷íûé øàð è åäèíè÷íàÿ ñôåðà ñîîòâåòñòâåííî. Áàíà-
õîâî ïðîñòðàíñòâî X íàçûâàåòñÿ ðàâíîìåðíî âûïóêëûì, åñëè äëÿ ëþáîãî ε > 0
ñóùåñòâóåò δ > 0, òàêîå ÷òî èç óñëîâèÿ x1, x2 ∈ SX

1− 1
2
‖x1 + x2‖ ≥ δ

ñëåäóåò, ÷òî
‖x1 − x2‖ ≥ ε.

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü E � áàíàõîâî èäåàëüíîå ïðîñòðàíñòâî íàä L0(Ω,Σ, µ), ãäå
(Ω,Σ, µ) � ïðîñòðàíñòâî ñ êîíå÷íîé ìåðîé, è (X , I) � èçìåðèìîå áàíàõîâî ðàñ-
ñëîåíèå íàä Ω. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) Áàíàõîâî ïðîñòðàíñòâî E(X ) ðàâíîìåðíî âûïóêëî.
2) E � ðàâíîìåðíî âûïóêëî è äëÿ ïî÷òè âñåõ ω ∈ Ω áàíàõîâû ïðîñòðàíñòâà

Xω � ðàâíîìåðíî âûïóêëû.
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Ââåäåííûå À. Ã.Êà÷óðîâñêèì ìàðòèíãàëüíî-ýðãîäè÷åñêèå è ýðãîäèêî-ìàðòèíãàëüíûå
ñòîõàñòè÷åñêèå ïðîöåññû

Xn,m = EmAnf =
1
n

n−1∑
k=0

E(f ◦ τk|Fm), Yn,m = AnEmf =
1
n

n−1∑
k=0

E(f |Fm) ◦ τk,

ãäå τ � àâòîìîðôèçì âåðîÿòíîñòíîãî ïðîñòðàíñòâà (Ω,F, λ), f ∈ L1(Ω) è Fm
� ìîíîòîííàÿ ïîñëåäîâàòåëüíîñòü σ-ïîäàëãåáð σ-àëãåáðû F, óíèôèöèðóþò (ñî-
äåðæàò êàê ÷àñòíûå âûðîæäåííûå ñëó÷àè) ýðãîäè÷åñêèå ñðåäíèå è ðåãóëÿðíûå
ìàðòèíãàëû. Äëÿ ýòèõ ïðîöåññîâ áûëè äîêàçàíû òåîðåìû ñõîäèìîñòè ï.â. è ïî
íîðìå [1,2]. Îäíàêî, ïðè äîêàçàòåëüñòâå òåîðåì ñõîäèìîñòè ï.â. èñïîëüçîâàëîñü
óñëîâèå èíòåãðèðóåìîñòè ñóïðåìóìà sup

n
|Anf | è sup

m
|E(f |Fm)| ñîîòâåòñòâåííî, êî-

òîðîãî íåò íè â òåîðåìàõ î ñõîäèìîñòè ìàðòèíãàëîâ, íè â èíäèâèäóàëüíîé ýðãî-
äè÷åñêîé òåîðåìå. Ã. Àðãèðèñ è Äæ.Ì. Ðîçåíáëàòò ïîêàçàëè â ñâîåé ðàáîòå [3],
÷òî óáðàòü ýòî óñëîâèå áåç äîïîëíèòåëüíûõ äîïóùåíèé íåëüçÿ. Îêàçûâàåòñÿ, â
ñëó÷àå óáûâàþùåé ïîñëåäîâàòåëüíîñòè àòîìè÷åñêèõ σ-àëãåáð Fm äîñòàòî÷íûì
äëÿ ñõîäèìîñòè ÿâëÿåòñÿ ïðåäëîæåííîå À. Ã.Êà÷óðîâñêèì óñëîâèå êîììóòèðóå-
ìîñòè îïåðàòîðîâ óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ è îïåðàòîðîâ ýðãîäè÷å-
ñêîãî óñðåäíåíèÿ. Â ýòîì ñëó÷àå ýðãîäèêî-ìàðòèíãàëüíûå ïðîöåññû ñîâïàäàþò
ñ ìàðòèíãàëüíî-ýðãîäè÷åñêèìè, à óíèôèêàöèÿ îñòàåòñÿ â ñèëå. Òàêèì îáðàçîì
ñïðàâåäëèâà

Òåîðåìà. Ïóñòü {Fn}n≥1 � óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü àòîìè÷åñêèõ σ-
ïîäàëãåáð σ-àëãåáðû F. Òîãäà, åñëè E(f ◦ τ |Fm) = E(f |Fm) ◦ τ äëÿ ëþáîãî m, òî
Xn,m(= Yn,m) ñõîäèòñÿ ï.â. ïðè n,m→∞ äëÿ ëþáîé f ∈ L1(Ω).

Âàæíûì îêàçàëñÿ òîò ôàêò, ÷òî óñëîâèå êîììóòèðóåìîñòè â òåîðåìå ýêâè-
âàëåíòíî óñëîâèþ τ−1Fm = Fm. Ãåîìåòðè÷åñêè äëÿ àòîìè÷åñêèõ σ-àëãåáð ýòî
îçíà÷àåò, ÷òî âñå àòîìû Fm ðàçáèâàþòñÿ íà τ -îðáèòû, ÿâëÿþùèåñÿ àòîìàìè σ-
àëãåáðû Fm ∩ J, ãäå J � σ-àëãåáðà τ -èíâàðèàíòíûõ ìíîæåñòâ.
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Ïðåäëàãàåòñÿ îïðåäåëåíèå îäíîðîäíîãî ñòåïåíè n îòîáðàæåíèÿ f èç X â Y
îòíîñèòåëüíî äåéñòâèé ãðóïïû G íà ìíîæåñòâàõ X è Y , îáîáùàþùåå ïîíÿòèå îä-
íîðîäíîé ôóíêöèè è ñîâïàäàþùåå ïðè n = 1 ñ ïîíÿòèåì ýêâèâàðèàíòíîãî îòîá-
ðàæåíèÿ. Óñòàíàâëèâàåòñÿ êðèòåðèé îäíîðîäíîñòè îòîáðàæåíèÿ â ñëó÷àå êîì-
ìóòàòèâíîãî äåéñòâèÿ ãðóïïû G íà Y , çàêëþ÷àþùèéñÿ â âûïîëíåíèè ðàâåíñòâà
f(g ∗ x) = gn ∗ f(x) äëÿ âñåõ x ∈ X è âñåõ g ∈ H íà áîëåå óçêîì, ÷åì â îïðåäåëå-
íèè (H = G), ìíîæåñòâå H ⊂ G. Òàêèì ìíîæåñòâîì ÿâëÿåòñÿ ìíîæåñòâî îáðà-
çóþùèõ ãðóïïû G. Èññëåäóþòñÿ ïîðîæäàþùèå ìíîæåñòâà ìóëüòèïëèêàòèâíîé
ãðóïïû R+ ïîëîæèòåëüíûõ äåéñòâèòåëüíûõ ÷èñåë â öåëÿõ âûÿâëåíèÿ íåêîòîðî-
ãî ¾ñòàíäàðòíîãî¿ ïîðîæäàþùåãî ìíîæåñòâà, èç êîòîðîãî îñòàëüíûå ìîãëè áû
áûòü ïîëó÷åíû â ðåçóëüòàòå íåêîòîðûõ êîíñòðóêöèé, ïðèâîäÿùèõ âíîâü ê ïîðîæ-
äàþùèì ìíîæåñòâàì, òàêèõ êàê, íàïðèìåð, ìàæîðèðîâàíèå ìíîæåñòâà èëè ¾ðàñ-
ñëîåíèå¿ ìíîæåñòâà ïîñðåäñòâîì ýïèìîðôèçìîâ âèäà ϕn(x) = xn. Âûÿñíåíî, ÷òî
âñÿêîå ïîëîæèòåëüíîå äåéñòâèòåëüíîå ÷èñëî ïðåäñòàâèìî â âèäå ïðîèçâåäåíèÿ
íå áîëåå äâóõ öåëûõ ñòåïåíåé òðàíñöåíäåíòíûõ ÷èñåë èç çàäàííîãî ïðîìåæóòêà
[a, b] ⊂ R+. Ýòî îçíà÷àåò, ÷òî ìíîæåñòâî òðàíñöåíäåíòíûõ ÷èñåë ïðîèçâîëüíîãî
ïðîìåæóòêà [a, b] ⊂ R+ ïîðîæäàåò ãðóïïó R+. Êàê ñëåäñòâèå ïîëó÷àåì, ÷òî íå
ñóùåñòâóåò ¾ñòàíäàðòíîãî¿ ïîðîæäàþùåãî ìíîæåñòâà ãðóïïû R+, èç êîòîðîãî
âñå îñòàëüíûå ïîðîæäàþùèå ìíîæåñòâà ìîãëè áû áûòü ïîëó÷åíû â ðåçóëüòàòå
îäíîé ëèøü êîíñòðóêöèè ¾ðàññëîåíèÿ¿, ïðèìåí¼ííîé ñêîëü óãîäíî ÷èñëî ðàç.
Äðóãèì ñëåäñòâèåì ÿâëÿåòñÿ ñëåäóþùèé êðèòåðèé îäíîðîäíîñòè îòîáðàæåíèÿ
f : Rn → R [1].

Òåîðåìà. Îòîáðàæåíèå f : Rn → R ÿâëÿåòñÿ ïîëîæèòåëüíî îäíîðîäíûì
ñòåïåíè n, åñëè ðàâåíñòâî f(tx) = tnf(x) ñïðàâåäëèâî äëÿ âñåõ x ∈ Rn è äëÿ âñåõ
òðàíñöåíäåíòíûõ ÷èñåë èç ïðîèçâîëüíîãî ïðîìåæóòêà [a, b] ⊂ R+.
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Çàäà÷è î êîíôîðìíûõ îòîáðàæåíèÿõ íåíàëåãàþùèõ îáëàñòåé âîñõîäÿò ê Ì.À.Ëàâðåíòüåâó
è èìåþò áîãàòóþ èñòîðèþ. Êëàññè÷åñêèé ðåçóëüòàò Ëàâðåíòüåâà (cì., íàïðèìåð,
[1]), êàñàåòñÿ êîíôîðìíûõ è îäíîëèñòíûõ îòîáðàæåíèé f1(z), f2(z) åäèíè÷íîãî
êðóãà íà äâå íåíàëåãàþùèå îáëàñòè B1, B2 è çàêëþ÷àåòñÿ â íåðàâåíñòâå

|f ′1(0)f ′2(0)| ≤ |f1(0)− f2(0)|2.

Äëÿ êîíå÷íîñâÿçíîé îáëàñòè B áåç âûðîæäåííûõ ãðàíè÷íûõ òî÷åê îáîçíà-
÷èì ñèìâîëîì ϕB(z; a, b) êîíôîðìíîå è îäíîëèñòíîå îòîáðàæåíèå îáëàñòè B íà
ïëîñêîñòü ñ ðàäèàëüíûìè ðàçðåçàìè, ïðè÷åì òàêîå, ÷òî çàäàííûå ðàçëè÷íûå êî-
íå÷íûå òî÷êè a, b ïåðåõîäÿò ñîîòâåòñòâåííî â 0 è ∞, è â îêðåñòíîñòè b èìååò
ìåñòî ðàçëîæåíèå 1/(z−b)+a0+a1(z−b)+. . .. Ïóñòü Bm,m = 1, . . . , n, � ïîïàðíî
íåíàëåãàþùèå êîíå÷íîñâÿçíûå îáëàñòè, am, bm ∈ Bm è ϕm(z) := ϕBm(z; am, bm).
Â íàñòîÿùåì äîêëàäå ðàññìàòðèâàþòñÿ íåðàâåíñòâà äëÿ ìîäóëåé ïðîèçâîäíûõ
|ϕ′m(am)|, ïîëó÷åííûå ñ ïîìîùüþ òåõíèêè îáîáùåííûõ êîíäåíñàòîðîâ. Â ÷àñò-
íîñòè, äîêàçàíî íåðàâåíñòâî

n∏
m=1

|ϕ′m(am)| ≤
∏′ |ai − aj ||bi − bj |∏

|ai − bj |2
,

ãäå ′ ó ïðîèçâåäåíèÿ îçíà÷àåò îòñóòñòâèå íóëåâîãî ìíîæèòåëÿ è i = 1, n, j = 1, n.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 08�01�00028).
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Îáîçíà÷èì ÷åðåç M êëàññ âñåõ íåîòðèöàòåëüíûõ èçìåðèìûõ ïî Ëåáåãó íà
(0,∞) ôóíêöèé. Â ïîñëåäíåå âðåìÿ â ðÿäå ðàáîò èññëåäóþòñÿ îïåðàòîðû, ñî-
äåðæàùèå ñóïðåìóì (ñì. [1, 2]). Òàê, íàïðèìåð, â ðàáîòå [1] ïîëó÷åíû êðèòåðèè
îãðàíè÷åííîñòè â âåñîâûõ ïðîñòðàíñòâàõ Ëåáåãà îïåðàòîðà Õàðäè, ñîäåðæàùåãî
ñóïðåìóì. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ âåñîâîå íåðàâåíñòâî(∫ ∞

0

[(Rαf)(x)]qw(x) dx
) 1

q

≤ C
(∫ ∞

0

f(x)p dx
) 1

p

, f ∈M,

õàðàêòåðèçóþùåå Lp − Lq(w) îãðàíè÷åííîñòü îïåðàòîðà Rα âèäà

(Rαf)(t) = sup
t≤s<∞

u(s)
∫ s

0

f(y)v(y) dy
(s− y)1−α

,

ãäå α ∈ (0, 1), w, v ∈M è u � íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ íà (0,∞).
Ïîëó÷åíû êðèòåðèè âûïîëíåíèÿ ýòîãî íåðàâåíñòâà â ñëó÷àå íåâîçðàñòàíèÿ íà
(0,∞) ëèáî ôóíêöèè u, ëèáî ôóíêöèè v.

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ãðàíòàìè ÐÔÔÈ (ïðîåêòû 07�01�00054�à è 09�01�

98516�ð_âîñòîê_à) è Ôîíäîì ñîäåéñòâèÿ îòå÷åñòâåííîé íàóêå.
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ÍÎÑÈÒÅËÜ ÄÈÔÔÓÇÈÈ Â ÊËÀÑÒÅÐÍÎÌ
ÏÓÀÑÑÎÍÎÂÑÊÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

THE SUPPORT OF DIFFUSION IN THE CLUSTER
POISSON SPACE

Ïóãà÷¼â Î.Â.

Ìîñêîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Í.Ý.Áàóìàíà,
Ìîñêâà, Ðîññèÿ; opugachev@yandex.ru

Ïóñòü Γ � ïðîñòðàíñòâî êîíôèãóðàöèé (ëîêàëüíî êîíå÷íûõ ìíîæåñòâ) íà Rd;
Γ̈� ïðîñòðàíñòâî êîíôèãóðàöèé ñ êðàòíûìè òî÷êàìè. Êëàñòåðíàÿ ïóàññîíîâñêàÿ
êîíôèãóðàöèÿ γ � ñëó÷àéíîå ìíîæåñòâî â Rd, ñòðîèòñÿ òàê: êàæäàÿ èç òî÷åê
ïóàññîíîâñêîé êîíôèãóðàöèè γc ñ ìåðîé èíòåíñèâíîñòè σc íåçàâèñèìî ïîðîæäàåò
ïóàññîíîâñêóþ êîíôèãóðàöèþ γx ñ ìåðîé èíòåíñèâíîñòè σx = σ0(· − x); íàêîíåö,

γ =
⋃
x∈γc

γx.

Ïðåäïîëîæèì, ÷òî ìåðà σ0 êîíå÷íà, è ÷òî âûïîëíåíî îäíî èç äâóõ óñëîâèé:
à) äëÿ âñÿêîãî êîìïàêòà K ⊂ Rd èìååì sup

x∈Rd

σc(K − x) <∞;

á) íîñèòåëü ìåðû σ0 îãðàíè÷åí.
Òîãäà (ñì. [2]) êëàñòåðíàÿ ïóàññîíîâñêàÿ êîíôèãóðàöèÿ ïî÷òè âñåãäà ëîêàëü-

íî êîíå÷íà (γ ∈ Γ̈). Åñëè ìåðû σc è σ0 èìåþò ïëîòíîñòè ρc è ρ0 îòíîñèòåëüíî
ìåðû Ëåáåãà, òî ïî÷òè âñåãäà γ ∈ Γ.

Â [2] áûë ïîñòðîåí äèôôóçèîííûé ïðîöåññ {γ(t)} íà Γ̈ ñî ñòàöèîíàðíîé ìåðîé,
ñîîòâåòñòâóþùåé êëàñòåðíîìó ïóàññîíîâñêîìó ðàñïðåäåëåíèþ. Õîòÿ ìåðà ìíî-
æåñòâà Γ̈\Γ ðàâíà íóëþ, èç ýòîãî íå ñëåäóåò, ÷òî ïî÷òè âñå òðàåêòîðèè äèôôóçè-
îííîãî ïðîöåññà áóäóò ëåæàòü â Γ. ×òîáû äîêàçàòü ýòî óòâåðæäåíèå, òðåáóåòñÿ
îöåíêà åìêîñòè, ïîðîæäåííîé ñîáîëåâñêèì êëàññîì W 1,2:

C1,2(Γ̈\Γ) = 0.

Òàêóþ îöåíêó óäàëîñü ïîëó÷èòü ïðè äîïîëíèòåëüíîì óñëîâèè ρ0 ∈ L1(dx) ∩
L2(dx). Òàêèì îáðàçîì, â ýòîì ñëó÷àå ìîæíî ñ÷èòàòü {γ(t)} äèôôóçèîííûì ïðî-
öåññîì íà Γ.
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ÎÏÅÐÀÒÎÐÎÂ

LATTICES OF RIGHT DIVISORS OF LINEAR ORDINARY
DIFFERENTIAL OPERATORS

Ïóðãèí À.Â.

Êðàñíîÿðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Êðàñíîÿðñê,
Ðîññèÿ; pav1972@yandex.ru

Ðàññìàòðèâàþòñÿ íåêîòîðûå àëãåáðàè÷åñêèå âîïðîñû òåîðèè ôàêòîðèçàöèè
ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ËÎÄÎ) ñ êîýôôèöè-
åíòàìè èç ïîëÿ ðàöèîíàëüíûõ ôóíêöèé Q(x), [1�3]. Äëÿ èññëåäîâàíèÿ ñòðóêòóðû
âñåõ âîçìîæíûõ ïðàâûõ äåëèòåëåé ËÎÄÎ èñïîëüçóþòñÿ ìåòîäû òåîðèè ðåøåòîê.
Ñèìâîëîì P áóäåì îáîçíà÷àòü ëèíåéíûé îáûêíîâåííûé äèôôåðåíöèàëüíûé îïå-
ðàòîð P = Dn + f1(x)Dn−1 + . . . + fn(x), D = d/dx, ãäå fs(x) ïðèíàäëåæàò
ïîëþ Q(x). Ââåäåì îòíîøåíèå ÷àñòè÷íîãî ïîðÿäêà íà ìíîæåñòâå âñåõ ïðàâûõ
äåëèòåëåé ïðîèçâîëüíîãî ËÎÄÎ P ñëåäóþùèì îáðàçîì: ïóñòü P1 è P2 � íåêîòî-
ðûå ïðàâûå äåëèòåëè îïåðàòîðà P , áóäåì ãîâîðèòü, ÷òî P1 6 P2, åñëè îïåðàòîð
P1 ÿâëÿåòñÿ ïðàâûì äåëèòåëåì îïåðàòîðà P2. ×àñòè÷íî óïîðÿäî÷åííîå ìíîæå-
ñòâî ïðàâûõ äåëèòåëåé ïðîèçâîëüíîãî ËÎÄÎ P ÿâëÿåòñÿ ðåøåòêîé ñ îïåðàöè-
ÿìè âçÿòèÿ òî÷íîé íèæíåé ãðàíè inf{P1, P2} = rGCD(P1, P2) è òî÷íîé âåðõíåé
ãðàíè sup{P1, P2} = rLCM(P1, P2), ãäå rGCD(P1, P2) îáîçíà÷àåò îïåðàòîð, ÿâëÿ-
þùèéñÿ ïðàâûì íàèáîëüøèì îáùèì äåëèòåëåì íåíóëåâûõ îïåðàòîðîâ P1 è P2, à
rLCM(P1, P2) � îïåðàòîð, ÿâëÿþùèéñÿ èõ ïðàâûì íàèìåíüøèì îáùèì êðàòíûì.
Ïóñòü P = P1◦P2◦ . . . Pi◦Pi+1◦Pi+2◦ . . .◦Pk � íåêîòîðàÿ ôàêòîðèçàöèÿ ëèíåéíî-
ãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà P íà íåïðèâîäèìûå ìíîæèòå-
ëè Pi. Äëÿ ëþáîãî i ∈ {1, . . . , k} îáîçíà÷èì ñèìâîëîì 〈Pi) ñëåäóþùèé îïåðàòîð:
〈Pi) = Pi◦Pi+1◦Pi+2◦ . . .◦Pk � èìåííî îí è ÿâëÿåòñÿ ýëåìåíòîì ðåøåòêè ïðàâûõ
äåëèòåëåé îïåðàòîðà.

Òåîðåìà 1. Äëÿ ËÎÄÎ P ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû: 1. Ðåøåòêà
ïðàâûõ äåëèòåëåé ËÎÄÎ P äèñòðèáóòèâíà; 2. Âñå ôàêòîðû îïåðàòîðà P íåïà-
ðàìåòðèçîâàíû.

Òåîðåìà 2. Ïóñòü L � ïðîèçâîëüíàÿ êîíå÷íàÿ äèñòðèáóòèâíàÿ ðåøåòêà âû-
ñîòû n. Òîãäà ñóùåñòâóåò ëèíåéíûé îáûêíîâåííûé äèôôåðåíöèàëüíûé îïåðàòîð
P ïîðÿäêà n (íå îáÿçàòåëüíî åäèíñòâåííûé) ñ êîýôôèöèåíòàìè èç äèôôåðåíöè-
àëüíîãî ïîëÿ ðàöèîíàëüíûõ ôóíêöèé Q(x) òàêîé, ÷òî ðåøåòêà LP åãî ïðàâûõ
äåëèòåëåé èçîìîðôíà L.
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CONFORMALLY FLAT SPLINES

Ðîäèîíîâ Å.Ä.1, Ñëàâñêèé Â.Â.2

1Àëòàéñêàÿ ãîñóäàðñòâåííàÿ ïåäàãîãè÷åñêàÿ àêàäåìèÿ, Áàðíàóë, Ðîññèÿ;
edr2002_ds@mail.ru

2Þãîðñêèé íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò èíôîðìàöèîííûõ
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Â äàííîé ðàáîòå ìû ïðèìåíÿåì ïîëèýäðàëüíûå êîíôîðìíî-ïëîñêèå ìåòðè-
êè äëÿ ïîñòðîåíèÿ ñïåöèàëüíîãî òèïà ñïëàéíîâ. Ïîñòðîåíèå ñïëàéíîâ îñíîâà-
íî íà ñâÿçè ìåæäó êîíôîðìíî-ïëîñêèìè ìåòðèêàìè îãðàíè÷åííîé êðèâèçíû è
âûïóêëûìè ïîäìíîæåñòâàìè â ïðîñòðàíñòâå Ëîáà÷åâñêîãî. Ïîÿñíèì ñïåöèôè-
êó ïîñòðîåíèÿ êîíôîðìíî-ïëîñêèõ ñïëàéíîâ íà ïðèìåðå ïîñòðîåíèÿ êóñî÷íî-
ëèíåéíûõ âûïóêëûõ ââåðõ ôóíêöèé ñîãëàñíî ôîðìóëå

f(x) = min
i
{λi(x) : i = 1, . . . ,m},

ãäå λi(x) � ëèíåéíûå ôóíêöèè. Îñîáåííîñòüþ äàííîé ôîðìóëû ÿâëÿåòñÿ òî,
÷òî äëÿ âû÷èñëåíèÿ f(x) íå òðåáóåòñÿ ñåòêà ðàçáèåíèÿ îáëàñòè îïðåäåëåíèÿ.
Êîíôîðìíî-ïëîñêèé ñïëàéí îïðåäåëÿåòñÿ àíàëîãè÷íîé ôîðìóëîé

g(x) = min
i

[κ]{µi(x) : i = 1, . . . ,m},

ãäå µi(x) � êâàäðàòè÷íûå ôóíêöèè âèäà µi(x) = ai||x||2 + 2〈bi, x〉 + ci îïðåäå-

ëÿþùèå êîíôîðìíî-ïëîñêèå ìåòðèêè ds2 = dx2

µ2
i (x)

ïîñòîÿííîé êðèâèçíû κi > 0,
i = 1, . . . ,m. Îïåðàòîð min[κ] ñîîòâåòñòâóåò âçÿòèþ âûïóêëîé îáîëî÷êè â ïðî-
ñòðàíñòâå Ëîáà÷åâñêîãî êðèâèçíû (−κ), ãäå κ = maxi κi. Ïîñòðîåíèå ñïëàéíà
g(x) òàêæå íå òðåáóåò ñåòêè ðàçáèåíèÿ îáëàñòè îïðåäåëåíèÿ, g(x) èìååò ãëàä-
êîñòü C1,1 â îòëè÷èå îò f(x). Êðîìå òîãî, ëþáàÿ ôóíêöèÿ êëàññà C2 ìîæåò áûòü
àïïðîêñèìèðîâàíà òàêèì ñïëàéíîì â ìåòðèêå C1. Âû÷èñëèòåëüíàÿ ñëîæíîñòü
ñïëàéíà g(x) àíàëîãè÷íà f(x) è ïðîïîðöèîíàëüíà m. Ôîðìóëà äëÿ ñïëàéíà g(x)
ïîçâîëÿåò òàêæå ýôôåêòèâíî âû÷èñëÿòü ãðàäèåíò g(x).

