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RECONSTRUCTION OF CAPS FOR CENTERED FUNCTION
A. Yu. Vasil’eva

We consider the space E" = {0;1}" with the Hamming metric p, where p(x,y) =
> o lzi — yil. Denote by wit(x) = p(x,0) the Hamming weight of x. A partial ordering
of E™ is defined as usual: x <y if z; < y; forany i =0,1,... n.

We study centered functions as a generalization of perfect binary codes with distance 3.
A function f : E™ — R is said to be centered 2] if a sum of its values on every ball
of radius 1 is equal to 0. It is known [1, 2|, that the values of a 0O-centered function at
the vertices of weight (n + 1)/2 uniquely determine all values of this function. Moreover
[3, 4], given all values of such a function at the vertices of weight i, 0 < i < (n —1)/2,
all values of this function at the vertices of weight less than ¢ and more than n — i are
uniquely determined.

If wt(x) = ¢ < h, then put U"(x) = {y € E" | x <y, wit(y) = h} and call the
set U"(x) an (i, h)-cap with respect to x. We also say that a sum > yeun(x f(¥) is an
(i, h)-cap of the function f with respect to the verter x. Our main result is the following:

Theorem. Let f: E™ — R be a 0-centered function and 0 < i < k, h < n. Then all
(i, h)-caps of the function f are uniquely determined by all (i, k)-caps of this function.

The corresponding reconstruction formula is obtained.

Corollary 1. Let f : E® — R be a 0-centered function and 0 < i < h < n. Given
all values of f at the vertices of weight ¢, all (¢, h)-caps of f are uniquely determined.

Corollary 2. Let f : E™ — R be a 0-centered function and 0 < i < h < n. Given
all (i,h)-caps of f at the vertices of weight ¢, all values of f at the vertices of weight i
and less than i are uniquely determined.

The author is grateful to S.V. Avgustinovich for statement of the problem and constant
attention to this work.
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CODING THEORY OVER POSET METRICS
Hyun Kwang Kim

Let I, be the finite field with ¢ elements and Iy be the vector space of n-tuples
of Fy. Coding theory may be viewed as the study of Fy when Fy is endowed with the
Hamming metric. Let P be a poset on [n] = {1,2,--- ,n}. Brualdi et al.(|2]) defined a
new non Hamming metric on )’ which is associated to P. This metric is called the P-
metric or simply the poset metric. In this talk we survey recent results on codes over poset
metrics. We first review basic facts on poset metrics. Next we discuss some results on the
classification of perfect codes over crown poset metrics([1],[9]), the classification of posets
admitting a given code to be a perfect code([5]), the automorphism groups of certain poset
metric spaces([3],[10]), generalizations of MacWilliams identity on poset codes(|4],6],[7]),
and association schemes arising from poset metrics(|8]).

This research was supported by Com?MaC-KOSEF and BK-21 research fund.
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ON THE NUMBER OF 1-PERFECT BINARY CODES. A LOWER BOUND

D.S. Krotov and S. V. Avgustinovich

Let F™ (F2, F7,) be the set of binary n-words (with even or odd number of ones, re-
spectively) with the Hamming distance d and mod 2 coordinate-wise addition. If S C F™
then Aut(S) is the group of isometries g of F" such that g(S) = S, and the neighborhood
of S is the set Q(S) i Uzes 2(Z), where Q(7) i {y € F"|d(y,z) = 1}. For a collection
S = {51, ..., S} of subsets of F, by Aut(S) denote the group of isometries g of F'™ such
that for each S € S the set g(5) is also in S.

An extended 1-perfect code is a set C C F such that the neighborhoods of the words
of C' are pairwise disjoint and Q(C) = 7. It follows that |C] = |F/y|/n = 2778271 and
n is a power of 2. We assume n = 2™ > 16. A unique (up to equivalence) linear extended
1-perfect code H (the Hamming code) can be represented by the following inductive
formulas

Ay Ly Ay, HEL A (1)
where VtZ {(9,9,0,..,0) € F*|5 € F2"'}.
If in (1) for some 7 we replace A*~! by the set with the same neighborhood, then Q(A?)
and, consequently, Q(H) do not change. Let A" g Aut(Q(A")). Then the set C' represented

by the following formulas is an extended 1-perfect code.

df df _ df  eme
Aqla ..... Pl — Vlv Af«tﬂ ..... Fm U T+ Grpy 1(At ,}.,Fm,l))7 OZQ(A 1)7 (2>
TtGVt
where gz, 7., .At - in particular, g € A™!. Let B* = 4 Aut({Q(r + Al 1)}T€Vt) t =
2,...,m—1, and B' L Aut t(AY). For each t = 1,...,m — 1 we fix a set D! of representatives
of cosets from A’/B*. It can be shown by induction that the restrictions
gft ..... Tm—1 Dt ! (3)
do not reduce the set of codes that can be represented by (2). Almost all (n — o0) codes
represented by (2,3) have a unique representation (2,3), and their number is not less than