Äàííûå èññëåäîâàíèÿ ïîääåðæàíû ÐÔÔÈ(ïðîåêò � 08�01�98001), à òàêæå Ñîâå-

òîì ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè äëÿ ïîääåðæêè ìîëîäûõ ó÷åíûõ è

âåäóùèõ íàó÷íûõ øêîë Ðîññèéñêîé Ôåäåðàöèè (ïðîåêò ÍØ�5682.2008.1).
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SOBOLEV TYPE MAPPINGS BETWEEN METRIC
SPACES

Ðîìàíîâ À.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

asrom@math.nsc.ru

Â íàñòîÿùåå âðåìÿ âåñüìà àêòèâíî èçó÷àþòñÿ [1] ðàçëè÷íûå êëàññû ôóíêöèé
ñîáîëåâñêîãî òèïà f : X → R, ñ îáëàñòüþ îïðåäåëåíèÿ â ìåòðè÷åñêîì ïðîñòðàí-
ñòâå (X, ρ), íà êîòîðîì çàäàíà áîðåëåâñêàÿ ìåðà µ. Îïðåäåëåíèå òàêèõ êëàññîâ
îñíîâàíî íà ñîïîñòàâëåíèè èçìåðèìîé ôóíêöèè f íåêîòîðîé ñóììèðóåìîé ïî
ìåðå µ ôóíêöèè g, êîòîðàÿ â êàêîì-ëèáî ñìûñëå âûïîëíÿåò ðîëü ¾ìåòðè÷åñêîãî
àíàëîãà ìîäóëÿ ãðàäèåíòà¿ ôóíêöèè f .

Ñ äðóãîé ñòîðîíû, Þ.Ã. Ðåøåòíÿêîì [2, 3] äàíî âåñüìà óíèâåðñàëüíîå îïðå-
äåëåíèå äëÿ ñîáîëåâñêèõ îòîáðàæåíèé, äåéñòâóþùèõ èç îáëàñòåé åâêëèäîâà ïðî-
ñòðàíñòâà Rn â ìåòðè÷åñêîì ïðîñòðàíñòâå (Y, d). Ýòî îïðåäåëåíèå ïðàêòè÷åñêè
áåç èçìåíåíèé ïåðåíîñèòñÿ è íà ñëó÷àé îòîáðàæåíèé ìåòðè÷åñêèõ ïðîñòðàíñòâ,
÷òî ïîçâîëÿåò îïðåäåëèòü êëàññû îòîáðàæåíèé ñîáîëåâñêîãî òèïà, êîòîðûå äåé-
ñòâóþò èç ìåòðè÷åñêîãî ïðîñòðàíñòâà (X, ρ) â ìåòðè÷åñêîå ïðîñòðàíñòâî (Y, d).

Äëÿ òàêèõ îòîáðàæåíèé ñîáîëåâñêîãî òèïà âûïîëíÿþòñÿ òåîðåìû âëîæåíèÿ
àíàëîãè÷íûå äîêàçàííûì â [2, 3]. Â ñëó÷àå, êîãäà ìåòðè÷åñêèå ïðîñòðàíñòâà (X, ρ)
è (Y, d) ÿâëÿþòñÿ s-ðåãóëÿðíûìè, îòîáðàæåíèå, ó êîòîðîãî ¾ìåòðè÷åñêèé àíà-
ëîã ìîäóëÿ ãðàäèåíòà¿ ïðèíàäëåæèò ïðîñòðàíñòâó Ëîðåíöà Ls,1, îêàçûâàåòñÿ
s-àáñîëþòíî íåïðåðûâíûì è îáëàäàåò N -ñâîéñòâîì Ëóçèíà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (� 08�01�00531�a), Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæêè íàó÷íûõ

øêîë (ÍØ�5682.2008.1) è Ìåæäèñöèïëèíàðíîãî èíòåãðàöèîííîãî ïðîåêòà ÑÎ ÐÀÍ.
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ÎÁ ÎÖÅÍÊÀÕ ÍÎÐÌ ÁÅÑÎÂÀ ÐÅØÅÍÈÉ
ÑÓÁÝËËÈÏÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

ESTIMATES OF THE BESOV NORMS OF SOLUTIONS TO
SUBELLIPTIC EQUATIONS

Ðîìàíîâñêèé Í.Í.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
nnrom@math.nsc.ru

Â òå÷åíèè íåñêîëüêèõ ïîñëåäíèõ äåñÿòèëåòèé èíòåíñèâíî ðàçâèâàåòñÿ òåîðèÿ
ñóáýëëèïòè÷åñêèõ óðàâíåíèé. Ìû èçó÷àåì ñëàáûå ðåøåíèÿ ëèíåéíûõ ñóáýëëèï-
òè÷åñêèõ óðàâíåíèé è, ñîîòâåòñòâåííî, çàïèñûâàåì ðàññìàòðèâàåìûå óðàâíåíèÿ
â äèâåðãåíòíîì âèäå

m∑
i=1

Xi

m∑
j=1

aij(x)Xju(x) +Xi(bi(x)u(x))

 =
m∑
i=1

Xifi(x), x ∈ Ω ⊂ Rn,

ãäå X1, . . . , Xm � ñèñòåìà ãëàäêèõ âåêòîðíûõ ïîëåé, óäîâëåòâîðÿþùàÿ óñëîâèÿì
Õåðìàíäåðà (m < n). Ìû ðàññìàòðèâàåì íàèáîëåå ïðîñòîé, ìîäåëüíûé ñëó÷àé
ñóáýëëèïòè÷åñêèõ óðàâíåíèé, ÷àñòî âîçíèêàþùèé â ïðèëîæåíèÿõ: n = 3, m = 2,
X1 = ∂

∂x1
+ 2x2

∂
∂x3

, X2 = ∂
∂x2
− 2x1

∂
∂x3

. Ëåãêî âèäåòü, ÷òî [X1, X2] = −4 ∂
∂x3

.

Ïîëÿ X1, X2 è
∂
∂x3

îáðàçóþò ñòàíäàðòíûé áàçèñ àëãåáðû Ëè ëåâî-èíâàðèàíòíûõ

âåêòîðíûõ ïîëåé ãðóïïû Ãåéçåíáåðãà H1. Íàðÿäó ñ âåêòîðíûìè ïîëÿìè X1, X2

ðàññìîòðèì ïîëÿ X̃1 = ∂
∂x1
− 2x2

∂
∂x3

, X̃2 = ∂
∂x2

+ 2x1
∂
∂x3

. Âåêòîðíûå ïîëÿ X̃1 è

X̃2 ïðàâî-èíâàðèàíòíû îòíîñèòåëüíî ãðóïïîâîãî óìíîæåíèÿ íà H1, êðîìå òîãî,
îíè ïåðåñòàíîâî÷íû ñ ïîëÿìè X1, X2.

Èçâåñòíî, ÷òî îöåíêè Øàóäåðà èãðàþò âàæíóþ ðîëü â òåîðèè ëèíåéíûõ è
êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà. Â ñèëó íåêîòîðûõ
ãåîìåòðè÷åñêèõ àñïåêòîâ ïîêà íå óäàëîñü äîêàçàòü ïðÿìîãî àíàëîãà ãëîáàëüíûõ
îöåíîê Øàóäåðà äëÿ ðåøåíèé ñóáýëëèïòè÷åñêèõ óðàâíåíèé. Íàø ïîäõîä ñîñòîèò
â òîì, ÷òî âìåñòî òîãî, ÷òîáû îöåíèòü ðåøåíèÿ ñóáýëëèïòè÷åñêèõ óðàâíåíèé ïî
íîðìàì ïðîñòðàíñòâ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ Ãåëüäåðà, ìû îöåíèâà-
åì èõ ïî íîðìàì ïðîñòðàíñòâ ôóíêöèé, ðàçíîñòíûå îòíîøåíèÿ êîòîðûõ óäîâëå-
òâîðÿþò íåêîòîðûì èíòåãðàëüíûì óñëîâèÿì (ïðîñòðàíñòâ Áåñîâà). Ïðè îïðåäå-
ëåíèè ïîäõîäÿùèõ ïðîñòðàíñòâ Áåñîâà ìû òðåáóåì, ÷òîáû ïðîèçâîäíûå ðàññìàò-
ðèâàåìûõ ôóíêöèé âäîëü ïîëåé X̃1 è X̃2 ïðèíàäëåæàëè ïðîñòðàíñòâó Áåñîâà â
ñìûñëå ðàçíîñòíûõ îòíîøåíèé âäîëü âåêòîðíûõ ïîëåé X1, X2 ñ ¾äèôôåðåíöèðó-
åìîñòüþ¿ 0 ≤ s ≤ 1. Îöåíêè ðåøåíèé çàäà÷è Äèðèõëå äëÿ èçó÷àåìîãî óðàâíåíèÿ
ìû âûâîäèì ïî íîðìå ïðîñòðàíñòâà Áåñîâà ñ ïîêàçàòåëåì ñóììèðóåìîñòè p = 2.
Êîýôôèöèåíòû ðàññìàòðèâàåìîãî óðàâíåíèÿ ïðè ýòîì äîëæíû ïðèíàäëåæàòü
ïðîñòðàíñòâàì Áåñîâà ñ áîëåå âûñîêèìè ïîêàçàòåëÿìè ñóììèðóåìîñòè. Äëÿ aij
äîëæåí áûòü ïîêàçàòåëü ñóììèðóåìîñòè p1 > 4

s , äëÿ bi � p2 > 4
1+s . Îáëàñòü

Ω ïðåäïîëàãàåòñÿ îãðàíè÷åííîé, ñ ãëàäêîé ãðàíèöåé. Ïîïóòíî ìû äîêàçûâàåì
òåîðåìû âëîæåíèÿ äëÿ ðàññìàòðèâàåìûõ ïðîñòðàíñòâ Áåñîâà, àíàëîãè÷íûå òåî-
ðåìàì âëîæåíèÿ Ñîáîëåâà, à òàêæå èíòåðïîëÿöèîííûå íåðàâåíñòâà àíàëîãè÷íû
èíòåðïîëÿöèîííûì íåðàâåíñòâàì äëÿ ïðîñòðàíñòâ ôóíêöèé, óäîâëåòâîðÿþùèõ
óñëîâèþ Ãåëüäåðà. Òàêæå ìû äîêàçûâàåì îãðàíè÷åíîñòü ñèíãóëÿðíûõ èíòåãðàëü-
íûõ îïåðàòîðîâ ëåâîé ñâåðòêè ïî íîðìàì ðàññìàòðèâàåìûõ ïðîñòðàíñòâ Áåñîâà.
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ÍÓËÈ ÏÐÎÈÇÂÎÄÍÛÕ ÊÂÀÇÈÊÎÍÔÎÐÌÍÛÕ
ÎÒÎÁÐÀÆÅÍÈÉ, ÎÒÂÅ×ÀÞÙÈÕ ÓÐÀÂÍÅÍÈßÌ

×ÀÏËÛÃÈÍÀ

THE ZEROS OF THE DERIVATIVES OF THE
QUASICONFORMAL MAPPINGS CORRESPONDING TO

THE CHAPLYGIN EQUATIONS

Ðûëîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà, Íîâîñèáèðñê, Ðîññèÿ;
rylov@math.nsc.ru

Â ðàáîòå äåìîíñòðèðóþòñÿ âîçìîæíîñòè íåëèíåéíûõ óðàâíåíèé ×àïëûãèíà,
â îòëè÷èå îò áîëåå îáùèõ óðàâíåíèé Áåëüòðàìè [1], äëÿ âûÿâëåíèÿ íåêîòîðûõ
îáùèõ ñâîéñòâ, êàñàþùèõñÿ âñåé ðàññìàòðèâàåìîé îáëàñòè êâàçèêîíôîðìíîãî
îòîáðàæåíèÿ, â ÷àñòíîñòè, äëÿ âû÷èñëåíèÿ ñóììàðíîãî ïîêàçàòåëÿ íóëåé ïðîèç-
âîäíûõ.

Ðàññìîòðèì íåëèíåéíûå óðàâíåíèÿ ×àïëûãèíà íà ïëîñêîñòè ïîòåíöèàëà (1)

è íåêîòîðûé èõ àíàëîã (2) [2-4]

kzϕ + θψ = 0, zψ − θϕ = 0 (1)

kUϕ − Vψ = 0, Uψ + Vϕ = 0 (2)

z =

∫
ρdq

q
, k =

1−M2

ρ2
, U =

zϕ
kz2

ϕ + θ2
ϕ

, V =
θϕ

kz2
ϕ + θ2

ϕ

,

ϕ,ψ � ïîòåíöèàë è ôóíêöèÿ òîêà, ρ � ïëîòíîñòü, q, θ � ìîäóëü è óãîë íàêëîíà
âåêòîðà ñêîðîñòè, M � ÷èñëî Ìàõà.

Ñèñòåìà (2) ïîçâîëÿåò ñäåëàòü ñëåäóþùèå âûâîäû î ñâîéñòâàõ ëèíèé íóëåâûõ
çíà÷åíèé êîìïîíåíò âåêòîðà óñêîðåíèÿ â äîçâóêîâûõ òå÷åíèÿõ.

Íà ëèíèÿõ U = zϕ = 0 è V = θϕ = 0, âûõîäÿùèõ èç íóëÿ ïðîèçâîäíûõ (èç
òî÷êè zϕ = zψ = θϕ = θψ = 0), âíå èñõîäíîé òî÷êè θϕ 6= 0 è zϕ 6= 0 ñîîòâåò-
ñòâåííî. Ñëåäîâàòåëüíî, óêàçàííûå ëèíèè, âûøåäøèå èç îäíîãî íóëÿ, íå ìîãóò
ïðèéòè â äðóãîé íóëü ïðîèçâîäíûõ [3, 4]. Èíûìè ñëîâàìè, ñâîéñòâà ëèíèé íó-
ëåâûõ çíà÷åíèé êîìïîíåíò âåêòîðà óñêîðåíèÿ êâàçèêîíôîðìíûõ îòîáðàæåíèé,
îïèñûâàåìûõ óðàâíåíèÿìè ×àïëûãèíà (1) è èõ àíàëîãîì (2) â çíà÷èòåëüíîé ñòå-
ïåíè èäåíòè÷íû ñâîéñòâàì òàêèì æå ëèíèé â êîíôîðìíûõ îòîáðàæåíèÿõ.

Äàëåå, ëîêàëüíûé àíàëèç íóëåé ïðîèçâîäíûõ, â òîì ÷èñëå è áåñêîíå÷íî óäà-
ëåííîé òî÷êè, äàåò çàâèñèìîñòü ÷èñëà ëèíèé U = zϕ = 0 è V = θϕ = 0, âûõîäÿ-
ùèõ èç íóëÿ, îò ñòåïåíè íóëÿ.

Ðàññìîòðèì äëÿ îïðåäåëåííîñòè äîçâóêîâîå îáòåêàíèå òåëà êîíå÷íûõ ðàçìå-
ðîâ ðàâíîìåðíûì ïîòîêîì ñ ïàðàìåòðàìè íà áåñêîíå÷íîñòè q = q∞, θ = 0 (òå-
÷åíèå ñëåâà íàïðàâî), ïðè êîòîðîì òî÷êè ðàñòåêàíèÿ è ñõîäà íàõîäÿòñÿ íà òåëå
è, òåì ñàìûì èñêëþ÷åíû òî÷êè òîðìîæåíèÿ q = 0, z = −∞ âíå îáòåêàåìîãî
òåëà. Îáîçíà÷èì ÷åðåç N ñóììàðíûé ïîêàçàòåëü íóëåé ïðîèçâîäíûõ â îáëàñòè
ðåøåíèÿ âíå òåëà. Òîãäà íîâûé ðåçóëüòàò ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Òåîðåìà. Ïðè êðóãîâîì îáõîäå îáòåêàåìîãî òåëà ïî ÷àñîâîé ñòðåëêå âåêòîð
óñêîðåíèÿ ñîâåðøàåò N îáîðîòîâ ïî ÷àñîâîé ñòðåëêå îòíîñèòåëüíî ëèíèè òîêà.
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Ïîñëåäíÿÿ îãîâîðêà âàæíà ïðè àíàëèçå ïîâåäåíèÿ âåêòîðà óñêîðåíèÿ â îêðåñò-
íîñòè òî÷åê ðàñòåêàíèÿ è ñõîäà.

Çàìå÷àíèå. Òåîðåìà äîïóñêàåò îáîáùåíèÿ íà ñëó÷àé èíûõ ãðàíèö, âêëþ÷å-
íèåì â ðàññìîòðåíèå, ïîìèìî íóëåé ïðîèçâîäíûõ, âíóòðåííèõ òî÷åê òîðìîæå-
íèÿ, à òàêæå èñïîëüçîâàíèåì íåêîòîðîãî áîëåå îáùåãî ñåìåéñòâà ëèíèé óðîâíÿ,
âêëþ÷àþùåãî â ñåáÿ ëèíèè U = zϕ = 0 è V = θϕ = 0.

Â çàêëþ÷åíèå îòìåòèì, ÷òî â èçâåñòíîé òåîðåìå èç ÒÔÊÏ î ëîãàðèôìè÷å-
ñêèõ âû÷åòàõ âû÷èñëåíèå îáîðîòîâ âåêòîðà çàâèñèìûõ ïåðåìåííûõ ïðèâîäèòñÿ
äëÿ èëëþñòðàöèè ïîëó÷åííîé â òåîðåìå ôîðìóëû [5]. Â òî æå âðåìÿ â íàñòîÿùåé
ðàáîòå íàõîæäåíèå ÷èñëà îáîðîòîâ âåêòîðà óñêîðåíèÿ ñ èñïîëüçîâàíèåì àíàëèçà
ëèíèé óðîâíÿ íóëåâûõ çíà÷åíèé êîìïîíåíò âåêòîðà óñêðåíèÿ ÿâëÿåòñÿ ñàìîñòî-
ÿòåëüíûì è, ñêîðåå âñåãî, åäèíñòâåííûì àëãîðèòìîì íàõîæäåíèÿ ÷èñëà íóëåé
ïðîèçâîäíûõ êâàçèêîíôîðìíûõ îòîáðàæåíèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñèáèðñêîãî îòäåëåíèÿ Ðîññèéñêîé

àêàäåìèè íàóê (ïðîåêò � 103, ïîñòàíîâëåíèå � 10 2009 ã.)
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ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÎÏÈÑÀÍÈÅ C1-ÃËÀÄÊÈÕ
ÍÎÐÌÀËÜÍÛÕ ÐÀÇÂÅÐÒÛÂÀÞÙÈÕÑß

ÏÎÂÅÐÕÍÎÑÒÅÉ

AN ANALYTIC DESCRIPTION OF C1-SMOOTH NORMAL
ENVELOPING SURFACES

Ñàáèòîâ È.Õ.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â.Ëîìîíîñîâà, Ìîñêâà,
Ðîññèÿ; isabitov@mail.ru

Êëàññ íîðìàëüíûõ ðàçâåðòûâàþùèõñÿ ïîâåðõíîñòåé áûë ââåäåí Ñ. Ç.Øåôåëåì.
Ïî åãî îïðåäåëåíèþ, ýòî C1-ãëàäêèå ïîâåðõíîñòè, îò êîòîðûõ íåëüçÿ îòðåçàòü
ãîðáóøêó, è ó êîòîðûõ ÷åðåç êàæäóþ òî÷êó ïðîõîäèò ïðÿìîëèíåéíûé îòðåçîê ñî
ñòàöèîíàðíîé âäîëü íåãî êàñàòåëüíîé ïëîñêîñòüþ ê ïîâåðõíîñòè. Îí æå äîêàçàë,
÷òî òàêèå ïîâåðõíîñòè èìåþò ëîêàëüíî åâêëèäîâóþ ìåòðèêó è ÿâëÿþòñÿ ïîâåðõ-
íîñòÿìè îãðàíè÷åííîé âíåøíåé ïîëîæèòåëüíîé êðèâèçíû â ñìûñëå Þ.Ä.Áóðàãî
(ÎÂÏÊÁ). Âåðíî è îáðàòíîå: C1-ãëàäêèå ïîâåðõíîñòè êëàññà ÎÂÏÊÁ ñ ëîêàëü-
íî åâêëèäîâîé ìåòðèêîé ÿâëÿþòñÿ íîðìàëüíûìè ðàçâåðòûâàþùèìèñÿ ïîâåðõíî-
ñòÿìè. Ýòà òåîðèÿ, ðàçâèòàÿ â 70-å ãîäû ïðîøëîãî âåêà â ðàáîòàõ Þ.Ä.Áóðàãî
è Ñ. Ç.Øåôåëÿ, íå èìååò, îäíàêî, àíàëèòè÷åñêîãî àïïàðàòà è îíà äàåò ÷èñòî
êà÷åñòâåííî-ãåîìåòðè÷åñêîå îïèñàíèå îáúåêòà èññëåäîâàíèÿ. Ïóñòü, íàïðèìåð,
ìû çíàåì, ÷òî C1-ãëàäêàÿ ïîâåðõíîñòü èìååò ëèíåé÷àòîå ñòðîåíèå, íî ìû íå ìî-
æåì ïðîâåðèòü, ÿâëÿåòñÿ ëè íîðìàëü ïîñòîÿííîé âäîëü îáðàçóþùèõ, òàê êàê
äàæå äëÿ ïîâåðõíîñòåé êëàññà C∞ ìîæåò áûòü, ÷òî íàïðàâëåíèÿ îáðàçóþùèõ íå
èìåþò ïåðâîé ïðîèçâîäíîé, è ïîýòîìó ìû íå ìîæåì äàæå âû÷èñëèòü íîðìàëü
ê ïîâåðõíîñòè. Â äîêëàäå áóäåò ïîêàçàíî, ÷òî íà ñàìîì äåëå ñóùåñòâóåò òàêîå
ïðåäñòàâëåíèå ðàäèóñ-âåêòîðà ïîâåðõíîñòè, ÷åðåç êîòîðîå ìîæíî ïîëó÷èòü íåîá-
õîäèìîå è äîñòàòî÷íîå óñëîâèå åå ïðèíàäëåæíîñòè ê êëàññó íîðìàëüíûõ ðàçâåð-
òûâàþùèõñÿ ïîâåðõíîñòåé.

Ñîäåðæàíèå äîêëàäà èçëîæåíî áîëåå äåòàëüíî â ñòàòüå [1].
Ðàáîòà àâòîðà íàä äàííûì äîêëàäîì ÷àñòè÷íî ïîääåðæàíà ãðàíòàìè ÐÔÔÈ, � 09�

01�00179, è Ìèíîáðàçîâàíèÿ ÐÔ, ÐÍÏ 2.1.1.3704.
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Ðàññìîòðåíà çàäà÷à îá îïðåäåëåíèè àíàëèòè÷åñêîé â âåðõíåé ïîëóïëîñêîñòè
D ôóíêöèè F (z) ïî êðàåâîìó óñëîâèþ a(t)ReF (t)−b(t)ImF (t) = c(t), ãäå a(t), b(t),
c(t)� çàäàííûå ôóíêöèè òî÷êè êîíòóðà L = ∂D, â íåêîòîðûõ ñëó÷àÿõ îáðàùåíèÿ
èíäåêñà çàäà÷è (ò. å. äåëåííîãî íà π ïîëíîãî ïðèðàùåíèÿ ôóíêöèè ν(t) = argG(t),
G(t) = a(t)− ib(t) ïðè îáõîäå âåùåñòâåííîé îñè â ïîëîæèòåëüíîì íàïðàâëåíèè) â
áåñêîíå÷íîñòü. Îïèñàíû êàðòèíû ðàçðåøèìîñòè çàäà÷è â ñèòóàöèè, êîãäà íåïðå-
ðûâíàÿ ñîñòàâëÿþùàÿ ϕ(t) ôóíêöèè ν(t) èìååò âèä ϕ(t) = ν−tρ + ϕ̃(t), t > 0,
è ϕ(t) = ν+|t|ρ + ϕ̃(t), t < 0, ãäå ν−, ν+, ρ � ïîñòîÿííûå, ν−

2 + ν+2 6= 0, ϕ̃(t),
c(t)/|G(t)| � ôóíêöèè êëàññà HL(µ), à ôóíêöèÿ ñêà÷êîâ ϕ1(t) = ν(t)−ϕ(t) èìååò
ðàçðûâû ïåðâîãî ðîäà â ìîíîòîííûõ ïîñëåäîâàòåëüíîñòÿõ òî÷åê {tk}, tk > 0, è
{t−k}, t−k < 0, k = 1,∞, limk→∞ tk = ∞, limk→∞ t−k = −∞, ïðè÷åì ðÿäû, ñî-
ñòàâëåííûå èç äðîáíûõ ÷àñòåé κk > 0, κ−k > 0 ñêà÷êîâ ôóíêöèè ν(t)/π â òî÷êàõ
tk, t−k ñîîòâåòñòâåííî, ðàñõîäÿòñÿ. Ðåøåíèå ýòîé çàäà÷è èùåòñÿ â êëàññå àíàëè-
òè÷åñêèõ â âåðõíåé ïîëóïëîñêîñòè ôóíêöèé, îãðàíè÷åííûõ, ëèáî äîïóñêàþùèõ
èíòåãðèðóåìûå îñîáåííîñòè â òî÷êàõ tk, t−k è èìåþùèõ îïðåäåëåííîå ïîâåäåíèå
â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè. Ïðåäïîëàãàåì, ÷òî ïîñëåäîâàòåëüíî-
ñòè òî÷åê ðàçðûâà êîýôôèöèåíòîâ è ôóíêöèè n∗+(t) =

∑k
j=1 κj , t ∈ (tk, tk+1),

n∗−(t) =
∑k
j=1 κj , t ∈ (−t−k+1,−t−k), óäîâëåòâîðÿþò óñëîâèÿì

∞∑
k=1

1
tk
<∞, lim

t→+∞

n∗+(t)
tκ+

= ∆+, 2n∗+(tk) = ∆+(tκ+
k+1 + t

κ+
k ), (1)

∞∑
k=1

1
−t−k

<∞, lim
t→+∞

n∗−(t)
tκ−

= ∆−, 2n∗−(tk) = ∆−((−t−(k+1))κ− + (−t−k)κ−). (2)

Ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ ρ, κ∗+, κ
∗
− èññëåäîâàíû âîïðîñû ñóùåñòâî-

âàíèÿ è ÷èñëà ðåøåíèé çàäà÷è. Íàïðèìåð, ñïðàâåäëèâû

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (1), (2), ïðè÷åì max{κ∗+, κ∗−} < ρ <
1/2. Åñëè à) ν− cos(πρ) > ν+, ν+ cos(πρ) < ν−, òî íåîäíîðîäíàÿ çàäà÷à áåçóñëîâ-
íî ðàçðåøèìà â êëàññå îãðàíè÷åííûõ ôóíêöèé,à îäíîðîäíàÿ èìååò áåñêîíå÷-
íîå ìíîæåñòâî ëèíåéíî íåçàâèñèìûõ ðåøåíèé; b) åñëè ν− cos(πρ) < ν+, ëèáî
ν+ cos(πρ) > ν−, òî îäíîðîäíàÿ êðàåâàÿ çàäà÷à íå èìååò íåòðèâèàëüíûõ îãðàíè-
÷åííûõ ðåøåíèé.

Òåîðåìà 2. Åñëè âûïîëíåíû óñëîâèÿ (1), (2), ρ < max{κ∗+, κ∗−}, òî îäíîðîäíàÿ
çàäà÷à íå èìååò íåòðèâèàëüíûõ îãðàíè÷åííûõ ðåøåíèé.
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Èíâàðèàíòû èçîáðàæåíèÿ îòíîñèòåëüíî ðàçëè÷íûõ ãðóïï ïðåîáðàçîâàíèé ÿâ-
ëÿþòñÿ ýôôåêòèâíûìè õàðàêòåðèñòèêàìè èçîáðàæåíèÿ, êîòîðûå ìîæíî èñïîëü-
çîâàòü â ñàìûõ ðàçëè÷íûõ ïðèêëàäíûõ çàäà÷àõ àíàëèçà è îáðàáîòêè èçîáðàæå-
íèé [1, 2]. Â ìàòåìàòè÷åñêîé ïîñòàíîâêå N -êàíàëüíîå èçîáðàæåíèå ïðåäñòàâëÿåò
ñîáîé N íåîòðèöàòåëüíûõ ôóíêöèé â íåêîòîðîé îáëàñòè íà ïëîñêîñòè. Áóäåì
ïðåäïîëàãàòü, ÷òî ôóíêöèè 1-ðàç íåïðåðûâíî äèôôåðåíöèðóåìû, òîãäà ñïðàâåä-
ëèâî ðàçëîæåíèå Òåéëîðà 1-ãî ïîðÿäêà ñ öåíòðîì â ïðîèçâîëüíîé òî÷êå îáëàñòè.
Ðàññìîòðèì ãðóïïó PM ïðîåêòèâíûõ ïðåîáðàçîâàíèé ïëîñêîñòè ñ íåïîäâèæíîé
òî÷êîé M . Ïðåäïîëîæèì, ÷òî ñíèìîê ïîäâåðãñÿ ïðîåêòèâíîìó ïðåîáðàçîâàíèþ
èç PM è êàëèáðîâêå êàíàëîâ (êàæäûé êàíàë óìíîæèëñÿ íà ñâîé êîýôôèöèåíò
íîðìèðîâêè). Ïðåîáðàçîâàíèÿ òàêîãî òèïà îáðàçóþò íåêîììóòàòèâíóþ ãðóïïó
Ëè G èçîìîðôíóþ ãðóïïå PM × RN äåéñòâóþùóþ â ïðîñòðàíñòâå J1

(
R2
M , R

N
)

1-ñòðóé (óñå÷åííûõ òåéëîðîâñêèõ ðàçëîæåíèé) ðàçìåðíîñòè 3N .

Òåîðåìà 1. Ðàçìåðíîñòü ïðîñòðàíñòâà I ôóíêöèîíàëüíî íåçàâèñèìûõ èí-
âàðèàíòîâ îòíîñèòåëüíî ãðóïïû ïðåîáðàçîâàíèé G ñîâïàäàåò ñ ðàçìåðíîñòüþ
Ãðàñìàíîâà ìíîãîîáðàçèÿ äâóìåðíûõ ïëîñêîñòåé â RN :

dim (I) = 2 · (N − 2) ,

ãäå N � ÷èñëî êàíàëîâ. Â ñëó÷àå òðåõêàíàëüíîãî èçîáðàæåíèÿ dim (I) = 2. Â
ðàáîòå óêàçàí ÿâíûé âèä òàêèõ èíâàðèàíòîâ.

Äàííûå èññëåäîâàíèÿ ïîääåðæàíû Ñîâåòîì ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôå-

äåðàöèè äëÿ ïîääåðæêè ìîëîäûõ ó÷åíûõ è âåäóùèõ íàó÷íûõ øêîë Ðîññèéñêîé Ôåäå-

ðàöèè (ïðîåêò ÍØ�5682.2008.1).
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Ïóñòü (Ω, λ) � ïðîñòðàíñòâî ñ âåðîÿòíîñòíîé ìåðîé, T � åãî àâòîìîðôèçì.

Äëÿ f ∈ L2(Ω), ω ∈ Ω îáîçíà÷èì Anf(ω) = 1
n

n−1∑
k=0

f(T kω). ×åðåç UT îáîçíà-

÷èì óíèòàðíûé îïåðàòîð, äåéñòâóþùèé â L2(Ω) ïî ôîðìóëå UT f = f ◦ T. Òîãäà
ñòàòèñòè÷åñêàÿ ýðãîäè÷åñêàÿ òåîðåìà ôîí Íåéìàíà óòâåðæäàåò ñóùåñòâîâàíèå
ïðåäåëà â L2(Ω)

lim
n→∞

1
n

n−1∑
k=0

UkT f = lim
n→∞

Anf = f∗,

ïðè÷¼ì f∗ îêàçûâàåòñÿ îðòîãîíàëüíîé ïðîåêöèåé f íà ïîäïðîñòðàíñòâî íåïî-
äâèæíûõ âåêòîðîâ îïåðàòîðà UT . Ââåä¼ì îáîçíà÷åíèå äëÿ êîððåëÿöèîííûõ êî-
ýôôèöèåíòîâ: bkf = (UkT f, f). Íàêîíåö, ÷åðåç σf îáîçíà÷èì ñïåêòðàëüíóþ ìåðó,
ò.å. òàêóþ êîíå÷íóþ áîðåëåâñêóþ ìåðó íà åäèíè÷íîé îêðóæíîñòè, ÷òî bkf =∫
(−π,π]

eikxdσf (x) äëÿ âñåõ öåëûõ k.

Êàê áûëî ïîêàçàíî À. Ã.Êà÷óðîâñêèì â îáçîðå [1], ñòåïåííàÿ ñêîðîñòü ñõî-
äèìîñòè â ýðãîäè÷åñêîé òåîðåìå ôîí Íåéìàíà ýêâèâàëåíòíà íàëè÷èþ ñòåïåííîé
æå îñîáåííîñòè â íóëå ñïåêòðàëüíîé ìåðû ñîîòâåòñòâóþùåé äèíàìè÷åñêîé ñè-
ñòåìû, ïðè÷¼ì âîïðîñ îá àñèìïòîòèêå ýòèõ ýêâèâàëåíòíûõ äðóã äðóãó ïàðàìåò-
ðîâ ýðãîäè÷åñêîé òåîðåìû îáñóæäàëñÿ â òåðìèíàõ ¾O¿ è ¾o¿ áåç âûïèñûâàíèÿ
ñâÿçûâàþùèõ èõ êîíêðåòíûõ êîíñòàíò. Óòî÷íåíèåì ýòîãî ðåçóëüòàòà â íàïðàâ-
ëåíèè óñòàíîâëåíèÿ ôóíêöèîíàëüíûõ ñâÿçåé ìåæäó ñîîòâåòñòâóþùèìè êîíñòàí-
òàìè ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà. Ïóñòü α ∈ [0, 2). Òîãäà: 1) Åñëè ñïåêòðàëüíàÿ ìåðà σf−f∗ èìååò ñòå-
ïåííóþ îñîáåííîñòü â íóëå, ò.å. åñëè äëÿ íåêîòîðîé ïîëîæèòåëüíîé êîíñòàíòû A
ïðè âñåõ δ ∈ (0, π] âûïîëíÿåòñÿ íåðàâåíñòâî σf−f∗(−δ, δ] ≤ Aδα, òî ñêîðîñòü ñõî-
äèìîñòè ýðãîäè÷åñêèõ ñðåäíèõ Anf � ñòåïåííàÿ, ò. å. äëÿ ëþáîãî íàòóðàëüíîãî n

áóäåò ‖Anf − f∗‖22 ≤ Aπα
(
1 + 8

2−α

)
n−α. 2) Åñëè ñêîðîñòü ñõîäèìîñòè ýðãîäè÷å-

ñêèõ ñðåäíèõ Anf � ñòåïåííàÿ, ò. å. åñëè äëÿ íåêîòîðîé ïîëîæèòåëüíîé êîíñòàí-
òû B ïðè âñåõ íàòóðàëüíûõ n âûïîëíÿåòñÿ íåðàâåíñòâî ‖Anf − f∗‖22 ≤ Bn−α, òî
ñïåêòðàëüíàÿ ìåðà σf−f∗ èìååò ñòåïåííóþ îñîáåííîñòü â íóëå, ò. å. äëÿ ëþáîãî

δ ∈ (0, π] áóäåò σf−f∗(−δ, δ] ≤ B
(
π
2

)2−α
δα.

Çàìå÷àíèå. Â ñëó÷àå α = 2 àíàëîã òåîðåìû íå èìååò ìåñòà, íè ñ êàêèìè
êîíñòàíòàìè [1], à ñêîðîñòè ñõîäèìîñòè ñ α > 2 ïðè f−f∗ 6≡ 0, êàê áûëî ïîêàçàíî
â [2], ïðîñòî íå áûâàåò.
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Ïðè ìîäåëèðîâàíèè ñëîæíûõ êàðòèí ïëîñêèõ òå÷åíèé ìîæíî èñïîëüçîâàòü
ïåðåâîä ÷àñòè ïîòîêà íà âòîðîé ëèñò ðèìàíîâîé ïîâåðõíîñòè, ïîäîáíî êëàññè-
÷åñêîé ñõåìå Ýôðîñà [1] èëè ìåòîäàì Â.Ì.Øóðûãèíà [2]. Ïðè ýòîì ðèìàíîâà
ïîâåðõíîñòü ïðåäñòàâëÿåò ñîáîé ïîâåðõíîñòü ñ äóáëåì D = D+ ∪D− ∪ L, D− �
äóáëüD+, L = ∂D+ = ∂D−. Êîìïëåêñíàÿ ñêîðîñòü îäíîçíà÷íî îïðåäåëÿåòñÿ ρ+3
âåùåñòâåííûìè ïàðàìåòðàìè, ãäå ρ � ðîä D [3]. ßñíî, ÷òî êàðòèíà ëèíèé òîêà
(ñõåìà òå÷åíèÿ) îïðåäåëÿåòñÿ íàáîðîì ïàðàìåòðîâ. Òàêèì îáðàçîì âñòàåò çàäà÷à
êëàññèôèêàöèè ðàçëè÷íûõ òîïîëîãè÷åñêè íå ýêâèâàëåíòíûõ êàðòèí ëèíèé òîêà
â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ.

Ðàññìàòðèâàåòñÿ ïîäîáíàÿ çàäà÷à äëÿ ïîâåðõíîñòè ðîäà îäèí (òîðà), ÷èñ-
ëî ïàðàìåòðîâ ðàâíî ÷åòûðåì. Çäåñü ìîæíî ñ÷èòàòü D+ äâóñâÿçíîé îáëàñòüþ
êîìïëåêñíîé ïëîñêîñòè, êîìïëåêñíàÿ ñêîðîñòü f(z) àíàëèòè÷íà â D+, âêëþ-
÷àÿ áåñêîíå÷íîñòü, f(∞) ôèçè÷åñêè èíòåðïðåòèðóåòñÿ êàê êîìïëåêñíàÿ ñêîðîñòü
íàáåãàþùåãî ïîòîêà [4]. Â êà÷åñòâå çàäàþùèõ òå÷åíèå ïàðàìåòðîâ èñïîëüçóåì
f(∞) = A+iB (äâà ïàðàìåòðà) è öèðêóëÿöèè âåêòîðà ñêîðîñòè âîêðóã êîìïîíåíò

ñâÿçíîñòè ãðàíèöû γ1,2 =
∫
L1,2

f(z) dz, L1 ∪ L2 = ∂D+. Îñóùåñòâëÿåòñÿ ïåðåõîä â

ïëîñêîñòü êîìïëåêñíîãî ïîòåíöèàëà ñïåöèàëüíîãî âèäà, â êîòîðîé îáëàñòü òå÷å-
íèÿ ïðåäñòàâëÿåò ñîáîé ïëîñêîñòü ñ äâóìÿ ðàçðåçàìè ïî îòðåçêàì âåùåñòâåííîé
îñè. Â ýòîé ïëîñêîñòè ìîæíî íåïîñðåäñòâåííî âûðàçèòü êîìïëåêñíóþ ñêîðîñòü ñ
ïîìîùüþ èððàöèîíàëüíûõ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî ñ êîýôôèöèåíòà-
ìè, çàâèñÿùèìè îò ïàðàìåòðîâ. ßâíûé âèä ðåøåíèÿ ïîçâîëÿåò ïðîàíàëèçèðîâàòü
âèä ëèíèé òîêà â çàâèñèìîñòè îò çíà÷åíèé çàäàþùèõ ïàðàìåòðîâ. Â ðåçóëüòàòå
âñå ìíîæåñòâî ïàðàìåòðîâ X = {M = (A,B, γ1, γ2) } êîíå÷íûì ÷èñëîì ãëàä-
êèõ ïîâåðõíîñòåé Yj ðàçäåëÿåòñÿ íà êîíå÷íîå ÷èñëî îáëàñòåé, êàæäîé èç êîòî-
ðûõ ñîîòâåòñòâóåò îäíà (ñ òî÷íîñòüþ äî òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè) ñõåìà
òå÷åíèÿ. Òî÷êè ñàìèõ ýòèõ ïîâåðõíîñòåé M ∈ Yj áóäóò òî÷êàìè áèôóðêàöèè,
ïðè ýòîì èì òîæå ñîîòâåòñòâóþò îïðåäåëåíûå ñõåìû. Òî÷êàìè áèôóðêàöèè ýòèõ
ñõåì â ñâîþ î÷åðåäü áóäóò ëèíèè ïåðåñå÷åíèÿ äâóõ ðàçäåëÿþùèõ ïîâåðõíîñòåé
M ∈ Sjk = Yj ∩ Yk è, íàêîíåö, èõ òî÷êè áèôóðêàöèè � òî÷êè ïåðåñå÷åíèÿ òðåõ
ïîâåðõíîñòåé Mjkl = Yj ∩ Yk ∩ Yl.
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Ðàçëîæåíèå ïðîñòðàíñòâà âåêòîðíûõ ïîëåé L2(Ω) = J(Ω) ⊕ G(Ω) â ïðÿìóþ
ñóììó ñîëåíîèäàëüíûõ è ïîòåíöèàëüíûõ ïîëåé (ñì. [1]) äàåò ïðèìåð îäíîãî èç èí-
òåãðàëüíûõ òîæäåñòâ, êîòîðîå íåîáõîäèìî äëÿ îáîñíîâàíèÿ ðàçðåøèìîñòè óðàâ-
íåíèé Íàâüå � Ñòîêñà. Íà ñàìîì äåëå, èç óñëîâèÿ ñîëåíîèäàëüíîñòè âûâîäÿòñÿ
ïðèíöèïèàëüíî íîâûå èíòåãðàëüíûå òîæäåñòâà, êîòîðûå ïîçâîëÿþò, áîëåå ãëó-
áîêî, èññëåäîâàòü êàê óðàâíåíèÿ Íàâüå � Ñòîêñà, òàê è óðàâíåíèÿ Ýéëåðà, äè-
íàìèêó íåñæèìàåìîé æèäêîñòè. Íàïðèìåð, äëÿ ëþáîé òðîéêè ñîëåíîèäàëüíûõ
è ôèíèòíûõ âåêòîðíûõ ïîëåé, íåçàâèñèìî îò ðàçìåðíîñòè ïðîñòðàíñòâà, ñïðà-
âåäëèâî ñëåäóþùåå ðàâåíñòâî:∫

(wi, j + wj, i)cki(v)ckj(u) dx = −
∫
wi(cki(u)4vk + cki(v)4uk) dx.

Çäåñü ïî ïîâòîðÿþùèìñÿ èíäåêñàì â ïðîèçâåäåíèÿõ âûïîëíÿåòñÿ ñóììèðîâàíèå,
ñèìâîë wi, j îçíà÷àåò äèôôåðåíöèðîâàíèå i-îé êîîðäèíàòû ïî ïåðåìåííîé xj ,
cki(u) = uk, i−ui, k. Îòñþäà â ðàçìåðíîñòè n = 2 èìååì èíòåãðàëüíîå òîæäåñòâî:∫

uiuk, i4uk dx = 0. (1)

Â êà÷åñòâå ñëåäñòâèÿ âûâîäèì, íåçàâèñÿùóþ îò âÿçêîñòè, àïðèîðíóþ îöåíêó

‖∇u‖2 ≤ ‖∇ϕ‖2 +
∫ t

0

‖∇f‖2 dt

(èç ðåçóëüòàòîâ [1] ýòî íå ñëåäóåò) äëÿ ðåøåíèé çàäà÷è Êîøè è íà÷àëüíî-êðàåâîé
çàäà÷è:

Dtuk +
n∑
i=1

uiuk, i = ν∆uk + fk − p, k, k = 1, 2, . . . , n, (2)

div u = 0, (3)

u(0, x) = ϕ(x), u(t, x)
∣∣∣
∂Ω

= 0. (4)

Íåçàâèñèìîñòü àïðèîðíîé îöåíêè îò âÿçêîñòè îáúÿñíÿåò ïðîñòîòó ïëîñêîïàðàë-
ëåëüíûõ òå÷åíèé, îáåñïå÷èâàåò ñóùåñòâîâàíèå ãëîáàëüíîãî ñëàáîãî ðåøåíèÿ äëÿ
óðàâíåíèé Ýéëåðà íà ïëîñêîñòè è îáúÿñíÿåò, ïî÷åìó ýòî ñâîéñòâî âåðíî äëÿ óðàâ-
íåíèé Íàâüå � Ñòîêñà íà ïëîñêîñòè (ôàêò ñóùåñòâîâàíèÿ ãëîáàëüíîãî ðåøåíèÿ
âïåðâûå äîêàçàí Î.À.Ëàäûæåíñêîé).
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Äðóãàÿ ñåðèÿ èíòåãðàëüíûõ òîæäåñòâ ñâÿçàíà ñ ðàáîòàìè [2] è [3]. Â íèõ
ïîêàçûâàåòñÿ, ÷òî åñëè ðåøåíèÿ çàäà÷è Êîøè èìåþò îïðåäåëåííóþ àñèìïòîòèêó,
òî ñïðàâåäëèâû ðàâåíñòâà:∫

ujuk dx =
δjk
n
‖u‖22, j, k = 1, . . . , n,

ãäå δjk � ñèìâîë Êðîíåêåðà. Íà ñàìîì äåëå, ýòè ðàâåíñòâà åñòü ñëåäñòâèå ñîëå-
íîèäàëüíîñòè ïîëÿ u, åñëè ïîòåíöèàëüíàÿ ñîñòàâëÿþùàÿ ïîëÿ uiu, i ñóììèðóåìà.
Åùå îäíà ñåðèÿ òîæäåñòâ ñâÿçàíà ñ èìïóëüñîì æèäêîñòè P = 1

2

∫
x × rot udx è

ïîëíûì ìîìåíòîì èìïóëüñà æèäêîñòè M =
∫
x× u dx.

Äîêàçàòåëüñòâî ïîñëåäíåé ñåðèè òîæäåñòâ ïðîâîäèòñÿ ñ ïðèìåíåíèåì îäíî-
ïàðàìåòðè÷åñêèõ ãðóïï êâàçèèçîìåòðè÷åñêèõ îòîáðàæåíèé [4] è äàåòñÿ â [5].

Åñëè ðàçìåðíîñòü n ≥ 3, òî èíòåãðàë â (1) ìîæåò áûòü îòëè÷íûì îò íóëÿ. Áî-
ëåå òîãî, îí âûðàæàåòñÿ ÷åðåç òåíçîð íàïðÿæåíèé âåêòîðíîãî ïîëÿ. Ýòî ñîçäàåò
êà÷åñòâåííî èíóþ ñèòóàöèþ ïî ñðàâíåíèþ ñ ïëîñêèì ñëó÷àåì, íî äàåò îñíîâíóþ
èäåþ èçó÷åíèÿ îáåèõ çàäà÷ (2)�(4) â ïðîñòðàíñòâå. Òàê êàê äëÿ ðåøåíèé ñèñòåìû
(2)�(4) ñîîòâåòñòâóþùåé ãëàäêîñòè ñïðàâåäëèâî ðàâåíñòâî:

1
2
d

dt
‖∇u‖22 =

∫
uiuk, i4ukdx− ν‖4u‖22,

òî ðîëü çíàêà èíòåãðàëà ñòàíîâèòñÿ ïîíÿòíîé.
Àâòîð èçìåíèë êîíñòðóêöèþ ïîñòðîåíèÿ ðåøåíèé èç [1] äëÿ îáåèõ çàäà÷ (2)�

(4). Ñ÷èòàÿ íà÷àëüíóþ ñêîðîñòü ϕ ∈ W 3
2 , îïðåäåëèì ÷èñëî è ôóíêöèîíàë ôîð-

ìóëàìè:

T0 = 3−4 4ν3

‖∇ϕ‖42
, l(ϕ) = ‖ϕ‖2 · ‖∇ϕ‖2.

Ââåäåì îñíîâíûå ïàðàìåòðû λ, µ, ε:

λ =
4
9
ν2

l(ϕ)
, µ =

T∗
T0
, lim
t→T0

‖u(t, ·)‖22 = ‖ϕ‖22(1− ελ2),

ãäå [0, T∗) � íàèáîëüøèé ïðîìåæóòîê ñóùåñòâîâàíèÿ ðåøåíèÿ êëàññà Lp, q è ïà-
ðàìåòð ε îïðåäåëÿåòñÿ äëÿ çíà÷åíèÿ λ < 1. Ïðè îòñóòñòâèè âíåøíèõ ñèë ðåøåíèå
îïðåäåëåíî íà ïðîìåæóòêå [0, T0) â îáåèõ çàäà÷àõ, äâèæåíèå æèäêîñòè â öåëîì
îïðåäåëÿåòñÿ óíèâåðñàëüíûì ÷èñëîì. Îíî çàâèñèò îò êîýôôèöèåíòà âÿçêîñòè,
íà÷àëüíîé ñêîðîñòè è åå ãðàäèåíòà. Íà òóðáóëåíòíîñòü âëèÿåò âåëè÷èíà äèññè-
ïàöèè ε êèíåòè÷åñêîé ýíåðãèè, ïî êðàéíåé ìåðå â òåõ îáëàñòÿõ (îãðàíè÷åííûõ
è íåîãðàíè÷åííûõ) ñ êóñî÷íî-ãëàäêîé ãðàíèöåé, ãäå êàæäàÿ çàìêíóòàÿ êðèâàÿ
ñòÿãèâàåòñÿ â òî÷êó. Çäåñü óêàçûâàåòñÿ ïðîìåæóòîê ñóùåñòâîâàíèÿ ðåøåíèÿ â
çàâèñèìîñòè îò ïàðàìåòðà ε.

Îïèñûâàþòñÿ óñëîâèÿ, äëÿ êîòîðûõ ãëîáàëüíûå ðåøåíèÿ â îáåèõ çàäà÷àõ (2)�
(4) èç êëàññà Lp, q, 3/p + 2/q ≤ 1, ñóùåñòâóþò è íå ñóùåñòâóþò. Óêàçûâàåòñÿ
ïðîìåæóòîê blow up äëÿ ýòèõ ðåøåíèé (îöåíêà ïàðàìåòðà µ).