(4)
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K(n) = D™ H (|Dt|\‘/+1\ — DY - |Vt+1|) +

t=1

AWVl

There is a one-to-one correspondence (deleting the last symbol) between extended 1-
perfect codes and 1-perfect codes. So, for the number B(n — 1) of 1-perfect binary codes
of length n — 1 we get the lower bound B(n — 1) > K(n). All previous lower bounds are
restricted by two multipliers (¢ = 1,2) of (4).

Hypothesis. The lower bound B(n — 1) > K(n) is asymptotically tight.
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O TPAH3UTUBHBIX COBEPIINEHHBIX KOJIAX JIJIMHBI 15
C. A. Majirorun

Y110 HEeJTMHEHHBIX COBEPIIEHHBIX JBOMYHBIX KOJOB JIIMHBI 1 = 2F — 1 (k > 4) omue-

n
- 2§+0(”)
HHUBaECTCA CHHU3Y BCJINYINHOU 2

. o macrosiero BpeMeHn 3ajlada MepPeInucjgenus u
KJIaccupuKany He perneHa jgaxke /il KOJ0B MUHUMAaJIbHOI JTMHBL 1 = 15. B mocieanee
BpeMsi MHTEpeC K ITOH 3ajiade BO3POC B CBA3U C BO3MOYKHOCTBIO IMPUMEHEHUS KOMITHIO-
repos [1-3]. B [4] mama kiaccudukarus Bcex KOJIOB JUIMHBL 15, KOTOpBIE CTPOSTCSA W3
KoJta XeMMUHIa, CJIBUTAMHU HEIePeceKaomnxcsad KOMIIOHEHT. Tak KakK KOJIOB OY€Hb MHOTO,
TO UMEET CMBIC/I IIePeduc/IsiTh TOJIHKO HESKBHBAJIEHTHBIE APYT JApyry Komabl. Harmpumep,
YICJI0 BCEX HEIKBUBAJIECHTHBIX KOJOB Bacmibesa pasro 19 [1], /yrst KOgoB, OCTPOEHHBIX
B [2] u [3], 91 uncaa paBubl coorBercTBeHHO 963 M T77. YHCIO HEIKBUBATIEHTHBIX KOJIOB,
nocrpoennbix B [4] paBro 370. Kpome 3T0ro MOKHO paccMaTpuBaTh TOJBKO ClEIUATIbHbIE
ITOJIKJIACCHI KOJIOB, KOTOPbIE B KAKOM TO CMBbIC/Ie OJIM3KH K JUHEHHBIM KogaMm. Ceiidac 1mo-
SIBJISIETCST MHTEpeC K TpaH3uTuBHbIM KojaM [5|. Kox C' HasbiBaeTcst TpAH3UTUBHBIM, €CJIU
rpymma aBromopdusmo Aut(C') meiicTByer TpaH3UTUBHO Ha sjeMentax koga C. Cpemn
KOJIOB, IOCTPOEHHBIX B |4], HaiigeHb! Bce TpansuTuBHbE. OKA3aI0Ch, UTO CYIIECTBYET BCE-
ro 5 HEeIKBUBAJEHTHBIX TPAH3UTUBHBIX KOJOB BacuibeBa (BKIIIOYas OJMH JIMHEHHBIH KOJT
panra 11 u 4 koma panra 12), 9 kojos panra 13 u 2 koma panra 14. Ux pasbuenus nHa
IPYIIIBI U3 PACHINPEHHO SKBUBAJEHTHBIX KOJOB COOTBETCTBEHHO HUMEIOT Bu 2-+1-+1+1,
3+2+2+1+1 u 141. He cymecTByer TpaH3UTUBHLIX KOJOB panra 15. Pazmepnoctu suep
Tpex KoJ10B BacuiibeBa paBHbI 9 1y 0JHOTO KO/Ia PA3MEPHOCTD siJipa paBHa 7. ¥ BCeX KOJIOB
panra 13 pasmepnocTu sijep paBHbI 8. PazmepnocTn sjaep JByX KOJIOB paHra 14 paBHBI
cooTBeTcTBeHHO 8 U 5. Haifijilenbl Tak»Ke rpyIiibl aBTOMOP(MU3MOB BCEX MEPEUTUCTICHHBIX
KO/IOB.