Â [6] Î.À.Ëàäûæåíñêàÿ íàïèñàëà, ÷òî îíà ïîñòàâèëà áû îñíîâíîé âîïðîñ
(âîïðîñ î ñóùåñòâîâàíèè ãëîáàëüíîãî ðåøåíèÿ) èíà÷å: ¾Äàþò ëè óðàâíåíèÿ Íà-
âüå � Ñòîêñà âìåñòå ñ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè äåòåðìèíèñòè÷åñêîå
îïèñàíèå äèíàìèêè æèäêîñòè èëè íå äàþò?¿ Âñå èçëîæåííîå âûøå ãîâîðèò î
äåòåðìèíèçìå óðàâíåíèé Íàâüå � Ñòîêñà. Íî çäåñü ñëåäóåò äîáàâèòü, ÷òî òóðáó-
ëåíòíîñòü íàñòóïàåò ëèøü òîãäà, êîãäà çíà÷åíèå êèíåòè÷åñêîé ýíåðãèè â ìîìåíò
âðåìåíè T0 óäîâëåòâîðÿåò îöåíêå: limt→T0 ‖u(t, ·)‖22 ≤ ‖ϕ‖22(1 − λ2/2). Òàê êàê
äëÿ âñåõ ðåøåíèé ñïðàâåäëèâî íåðàâåíñòâî limt→T0 ‖u(t, ·)‖22 ≥ ‖ϕ‖22(1 − λ2), òî
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ñ ôèçè÷åñêîé òî÷êè çðåíèÿ íàñòóïëåíèå êîëëàïñà ïðè ìèíèìàëüíûõ çíà÷åíèÿõ
êèíåòè÷åñêîé ýíåðãèè åñòåñòâåííî.

Îïèðàÿñü íà ðàâíîìåðíûå îòíîñèòåëüíî t îöåíêè ðàçëè÷íûõ íîðì ðåøåíèé
çàäà÷ (2)�(4), ïîëó÷åííûõ àâòîðîì, èçëîæåííûå ðåçóëüòàòû, â îñíîâíîì, ìîæíî
ïåðåíåñòè íà íà÷àëüíûå äàííûå ϕ èç êëàññà W 1

2 . Ò. å. èçâåñòíûì ðåçóëüòàòàì
Î.À.Ëàäûæåíñêîé ìîæíî äàòü óíèâåðñàëüíóþ ôîðìó è äîïîëíèòü èõ íåçàâèñè-
ìûìè è êà÷åñòâåííî íîâûìè îöåíêàìè.
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Ïóñòü (K, τ) � ñàéò Ãðîòåíäèêà, D � ïðåäïó÷îê ìíîæåñòâ íà K, KD,τ �
ñîâîêóïíîñòü âñåõ τ -çàìêíóòûõ ïîäïðåäïó÷êîâ D [1, 3]. Äëÿ ïðåäïó÷êà A ∈ KD,τ

÷åðåç A′ îáîçíà÷àåì ýëåìåíò äóàëüíîãî óïîðÿäî÷åííîãî ìíîæñòâà (KD,τ )o, òàê
÷òî A′ ≤ B′ ⇔ B ⊂ A.

Ïîä îáîáù¼ííûìè ïðîñòðàíñòâàìè ôëàãîâ áóäåì ïîíèìàòü ðàçëè÷íûå ìíî-
æåñòâà êîíå÷íûõ öåïî÷åê âèäà A′0 ≤ A′1 ≤ . . . ≤ A′n, ãäå A′i ∈ (KD,τ )o. Íà êàæäîì
òàêîì ïðîñòðàíñòâå F çàäà¼òñÿ òîïîëîãèÿ Ãðîòåíäèêà [2, 3]. Âîçíèêàþùèå êîãî-
ìîëîãèè Ãðîòåíäèêà F ñðàâíèâàþòñÿ ñ êîãîìîëîãèÿìè Ãðîòåíäèêà ïðåäïó÷êà D.
À èìåííî, äîêàçûâàåòñÿ ñóùåñòâîâàíèå ñïåêòðàëüíîé ïîñëåäîâàòåëüíîñòè, ñâÿ-
çûâàþùåé êîãîìîëîãèè F ñ êîãîìîëîãèÿìè D. Ïîñêîëüêó êîãîìîëîãèè îáîáù¼í-
íîãî ïðîñòðàíñòâà ôëàãîâ îïðåäåëÿþò äëèíû âõîäÿùèõ â íåãî öåïî÷åê [2, 3], òî
òåì ñàìûì óñòàíàâëèâàåòñÿ ñâÿçü ìåæäó êîãîìîëîãèÿìè D è äëèíàìè öåïî÷åê,
âõîäÿùèõ â F .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÄÂÎ ÐÀÍ 09�1�ÎÌÍ�06 è ãðàíòà ÍØ 2810.2008.1.
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Êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà (η, ξ, ϕ, g) íà ìíîãîîáðàçèè M2n+1 íàçû-
âàåòñÿ K-êîíòàêòíîé ñòðóêòóðîé, åñëè ïîëå Ðèáà ξ ïîðîæäàåò ãðóïïó èçîìåò-
ðèé ìåòðèêè g, ò. å. ïîëå Ðèáà ξ ÿâëÿåòñÿ êèëëèíãîâûì îòíîñèòåëüíî ìåòðèêè
g [1]. Åñëè â êà÷åñòâå ìíîãîîáðàçèÿ ðàññìàòðèâàåòñÿ ãðóïïà Ëè G2n+1, òî åñòå-
ñòâåííî ðàññìàòðèâàòü ëåâîèíâàðèàíòíûå êîíòàêòíûå ñòðóêòóðû. Â ýòîì ñëó-
÷àå êîíòàêòíàÿ ôîðìà η, âåêòîðíîå ïîëå Ðèáà ξ, àôôèíîð ϕ è àññîöèèðîâàí-
íàÿ ìåòðèêà g çàäàþòñÿ ñâîèìè çíà÷åíèÿìè â åäèíèöå. Îäíîïàðàìåòðè÷åñêàÿ
ïîäãðóïïà at = exp(tξ) äåéñòâóåò íà ãðóïïå Ëè G ñïðàâà. Ïîñêîëüêó ôîðìà η
ÿâëÿåòñÿ ëåâîèíâàðèàíòíîé, òî èç Lξη = 0 ñëåäóåò, ÷òî Ad∗at

η = η è ad∗ξη = 0.
Ðàññìîòðèì çàìêíóòóþ ïîäãðóïïó F , êîòîðàÿ ñîõðàíÿåò êîíòàêòíóþ ôîðìó η:
F = {g ∈ G : Ad∗g(η) = η}. Â ðàáîòå [3] ïîêàçàíî, ÷òî ïîäãðóïïà F ÿâëÿåòñÿ
îäíîìåðíîé, êîíòàêòíàÿ ôîðìà η ÿâëÿåòñÿ ôîðìîé ñâÿçíîñòè ãëàâíîãî ðàññëî-
åíèÿ π : G → G/F è dη � ôîðìà êðèâèçíû. Ïðè ýòîì, ôîðìà dη îïóñêàåòñÿ
íà îäíîðîäíîå ïðîñòðàíñòâî G/F è ÿâëÿåòñÿ òàì ñèìïëåêòè÷åñêîé ôîðìîé ω,
π∗(ω) = dη. Ëåãêî âèäåòü, ÷òî ïîëå Ðèáà ξ ëåâîèíâàðèàíòíîé K-êîíòàêòíîé
ñòðóêòóðû (η, ξ, ϕ, g) íà ãðóïïå Ëè G ïîðîæäàåò ñâÿçíóþ êîìïîíåíòó F0 ïîä-
ãðóïïû èçîòðîïèè F ôîðìû η. Ïîñêîëüêó Lξg = 0 è Lξϕ = 0, òî ïðè ïðîåêöèè
π : G → M = G/F0 ìåòðèêà g è àôôèíîð ϕ îïóñêàþòñÿ íà M è îáðàçóþò òàì
ïî÷òè êýëåðîâó ñòðóêòóðó (gM , ω, J). Ïðîåêöèÿ π : G→M = G/F0 çàäàåò ðèìà-
íîâó ñóáìåðñèþ. Ñâîéñòâà êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû (η, ξ, ϕ, g) òåñíî
ñâÿçàíû ñî ñâîéñòâàìè ïî÷òè êýëåðîâîé ñòðóêòóðû (gM , ω, J) íà áàçå M = G/F0.
Â àëãåáðå Ëè ãðóïïû G âûáåðåì îðòîíîðìèðîâàííûé áàçèñ E1, . . . , E2n+1, ïåð-
âûå 2n âåêòîðîâ êîòîðîãî ëåæàò â êîíòàêòíîì ðàñïðåäåëåíèè D, à âåêòîð E2n+1

îïðåäåëÿåò ïîëå Ðèáà ξ.

Òåîðåìà. Åñëè ëåâîèíâàðèàíòíàÿ êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà (η, ξ, ϕ, g)
íà ãðóïïå Ëè G ÿâëÿåòñÿ K-êîíòàêòíîé, òî â áàçèñå E1, . . . , E2n+1 òåíçîð Ðè÷÷è
Ric èìååò ñëåäóþùóþ ñòðóêòóðó:

Ricij = RicMij −
1
2
δij , Ric2n+1,2n+1 =

n

2
,

Rici,2n+1 =
1
4

2n∑
j,s=1

(CjsjC
2n+1
si + (Csji + Cisj + Cjsi)C

2n+1
js ),

i, j = 1, . . . , 2n, ãäå RicM � òåíçîð Ðè÷÷è ôàêòîðïðîñòðàíñòâàM = G/F0 è C
k
ij �

ñòðóêòóðíûå êîíñòàíòû àëãåáðû Ëè ãðóïïû G.
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Ìíîãîãðàííèê (òî÷íåå, ìíîãîãðàííàÿ ïîâåðõíîñòü) íàçûâàåòñÿ èçãèáàåìûì,
åñëè åãî ïðîñòðàíñòâåííóþ ôîðìó ìîæíî èçìåíèòü òàêîé íåïðåðûâíîé âî âðå-
ìåíè äåôîðìàöèåé, ïðè êîòîðîé êàæäàÿ ãðàíü íå èçìåíÿåò ñâîèõ ðàçìåðîâ (ò. å.
äâèæåòñÿ êàê òâ¼ðäîå òåëî), à äåôîðìàöèÿ îñóùåñòâëÿåòñÿ òîëüêî çà ñ÷¼ò íåïðå-
ðûâíîãî èçìåíåíèÿ äâóãðàííûõ óãëîâ. Äëÿ íàñ îêòàýäðîì ÿâëÿåòñÿ ëþáîé ìíîãî-
ãðàííèê (âîçìîæíî, ñ ñàìîïåðåñå÷åíèÿìè), êîòîðûé êîìáèíàòîðíî ýêâèâàëåíòåí
ïðàâèëüíîìó îêòàýäðó. Âñå èçãèáàåìûå îêòàýäðû áûëè ïîñòðîåíû Ð. Áðèêàðîì
[1]. Îíè ñûãðàëè ñâîþ ðîëü â êîíñòðóêöèè Ð. Êîííåëëè [2]. Îäíàêî êëàññèôèêà-
öèÿ Áðèêàðà íå âñåãäà ïîçâîëÿåò ïî äëèíàì ð¼áåð óçíàòü, ÿâëÿåòñÿ ëè îêòàýäð
èçãèáàåìûì. Ïîýòîìó äî íàñòîÿùåãî âðåìåíè ïðîäîëæàþòñÿ ïîèñêè ÷èñòî ìåò-
ðè÷åñêîãî îïèñàíèÿ âñåõ èçãèáàåìûõ îêòàýäðîâ, â ÷àñòíîñòè, âíèìàíèå ãåîìåòðîâ
ïðèâëåêàþò àëãîðèòìû ïî ðàñïîçíàâàíèþ èçãèáàåìûõ îêòàýäðîâ [3].

Ìû ïðåäëàãàåì ñëåäóþùèé àëãîðèòì äëÿ ðàñïîçíàâàíèÿ èçãèáàåìûõ îêòàýä-
ðîâ â åâêëèäîâîì ïðîñòðàíñòâå E3.

Øàã 1. Âûáåðåì ïðîèçâîëüíûì îáðàçîì äâå ïðîòèâîïîëîæíûå âåðøèíû îêòà-
ýäðà è íàçîâ¼ì èõ ñåâåðíûì è þæíûì ïîëþñàìè, à îñòàâøèåñÿ ÷åòûðå âåðøèíû
(âìåñòå ñ ð¼áðàìè, èõ ñîåäèíÿþùèìè) � ýêâàòîðîì. Ñåâåðíîé (þæíîé) øàïî÷êîé
íàçûâàåì çâåçäó ñåâåðíîãî (þæíîãî) ïîëþñà.

Øàã 2. Äîïîëíèì øàïî÷êè äèàãîíàëÿìè, ñîåäèíÿþùèìè ïðîòèâîëåæàùèå
âåðøèíû ýêâàòîðà. Êâàäðàòû äëèí ïîëó÷èâøèõñÿ ð¼áåð îáîçíà÷èì ÷åðåç t è s
ñîîòâåòñòâåííî. Òåïåðü øàïî÷êè ðàññìàòðèâàåìîãî îêòàýäðà ïî ñâîåìó êîìáèíà-
òîðíîìó ñòðîåíèþ ÿâëÿþòñÿ ÷åòûð¼õìåðíûìè ñèìïëåêñàìè, âëîæåííûìè â E3.
Ñòàëî áûòü, èõ îáú¼ì â ïðîñòðàíñòâå E4 ðàâåí 0.

Øàã 3. Ñòðîèì îïðåäåëèòåëü Êýëè � Ìåíãåðà, ñîîòâåòñòâóþùèå îáú¼ìó ÷å-
òûð¼õìåðíîãî ñèìïëåêñà (ñì. [4]), äëÿ ñåâåðíîé è þæíîé øàïî÷åê. Ïóñòü ìíîãî-
÷ëåí P (t, s) åñòü íàèáîëüøèé îáùèé äåëèòåëü ýòèõ äâóõ ïîëèíîìîâ.

Åñëè ñòåïåíü P (t, s) áîëüøå, ëèáî ðàâíà 1 õîòÿ áû äëÿ îäíîãî èç òð¼õ âîçìîæ-
íûõ ýêâàòîðîâ îêòàýäðà, òî ñðåäè âñåõ âîçìîæíûõ èçîìåòðè÷åñêèõ ðåàëèçàöèé
1-ñêåëåòà èçó÷àåìîãî ìíîãîãðàííèêà íàéä¼òñÿ õîòÿ áû îäèí èçãèáàåìûé îêòàýäð.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà Ðîñ-

ñèéñêîé Ôåäåðàöèè (ãðàíò ÍØ�5682.2008.1) è Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ãðàíò ÐÔÔÈ 08�01�00531�à).
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Èíòåãðàëüíûå ñâîéñòâà ôóíêöèé â òåðìèíàõ íàèëó÷øèõ ïðèáëèæåíèé ïå-
ðèîäè÷åñêèõ ôóíêöèé ïîñðåäñòâîì òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ èññëåäîâà-
íû â ðàáîòàõ À.À.Êîíþøêîâà, Ï.Ë.Óëüÿíîâà, Ì.Ô.Òèìàíà, Ý.À.Ñòîðîæåíêî,
Ì.Ê.Ïîòàïîâà, Â.È.Êîëÿäû è ìíîãèõ äðóãèõ. Òåîðèÿ ïðèáëèæåíèÿ àëãåáðà-
è÷åñêèìè ìíîãî÷ëåíàìè Ýðìèòà äîñòàòî÷íî ðàçâèòà â ðàáîòàõ Ì.Ê.Ïîòàïîâà,
Â.À.Àáèëîâà, Ì.Â.Àáèëîâà, Â.Ì.Ôåäîðîâà, Ä.Â.Àëåêñååâà è ò. ä.

Â íàñòîÿùåé ðàáîòå èññëåäîâàíû èíòåãðàëüíûå ñâîéñòâà ýëåìåíòîâ ëåáåãî-
âà ïðîñòðàíñòâà Lp,ρ (Rn) ñ âåñîì ×åáûøåâà � Ýðìèòà. Ïóñòü Lp,ρ (Rn), 1 ≤
p < +∞, � ïðîñòðàíñòâî èçìåðèìûõ â ñìûñëå Ëåáåãà íà Rn ôóíêöèé f(x̄),

óäîâëåòâîðÿþùèõ óñëîâèþ ‖f‖p,ρ =
{ ∫

Rn

|f (x̄) ρ(x̄)|p dx̄
} 1

p < +∞. Çäåñü x̄ =

(x1, . . . , xn) ∈ Rn, |x̄| =
( n∑
k=1

x2
k

) 1
2 , ρ(x̄) = e−

|x̄|2
2 � âåñ ×åáûøåâà � Ýðìèòà.

Ïóñòü Em1,...,mn(f)p,ρ, 1 ≤ p < +∞, � ïîëíîå íàèëó÷øåå ïðèáëèæåíèå ôóíê-
öèé f(x̄) â ìåòðèêå Lp,ρ (Rn) ïîñðåäñòâîì àëãåáðàè÷åñêèõ ìíîãî÷ëåíîâ ìíîãèõ
ïåðåìåííûõ. Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü f ∈ Lp,ρ (Rn), 1 ≤ p < +∞. Åñëè äëÿ íåêîòîðîãî q, p < q <
+∞, ðÿä

+∞∑
m=1

mq( n
2p−

n
2q )−1Eqm,...,m(f)p,ρ < +∞

ñõîäèòñÿ, òî f ∈ Lq,ρ (Rn) è ïðè ýòîì èìååò ìåñòî íåðàâåíñòâî

‖f‖q,ρ ≤ Cpqn

‖f‖p,ρ +

[
+∞∑
m=1

mq( n
2p−

n
2q )−1Eqm,...,m(f)p,ρ

] 1
q

 .

Ïîñòîÿííàÿ Cpqn > 0 çàâèñèò òîëüêî îò óêàçàííûõ ïàðàìåòðîâ.

Íåóëó÷øàåìîñòü äàííîãî óòâåðæäåíèÿ ïîêàçàíà íà êëàññàõ E
(n)
p,ρ (λ) := {f ∈

Lp,ρ (Rn) |Em,...,m(f)p,ρ ≤ λm, ∀m ∈ N;λ = {λm}+∞m=1 � çàäàííàÿ ïîñëåäîâàòåëü-
íîñòü ïîëîæèòåëüíûõ ÷èñåë, ìîíîòîííî óáûâàþùàÿ ê íóëþ}.

Òåîðåìà 2. Ïóñòü 1 ≤ p < q < +∞. Äëÿ òîãî, ÷òîáû èìåëî ìåñòî âëîæå-

íèå E
(n)
p,ρ (λ) ⊂ Lq,ρ (Rn), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ðÿä

+∞∑
m=1

mq( n
2p−

n
2q )−1λqm

ñõîäèëñÿ.
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Î ÏÎ×ÒÈ ÊÎÌÏËÅÊÑÍÛÕ ÑÒÐÓÊÒÓÐÀÕ ÊÝËÈ ÍÀ
ØÅÑÒÈÌÅÐÍÛÕ ÏÐÎÈÇÂÅÄÅÍÈßÕ ÑÔÅÐ

ALMOST COMPLEX CAYLEY STRUCTURES ON
6-DIMENSIONAL PRODUCTS OF SPHERES

Ñìîëåíöåâ Í.Ê.

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî, Ðîññèÿ;
smolen@kuzbass.net

Õîðîøî èçâåñòíî [2], ÷òî íà îðèåíòèðóåìîì øåñòèìåðíîì ïîäìíîãîîáðàçèèM
â àëãåáðå Ca ÷èñåë Êýëè ìîæåò áûëü îïðåäåëåíà ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà
ïðè ïîìîùè âåêòîðíîãî ïðîèçâåäåíèÿ. À èìåííî, åñëè M ⊂ R8 � øåñòèìåðíîå
îðèåíòèðóåìîå ïîäìíîãîîáðàçèå è n1, n2 � ëîêàëüíî îïðåäåëåííûé îðòîíîðìè-
ðîâàííûé áàçèñ íîðìàëüíîãî ðàññëîåíèÿ ê ïîäìíîãîîáðàçèþ M , òî ïî÷òè êîì-
ïëåêñíàÿ ñòðóêòóðà íà M îïðåäåëÿåòñÿ ôîðìóëîé Jx(Xx) = P (n1(x), n2(x), Xx),
Xx ∈ TxM , ãäå P (n1, n2, X) � òðåõìåñòíîå âåêòîðíîå ïðîèçâåäåíèå [2] íà Ca.
Òàêàÿ ñòðóêòóðà Êýëè äîñòàòî÷íî àêòèâíî èçó÷àåòñÿ â ñëó÷àå ñôåðû S6 ⊂ R7 =
Im(Ca). Â ðàáîòå [4] ïîêàçàíî, ÷òî ñòðóêòóðû Êýëè íà øåñòèìåðíûõ ïðîèçâå-
äåíèÿõ ñôåð S1 × S5, S2 × S4 è S3 × S3, ñòàíäàðòíî âëîæåííûõ â Ca = R8,
ÿâëÿþòñÿ íåèíòåãðèðóåìûìè. Ïîëó÷åíû âûðàæåíèÿ ôóíäàìåíòàëüíîé ôîðìû
ω(X,Y ) = 〈JX, Y 〉 è òåíçîðà Íåéåíõåéñà. Ïîñêîëüêó óêàçàííûå âûøå ïðîèçâåäå-
íèÿ ñôåð íå ÿâëÿþòñÿ ñèìïëåêòè÷åñêèìè, òî Ω = dω 6= 0. Â ðàáîòå [3] îïðåäåëåí
ôóíêöèîíàë λ(Ω) íà ïðîñòðàíñòâå 3-ôîðì Ω íà øåñòèìåðíîì ïðîñòðàíñòâå V è
è äëÿ êàæäîé 3-ôîðìû Ω îïðåäåëåí îïåðàòîð KΩ : V → V îáëàäàþùèé ñâîé-
ñòâîì K2

Ω = λ(Ω) · Id. Åñëè λ(Ω) < 0, òî îïåðàòîð JΩ = 1√
−λ(Ω)

KΩ îïðåäåëÿåò

êîìïëåêñíóþ ñòðóêòóðó íà V . Äàííàÿ êîíñòðóêöèÿ ïîçâîëÿåò îïðåäåëèòü íîâóþ
ïî÷òè êîìïëåêñíóþ ñòðóêòóðó JΩ íà ïðîèçâåäåíèÿõ ñôåð, êîãäà Ω åñòü âíåøíèé
äèôôåðåíöèàë ôóíäàìåíòàëüíîé ôîðìû ω ñòðóêòóðû Êýëè, Ω = dω. Â ñëó÷àå
ñôåðû S6 íåñëîæíîå âû÷èñëåíèå ïîêàçûâàåò, ÷òî ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà
JΩ ñîâïàäàåò ñî ñòðóêòóðîé Êýëè J . Â ðàáîòå [1] íàéäåíà ïî÷òè êîìïëåêñíàÿ
ñòðóêòóðà JΩ íà ïðîèçâåäåíèè S3 × S3. Â äàííîé ðàáîòå âû÷èñëåíà ôóíêöèÿ
λ(Ω) è íàéäåíà JΩ äëÿ ñëó÷àåâ S1 × S5 è S2 × S4

ËÈÒÅÐÀÒÓÐÀ
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Îïåðàòîðîì Õàðäè � Ñòåêëîâà ìû íàçûâàåì ïðåîáðàçîâàíèå

Hf(x) := w(x)
∫ b(x)

a(x)

f(y)v(y)dy, x > 0,

ãäå w(x) è v(y) � ëîêàëüíî ñóììèðóåìûå íåîòðèöàòåëüíûå âåñîâûå ôóíêöèè íà
ïîëóîñè. Óñòàíàâëèâàþòñÿ êðèòåðèè Lp(0,∞)−Lq(0,∞) îãðàíè÷åííîñòè äàííûõ
îïåðàòîðîâ ïðè óñëîâèè, ÷òî ãðàíè÷íûå ôóíêöèè a(x) è b(x) óäîâëåòâîðÿþò ñëå-
äóþùèì óñëîâèÿì:

(i) a(x) è b(x) äèôôåðåíöèðóåìû è ñòðîãî âîçðàñòàþò íà (0,∞);
(ii) a(0) = b(0) = 0, a(x) < b(x) äëÿ 0 < x <∞, a(∞) = b(∞) =∞.

Àíàëîãè÷íàÿ çàäà÷à ðåøàåòñÿ äëÿ îïåðàòîðîâ ãåîìåòðè÷åñêîãî ñðåäíåãî âèäà

Gf(x) := exp

(
1

b(x)− a(x)

∫ b(x)

a(x)

log f(y)dy

)
, f(y) ≥ 0.
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Ïóñòü Tt : X → X � C0-ïîëóãðóïïà, A : D(A)→ X � åå ãåíåðàòîð. Ïîëîæèì

ω1(T ) = sup
x∈D(A)

{lim sup
t→∞

ln ‖Ttx‖
t }; ω0(T ) = sup

x∈X
{lim sup

t→∞

ln ‖Ttx‖
t } = lim

t→∞
ln ‖Tt‖

t .

Ïîëóãðóïïà íàçûâàåòñÿ (ðàâíîìåðíî) ýêñïîíåíöèàëüíî óñòîé÷èâîé, åñëè
ω1 < 0 (ω0 < 0). Ââåäåì åùå äâå õàðàêòåðèñòèêè ðîñòà ïîëóãðóïïû: s(A) �
ïðàâàÿ ãðàíèöà ñïåêòðà, s0(A) � àáñöèññà ðàâíîìåðíîé îãðàíè÷åííîñòè ðåçîëü-

âåíòû A. Èìåþò ìåñòî íåðàâåíñòâà:
ω1← ω0

↓ ↖ ↓
s ← s0

(çäåñü ¾←¿ îçíà÷àåò ¾≤¿). Äëÿ

òèïè÷íûõ ïîëóãðóïï s = ω0. Îäíàêî, êàæäàÿ ñòðåëêà áûâàåò ñòðîãîé.
Â áåñêîíå÷íîìåðíîì ñëó÷àå ïîëóãðóïïà ìîæåò íå áûòü ýêñïîíåíöèàëüíî óñòîé-

÷èâîé, äàæå åñëè Ttx → 0 äëÿ êàæäîãî x ∈ X. Áàçîâûé ïðèìåð � ïîëóãðóï-
ïà ñäâèãîâ íà L2(R+). Òåì íå ìåíåå, îòñóòñòâèå ðàâíîìåðíîé ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòè ó ïîëóãðóïïû âëå÷åò ñóùåñòâîâàíèå âåêòîðîâ, îðáèòû êîòîðûõ åñ-
ëè è ñòðåìÿòñÿ ê íóëþ, òî äåëàþò ýòî ¾î÷åíü ìåäëåííî¿. Äëÿ ñëàáîé òîïîëîãèè
ýòîò ïðèíöèï ìîæíî (íåôîðìàëüíî) ñôîðìóëèðîâàòü òàê: ñóùåñòâóåò ãèïåðïëîñ-
êîñòü, ê êîòîðîé îðáèòà íåêîòîðîãî âåêòîðà ïðèáëèæàåòñÿ ¾ïëîõî¿.

Òåîðåìà 1. Ïóñòü γk → 0 è 0 < m1 < m2 < · · · . Åñëè s0(A) ≥ 0, òî íàéäóòñÿ
x′ ∈ X ′, x ∈ X òàêèå, ÷òî äëÿ êàæäîãî k = 1, 2, . . . ñóùåñòâóåò ìíîæåñòâî Uk ⊂ R+

òàêîå, ÷òî µ(Uk) ≥ mk,

∀k ∈ N ∀t ∈ Uk |〈x′, Ttx〉| > γk.

Ñëåäñòâèå. Åñëè s0 ≥ 0, òî
(1) äëÿ êàæäîé íåóáûâàþùåé ôóíêöèè h : R+ → R+ ñóùåñòâóþò x ∈ X è

ôóíêöèîíàë x′ ∈ X ′ òàêèå, ÷òî
∫∞
0
h(|〈x′, Ttx〉|) dt =∞;

(2) ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ âñåõ m > 0 íàéäóòñÿ åäèíè÷íûå âåêòîð
x ∈ X è ôóíêöèîíàë x′ ∈ X ′ òàêèå, ÷òî m < mes{t | |〈x′, T (t)x〉| ≥ ε}.

Óòâåðæäåíèÿ ñëåäñòâèÿ (1) è (2) áûëè ïîëó÷åíû â [1] (òåîðåìû 4.6.3(i) è 4.6.4)
â ïðåäïîëîæåíèÿõ, ÷òî ïîëóãðóïïà îãðàíè÷åíà è òîãî, ÷òî ω0 ≥ 0.

Åñëè ãðàíèöà ñïåêòðà äîñòèãàåòñÿ, òî x ìîæíî âûáðàòü ¾áåñêîíå÷íî ãëàä-
êèì¿:

Òåîðåìà 2.. Ïðåäïîëîæèì, ÷òî s(A) ≥ 0 (iR+s)∩σ(A) 6= ∅. Òîãäà ñóùåñòâóþò
x′ ∈ X ′, x ∈ D(A∞), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôåäå-
ðàöèè (ãðàíò ÍØ�5682.2008.1) è èíòåãðàöèîííîãî ïðîåêòà ÑÎ ÐÀÍ � 30 çà 2009�2011
ãã.
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Â äàííîé ðàáîòå ñ êàæäûì ÷àñòè÷íî óïîðÿäî÷åííûì ìíîæåñòâîì (×ÓÌ) àñ-
ñîöèèðóåòñÿ íèæíÿÿ ïîëóðåøåòêà, íà êîòîðîé çàäàåòñÿ òîïîëîãèÿ Ãðîòåíäèêà τ
[1�4]. Ïîêàçûâàåòñÿ, ÷òî τ -ðàçìåðíîñòü àñîöèèðîâàííîé ïîëóðåøåòêè ñîâïàäàåò
ñ äëèíîé ×ÓÌ. Äîêàçûâàåòñÿ, ÷òî τ -êîãîìîëîãèè Ãðîòåíäèêà è Àëåêñàíäðîâà�
×åõà èçîìîðôíû è äàåòñÿ êîãîìîëîãè÷åñêàÿ õàðàêòåðèñòèêà τ -ðàçìåðíîñòè, à
çíà÷èò è äëèíû ×ÓÌ.

Ïóñòü (E,≤) � ×ÓÌ. Ãîâîðÿò, ÷òî äëèíà (øèðèíà) ×ÓÌ ðàâíà n, åñëè ñó-
ùåñòâóåò öåïü (àíòèöåïü), ñîäåðæàùàÿ n+ 1 ýëåìåíò, è íåò öåïè (àíòèöåïè), ñî-
äåðæàùåé áîëüøåå êîëè÷åñòâî ýëåìåíòîâ. Ìíîæåñòâî âñåõ öåïåé â (E,≤) áóäåì
îáîçíà÷àòü C(E,≤) èëè ïðîñòî C(E). ×åðåç ìíîæåñòâî PC(E) áóäåì îáîçíà÷àòü
ìíîæåñòâî âñåõ ïîäìíîæåñòâ C(E). Î÷åâèäíî, ÷òî ìíîæåñòâî PC(E) ÿâëÿåòñÿ
ðåøåòêîé îòíîñèòåëüíî îïåðàöèé ∩ è ∪.

Ââåäåì òîïîëîãèþ Ãðîòåíäèêà τ íà PC(E). Îïðåäåëèì êëàññ τ(a), ïîëàãàÿ
α = {ai ∈ PC(E) | i ∈ I} ∈ τ(a) â òîì è òîëüêî òîì ñëó÷àå, êîãäà {Ca∪b | b ⊆ a} ≺
α è ai ≤ a äëÿ ëþáîãî i ∈ I. ×åðåç βE áóäåì îáîçíà÷àòü {Cae | e ∈ E}. ×åðåç βE
áóäåì îáîçíà÷àòü {Cae | e ∈ E}.

Åñëè K � íèæíÿÿ ïîëóðåøåòêà ñ íóëåì, òî êðàòíîñòüþ êðα ñåìåéñòâà α =
{ai ∈ K|i ∈ I} íàçûâàåòñÿ ìèíèìàëüíîå öåëîå ÷èñëî n òàêîå, ÷òî åñëè ìîù-
íîñòü ìíîæåñòâà σ ⊆ I áîëüøå n, òî ∩{ai | i ∈ σ} = ∅. ×èñëî n íàçûâàåòñÿ
τ -ðàçìåðíîñòüþ a [2, 3], åñëè â êàæäîå τ -ïîêðûòèå ìîæíî âïèñàòü τ -ïîêðûòèå
a êðàòíîñòè ≤ n+ 1, è èìååòñÿ τ -ïîêðûòèå a êðàòíîñòè n+ 1, â êîòîðîå íåëüçÿ
âïèñàòü τ -ïîêðûòèå a ìåíüøåé êðàòíîñòè.

Åñëè (E,≤) � ×ÓÌ, τ � òîïîëîãèÿ Ãðîòåíäèêà íà PC(E), a ∈ PC(E), òî
τ -ðàçìåðíîñòü ýëåìåíòà a áóäåì îáîçíà÷àòü, ÷åðåç τDima. ×èñëî τDimC(E) íà-
çîâåì τ -ðàçìåðíîñòüþ ×ÓÌ (E,≤). Åñëè α = {ai ∈ PC(E)|i ∈ I} ∈ τ(a), òî êðàò-
íîñòüþ êðcα ñåìåéñòâà α â c ∈ C(E) íàçîâåì ìîùíîñòü ìíîæåñòâà {i ∈ I | c ∈ ai}.

Òåîðåìà 1. Äëÿ ×ÓÌ (E,≤) ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
1) äëèíà (E,≤) ðàâíà n;
2) τDimC(E) = n;
3) êðβE = n+ 1.
Äëÿ ×ÓÌ (E,≤) îïðåäåëèì êîãîìîëîãè÷åñêóþ ðàçìåðíîñòü ýëåìåíòà a ∈

PC(E) ñëåäóþùèì îáðàçîì:

cτDa ≤ n⇔ Ĥn+k
τ (a,A) = 0 äëÿ ëþáûõ ïðåäïó÷êîâ A è k > 0.

Òåîðåìà 2. Åñëè (E,≤) � ×ÓÌ, òî ñóùåñòâóåò ïðåäïó÷îê A íà PC(E) òàêîé,
÷òî Hn(βE ,A) 6= 0 è τDimC(E) = cτDC(E).

ËÈÒÅÐÀÒÓÐÀ
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ÑÀÌÎÏÎÄÎÁÍÛÅ ÔÐÀÊÒÀËÛ Â
ÒÎÏÎËÎÃÈ×ÅÑÊÈÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

SELF-SIMILAR FRACTALS IN TOPOLOGICAL SPACES

Òåòåíîâ À.Â.

Ãîðíî-Àëòàéñêèé ãîñóíèâåðñèòåò, Ãîðíî-Àëòàéñê, Ðîññèÿ; atet@mail.ru

Îïðåäåëåíèå 1. Ïóñòü X � õàóñäîðôîâî òîïîëîãè÷åñêîå ïðîñòðàíñòâî, à G
� ïîëóãðóïïà íåïðåðûâíûõ îòîáðàæåíèé g : X → X. Ãîâîðÿò, ÷òî G îáëàäàåò
ñâîéñòâîì (P), åñëè äëÿ íåêîòîðîãî çàìêíóòîãî ïîäìíîæåñòâà P ⊂ X, G(P ) ⊂ P
è äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè g1, g2, . . . ∈ G ïîñëåäîâàòåëüíîñòü ïîäìíîæåñòâ
g1 · g2 · . . . · gn(P ) ñõîäèòñÿ ê îäíîòî÷å÷íîìó ìíîæåñòâó.

Ãîâîðÿò, ÷òî íà êîìïàêòíîì òîïîëîãè÷åñêîì ïðîñòðàíñòâå K çàäàíà ñàìî-
ïîäîáíàÿ ñòðóêòóðà, åñëè íà K äåéñòâóåò êîíå÷íî-ïîðîæäåííàÿ îáëàäàþùàÿ
ñâîéñòâîì (P) ïîëóãðóïïà G íåïðåðûâíûõ èíúåêòèâíûõ îòîáðàæåíèé g : K → K
òàêàÿ, ÷òî G(K) = K.

Òåîðåìà 1. Ïóñòü X � õàóñäîðôîâî òîïîëîãè÷åñêîå ïðîñòðàíñòâî. Ïóñòü
G � êîíå÷íîïîðîæäåííàÿ ïîëóãðóïïà íåïðåðûâíûõ èíúåêòèâíûõ îòîáðàæåíèé
g : X → X ñ íàáîðîì ïîðîæäàþùèõ S = {S1, . . . , Sm}, óäîâëåòâîðÿþùàÿ óñëî-
âèþ (P). Òîãäà îïåðàòîð T : C(X) → C(X), êîòîðûé îïðåäåëÿåòñÿ ðàâåíñòâîì

T (A) =
m⋃
i=1

Si(A) èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó K ∈ C(X), è äëÿ ëþ-

áîãî íåïóñòîãî A ⊂ X, ïîñëåäîâàòåëüíîñòü Tn(A) ñõîäèòñÿ ê òîïîëîãè÷åñêîìó
ïðåäåëó K. Ïðè ýòîì ìíîæåñòâî K åñòü åäèíñòâåííîå êîìïàêòíîå ïîäìíîæåñòâî
â X òàêîå, ÷òî G(K) = K.

Íàìè ïîñòðîåíû ïðèìåðû ïîëóãðóïï, äåéñòâóþùèõ â íåìåòðèçóåìûõ òîïîëî-
ãè÷åñêèõ ïðîñòðàíñòâàõ, óäîâëåòâîðÿþùèõ óñëîâèþ (P).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 09�01�90202).

ËÈÒÅÐÀÒÓÐÀ
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ÍÅËÈÍÅÉÍÀß ÏÐÎÄÎËÆÈÌÎÑÒÜ
ÁÈËÈÏØÈÖÅÂÛÕ ÎÒÎÁÐÀÆÅÍÈÉ

NONLINEAR EXTENDABILITY OF BI-LIPSCHITZ MAPS

Òðîöåíêî Ä.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
trotsenk@math.nsc.ru

Â [1] Þ.Ã. Ðåøåòíÿê äîêàçàë, ÷òî ëþáîå (1 + ε)-êâàçèêîíôîðìíîå îòîáðàæå-
íèå f : U → Rn îáëàñòè U ⊂ Rn (n > 2), óäîâëåòâîðÿþùåé óñëîâèþ Ô.Äæîíà,
ïðè äîñòàòî÷íî ìàëûõ ε > 0 àïïðîêñèìèðóåòñÿ ì¼áèóñîâûì îòîáðàæåíèåì ñ òî÷-
íîñòüþ Cε diamU . Ñâîéñòâî àïïðîêñèìèðóåìîñòè ñòàíäàðòíûìè îòîáðàæåíèÿìè
(èçîìåòðèÿìè, ïîäîáèÿìè, ìåáèóñîâûìè îòîáðàæåíèÿìè) � âàæíåéøåå â çàäà÷àõ
óñòîé÷èâîñòè è ïðîäîëæèìîñòè îòîáðàæåíèé. Îíî ïîâëåêëî çà ñîáîé ðÿä âàæ-
íûõ ðåçóëüòàòîâ. Ìîæíî îòâëå÷üñÿ îò äèôôåðåíöèàëüíûõ ñâîéñòâ îòîáðàæåíèé,
èñïîëüçóÿ àïïðîêñèìèðóåìîñòü ïðè îïðåäåëåíèè êëàññîâ îòîáðàæåíèé.

Ìíîæåñòâî A ⊂ Rn ñ÷èòàåì îáëàäàþùèì ñâîéñòâîì (δ(ε), ε0)-ïðîäîëæèìîñòè
áèëèïøèöåâûõ (BL) îòîáðàæåíèé, åñëè ëþáîå (1+ε)-BL îòîáðàæåíèå f : A→ Rn

ïðè ε ≤ ε0 ïðîäîëæàåòñÿ äî (1 + δ(ε))-BL îòîáðàæåíèÿ F : Rn → Rn. Êëàññ ïîä-
ìíîæåñòâ Rn, îáëàäàþùèõ ñâîéñòâîì (δ(ε), ε0)-ïðîäîëæèìîñòè, îáîçíà÷èì ÷åðåç
Un(δ(ε), ε0). Êëàññû ïîäìíîæåñòâ ïëîñêîñòè, îáëàäàþùèõ ëèíåéíûì ñâîéñòâîì
ïðîäîëæèìîñòè, òî åñòü êëàññû U2(Cε, ε0), îïèñàíû â [3]. Çäåñü ìû óêàæåì äâà
ïîäõîäà ê èññëåäîâàíèþ äðóãèõ êëàññîâ.

Òåîðåìà 1. Íàéäóòñÿ ε0 > 0 è C0 < ∞ òàêèå, ÷òî êëàññû U2(δ(ε), ε0) íå
ñîâïàäàþò íè äëÿ êàêèõ ðàçëè÷íûõ ìîíîòîííî íåóáûâàþùèõ ïîëîæèòåëüíûõ
íåïðåðûâíûõ ôóíêöèé δ(ε) ≥ C0

√
ε.

Íåâîçìîæíîñòü ïðîäîëæèòü îòîáðàæåíèå è îáèëèå êëàññîâ âûçâàíî òåì, ÷òî
èçîìåòðèè, àïïðîêñèìèðóþùèå äàííîå îòîáðàæåíèå íà ðàçíûõ øàðàõ, ìîãóò
èìåòü ïðîòèâîïîëîæíóþ îðèåíòàöèþ, ÷åãî íå äîïóñêàåò îòîáðàæåíèå âñåãî ïðî-
ñòðàíñòâà. Àíàëîãè÷íî óñëîâèþ ïîëîæèòåëüíîñòè ÿêîáèàíà ïðè îïðåäåëåíèè êâà-
çèðåãóëÿðíûõ îòîáðàæåíèé, åñòåñòâåííî íàëîæèòü óñëîâèå îäèíàêîâîé îðèåíòè-
ðîâàííîñòè àïïðîêñèìèðóþùèõ îòîáðàæåíèé. Òàêîå ñóæåíèå êëàññà îòîáðàæå-
íèé ïðèíöèïèàëüíî ìåíÿåò ñèòóàöèþ.

Îïðåäåëåíèå. (1 + ε)-BL îòîáðàæåíèå íàçîâåì îðèåíòèðîâàííûì, åñëè âñå
àïïðîêñèìèðóþùèå èçîìåòðèè ìîæíî âûáðàòü îäèíàêîâî îðèåíòèðîâàííûìè.

Èç [3] ñëåäóåò, ÷òî ëèíåéíîå ñâîéñòâî ïðîäîëæèìîñòè îáåñïå÷èâàåò îäèíàêî-
âóþ îðèåíòàöèþ âñåõ àïïðîêñèìèðóþùèõ îòîáðàæåíèé.

Òåîðåìà 2. Íàéäóòñÿ ε0 > 0 è C <∞ òàêèå, ÷òî äëÿ ïðîèçâîëüíûõ A ⊂ R2 è
ïðîèçâîëüíîãî îðèåíòèðîâàííîãî (1+ε)-BL îòîáðàæåíèÿ ïðè ε ≤ ε0 íàéäåòñÿ åãî
ïðîäîëæåíèå F : R2 → R2, F |A= f , ÿâëÿþùååñÿ (1 + δ(ε))-BL ïðè δ(ε) = C

ln(1/ε) .

Îöåíêà òî÷íà.
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ÍÅÓËÓ×ØÀÅÌÛÅ ÂËÎÆÅÍÈß ÂÅÑÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂ ÑÎÁÎËÅÂÀ ÍÀ ÀÍÈÇÎÒÐÎÏÍÛÕ

ÍÅÐÅÃÓËßÐÍÛÕ ÎÁËÀÑÒßÕ

UNIMPROVABLE EMBEDDING OF WEIGHTED
SOBOLEV SPACES ON ANISOTROPIC IRREGULAR

DOMAINS

Òðóøèí Á.È.

Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò (ãîñóäàðñòâåííûé óíèâåðñèòåò),
Äîëãîïðóäíûé, Ðîññèÿ; trushinbv@gmail.com

Â ðàáîòå ââåäåí íîâûé êëàññ îáëàñòåé � îáëàñòè ñ λ-àíèçîòðîïíûì óñëîâèåì
ãèáêîãî σ-êîíóñà � êîòîðûé, ïî ñóòè, ÿâëÿåòñÿ äåòàëèçàöèåé êëàññà îáëàñòåé
ñ óñëîâèåì ãèáêîãî σ-êîíóñà. Îäíàêî, ýòà äåòàëèçàöèÿ ïîçâîëÿåò ñóùåñòâåííî
óñèëèòü èçâåñòíûå ðàíåå ðåçóëüòàòû î íåïðåðûâíîñòè è êîìïàêòíîñòè âåñîâîãî
âëîæåíèÿ ïðîñòðàíñòâà Ñîáîëåâà â ïðîñòðàíñòâî Ëåáåãà.

Äëÿ ââåäåííîãî êëàññà îáëàñòåé ïîñòðîåíà òåîðèÿ âåñîâûõ âëîæåíèé ïðî-
ñòðàíñòâ Ñîáîëåâà â ïðîñòðàíñòâà Ëåáåãà è â ïðîñòðàíñòâî íåïðåðûâíûõ ôóíê-
öèé ñî ñòåïåííûìè âåñàìè.

Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ êîìïàêòíîñòè èçó÷åííûõ âëîæåíèé â ñëó-
÷àå ïî÷òè ñòåïåííûõ âåñîâ.

Â íåâåñîâîì ñëó÷àå ïðè s = 1 äîêàçàíî, ÷òî âëîæåíèå ïðîñòðàíñòâà Ñîáîëåâà
â ïðîñòðàíñòâî Ëåáåãà íåâîçìîæíî íè ïðè êàêèõ ïàðàìåòðàõ ñóììèðóåìîñòè,
åñëè îáëàñòü èìååò ¾íóëåâûå óãëû¿ áîëåå ÷åì ñòåïåííîãî ïîðÿäêà âûðîæäåíèÿ.

Äëÿ âñåõ ïîëó÷åííûõ ðåçóëüòàòîâ äîêàçàíà èõ íåóëó÷øàåìîñòü íà ðàññìàò-
ðèâàåìîì êëàññå îáëàñòåé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (� 08�01�00443), ãðàíòà Ïðåçèäåíòà ÐÔ ¾Âåäóùèå íàó÷íûå øêîëû¿ (� ÍØ�

3810.2008.1), ÀÂÖÏ ¾Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû¿ (� 2.1.1/1662).
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ÊÐÈÂÈÇÍÀ ÐÈ××È ÍÅÓÍÈÌÎÄÓËßÐÍÛÕ
ÐÀÇÐÅØÈÌÛÕ ÌÅÒÐÈ×ÅÑÊÈÕ ÀËÃÅÁÐ ËÈ ÌÀËÎÉ

ÐÀÇÌÅÐÍÎÑÒÈ

THE RICCI CURVATURE OF NON-UNIMODULAR
SOLVABLE METRIC LIE ALGEBRAS OF LOW

DIMENSIONS

×åáàðûêîâ Ì.Ñ.

Ðóáöîâñêèé èíäóñòðèàëüíûé èíñòèòóò (ôèëèàë) ÃÎÓ ÂÏÎ Àëòàéñêèé
ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. È.È.Ïîëçóíîâà, Ðóáöîâñê,

Ðîññèÿ; Chebarikov@yandex.ru

Îäíîé èç âàæíûõ ïðîáëåì òåîðèè îäíîðîäíûõ ðèìàíîâûõ ìíîãîîáðàçèé ÿâ-
ëÿåòñÿ çàäà÷à îïðåäåëåíèÿ âîçìîæíûõ çíà÷åíèé ñèãíàòóðû êðèâèçíû Ðè÷÷è èí-
âàðèàíòíûõ ìåòðèê íà çàäàííîì îäíîðîäíîì ïðîñòðàíñòâå.

Õîðîøî èçâåñòåí ðÿä ïðèíöèïèàëüíûõ ðåçóëüòàòîâ â ýòîì íàïðàâëåíèè, â
÷àñòíîñòè, ñôîðìóëèðîâàííàÿ çàäà÷à ïîëíîñòüþ ðåøåíà äëÿ îäíîðîäíûõ ïðî-
ñòðàíñòâ ðàçìåðíîñòè ≤ 4 (ñì. ðàáîòû [1,2] è ïðîöèòèðîâàííûå â íèõ èñòî÷íèêè).
Íàïðèìåð, Äæ. Ìèëíîð â ðàáîòå [3] îïðåäåëèë âîçìîæíûå ñèãíàòóðû îïåðàòîðà
Ðè÷÷è ëåâîèíâàðèàíòíûõ ðèìàíîâûõ ìåòðèê íà âñåõ ãðóïïàõ Ëè ðàçìåðíîñòè
≤ 3. Â ñòàòüÿõ [1] è [2] À.Ã. Êðåìëåâ è Þ.Ã. Íèêîíîðîâ ïîëó÷èëè àíàëîãè÷íûé
ðåçóëüòàò äëÿ ãðóïï Ëè ðàçìåðíîñòè 4.

Èññëåäîâàíèå ëåâîèíâàðèàíòíûõ ðèìàíîâûõ ìåòðèê íà ãðóïïàõ Ëè óäîáíî
ïðîèçâîäèòü â òåðìèíàõ ìåòðè÷åñêèõ àëãåáð Ëè, ÷åì ìû è ïîëüçóåìñÿ.

Àâòîðû ðàáîòû [2] ïîêàçàëè â ÷àñòíîñòè, ÷òî îïåðàòîð Ðè÷÷è ïðîèçâîëüíîé
íåóíèìîäóëÿðíîé ðàçðåøèìîé ìåòðè÷åñêîé àëãåáðû Ëè ðàçìåðíîñòè ≤ 4 èìååò
êàê ìèíèìóì äâà îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèÿ. Â ýòîé æå ðàáîòå áû-
ëà âûäâèíóòà ãèïîòåçà î òîì, ÷òî òåì æå ñâîéñòâîì îáëàäàåò îïåðàòîð Ðè÷÷è
íåóíèìîäóëÿðíîé ðàçðåøèìîé ìåòðè÷åñêîé àëãåáðû Ëè ïðîèçâîëüíîé ðàçìåðíî-
ñòè. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ÷àñòè÷íîìó ïîäòâåðæäåíèþ ýòîé ãèïîòåçû, à
èìåííî, ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1.Ïóñòü s− íåóíèìîäóëÿðíàÿ ðàçðåøèìàÿ àëãåáðà Ëè èìååò ïðîèç-
âîäíóþ àëãåáðó n = [s, s] ðàçìåðíîñòè ≤ 5. Òîãäà äëÿ ïðîèçâîëüíîãî ñêàëÿðíîãî
ïðîèçâåäåíèÿ Q íà s îïåðàòîð Ðè÷÷è ìåòðè÷åñêîé àëãåáðû Ëè (s, Q) èìååò ïî
êðàéíåé ìåðå äâà îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèÿ.