Pa6ora nomaepxkana rpanrom PODU (nmpoext 02-01-00939) u mporpaMMoiil moIepKK
Beynux HaydHbIX 1KoJ (mpoekt HITT-313.2003.1).
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ON PERFECT COLORINGS OF
THE INFINITE RECTANGULAR GRID

S. A. Puzynina

Let M = (m;)i;—; be an arbitrary nonnegative integer matrix and A = {ay, ..., a,}
be a set of colors. A coloring of vertices of a graph G into colors from A is called perfect
with matrix M if the number of vertices of a color a; incident to a vertex of a color q;
does not depend on the vertex and equals to m;;.

A coloring of a graph G can be considered as a function

¢ V(G) — A.

We consider perfect colorings of the graph G(Z?) that is an infinite rectangular grid.
This graph is regular of degree 4. Each vertex of graph G(Z?) corresponds to a pair of
integers, two vertices are adjacent if their pairs differ in one coordinate by unit, and the
other coordinate is the same.

We say that a matrix M is possible, if a perfect coloring of G(Z?) with matrix M
exists.

A perfect coloring ¢ of G(Z?) is (p, q)-periodic if ¢(x + p,y + q) = (x,y) for any
integers x, y. A perfect coloring that is (p, p)- and (g, —q)-periodic is called periodic. The
existence of a periodic perfect coloring for any possible matrix is proved [1].

The main result is the following

Theorem 1 FEvery possible matriz of perfect colorings into three colors is equivalent to

one of the following 21 matrices:
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We also found that 5 of these matrices correspond to uncountably many perfect col-
orings, others correspond to finite set of colorings. Earlier a similar problem was solved
for two colors [2].
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O PABBUEHNMAX ¢-N9HBIX KOJOB XEMMIHI'A HA HEIIEPECEKAIOIINECS
KOMIIOHEHTHI

A. M. Pomanos

Haiiienb! HOBBIE pa3sOneHns: -MIHBIX KOJO0B XeMMUHTa Ha HEIIEPECEKAIOMINecs KOMIIO-
HEHTBI, KOTOPBIE MO3BOJISIIOT C/IBUTAMHU KOMIIOHEHT ITOJIy9aTh HOBBIE HEJIMHEHHBIE COBEp-
IIIEHHBIE (-MYIHBIE KOIbI.

B n-mepnom Bekropnom mpocrpanctse F' nan nonem lamya GF (q) paccmarpuBaeT-
¢l @-U9HBbINA Koj XeMMmuHra Hj JAJUHBI n, e n = qqk_—_ll, k > 2, ¢ — 1upocToe Yucjo
WIK CTeNeHb pocToro 4ncia. [lyers R; — MOAIPOCTPAHCTBO, MOPOXKICHHOE BCEMU BEK-
TopaMu Beca 3 Kojia Hj, ¢ HeHy/1eBoit i-it KoopauHaToii. BceBo3MOXKHBIE CMEXKHbBIE KJIACChI
R; +u (u € Hy) upeacraBiagior coboii COBOKYITHOCTb BCEX 1-KOMNOHEHIM (-UIHOTO KOJIa
Xemmunra Hy,.

[Iycts A € GF(q), A # 0, u € Hy, e; — 6a3ucHblii BEKTOP, B KOTOPOM i-51 KOOD/IIHATA,
pasna 1. Torga npu k > 4 muoxecrso Hy, = (Hg \ (R; +u)) U (R; + u + \e;) aBisercs
HEJTMHERHBIM COBEPIIEHHBIM ¢-HIHBIM KOJIOM JUIMHBL n. [oBOPAT, UT0 KO Hj mosytden u3
Kona Hj, caBurom KoOMIIOHEHTHI R; + u.

Teopema. /[aa ar06020 k > 3 u a0b020 p marozo, wmo 0 < p < k — 3, cywecmsyem
pasbuenue q-uunozo koda Xemmunza Hy na ig-komnonenmu (1 < s < ¢P), 6 xomopom
NpU KAAHCAOM S YUCAO 13-KOMNOHEHM PAGHO q%_k_p 1

[Ipemioxkentble pa3bueHnst sIBJISIIOTCS 00001eHIeM KOHCTPYKImil u3 [1, 2].
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ON TRANSITIVE CODES

F. I. Solov’eva

Transitive objects play an important role in coding theory, combinatorics, graph the-
ory and group theory. Applying some well-known constructions (Vasil’ev’s, Plotkin’s and
Mollard’s) to known binary transitive codes of some lengths, see [1-3], it is possible to
get infinite classes of transitive binary codes of greater lengths. Let E™ be the set of all
binary vectors of length n. It is well known that every isometry of E™ is defined by a
permutation 7 on the n coordinate positions and by adding a vector v € E", i.e., for the
automorphism group of E™ it is true that Aut(E™) = S, KE" = {(m,v) | 7 € S,,v € E"},
where K denotes a semidirect product. The automorphism group Aut(C') of any code C
of length n consists of all the isometries of E™ that transform the code into itself, i.e.,
Aut(C) = {(m,v) | 7(C) + v = C}. The set Sym(C) = {r € S, | 7(C) = C} is called the
group of symmetries of the code C. A code C is said to be transitive if for every codeword
v € C there exists a permutation 7, € S, such that (m,,v) €Aut(C) and 7, may not
belong to the set Sym(C).