Òåîðåìà 2. Ïóñòü s − íåóíèìîäóëÿðíàÿ ðàçðåøèìàÿ àëãåáðà Ëè ðàçìåðíî-
ñòè ≤ 6. Òîãäà äëÿ ïðîèçâîëüíîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ Q íà s îïåðàòîð
Ðè÷÷è ìåòðè÷åñêîé àëãåáðû Ëè (s, Q) èìååò ïî êðàéíåé ìåðå äâà îòðèöàòåëüíûõ
ñîáñòâåííûõ çíà÷åíèÿ.
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ÀÁÑÎËÞÒÍÛÉ ω-ÐÅÒÐÀÊÒ ÎÁËÀÄÀÅÒ
ÑÂÎÉÑÒÂÎÌ ÍÅÏÎÄÂÈÆÍÎÉ ÒÎ×ÊÈ

AN ABSOLUTE ω-RETRACT POSSESSES THE FIXED
POINT PROPERTY

×åðíèêîâ Ï.Â.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

Çàìêíóòîå ïîäìíîæåñòâî A áèêîìïàêòà X íàçûâàåòñÿ ω-ðåòðàêòîì X, åñëè
äëÿ âñÿêîãî îòêðûòîãî ïîêðûòèÿ α ìíîæåñòâà A ñóùåñòâóåò òàêîå íåïðåðûâíîå
îòîáðàæåíèå rα : X → A, ÷òî îòîáðàæåíèÿ rα|A è idA α-áëèçêè.

Áèêîìïàêò Y íàçûâàåòñÿ àáñîëþòíûì ω-ðåòðàêòîì, åñëè âñÿêîå çàìêíóòîå
ïîäìíîæåñòâîA ëþáîãî áèêîìïàêòàX, ãîìåîìîðôíîå Y , ÿâëÿåòñÿ ω-ðåòðàêòîìX.

Òåîðåìà. Åñëè áèêîìïàêò X ÿâëÿåòñÿ àáñîëþòíûì ω-ðåòðàêòîì, òî ëþáîå
íåïðåðûâíîå îòîáðàæåíèå f : X → X èìååò íåïîäâèæíóþ òî÷êó.

Ñôîðìóëèðîâàííàÿ òåîðåìà îáîáùàåò òåîðåìó 4.1 èç [1], ñîãëàñíî êîòîðîé
ìåòðèçóåìûé àáñîëþòíûé ω-ðåòðàêò îáëàäàåò ñâîéñòâîì íåïîäâèæíîé òî÷êè.
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SURFACE WAVES OF MINIMAL SMOOTHNESS IN
CONFORMAL VARIABLES
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Â ðàáîòå ðàññìàòðèâàþòñÿ íåëèíåéíûå ýâîëþöèîííûå óðàâíåíèÿ, îïèñûâà-
þùèå äèíàìêó èäåàëüíîé æèäêîñòè ñî ñâîáîäíîé ïîâåðõíîñòüþ â êîíôîðìíûõ
ïåðåìåííûõ. Ýòè óðàâíåíèÿ ýêâèâàëåíòíû ïëîñêîé ñèñòåìå óðàâíåíèé Ýéëåðà
â ñëó÷àå ïîòåíöèàëüíîãî òå÷åíèÿ. Èñïîëüçîâàíèå êîíôîðìíûõ ïåðåìåííûõ ïîç-
âîëÿåò ïîëó÷èòü óðàâíåíèÿ, êîòîðûå ÿâëÿþòñÿ î÷åíü ýôôåêòèâíûìè êàê äëÿ
òåîðåòè÷åñêîãî àíàëèçà, òàê è äëÿ ïðîâåäåíèÿ ÷èñëåííûõ ðàñ÷åòîâ.

Ïðèìåíåíèå êîíôîðìíûõ ïðåîáðàçîâàíèé â çàäà÷àõ ñî ñâîáîäíîé ãðàíèöåé
ïîçâîëÿåò îïèñûâàòü ïîâåðõíîñòíûå âîëíû ìèíèìàëüíîé ãëàäêîñòè (ñâîáîäíàÿ
ïîâåðõíîñòü äîëæíà áûòü ëèøü êðèâîé Æîðäàíà). Äëÿ ýòîãî â ðàáîòå èñïîëüçó-
þòñÿ ñïåöèàëüíûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà àíàëèòè÷åñêèõ ôóíêöèé. Ââî-
äèòñÿ ïîíÿòèå ôîðìàëüíûõ è ôèçè÷åñêèõ ðåøåíèé. Äîêàçàíî, ÷òî ôèçè÷åñêèå
ðåøåíèÿ âñåãäà ÿâëÿþòñÿ è ôîðìàëüíûì ðåøåíèÿ, äëÿ êîòîðûõ ñóùåñòâóþò ðå-
çóëüòàòû î åäèíñòâåííîé ðàçðåøèìîñòè íà ëþáîì âðåìåííîì èíòåðâàëå. Òàêèì
îáðàçîì, ðåøåíèÿ, îïèñûâàþùèå äèíàìèêó ïîâåðõíîñòíûõ âîëí èäåàëüíîé æèä-
êîñòè, ñóùåñòâóþò âïëîòü äî ìîìåíòà íàðóøåíèÿ óñëîâèé ¾ôèçè÷íîñòè¿, ò. å. äî
íàðóøåíèÿ íåïðåðûâíîñòè èëè âîçíèêíîâåíèÿ ñàìîïåðåñå÷åíèé.

Ïîëó÷åííûå ðåçóëüòàòû èñïîëüçóþòñÿ ïðè ìîäåëèðîâàíèè ïîâåðõíîñòíûõ âîëí
ýêñòðåìàëüíîé àìïëèòóäû, òàê íàçûâàåìûõ âîëí-óáèéö â îêåàíå.
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ËÎÊÀËÜÍÀß ÑËÛØÈÌÎÑÒÜ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÉ
ÌÅÒÐÈÊÈ

LOCAL AUDIBILITY OF A HYPERBOLIC METRIC
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Ðèìàíîâà ìåòðèêà g íà êîìïàêòíîì ìíîãîîáðàçèè áåç êðàÿ íàçûâàåòñÿ ëî-
êàëüíî ñëûøèìîé, åñëè äëÿ äîñòàòî÷íî áëèçêèõ ê íåé ìåòðèê g′ ñïðàâåäëèâî
óòâåðæäåíèå: èçîñïåêòðàëüíîñòü ìåòðèê g è g′ âëå÷åò èõ èçîìåòðè÷íîñòü. Äîêà-
çàíà ëîêàëüíàÿ ñëûøèìîñòü ëîêàëüíî ñèììåòðè÷åñêîé ìåòðèêè îòðèöàòåëüíîé
ñåêöèîííîé êðèâèçíû.
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PARAMETRIC ARGUMENT PRINCIPLE AND TESTING
CR FUNCTIONS AND MANIFOLDS ON CURVES

Agranovsky M. L.

Bar-Ilan University, Ramat-Gan, Israel; agranovs@macs.biu.ac.il

The classical argument principle implies that if a function, holomorphic in the
unit dics ∆ and smooth up to its boundary, maps the unit circle to a homologically
trivial loop, then the function is constant. Analogous result holds for holomorphic
mappings from ∆ ito Cn. We �nd a parametric version of this fact, for varieties of
holomorphic mappings from ∆ to Cn, or more generally, to a Stein manifold. Condi-
tions for these varieties are found, under which homological triviality of the boundary
image implies dimensional collapse of the image of the interior. We show how this
parametric argument principle leads to solution, in generic case, of known problems
on characterization of holomorphic and CR functions by moment conditions on fam-
ilies of curves (strip-problem, Globevnik-Stout conjecture), which till recently were
solved only in special cases. Moreover, we solve more general problem of estimating
from below, in terms of zero complex moments on families of curves, of the dimensions
of complex tangent subbundles of real manifolds in Cn. The solutions of the above
problems about functions correspond to the case when the manifolds are graphs.
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NEW APPROACH TO NONSTANDARD PROBLEMS OF
INTEGRAL GEOMETRY AND DIFFERENTIAL

EQUATIONS

Anikonov D. S.

Sobolev Institute of Mathematics of SB RAS, Novosibirsk, Russia;
anik@math.nsc.ru

It is considered a complex relationship between known and unknown data. The
main idea in the approach consists in separation a simple part from the complex ex-
pression and determination of a part of unknown information at least. Other parts of
unknown information may be analyzed further (or never, if it is unimportant or too
di�cult). First this approach was used for one inverse problem for the transport equa-
tion [1] and further was developed in [2,3]. Generally speaking the pointed separation
can be realized by various methods on the base of di�erent properties of di�erent parts
of the given relationship. In the examples in this paper this procedure is provided by
separation bounded and unbounded parts from the given relationship. Particularly,
let us consider an usual situation in integral geometry when an unknown function is
integrated over a straight line passing in every direction through an arbitrary point be-
longing to a bounded domain in n-dimensional space. The function under the integral
may be multiplied with a known weight function depending on points of the domain
and additionally on the variables describing the straight lines. The traditional setting
of a problem of integral geometry consists in determination of the unknown part of the
integrand by the given integrals. This problem is rather important for many problems
of di�erential equations, particularly, for inverse problems. However, the obtained re-
sults concern with only certain special cases containing speci�c restrictions generated
by used methods of investigation. A new approach indicated in the title for a similar
problem is the following. Let the integrand is an unknown function which depends on
the points of the domain and on the variables characterizing the straight lines. Let
this function has nonzero jumps with respect to points of the domain on some surfaces
within the same domain. The new setting of the problem consists in determination of
the surfaces of discontinuity of the integrand by the given integrals. Thus, only a part
of unknown information is sought for. Just such a setting of the problem proved to be
fruitful for research. The problem was reduced to investigation of a singular integral
equation of an inde�nite type. By using of unboundedness of singular integrals the
theorem of uniqueness for such a problem of integral geometry was proved without
any speci�c restrictions [4,5]. Also the similar theorem was proved for the singular
integral equation. The obtained results of integral geometry are easily generalized for
cases when integrating is produced over unknown pencils of lines or sets of curves.
Perhaps this approach has wide prospects at least for integral geometry and inverse
problems of di�erential equations.
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We study δ-homogeneous Riemannian manifolds, which can be considered as a
nearest metric generalization of normal homogeneous spaces. A general de�nition of
δ-homogeneity may be applied to an arbitrary metric space: a metric space (M,ρM )
is δ-homogeneous if for any two points x and y from M , there exists an isometry f
of the space M onto itself which moves x to y and has the maximal displacement at
the point x (this means that f(x) = y and ρM (x, f(x)) ≥ ρM (z, f(z)) for all points
z ∈ M) [1]. Let us indicate some general properties of δ-homogeneous Riemanni-
an manifold, which have been discussed in [2] and proven in [3]. Any such manifold
has nonnegative sectional curvature and is a direct metric product of an Euclidean
space and compact indecomposable δ-homogeneous Riemannian manifolds (with pos-
sible omission of the mentioned factors). Conversely, any direct metric product of
δ-homogeneous Riemannian manifolds is δ-homogeneous. Any locally isometric (par-
ticularly, universal) covering of every δ-homogeneous Riemannian manifold is itself
δ-homogeneous. It follows from these results that the study of δ-homogeneous spaces
mainly (even not entirely) reduces to the case of indecomposable compact simply
connected manifolds. Omitting details, the most important result of the paper [3] is
the following: δ-homogeneous Riemannian manifolds form a new proper subclass of
geodesic orbit spaces with non-negative sectional curvature, which properly includes
the class of all normal homogeneous Riemannian manifolds. Recall that a smooth
Riemannian manifold is geodesic orbit (g.o.) if any its geodesic is an orbit of some
one-parameter group of isometries; normal homogeneous Riemannian manifolds are
well known and classi�ed.

The following theorem is a highly non-trivial continuation and an application of
previous results (see the full text in the preprint [4]).

Theorem. A Riemannian manifold is compact simply connected indecomposable
δ-homogeneous, non-normal homogeneous, and has positive Euler characteristic if
and only if it is a generalized �ag manifolds Sp(l)/U(1) · Sp(l − 1) = CP 2l−1, l ≥ 2,
supplied with invariant Riemannian metrics of positive sectional curvature with a
pinching constant (the ratio of the minimal sectional curvature to the maximal one)
in the open interval (1/16, 1/4).

Remark. This implies very unusual geometric properties of the adjoint represen-
tation of Sp(l), l ≥ 2, [4].
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We deal with Matveev complexity of compact orientable 3-manifolds represented
via Heegaard diagrams. This lead us to the de�nition of modi�ed Heegaard complex-
ity of Heegaard diagrams and of manifolds. We de�ne a class of manifolds which are
generalizations of Dunwoody manifolds, including cyclic branched coverings of two-
bridge knots and links, torus knots, some pretzel knots, and some theta-graphs. Using
modi�ed Heegaard complexity, we obtain upper bounds for their Matveev complex-
ity, which linearly depend on the order of the covering. Moreover, using homology
arguments we obtain lower bounds.
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We study the existence of normal surfaces in various triangulated 3-manifolds.
When the manifold is bounded here we actually talk about ideal triangulations. A
normal surface in a triangulated 3-manifold is a surface intersecting each tetrahedron
in triangles and squares. A normal surface is trivial when it is made only of triangles.

A connection between normal surfaces and Turaev�Viro invariants was noted in [1].
We use here a nice version of the homology-free 5th Turaev�Viro invariant, called the
t-invariant, due to Matveev, Ovchinnikov, and Sokolov [2], to prove the following
results [3].

Theorem 1. Every compact 3-manifold has only �nitely many triangulations
without non-trivial normal surfaces.

Actually, it turns out that such exceptional triangulations have a �xed number of
tetrahedra, depending only on the t-invariant of the manifold. Despite this fact, there
are plenty of triangulations without non-trivial normal surfaces: at least half of the
∼ 5000 minimal triangulations of hyperbolic manifolds with 6 4 tetrahedra are so.

Theorem 2. Every triangulation of any closed manifold except the minimal tri-
angulation T5,2 of the lens space L5,2 contains a non-trivial normal surface.

The �rst author was supported by the Russian Foundation for Basic Research (project

no. 07�01�96026).
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Let v be a �nite dimensional Euclidean vector space and G ⊂ GL(v) be a compact
group. We say thatG satis�es Semigroup Property (SP for short) if the family {Ôv}v∈v

of convex hulls of orbits Ov = Gv, v ∈ v, is a semigroup with respect to the Minkowski
addition of sets: A + B = {a + b : a ∈ A, b ∈ B}. The main result is the following
theorem.

Theorem. A compact linear group satis�es SP if and only if it is polar and its
Weyl group is a Coxeter group.

The group G is called polar if there exists a linear subspace a ⊆ v (which is said
to be a Cartan subspace) such that

(a) each orbit Ov, v ∈ v, meets a;

(b) for any v ∈ a, the tangent space tv = TvOv is orthogonal to a.

The Weyl group W is de�ned as the group {g ∈ G : ga = a} restricted to a; �Coxeter
group� means �a �nite linear group generated by re�ections in linear hyperplanes�.
In particular, if G is �nite, then SP holds if and only if G is a Coxeter group; if G
is connected then SP is true if and only if G is polar (since W is a Coxeter group
for connected polar G). The polar representations of connected compact groups are
known to be orbit equivalent to the isotropy representations of Riemannian symmetric
spaces.

Principal orbits of polar groups are precisely the homogeneous isoparametric sub-
manifolds. (A connected compact submanifold in the Euclidean space is called isopara-
metric if it has �at normal bundle and its principal curvatures with respect to a
parallel normal vector �eld are constant.) There is a characterization of these man-
ifolds, including non-homogeneous ones (which are not described yet), in terms of
singular Riemannian foliations admitting sections ([1]). G.Thorbergsson asked for
the following question: does a singular Riemannian foliation of a Euclidean space ad-
mit sections if and only if the convex hulls of the leaves is a semigroup with respect
to the Minkowski addition? We shall present some results on this problem.

A preliminary weaker version of the theorem above was partially proved in [3].
One parameter semigroups of sets in real vector spaces were described in [4]. In [2],
semigroups of sets were used as an essential tool for studying geometric properties of
topological groups.
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One of the important question in the theory of quasi-conformal mappings is to

construct quasi-conformal invariants, i.e.invariants of Riemannian manifolds which
are stable under quasiconformal mappings and can thus be used to distinguish non
quasiconformally equivalent manifolds. An important class of quasiconformal invari-
ants is based on the notion of conformal capacity or, equivalently, of moduli of curves
families. Another type of invariants are Royden algebras, Dirichlet space L1,n(M) of
all locally integrable functions with integrable in degree n = dimM weak gradients
and the space BMO(M) of functions with bounded mean oscillation. These algebraic
invariants are important from a theoretical viewpoint, but one cannot use the Roy-
den algebra, the Dirichlet space or the space BMO to quasiconformally distinguish
two concrete manifolds, because these invariant are not really computable. In the
present work, we describe a version of the de Rham complex adapted to quasiconfor-
mal geometry. This is a Banach di�erential graded algebra which is invariant under
quasiconformal mappings. We call this graded algebra the conformal de Rham com-
plex. We can then de�ne an associated cohomology: this conformal cohomology is
then obviously a quasiconformal invariant with potentially interesting applications. It
is not completely hopeless to try and compute this conformal cohomology. We give
some examples of computations. �
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Let F (x, z) ≥ 0, G(y, z) ≥ 0 for (x, y, z) ∈ [0, a]×[0, b]×[0, c] = Π. We continue our
studies of reconstruction of a measurable set A ⊂ Π from tomography type projection
data in the case when its characteristic function κ(x, y, z) satis�es the equations∫ a

0

κ(x, y, z) dx = G(y, z),
∫ b

0

κ(x, y, z) dy = F (x, z). (1)

F (x, z) and G(y, z) are directly connected with the Steiner symmetizations SY (A)
and SX(A) respectively. See [1] for encyclopedic overview of this domain of geometry.

Theorem 1. If the projection data F (x, z), G(y, z) satisfy the conditions:
1. F (x, z), G(y, z) are concave and their supports are convex;
2. Their Steiner symmetrizations commute SX(SY (A)) = SY (SX(A));
3. Functions G−1

+ (F−1
+ (F (x, z))− x), 0 < x < x0(z),

G−1
+ (x− F−1

− (F (x, z))), x0(z) < x < a, are concave,

and functions G−1
− (F−1

+ (F (x, z))− x), 0 < x < x0(z),
G−1
− (x− F−1

− (F (x, z))), x0(z) < x < a, are convex;
then the domain A is convex and is uniquely determined by (1).

Here G−1
− , F−1

+ etc denote for �xed z = z0 corresponding inverse functions of
concave functions F (x, z0), G(y, z0) on the segments of their monotonicity [0, x0(z0)],
[x0(z0), a]; F (x0(z0), z0) = maxx∈[0,a] F (x, z0). Following general approach described
in [2], we have taken here as small number of projections, as it was possible.

Let h1, h2 be support functions of convex bodies V1, V2 ⊂ R3 such that their
orthogonal projections onto any plane do not have SO(2)-symmetries. As in [2,3],
consider su�ciently dense δ-grid (ω, ψ) on the unit spherical bundle of S2 ⊂ R3.

Theorem 2. If for all unit vectors ω⊥ψ in this grid restrictions hω1 , h
ω
2 of the

functions h1, h2 to the planes P (ω)⊥ω satisfy the condition

hω2 (ψ) = hω1 (α(ω)ψ) + (ψ, b(ω)) + o(δ2)

for some rotations α(ω) in the plane P (ω) and for some parallel translations b(ω)⊥ω,
then the convex bodies V1, V2 can be done o(δ2/3)-closed either by a parallel transla-
tion, or by a central symmetry.

The work was partially supported by Leading Scienti�c Schools grant 8526.2006.1, by

ADS-Program of Development of Scienti�c Potential of Higher School, grant 2.1.1/3707, and
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Examining length scales of turbulence motion, we can see that some scales an-
alyzed are based on the use of Euclidian metric to measure a distance. However, it
is not so clear why we use Euclidian metric in turbulence to de�ne a length scale of
turbulent motion without taking into account the geometry of turbulent pattern. The
example, where we need a correction of (linear) length scale, is the use of Prandtl's
mixing-length scale lm in the problem of decaying �uid oscillations near a wall. In
this problem, a modi�cation of Prandtl's mixing-length scale is taken in the follow-
ing (nonlinear) form: lm = κr(1 − exp(−r/A)). Although the above example comes
from the theory of wall turbulent �ows, nevertheless this fact re�ects understanding
to make a correction of some (linear) length scales.

We observe that to study the geometry of turbulent pattern we need an additional
structure: the Riemannian metric. The novelty of our approach for the application in
turbulence is that we use the interaction between the shape deformation of a manifold
(a singled out �uid volume) equipped with a family of Riemannian metrics g(t) (length
scales of turbulent motion) and the evolution of these Riemannian metric g(t) in time.
That helps us to describe shape dynamics of a model manifold (a singled out �uid
volume) in terms of the deformation of g(t). This is conceptually similar to the Ricci
�ow ideas.

We demonstrate (in the simplest case) how to equip a model manifold (a singled
out �uid volume) by a Riemannian metric (length scales of turbulent motion) ex-
ploring a special form of the closure model for the von K�arm�an-Howarth equation
(this model holds for a wide range of well accepted turbulence theories for homo-
geneous isotropic turbulence). This enables us to equip a model manifold (a �uid
volume) by a family of Riemannian metrics (length scales of turbulent motion) which
depend on time. The metric constructed by this way takes the form of a round metric
d~z2 = dq2 + γ̃2(q, tc)dθ2 where γ̃ = qβDα

LL, α = 1/4, β = 9/2 and q = 2r1/2. We
show how the length scale of transverse displacements of �uid particles depends on
the structure function DLL and the correlation distance r.

To study explicitly the behavior of the Riemannian metric constructed, we use the
inviscid form of the von K�arm�an-Howarth equation which admits the two-parameter
Lie scaling subgroup. We show that one selfsimilar solution obtained coincides with
the element of Beltrami surface (or pseudo-sphere): a canonical surface of the constant
sectional curvature equals −1. Negativity of the curvature of Beltarmi surface means
a stochastic behavior of geodesic curves located on this surface.

This work supported by RFBR (� 07�01�00363) and partially by DFG.
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We prove Sobolev type integral representation formula on general Carnot groups.
We consider Carnot group G with strati�ed Lie algebra V = V1⊕ · · · ⊕ Vm, [V1, Vi] =
Vi+1, i = 1, . . . ,m − 1, [V1, Vm] = {0}, dimV1 = n. Let left-invariant vector �elds
X1, . . . , XN substitute a basis of Lie algebra V such that X1, . . . , Xn is a basis
of V1 and dimVi vector �elds form a basis of Vi for each i = 2, . . . ,m. Set σi
be the degree of the vector �eld Xi: σi = min{k | Xi ∈ Vk}. Lebesgue mea-
sure on RN is the bi-invariant Haar measure on G. We will consider coordinates
of the �rst type, that is x = (x1, . . . , xN ) = exp(

∑N
i=1 xiXi)(e). De�ne a quasi-

metric d∞(x, y) = supi=1,...,N{|(x−1y)i|1/σi}. Denote a ball in quasimetric d∞ by
Box(a, r) = {x : d∞(a, x) < r}.

To a multi-index I = (i1, . . . , il) ∈ {1, . . . , N}l it corresponds the di�erential

operator XI = Xi1 . . . Xil and the weight d(I) =
∑l
j=1 σij . By multi-index with

subindex h we will denote horizontal multi-index Ih = (i1, . . . , il) ∈ {1, . . . , n}l,
d(Ih) = l. A function f is said to be a polynomial on G if f(x) =

∑
I aIx

I where
all but �nitely many of the coe�cients aI vanish (here xI = xi1 · . . . · xil). For the
polynomial f , the (homogeneous) degree is said to be max{d(I) : aI 6= 0}.

Theorem. Let an integer l > 0. There is a number κ > 1 and a projection Pl−1

of the space L1(Box(e, 1)) to the space of polynomials of degree < l, such that for
every function u ∈ C∞(Box(e,κ)) the integral representation formula

u(x) = Pl−1u(x) +
∑

d(Ih)=l

∫
Box(e,κ)

XIhu(y)(KIh
(y−1x) + LIh

(y, x)) dy

holds for x ∈ Box(e, 1) where KIh
∈ C∞(G \ {e}), suppKIh

⊆ Box(e, 1),

|XJKIh
(x)| 6 Md(J)d∞(x, e)−l+d(J)+ν for any multi-index J,

and LIh
∈ C∞(G×G), suppLIh

(·, x) ⊆ Box(e,κ) for x ∈ Box(e, 1).
Using Riesz potentials we obtain coercive estimates for special di�erential opera-

tors, and Poincar�e inequality on John domains.
Theorem covers results of paper [1] in which integral representation formula was

obtained by di�erent method.

REFERENCES

1. Romanovskii N.N., �Integral representations and embedding theorems for functions de-
�ned on the Heisenberg groups Hn�, St. Petersbg. Math. J., 16, No. 2, 349�375 (2005).

134



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

CHARACTERISTIC SET OF SMOOTH CONTACT
MAPPINGS OF CARNOT MANIFOLDS

Karmanova M.B.