Theorem 1. Let C'y and Cy be arbitrary binary transitive codes of length n with code
distance dy and dy respectively, such that for every automorphism (m,,y) €Aut(Cy) it
holds m, €Sym(C1). Then the Plotkin code C** = {(z,x+vy) : x € C1,y € Cs} is a binary
transitive code of length 2n, size |C1| x |Cy| and code distance d =min{2d;, ds}.

Let C" and C™ be two perfect binary codes of length r and m respectively, where r =

2F —1,m=2P — 1. Let 2 = (Z11, T12, - -+ s T1mns T21s - -+ s Loy -+ o s Tpls - - - Tpn) € E™™. The
generalized parity functions p;(z) and py(x) are defined by pi(x) = (01,09,...,0,) € E",
pa(x) = (07,0%,...,0,,) € B, where 0; = 77" x5 and 0 = 3| xy5.

Theorem 2. Let C" and C™ be arbitrary perfect binary transitive codes of length r
and m respectively. Then the Mollard code C™ = {(z,y + p1(x),z + p2(x)) : x € E™,y €
C",z € C™} is a perfect binary transitive code of length n = rm +r + m.

It is easy to see that an extended code obtained by adding an overall parity check to
a transitive code is transitive. Using Theorem 2, we get transitive Vasil’ev codes in the
case v = 1. The dimension of the subspace spanned by a code C' is called the rank of the
code C. The kernel of a code C' is the set of all codewords x € C such that x + C = C.
Ranks and kernels of all these transitive codes can be easily found from ranks and kernels
of starting transitive codes and used to obtain new transitive codes.
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THE NECESSARY AND SUFFICIENT CONDITION FOR
A BINARY CODE TO BE A Z,-LINEAR PREPARATA CODE

N. N. Tokareva

Codes with a group structure are the most important codes in the coding theory. The
family of Z,-linear codes have such property among extended binary Preparata codes (i.e.,
codes of length 4™, cardinality 2" ~%™ with code distance 6). The first Z,-linear Preparata
code for every admissible length was discovered in [2], the reach class of such codes was
constructed in [1]. It is an open problem to classify all such codes.

Let us consider the metric spaces Z2" and Z) with the Hamming and the Lee metrics
respectively. The Gray map ¢ : Zy — Z3 is defined as follows: ¢(0) = 00, ¢(1) = 01,
#(2) = 11, ¢(3) = 10 and can be extended to the map Z¥ — Z2V in the natural way.
It is well-known that the Gray map is an isometry of the metric space ZI¥ onto Z2V, see
[2]. A binary code C' C Z2V is called Z4-linear if the code ¢~'(C) is a subgroup of the
additive group of the ring Z}.

Let n =221 —1 m = 2,3,... For vectors from Z3 we use the following notations: eg
is the all-zero vector, e; is the vector with one only in the ¢th coordinate, x *y is the vector
(11, - - ., Tpyy,) for any x,y from Z5. Let H be a binary Hamming code of length n, i.e.,
a code of cardinality 2"71°&2("+1) with code distance 3 that is a linear subspace of the
space Zj. Suppose A is a Boolean function such that A(y) = 0 if and only if wt(y) = 0, 3(
mod 4), where wt(y) is the Hamming weight of the vector y € ZJ. Let ¢ be a function
from H to the set {0,1,...,n}. With arbitrary vectors z,y from H we associate the
following vectors of length 2(n + 1):

x = (z, |z], z, |x]),

Yo = (o), AW) + leawls ¥ + o, 1Yl + AMy) + lepwD):

Theorem. A code P of length 2(n + 1) = 4™ is a Z,-linear extended Preparata code
if and only if it can be represented in the form P = {x+y,|x,y € H} for some function
@ satisfying the following conditions:

L. it is true that p(eg) = 0;

2. for all uw and v from H the vector u v + €y(u) + €p(v) T+ Ep(utv) belongs to H;

3. for any uw =e; + e; + e, € H it should be p(u) ¢ {0,1,7,k};

4. for any uw = e; +e;+ex and v = e;+ e, + e from H it is true that p(u+v) ¢ {0,:}.
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