Sobolev Institute of Mathematics of SB RAS, Novosibirsk, Russia;
maryka@math.nsc.ru

We consider smooth contact mappings ϕ : M→ M̃ of Carnot manifolds. A smooth
manifold M of a topological dimension N is called a Carnot manifold if there exists a
subbundle HM ⊂ TM, dimHxM does not depend on x, and a collection of numbers
dimHxM = dimH1 < dimH2 < . . . < dimHM = N such that each point p ∈
M possesses a neighborhood U ⊂ M with a collection of C1-smooth vector �elds
X1, . . . , XN on U enjoying the following three properties. For each v ∈ U we have

(1) X1(v), . . . , XN (v) constitutes a basis of TvM;
(2) Hi(v) = span{X1(v), . . . , XdimHi(v)} is a subspace of TvM of a dimension

dimHi, i = 1, . . . ,M , where H1(v) = HvM;
(3)

[Xi, Xj ](v) =
∑

degXk≤degXi+degXj

cijk(v)Xk(v)

where the degree degXk equals min{m | Xk ∈ Hm};
(4) a quotient mapping [ ·, · ]0 : H1×Hj/Hj−1 7→ Hj+1/Hj induced by Lie brackets

is an epimorphism for all 1 ≤ j < M .
A sub-Riemannian quasimetric d∞ corresponding to this structure is de�ned as

d∞(x, y) = max
i=1,...,N

{|yi|
1

deg Xi }, where y = exp
( N∑
i=1

yiXi

)
(x).

The Hausdor� dimension of M with respect to d∞ equals ν = dimH1+
M∑
j=2

j(dimHj−

dimHj−1).
The main result is

Theorem 1 [2]. Suppose that ϕ : M→ M̃ is a smooth contact mapping of Carnot
manifolds. For the characteristic set

χ = {x ∈M : rankDϕ(x) = Ñ} ∩ {x ∈M : rank D̂ϕ(x) < Ñ},

where D̂ϕ is a sub-Riemannian di�erential [1], we have Hν−ν̃(ϕ−1(z) ∩ χ) = 0 for

almost all z ∈ M̃ .

As an application of this result, we obtain the sub-Riemannian coarea formula [1]
for all classes of smooth contact mappings of Carnot manifolds.
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This work considers Geometrical and Analytical aspects in a setting of arithmetic
provided by Observer's Mathematics (see www.mathrelativity.com). We prove that
Euclidean Geometry works in a su�ciently small neighborhood of the given line,
but when we enlarge the neighborhood, Lobachevsky Geometry takes over. Also, we
show that physical speed is a random variable and cannot exceed some constant, and
this constant does not depend on an inertial coordinate system. We further consider
Newton, Schrodinger, Airy equations, quantum theory of two-slit interference, wave-
particle duality for single photons, and the uncertainty principle and prove some
special properties for �small sizes� of nature. Certain results and communications to
these theorems are also provided.
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We consider additive categories meeting the following axiom.
Axiom 1. Each morphism α has kernel Kerα and cokernel Cokerα.
In a category satisfying Axiom 1, every morphism α admits a canonical decom-

position α = (imα)ᾱ(coimα), where imα = ker cokerα, coimα = coker kerα. A
morphism α is called strict if ᾱ is an isomorphism.

We use the following notations: Oc is the class of all strict morphisms, M is the
class of all monomorphisms, Mc is the class of all strict monomorphisms, P is the
class of all epimorphisms, Pc is the class of all strict epimorphisms.

An additive category is called P-semi-abelian if it meets Axiom 1 and the following
Axiom 2. If α is a morphism then ᾱ is a monomorphism and an epimorphism.
As V. I. Kuz′minov and A. Yu. Cherevikin proved in 1972, an additive category A

with kernels and cokernels is P-semi-abelian if and only if the following two conditions
are ful�lled:

(P1) if (1) is a pullback then f ∈ Pc =⇒ g ∈ P ;
(P2) if (1) is a pushout then g ∈Mc =⇒ f ∈M .
If we replace here g ∈ P by g ∈ Pc and f ∈M by f ∈Mc, we obtain the familiar

de�nition of a quasi-abelian category. D. A. Ra��kov conjectured that in this way the
de�nition will not change. However, in 2008 W. Rump disproved Ra��kov's Conjecture
by constructing two explicit examples of P-semi-abelian categories that are not quasi-
abelian. Since both classes are important in solving homological problems of functional
analysis, in our point of view, it is interesting to study P-semi-abelian categories.

We expose some new results on the problem of de�ning homology and the validity
of the �ve- and nine-lemma in P-semi-abelian categories.

The author was supported by the Speci�c Targeted Project GALA within the NEST
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Federation (NSh 5682.2008.1), and a grant of the President of the Russian Federation (Grant

MK�2137.2008.1).

137



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

PROPERTIES OF THE C1-SMOOTH FUNCTIONS WHOSE
GRADIENT RANGE HAS TOPOLOGICAL DIMENSION 1

Korobkov M.V.

Sobolev Institute of Mathematics of SB RAS, Novosibirsk, Russia;
korob@math.nsc.ru

In the talk we discuss some results of [1]. We apply our previous methods [2] to
geometry and to the mappings with bounded distortion.

Theorem 1. Let v : Ω → R be a C1-smooth function on a domain (open
connected set) Ω ⊂ R2. Suppose

Int∇v(Ω) = ∅. (1)

Then meas∇v(Ω) = 0.
Here IntE is the interior of E, measE is the Lebesgue measure of E.
Theorem 1 is a straight consequence of the following two results.

Theorem 2 [2]. Let v : Ω → R be a C1-smooth function on a domain Ω ⊂ R2.
Suppose (1) is ful�lled. Then the graph of v is a normal developing surface.

Recall that a C1-smooth manifold S ⊂ R3 is called a normal developing surface
[3] if for any x0 ∈ S there exists a straight segment I ⊂ S (the point x0 is an interior
point of I) such that the tangent plane to S is stationary along I.

Theorem 3. The spherical image of any C1-smooth normal developing surface
S ⊂ R3 has the area (the Lebesgue measure) zero.

Recall that the spherical image of a surface S is the set {n(x) | x ∈ S}, where
n(x) is the unit normal vector to S at the point x.

From Theorems 1�3 and the classical results of A.V. Pogorelov (see [4, Ch. 9]) we
obtain the following corollaries

Corollary 4. Let the spherical image of a C1-smooth surface S ⊂ R3 have no
interior points. Then this surface is a surface of zero extrinsic curvature in the sense
of Pogorelov.

Corollary 5. Any C1-smooth normal developing surface S ⊂ R3 is a surface of
zero extrinsic curvature in the sense of Pogorelov.

Theorem 6. Let K ⊂ R2×2 be a compact set and the topological dimension
of K equals 1. Suppose there exists λ > 0 such that |A − B|2 ≤ λ det(A − B),
A,B ∈ K. Then for any Lipschitz mapping f : Ω → R2 on a domain Ω ⊂ R2 such
that ∇f(x) ∈ K a.e. the identity ∇f ≡ const holds.

Many partial cases of Theorem 6 (for instance, whenK = SO(2) orK is a segment)
are well-known (see, for example, [5]).
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The weighted Hardy integral operator H : L∞(0,∞)→ L∞(0,∞) is de�ned by

Hf(x) = v(x)
∫ ψ(x)

ϕ(x)

u(y)f(y) dy,

where u(y) ∈ L1, v(x) ∈ L∞ and ϕ(x), ψ(x) are increasing di�erentiated functions
ϕ(0) = ψ(0) = 0, ϕ(x) < ψ(x) for all x ∈ (0,∞) and ϕ(∞) = ψ(∞) =∞.

For any positive integer n, the n-th approximation number of H is

an(H) = inf{‖H − L‖ : L ∈ B(L∞, L∞), rankL ≤ n− 1}.

We de�ne

σk,n =

(∫ ψ(ξk,n)

ψ(ζk)

|u(t)|dt

)
‖v‖L∞(ξk,n,ξk,n+1)

and

κk,n =

(∫ ϕ(ζk+1)

ϕ(τk,n)

|u(t)| dt

)
‖v‖L∞(τk,n,τk,n+1).

Theorem 1. Let H : L∞(0,∞)→ L∞(0,∞) be a compact operator and∑
k

∑
n

σk,n <∞,
∑
k

∑
n

κk,n <∞.

Then

lim sup
n→∞

nan(H)�
∫ ∞

0

vs(x) (|u(ϕ(x))|(ϕ′(x)) + |u(ψ(x))|(ψ′(x))) dx.

Theorem 2. Let 1 < α < ∞ and H : L∞(0,∞) → L∞(0,∞) be a compact
operator. Then

‖H‖Sα =

(∑
n

aαn(H)

)1/α

�
∑
m

‖χ(ζm,ζm+1)v‖L∞ ‖χ(ϕ(ζm),ψ(ζm+1)u‖L1 ,

where ∆m = [ζm, ζm+1) is the special decomposition of (0,∞).
The author supported by the Russian Foundation for Basic Research (projects no. 08�

01�98500, 07�01�00054).
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ON RATIONALITY OF THE GENERATING FUNCTION
OF THE SOLUTION OF A TWO-DIMENSIONAL

DIFFERENCE EQUATION

Lyapin A.P.

Siberian Federal University, Krasnoyarsk, Russia; LyapinAP@yandex.ru

Let C = {(α, β)} be a �nite subset of the positive octant Z2
+ of the integer lattice

Z2 and let (m1,m2) ∈ C. Moreover for all (α, β) ∈ C the condition α 6 m1, β 6 m2

be ful�lled. The problem is to �nd the solution f(x, y) of di�erence equation∑
(α,β)∈C

cα,βf(x+ α, y + β) = 0, (1)

which coincides with the some given function ϕ : Xm → C on the set Xm = Z2
+ \(

m+ Z2
+

)
.

The generating function D0(z, w) =
∑

(x,y)∈Xm
ϕ(x, y)z−x−1w−y−1 of the initial

data of the difference equation (1) can be represented as the sum

D0(z, w) = Ωm(z, w) +
m1−1∑
r=0

Φr(w)
zr+1

+
m2−1∑
t=0

Ψr(z)
wt+1

,

where

Ωm(z, w) =
∑

06x<m1
06y<m2

ϕ(x, y)
zx+1wy+1

, Φr(w) =
∑
s>m2

ϕ(r, s)
ws+1

, Ψt(z) =
∑
u>m1

ϕ(u, t)
zu+1

.

Theorem. The generating function D(z, w) =
∑

(x,y)∈Z2
+

ϕ(x, y)z−x−1w−y−1 of the

solution of the di�erence equation (1) is

D(z, w) =

(
R(z, w)Ωm(z, w) +

m1−1∑
r=0

Φr(w)R(z)
r+1(z, w) +

m2−1∑
t=0

Ψt(z)R
(w)
t+1(z, w) −

−
∑

(α,β)∈C

cα,βz
αwβ

∑
α6x<m1
β6y<m2

ϕ(x, y)
zx+1wy+1

 /R(z, w),

where R(z, w) =
∑

(α,β)∈C
cα,βz

αwβ is the characteristic polynomial of the di�erence

equation (1) and

R
(z)
r+1(z, w) =

1
zr+1

m1∑
α=r+1

m2∑
β=0

cα,βz
αwβ , R

(w)
t+1(z, w) =

1
wt+1

m2∑
β=t+1

m1∑
α=0

cα,βz
αwβ .

Corollary. The generating function D(z, w) of the solution of the di�erence equa-
tion (1) is rational if and only if the generating function D0(z, w) of the initial data
is rational.
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AN ITERATIVE METHOD FOR SOLVING CAUCHY
PROBLEMS FOR THE p-LAPLACE OPERATOR

Ly I.

Institut f�ur Mathematik, Potsdam, Germany; lyibrahim@gmx.de

We study the Cauchy problem for the nonlinear Laplace operator with data on a
part of the boundary.

Suppose 1 < p < ∞. By the p -Laplace operator is meant the quasilinear second
order operator

∆pu := div(|∇u|p−2∇u)

= |∇u|p−4
n∑

j,k=1

(δj,k + p− 2)
∂u

∂xj

∂u

∂xk

∂2u

∂xj∂xk

in Rn, where δj,k is the Kronecker symbol and ∂j the derivative in the j th coordinate.
This operator is known to be elliptic at any function u whose gradient does not vanish.

Let X be the closure of a bounded domain in Rn with smooth boundary denoted
by ∂X, and let S be an open piece of the boundary. The Cauchy problem for the p -
Laplace operator with data on S consists in �nding a function u ∈W 1,p(X) satisfying

∆pu = 0 in X,
u = U0 on S,

|∇u|p−2 ∂u

∂ν
= U1 on S,

where ∂/∂ν stands for the derivative along the unit outward normal vector for ∂X,
and U0, U1 are given functions on S.

To study this problem, we use purely nonlinear methods, such as successive iter-
ations of a Zaremba type mixed boundary value problem for the p -Laplace operator.
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TRANSFORMATIONS OF SPECIAL SPINES OF
3-MANIFOLDS

Makovetskii A.Yu.

Chelyabinsk State University, Russia; artemmac@mail.ru

The article [1] investigates collections of curves on closed orientable surfaces and
transformations that allow to pass from one collection to another. A cycle is a sequence
of transformations in which the last collection of curves coincides with the �rst. It is
proved in [1] that any cycle is a composition of several particular basic cycles.

By analogy with [1], we raise the question for special spines of 3-manifolds. We
study the set of all special spines of a given 3-manifold. Any two spines in this set are
joined by a sequence of transformations T±1 (see [2]). We study examples of nontrivial
cycles for transformations of spines and their expressions via basic cycles.

Supported by the Russian Foundation for Basic Research (Grant 07�01�96026).
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ROOTS OF KNOTTED GRAPHS

Matveev S.V.

Chelyabinsk State University, Chelyabinsk, and Institute of Mathematics and
Mechanics of Ural Branch of RAS, Ekaterinburg, Russia; matveev@csu.ru

A knotted graph is a pair (M,G), where M is a compact 3-manifolds and G an
arbitrary graph inM . Let S be a general position sphere in (M,G). Then the spherical
reduction of (M,G) along S can be described as compressing S to a point and cutting
the resulting singular manifold along that point. The result of the reduction is a new
(maybe disconnected) knotted graph.

Definition. A knotted graph (M0, G0) is a root of (M,G), if

1. (M0, G0) can be obtained from (M,G) by spherical reductions;

2. (M0, G0) admits no further nontrivial spherical reductions.

Problem. Under what conditions does the root of a knotted graph (M,G) exist
and is unique?

Note that if G is empty, then the root of (M,G) is the disjoint union of all ir-
reducible factors in the prime decomposition of M . We discuss the above problem
by presenting some positive results and by showing a few counterexamples. We also
discuss 3-orbifolds and non-zero degree maps between them.

The talk is based on the theory of roots developed in [1,2] and some ideas of [3].
The author is supported by the Russian Foundation for Basic Research (project no. 07�

01�96026) and joint research project �Di�erential-Geometric and Computer Methods of Clas-

si�cation of 3-Manifolds� between Ural and Siberian branches of RAS.
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ORBIFOLDS AND MANIFOLDS IN PROJECTIVE
METRIC PRESENTATION

Moln�ar E.

Budapest University of Technology and Economics, Institute of Mathematics,
Department of Geometry, Budapest, Hungary; emolnar@math.bme.hu

In earlier works of the author, partly joint with I. Prok and J. Szirmai (e.g. [1�4]),
the projective sphere PSd(R,Vd+1,V d−1,∼ +) has been introduced for presentation
of polyhedral d-orbifolds and d-manifolds, mainly in the homogeneous 3-spaces

E3, S3, H3, S2xR, H2xR, S̃L2R, Nil, Sol

(Thurston geometries).
The main steps can be indicated as follows.
1. A projective simplex coordinate system has to be introduced for the fundamen-

tal polyhedron, where the face pairing generators are expressed by linear mappings
upto projective freedom with some free parameters.

2. The de�ning relations for the symmetry groups (by the induced edge equiva-
lence classes) �x some parameters of the generator mappings, by matrix equations,
occasionally of high degree.

3. We look for a plane-point polarity (or scalar product) for the orthogonality
of planes of a 3-dimensional projective metric geometry from the eight possibilities
above. This polarity (i.e. the orthogonality of planes) has to be invariant under the
generator mappings. These lead to linear matrix equations for the symmetric polarity
matrix.

4. The signature of polarity (scalar product, fundamental quadratic form), if it is
not trivial, with some additional properties, provides the possible Thurston geometry.

5. If the signature is (0,+,+,+), then we obtain Euclidean 3-tiling with exact
matrices for the generators and the scalar product-possibly with free parameters.
Other signatures (e.g. (+,+,+,+) to spherical space, (−,+,+,+) to hyperbolic or
Bolyai-Lobachevskii space) lead to other realizations. Or � if only trivial polaryty
is possible � then either certain �splitting e�ects� occur, or the famous Thurston
conjecture would not be true (!), considered still to be open, in general (?).

REFERENCES

1. Moln�ar E., �Polyhedron complexes with simply transitive group actions and their real-
izations,� Acta Math. Hung., 59 1�2, 175�216 (1992).

2. Moln�ar E., �The projective interpretation of the eight 3-dimensional homogeneous geome-
tries,� Beitr�age zur Algebra und Geometrie (Contributions to Algebra and Geometry),
38, No. 2, 261�288 (1997).

3. Moln�ar E., Prok I., Szirmai J., �Classi�cation of tile-transitive 3-simplex tilings and
their realizations in homogeneous spaces,� in: Non-Euclidean Geometries, J�anos Bolyai
Memorial Volume, Ed. Prekopa A., Moln�ar E., Mathematics and Its Applications 581,
Springer, 2006, pp. 321�363.

3. Moln�ar E., Szirmai J., Vesnin A. �Projective metric realizations of cone-manifolds with
singularities along 2-bridge knots and links,� Journal of Geometry, (submitted).

146



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

ON SOME FRACTIONAL ORDER HARDY-TYPE
INEQUALITIES

Nasyrova M.G.

Computing Centre of Far Eastern Branch of Russian Academy of Sciences,
Khabarovsk, Russia; nassm@mail.ru

Let 0 ≤ a < b ≤ ∞ and 1 < p ≤ q < ∞ be parameters. Let u = u(x, y) and
v = v(x) be weight functions on (a, b)× (a, b) and (a, b), respectively. We consider the
fractional order Hardy-type inequality of the form(∫ b

a

∫ b

a

|f(x)− f(y)|qu(x, y) dy dx

)1/q

≤ C

(∫ b

a

|f ′(x)|pv(x) dx

)1/p

, (1)

for every absolutely continuous function f(x) on (a, b). This type of inequalities was
studied by H.P.Heinig (p = q) and A.Kufner (p < q) (see [1, 2] for details) in case of
special weight in the left hand side.

Suppose that the weight function u has separated variables, that is,

u(x, y) = u1(x)u2(y).

We prove the following condition

A = A1 +A2 <∞,

where

A1 = sup
a<t<b

(∫ b

t

u1(x) dx

)1/q (∫ t

a

v(z)1−p
′
(∫ z

a

u2(y) dy
)p′/q

dz

)1/p′

,

A2 = sup
a<t<b

(∫ t

a

u1(x) dx
)1/q

∫ b

t

v(z)1−p
′

(∫ b

z

u2(y) dy

)p′/q
dz

1/p′

,

is necessary and su�cient for inequality (1) to hold and the best constant C in the
inequality is estimated as C ≈ A. Due to symmetry of the problem it it possible to
point out the other pair of the characterizing constants. Some further results are also
given.

The author was supported by the Russian Foundation for Basic Research (project no. 07�

01�00054 and 09�01�98516�r�vostok�a.
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VARIATIONAL CALCULUS AS THE BASE OF THE
POWER PARAMETERS EVALUATIONS FOR THE

ROCKET-PROPELLANT SYSTEMS

Nazyrova R.R.

�TRANS-SERVICE� Ltd, Kazan, Russia; tdsoftstudy@rambler.ru

The methods of the thermodynamic and thermal properties of the reacting mix-
tures form the base of the power parameters evaluations of the rocket-propelled sys-
tems. From the most common de�nitions the thermodynamic state of the reacting
mixture that takes part at the equilibrium combustion process is described by the
mathematical model

min
T∈[T ,T ]

min
π∈Π(p,T )

S(1)(p, T, π)

where
S(1)(p, T, π) = −S(p, T, π),

ϕj(p, T, π) = ϕ
(0)
j , j = 1, 2, . . . , n.

The each point πi of the set Π(p, T ) break (by the de�nition

n
(c)
j =

{
0, j ∈ V (i)

(c),

α, j ∈ V (i)
(c) ,

where α ≥ 0 for all values of the mixtures moles numbers N) the set V(c) of the

condenced substances to the subsets V
(i)

(c), V
(i)
(c) where

V
(i)

(c) ∪ V
(i)
(c) = V(c), V

(i)

(c) ∩ V
(i)
(c) = ∅, |V (i)

(c) | < |X|

and X is the set of the chemical elements.
It is proposed to introduce the function F (N,Φ(N), dΦ(N)

dN ) where

Φ(N) =
∑
k∈V (i)

(c)

S
(c)

k n
(c)
k ,

dΦ(N)
dN

=
∑
k∈V (i)

(c)

S
(c)

k

dn
(c)
k

dN
,

and to decide the problem

min
V

(i)
(c)⊆V(c)

min
N∈[Ni,Ni]

S(2)(N)

by the solving the task of variational calculus by the moving bound that is described
by the form

min
Φ(N)

N(2)∫
N(1)

F
(
N,Φ(N),

dΦ(N)
dN

)
dN

where
Φ(N (1)) = f (1), Φ(N (2)) = ψ(N (2)).
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COMPLEXITY OF SOME INFINITY SERIES OF
3-MANIFOLDS WITH NON-EMPTY BOUNDARY

Nikolaev D.O.

1Chelyabinsk State University, Chelyabinsk, Russia; count_6@mail.ru

Consider an irreducible boundary irreducible 3-manifoldM with non-empty bound-
ary. Recall that complexity c(M) of M is called a minimal number of true vertices of
almost simple spine of M ([1]).

Let M be a submanifold of N .
De�nition. A relative complexity c(N,M) of pair (N,M) is a minimal number

of almost simple spine P ∈M of M , such that (N \M) ∩ P consists of open disks.
Theorem 1. There exists a system of incompressible proper annuli, embedded in

M so that c(M) = c(M̃,MS), whereMS is a result of cuttingM along S and contains

no incompressible annuli at all, M̃ is a result of annulus reduction of M along S ([1]).

System S, manifolds MS and M̃ can be �nd algorithmically.
The authors were supported by the Russian Foundation for Basic Research (project

no. 08�01�00162).
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HOMOGENEOUS RIEMANNIAN SPACES

Rodionov E.D.1, Slavsky V.V.2

1Altai State Pedagogical Academy, Barnaul, Russia; edr2002_ds@mail.ru
2Ugra Research Institute of Information Technologies, Khanty-Mansiysk, Russia;
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In the present talk we consider some sections of modern Riemannian geometry,
the theory of homogeneous Riemannian geometry, i.e., those Riemannian manifolds
on wich a certain group of motions acts transitively. We discuss some results of this
theory, referring to the following topics, which are most closely related to our research.

1. Geodesics curves on homogeneous Riemannian spaces. Behavior of geodesics
curves on homogeneous Riemannian spaces. Homogeneous Riemannian spaces with
closed geodesics. Closures of geodesics curves. Geodesically orbital spaces. Some un-
solved problems.

2. Homogeneous Riemannian spaces of positive curvature. Homogeneous Riemanni-
an manifolds of positive sectional curvature. Berestovsky-Milnor theorem on homoge-
neous Riemannian manifolds of positive Ricci curvature. One-dimensional curvature
of homogeneous Riemannian spaces.

3. Homogeneous Riemannian manifolds with Einstein metric. Compact and non-
compact cases. Homogeneous Killing manifolds with Einstein metric and triple Ein-
stein algebras. Compact homogeneous Einstein manifolds of special form. Some un-
solved problems.

4. Locally conformally homogeneous (pseudo)Riemannian spaces. Almost harmon-
ic and harmonic (pseudo)Riemannian metrics on some classes of homogeneous spaces.

These investigations are supported by the RFBR (project no. 08�01�98001) and the LSS

of RF (project no. SS�5682.2008.1).
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THE TANGENT CONE TO A QUASIMETRIC SPACE
WITH DILATIONS

Selivanova S.V.

Sobolev Institute of Mathematics of SB RAS, Novosibirsk, Russia;
s_seliv@yahoo.com

On a topological space X, dilations can be introduced as one-parametric families
of homeomorphisms δ = {δxε }ε>0 de�ned in a neighborhood U(x) of each point x ∈ X
and meeting certain axioms, in particular lim

ε→0
δxεu = x for all u ∈ U(x).

Main examples of spaces with dilations are Carnot-Caratheodory spaces (see e.g.
[1] and references therein) which model nonholonomic processes and naturally arise
in many applications. Usually, the H�ormander's condition is supposed to hold, which
makes the Carnot-Caratheodory space to a metric space. But recently discovered ap-
plications have lead to considering a more general situation [1] when only a certain
quasimetric (a distance function meeting the generalized triangle inequality) can be
introduced. Motivated by these considerations, we investigate local geometric prop-
erties of general quasimetric spaces with dilations.

In [2] we have developed an analog of the Gromov-Hausdor� convergence theory for
quasimetric spaces, that yields an adequate notion of the tangent cone (i.e. an object
that is a �rst-order approximation of the original space and has simpler algebraic
structure). Using this theory, we prove the following

Theorem 1. Let (X, d, δ) be a quasimetric space with dilations. If the limit
dx(u, v) = lim

ε→0

1
εd(δ

x
εu, δ

x
ε v) exists uniformly on u, v ∈ U(x), and the distance dx(u, v)

is non-degenerate, then the quasimetric space (U(x), dx) is the tangent cone to (X, d)
at x, in the sense of de�nitions in [2].

Provided that an additional axiom holds, the structure of the tangent cone can be
described [3]: it is a local group, locally isomorphic to a graded nilpotent Lie group.
Applied to the particular case of Carnot-Caratheodory spaces these results give an
analog of the Mitchell's cone theorem.

REFERENCES

1. Karmanova M., Vodopyanov S., �Geometry of Carno-Carath�eodory spaces, di�erentiabil-
ity and coarea formula,� in: Analysis and Mathematical Physics, Trends in Mathematics,
Birkh�auser, Basel, 2009, pp. 231�335.

2. Selivanova S.V., �The tangent cone to a regular quasimetric Carnot � Carath�eodory
space,� Doklady Mathematics, 425, No. 5, 595�599 (2009).

3. Vodopyanov S.K., Selivanova S.V., �Algebraic properties of the tangent cone to a qua-
simetric space with a dilation structure,� Doklady Mathematics, 2009 (to appear).

151



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

AN OPTIMAL CONTROL PROBLEM FOR A
NONSMOOTH SINGULAR ELLIPTIC EQUATION WITH

STATE CONSTRAINTS

Serovajsky S.Ya.
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We consider the homogeneous Dirichlet problem for the nonlinear elliptic equation

∆y + a(y) = v

in the opene bounded set Ω. The continuous function a has a bounded velocity of
the increasing. It is not su�cient for the existence or uniqueness of its solution for all
function v.

We determine the spaces V = L2(Ω), Y = H2(Ω) ∩H1
0 (Ω) ∩ L2(Ω), U = V × Y .

Let Uad be the set of the admissible pairs, i.e. the pairs u = (v, y) satisfying to the
equality (1). Besides of this we have nonempty convex closed sets V0 and Y0 from the
spaces V and Y . We denote U0 = V0 × Y0, U∂ = Uad ∩ U0. We consider the state
functional

I(v, y) = χ

∫
Ω

|v|2dx +
∫
Ω

|y − z|qdx,

where χ > 0, z ∈ Lq(Ω).
The problem of the minimizing of this functional on the set U has a solution if

the set U∂ is nonempty. However it has some serious di�culties of the optimal control
�nding. At �rst, we have the ill-posed boundary problem, so we can't any possibility
to use the classical variational method. Then the state functional is not di�erentiable
by nonsmoothness of the function a. Besides the state constraint, described by the
set Y0, is very hard di�culty too. Therefore the classical optimization methods are
not applicable in this case. We will get a result with using of the weak form of the
approximate solution and the approximational penalty method.

Let ak be a continuous di�erentiable function with bounded velocity of the in-
creasing of its derivative, and ak(y)→ a(y) in L2(Ω) uniformly with respect to y ∈ Y
if k →∞. We determine the approximational penalty functional

Ik(v, y) = I(v, y) +
1
εk

∫
Ω

|∆y + ak(y)− v|2dx,

where εk → 0, if k →∞, and

lim
k→∞

1
εk

sup
y∈Y0

∫
Ω

|ak(y)− a(y)|2dx = 0.

The problem of minimizing of the di�erentiable functional Ik on the convex set U0

has a solution uk. It satis�es the corresponding variational inequality. This necessary
condition of optimality could be solved by an iterative method.

Theorem. Every weak limit point of the consequence {uk} is the solution of
minimizing problem of the functional I on the set U∂ , besides I(uk)→ min I(U∂).

Let's denote a pair u ∈ U0 as the approximate solution of our problem, if we
have the inclusion u ∈ O and the inequality |I(u) − min I(U∂) ≤ δ for the small
neighbourhood O of the weak topology of the space U and the small value δ > 0.
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Then the pair uk is the approximate solution of this problem for the large enough
number k by last theorem. It can be �nding by the necessary conditions of optimality
for the approximate problem. This technique could be use for solving of other optimal
control problems for singular nonsmooth systems with state constraints.
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GENERALIZED MINIMAL SURFACES OF LIOUVILLE
TYPE

Shcherbakov E.A.

Kuban State University, Krasnodar, Russia; echt@math.kubsu.ru

It is now known that the Laplace equality

pL − pV = k ·H, k > 0,

for equilibrium surface dividing phases V and L with pressures pV and pL is not
adequate for surfaces with large normal curvatures.

The equation

pL − pV = k ·H + Θ ·K, k > 0, Θ ∈ R, (1)

where H and K are mean and gauss curvatures of the equilibrium surface is more
appropriate in general case ([1]). The surfaces satisfying equation (1) whose right term
pL − pV is equal to zero we name as generalized minimal surfaces.

Let c1, c2 be two regular curves lying in two disjoint cubes in the space R3. Let
us denote as L a class of admissible Liouville surfaces passing through the curves c1,
c2.

On the class L we consider the following functional Ξ (see [2] for the axisymmetrical
case)

Ξ(X̄) = A(X̄) + Θ ·K(X̄)

Here A(X̄) is the area of admissible surface X̄ ∈ L and the functional K1 is de�ned
by the expression

K(X̄) =

T∫
−T

dν

∫
Γν

1
2
·

{
− g ·

√
1− g2

|g|∫
0

(
arcsinσ + σ ·

√
1− σ2 − π

2

)
·

·
(
1− σ2

)3/2 · dσ + E ·
√

1− g2

}
· du, E ∈ R

Here G = G(w) is the coe�cient of the �rst fundamental form of X̄ in semi-geodesic
parameterization, g is equal to Gu(w) and Γν is a geodesic line of the surface X̄.

We prove existence of the solution of the following variational problem:
To �nd an element X̄e ∈ L such that

Ξ(X̄e) = inf
{
Ξ(X̄), X̄ ∈ L

}
.
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UNIVERSAL ITERATIONS IN THE CAUCHY PROBLEM
FOR NONLINEAR ELLIPTIC EQUATIONS

Shestakov I.V.

Siberian Federal University, Krasnoyarsk, Russia; Shestakov-V@yandex.ru

We consider the Cauchy problem for a nonlinear elliptic system F (x, y, y′) = 0 of
order 1 in a bounded domain D ⊂ Rn with smooth boundary. We are looking for a
solution y ∈ H1(D,Rl) of this system whose values on a part S of ∂D coincide with a
prescribed function y0 ∈ H1/2(∂D,Rl). Even in the case of linear systems the Cauchy
problem is solvable for a �thin� set of Cauchy data y0. For this reason we reformulate
the Cauchy problem as the variatinal problem of �nding a function y ∈ H1(D,Rl)
with y = y0 on S, for which the integral∫

D

|F (x, y, y′)|2dx

is minimal. The Euler equations of this variational problem can be thought of as
a �rst order relaxation of the Cauchy problem. They constitute a mixed boundary
problem of Zaremba type for a nonlinear analogue of the Laplace equation in D. This
problem is treated by means of universal iterations of the form yn+1 = yn−εf(yn) for
a Lipschitz continuous selfmapping f of a Hilbert space H. The mapping f proves to
be monotone, i.e. (f(y)− f(z), y − z) ≥ 0 for all y, z ∈ H. Given any initial value, it
is easy to verify that d2(yn+1, yn) ≤ (1−2cnε+C2

nε
2)d2(yn, yn−1) for all n = 1, 2, . . .,

where

cn =
(f(yn)− f(yn−1), yn − yn−1)

d2(yn, yn−1)
≥ 0,

Cn =
d(f(yn), f(yn−1))

d(yn, yn−1)
.

Hence the iterations converge if the parameter ε > 0 can be chosen in such a way
that 1− 2cnε+ C2

nε
2 is uniformly bounded above by a constant less than 1.
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ON THE STRUCTURE OF SPENCER'S BUNDLE FOR
OPERATORS WITH INJECTIVE PRINCIPAL SYMBOL

SATISFYING A UNIQUENESS CONDITION

Shlapunov A.A.

Siberian Federal University, Krasnoyarsk, Russia; aashlapuno@mail.ru

The main problem of the theory of overdetermined elliptic systems of di�erential
equations is to establish that any regular system Av = f with smooth coe�cients on
an open set U ⊂ Rn admits a solution in smooth sections of the bundle, provided
that f satis�es a compatibility condition in U (see, for instance, [1]). It is known that
the regularity prodvides di�erential compatibility conditions and guarantees formal
solvabilty of the system (i.e., on the level of formal power series). However examples
by Lewy and Mizohata show it does not guarantee the solvability in C∞-sense even
if the coe�cients of A are polynomial.

According to the geometrical approach of Spencer (see [2]), acyclicity of di�erential
complex {Ai}Ni=0 generated by regular di�erential operator A0 = A is equivalent the
acyclicity of the so called Spencer complex.

Let Rs
A be the Spencer bundle over U (i.e. Rs

A(x), x ∈ U , is the kernel of A on
the level of jets of length s ≥ a over the point x, where a is the order of A). Let us
show how an information on the structure of the bundle Rs

A results on the acyclicity
of the compatibility complex (cf. [3]).

We say that A is adequate at the point x0 ∈ U if for any number N 3 s ≥ a and jet
u ∈ Rs

A(x0) there is a neighbourhood V of x0 and smooth section v satisfying Av = 0
in V such that the jet js(v)(x0) of the section v of length s at x0 coincides with u. If we

denote by R̂s
A(x0) a module generated by s-jets of smooth solutions of the operator

A in a neighbourhood of x0 over the ring of smooth functions in a neighbourhood
of x0 then A is adequate if and only if R̂s

A(x0) = R̃s
A(x0) where R̃s

A(x0) is a sheaf
corresponding to the bundle Rs

A at x0.
Let us consider systems with the following Uniqueness Condition for the Cauchy

problem in small:
Uniqueness Condition. If v ∈ C∞(U) with Av = 0 in U and v(x) = 0 for every

x from an open (non-empty) subset O ⊂ U then v ≡ 0 in U .
Theorem 1. Let A be a regular formally inegrable involutive adequate system in

U satisfying the Uniqueness Condition in U . Then the complex {Ai}Ni=0 is acyclic on
the level of sheafs at point x0 ∈ U at degree q ≥ 1 if and only if for any s ≥ a and
φ ∈ R̃s

A there is a jet Φ ∈ R̂∞
A such that πs,∞Φ = φ where πs,∞ : R̃∞

A → R̃s
A is the

natural projection.
Theorem 2. If A is a regular formally inegrable involutive system with real ana-

lytic coe�cients in U then it is adequate.
Conjecture. If A is a regular system with injective principal symbol satisfying

the Uniqueness Condition in U then it is adequate.
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OPTIMAL TRANSPORTATION AND RICCI CURVATURE
FOR METRIC MEASURE SPACES

Sturm K.-Th.

University of Bonn, Bonn, Germany; sturm@uni-bonn.de

We present the concept of generalized lower Ricci curvature bounds for metric
measure spaces (M,d,m), introduced by Lott, Villani and the author. These curvature
bounds are de�ned in terms of optimal transportation, more precisely, in terms of
convexity properties of the relative entropy Ent(.|m) regarded as function on the
Wasserstein space of probability measures on the given sapce M . For Riemannian
manifolds, Curv(M,d,m) ≥ K if and only if RicM ≥ K on M . Other important
examples covered by this concept are Finsler manifolds and Alexandrov spaces.

One of the main results is that these lower curvature bounds are stable under (e.g.
measured Gromov�Hausdor�) convergence.

Moreover, we introduce a curvature-dimension condition CD(K,N) being more
restrictive than the curvature bound Curv(M,d,m) ≥ K. For Riemannian manifolds,
CD(K,N) is equivalent to RicM (ξ, ξ) ≥ K · |ξ|2 and dim(M) ≤ N .

Condition CD(K,N) implies sharp version of the Brunn�Minkowski inequality, of
the Bishop�Gromov volume comparison theorem and of the Bonnet�Myers theorem.

Extension of this curvature concept to discrete spaces and in�nite dimensional
spaces will be indicated, e.g. for the Wiener space Curv(M,d,m) = 1.
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ON ASYMPTOTIC BEHAVIOR OF ANALYTIC
FUNCTIONS SATISFYING NONLOCAL BOUNDARY

VALUE PROBLEMS

Soldatov A.P.

Belgorod State University, Belgorod, Russia; soldatov@bsu.edu.ru

The family of m analytic functions in the angle domains is considered. These
functions are connected on the lateral sides by 2m linear relations. The following
question is discussed. Suppose that right sides of the given relations have power-
logarithmic asymptotic. Then under what conditions is this property valid for the
analytic functions.
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FIRST GENERAL THEOREMS ON LOWER
SEMICONTINUITY AND RELAXATION FOR STRONG

MATERIALS

Sychev M.A.

Sobolev Institute of Mathematics of SB RAS, Novosibirsk, Russia;
masychev@math.nsc.ru

We consider the situation of strong materials, i.e. when all admissible deformations
are continuous functions. The later is achieved by required suitable growth assump-
tions for integrands.

Under certain further technical assumptions on integrands we prove lower semicon-
tinuity and relaxation results. As usual quasiconvexity is resposible for lower semi-
continuity when quasiconvexi�cations present the lower semicontinuous extensions.
What is notable the only involved properties are a.e. classical di�erentiability of de-
formations and uniform convergence of weakly convergent sequences of deformations.

159



Ïðåäâàðèòåëüíàÿ âåðñèÿ îò 09.09.2009.

LATTICE-LIKE BALL PACKINGS IN THURSTON'S
GEOMETRIES

Szirmai J.

Budapest University of Technology and Economics, Institute of Mathematics,
Department of Geometry, Budapest, Hungary; szirmai@math.bme.hu

In this talk we investigate the geodesic balls of the Nil space and compute their
volume, introduce the notion of the Nil lattice, Nil parallelepiped and density of the
lattice-like ball packing. Moreover, we determine the densest lattice-like geodesic ball
packing by a type of Nil lattices. The density of this densest packing is ≈ 0.78085,
may be surprising enough in comparison with the Euclidean result ≈ 0.74048. The
kissing number of the balls in this packing is 14.

Moreover, we consider inNil and Sol spaces the translation curves and translation
balls introduced by initiative of E. Moln�ar. In Sol geometry we study the relation
between Sol lattices and lattices of the pseudoeuclidean (or Minkowskian) plane. We
compute the volume of a translation ball, de�ne the Sol parallelepiped and the density
of the lattice-like ball packing. We determine the densest translation ball packing by
so-called fundamental lattices. This density is ≈ 0.56405083 and the kissing number
of the balls to this packing is 6.
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THE DIRICHLET TO NEUMANN OPERATOR FOR
ELLIPTIC COMPLEXES

Tarkhanov N.

University of Potsdam, Potsdam, Germany; tarkhanov@math.uni-potsdam.de

Let X be a connected compact C∞ manifold with boundary equipped with a
Riemannian metric. In the sequel n stands for the dimension of X .

Denote by ∆ the Laplace-Beltrami operator on X . The classical Dirichlet to Neu-
mann map C∞(∂X ) → C∞(∂X ) is de�ned by u0 7→

√
−1n(du), where u is the

solution to the Dirichlet problem in X with data u = u0 on ∂X and n(du) stands for
the normal component of du on ∂X which is a constant multiple of the derivative of u
along the unit outward normal vector to the boundary. The factor

√
−1 is explained

by purely technical reasons.
In the inverse problem of reconstructing a manifold from boundary measurements

the following question is of great theoretical and applied interest: To what extent are
the topology and geometry of X determined by the Dirichlet to Neumann map? If X
is of dimension 2, it proves to be determined by the Dirichlet to Neumann operator
up to a conformal equivalence. For n ≥ 3, there is the conjecture that the Dirichlet to
Neumann operator determines X up to an isometry. In [2] this conjecture is proved
for real analytic manifolds X .

In [1], a Dirichlet to Neumann operator is de�ned on the space of di�erential forms
of all degrees on X . Moreover, the Betti numbers of X are expressed in terms of this
operator. The Dirichlet to Neumann operator of [1] maps di�erential forms of degree
i on ∂X to those of degree n− i− 1, i.e., it does not preserve the natural graduation
of the space of di�erential forms. Moreover, as substitution for the Dirichlet problem
the boundary value problem for harmonic forms u on X is chosen, with prescribed
data t(u) = u0 and t(d∗u) = 0 on ∂X , where t(d∗u) is the tangential component of
d∗u on the boundary.

Here we present another construction of the Dirichlet to Neumann operator for
di�erential forms. To shorten notation, we use the same letter ∆ for the Laplace-
Beltrami operator on di�erential forms in X . By the Dirichlet to Neumann operator
is meant the map Ω i(∂X ) → Ω i(∂X ) de�ned by u0 7→

√
−1n(du), where u is the

solution to problem  ∆u = 0 in X ,
t(u) = u0 on ∂X ,
n(u) = 0 on ∂X

on X . Thus, our Dirichlet to Neumann operator preserves the spaces of i -forms on
∂X . In this way we obtain indeed a straightforward generalisation of the Dirichlet
problem.

This boundary value problem is elliptic and behaves well also in the context of
arbitrary elliptic complexes on X . We show that the Dirichlet to Neumann operator
de�ned in this way determines the Betti numbers of X . This is a very particular
case of our formula obtained for arbitrary elliptic complexes of �rst order di�erential
operators on X .
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THE NUMBER OF THREE-PARTICLE BOUND STATES
AND STRUCTURE OF ESSENTIAL SPECTRUM OF THE
ENERGY OPERATOR OF TWO-MAGNON SYSTEM IN A

THREE-DIMENSIONAL ISOTROPIC IMPURITY
NON-HEISENBERG FERROMAGNET WITH
NEAREST-NEIGHBOURS INTERACTIONS

Tashpulatov S.M.

Institute of Nuclear Physics of Uzbekistan Academy of Sciences, Tashkent,
Uzbekistan; toshpul@mail.ru, toshpul@rambler.ru, toshpul@inp.uz

We consider the energy operator of two-magnon systems in a isotropic ferromag-
netic impurity non-Heisenberg model with interacting between nearest-neighbors. We
investigated the structure of essential spectrum and number of three-particle bound
states of energy operator of two-magnon system.

The Hamiltonian of the system in question has the form

H = −
∑
m,τ

2s∑
n=1

Jn(
−→
S m
−→
S m+τ )n −

∑
τ

2s∑
n=1

(J0
n − Jn)(

−→
S 0
−→
S τ )n, (1)

where Jn > 0 are the parameters of the multipole exchange interaction between the
nearest-neighbor atoms in the lattice, J0

n 6= 0 are the atom-impurity multipole ex-
change interaction parameters, the summation over τ ranges the nearest-neighbors,

and
−→
S m is the atomic spin operator for the spin s at the lattice site m. Hamiltoni-

an (1) acts in the summetric Fock space H. Let H1 and H2 are the correspond-
ing one-magnon and two-magnon subspace of the operator (1). Let H̃2 = H/H2

and H̃1 = H/H1 , and N− number of three-particle bound states of the opera-

tor (1). Denote p(s) = −2
∑2s
k=1(−2s)kJk and q(s) = −2

∑2s
k=1(−2s)k(J0

k − Jk)
and a =

∫
T 3

sin2 t1dt1dt2dt3
3−cos t1−cos t2−cos t3

, b =
∫
T 3

(cos t1−cos t2)
2dt1dt2dt3

3−cos t1−cos t2−cos t3
. As is seen, we have

0 < a < b < 1 and 2a < b.
Òåîðåìà 1. If ν = 3 and 0 < q(s) < p(s)

3 , our −p(s) < q(s) < 0, our p(s) <
0, p(s)3 < q(s) < 0, our 0 < q(s) < −p(s), then the essential spectrum of the operator

H̃2 consists only one segment σess.(H̃2) = [0; 12p(s)] our σess.(H̃2) = [12p(s); 0] and
for number N has the relation: 0 ≤ N ≤ 32.

Òåîðåìà 2. If ν = 3 and p(s) > 0,− 2p(s)
b < q(s) ≤ −p(s), our p(s) < 0, 2p(s)

b <

q(s) ≤ p(s)
3 , our p(s) > 0, p(s)3 < q(s) ≤ 2p(s)

b , our p(s) < 0,−p(s) < q(s) ≤ −2p(s)
b ,

then the essential spectrum of the operator H̃2 consists of uni�cation of two segments:
σess.(H̃2) = [0; 12p(s)]

⋃
[z1; 6p(s)+z1] our σess.(H̃2) = [12p(s); 0]

⋃
[z1; 6p(s)+z1] and

for number N has the relation: 1 ≤ N ≤ 33.
Òåîðåìà 3. If ν = 3 and p(s) > 0,−p(s)a ≤ q(s) < − 2p(s)

b , or p(s) < 0, p(s)a <

q(s) ≤ 2p(s)
b , our p(s) > 0, 2p(s)

b ≤ q(s) < p(s)
a , our p(s) < 0,− 2p(s)

b ≤ q(s) < p(s)
a , then

the essential spectrum of the operator H̃2 consists of uni�cation of three segments:
σess.(H̃2) = [0; 12p(s)]

⋃
[z1; 6p(s) + z1]

⋃
[z2; 6p(s) + z2] and for number N has the

relation: 3 ≤ N ≤ 35.
Òåîðåìà 4. If ν = 3 and p(s) > 0,−p(s)a ≤ q(s), or p(s) < 0, p(s)a ≤ q(s), our

p(s) > 0, p(s)a ≤ q(s), our p(s) < 0,−p(s)a ≤ q(s), then the essential spectrum of the op-

erator H̃2 consists 0f uni�cation of four segments:σess.(H̃2) = [0; 12p(s)]
⋃

[z1; 6p(s)+
z1]
⋃

[z2; 6p(s) + z2]
⋃

[z3; 6p(s) + z3] and for number N has the relation: 6 ≤ N ≤ 38.
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ON A CERTAIN CLASS OF KERNEL OPERATORS WITH
VARIABLE LIMITS OF INTEGRATION

Ushakova E. P.
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Let Lp be the Lebesgue space of all measurable functions on [0,∞) such that(∫∞
0
|f(x)|pdx

)1/p
<∞. Let w, v ∈ Lloc[0,∞) be non-negative weight functions.

We study Lp − Lq boundedness and compactness of an integral operator

Kf(x) := w(x)
∫ b(x)

a(x)

k(x, y)f(y)v(y)dy (1)

with di�erentiable and strictly increasing on (0,∞) border functions a, b such that
a(0) = b(0) = 0, a(x) < b(x) for 0 < x < ∞ and a(∞) = b(∞) = ∞. A continuous
kernel k(x, y) > 0 on x > 0, a(x) < y < b(x) in (1) is from Oinarov's type class Ob
or/and Oa : there exists a constant D ≥ 1 independent on x, y, z such that

D−1k(x, y) ≤ k(x, b(z)) + k(z, y) ≤ Dk(x, y), z ≤ x, a(x) ≤ y ≤ b(z), (Ob)

D−1k(x, y) ≤ k(x, a(z)) + k(z, y) ≤ Dk(x, y), x ≤ z, a(z) ≤ y ≤ b(x). (Oa)
Let σ(x), ρ(y) on [0,∞] be fairway-functions such that σ(0) = ρ(0) = 0 and

σ(∞) = ρ(∞) = ∞. We suppose a(x) < σ(x) < b(x) and
σ(x)∫
a(x)

[k(x, y)v(y)]p
′
dy =

b(x)∫
σ(x)

[k(x, y)v(y)]p
′
dy for x > 0. For y > 0 we assume b−1(y) < ρ(y) < a−1(y) and

ρ(y)∫
b−1(y)

[k(x, y)w(x)]qdx =
a−1(y)∫
ρ(y)

[k(x, y)w(x)]qdx.

Denote p′ := p/(p−1), q′ := q/(q−1), Θ(t) := [b−1(t), a−1(t)], ϑ−(t) := [a(ρ(t)), t],
ϑ+(t) := [t, b(ρ(t))], δ−(t) := [b−1(σ(t)), t], δ+(t) := [t, a−1(σ(t))], ∆(t) := [a(t), b(t)],

B±ρ :=

∫ ∞

0

[∫
Θ(t)

[k(x, t)w(x)]qdx

]r/q [∫
ϑ±(t)

vp
′
(y)dy

]r/q′
vp

′
(t)dt

1/r

,

B±σ :=

∫ ∞

0

[∫
δ±(t)

wq(x)dx

]r/p [∫
∆(t)

[k(t, y)v(y)]p
′
dy

]r/p′
wq(t)dt

1/r

,

Bρ := B−ρ + B+
ρ , Bσ := B−σ + B+

σ .

Theorem 1. Let 1 < q < p < ∞ and let the functions ρ(y), σ(x) be strictly
increasing fairways on [0,∞]. (i) If k(x, y) ∈ Ob then

β1(p, q)
[
B−ρ + B+

σ

]
≤ ‖K‖Lp→Lq

≤ β2(p, q) [Bρ + Bσ] .

(ii) If k(x, y) ∈ Oa then β3(p, q)
[
B+
ρ + B−σ

]
≤ ‖K‖Lp→Lq

≤ β4(p, q) [Bρ + Bσ] .
(iii) K : Lp → Lq is compact if Bρ,Bσ < ∞ and if K : Lp → Lq is compact then

B−ρ ,B+
σ <∞ for k(x, y) ∈ Ob and B+

ρ ,B−σ <∞ for k(x, y) ∈ Oa.
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Let Sg,b,n be an oriented surface of the genus g with b boundary components and a
set Qn of n �xed points. Consider a homeomorphism f of Sg,b,n which maps k points,
k ≤ n, from Qn: {i1, . . . , ik} to k points {j1, . . . , jk} also from Qn. Denote the set of
isotopy classes of such maps by IMg,b,n. Composition de�nes a structure of monoid
on IMg,b,n. The classical mapping class group Mg,b,n is embedded in IMg,b,n and
the properties of mapping class monoids are close to the properties of mapping class
groups [1, 2].
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