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Abelian function

An Abelian function is a meromorphic function in C&
with a lattice of periods ' C C8 of rank 2g.

We say that an Abelian function is a meromorphic function
on the complex torus T& = C8/T.

Denote the coordinates in C& by u = (uy, u3, Us, . .., Uxg—1).

If f(u) is Abelian, then -2 f(u) is Abelian for the same periods.
uy
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Hyperelliptic functions

We consider the model for a plane hyperelliptic curve of genus g

Vi ={(x,y) € C*:
y? = x2t L\ x?8 p Aex?8 2 4+ AagX + Magyo}.

Denote by B C C?& the subspace of parameters 4
such that V) is non-singular for A € B. LC“”/F
B

A hyperelliptic function of genus g is a smooth function defined
on an open dense subset of C& x B, such that for each A\ € B it’s
restriction on C& x )\ is Abelian with T& the Jacobian Jy of V.
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Genus 1

Plane elliptic curve of genus 1
Vr={(x,y) € C*: y* = x> + Xax + As}
)

Weierstrass form: y? =4x3 — gox — g3
B ={(g2,83) € C*: g5 # 27g}}
U I is generated by (w1,ws),
lc/r 8 =60 (2kwy + 2muw,) ™%,
B g3 =140 (2kwi + 2muws)°.
1 1 1
o(u: 2,83) = B <(u — 2kwy —2mun)?  (2kwi + 2mw2)2> |

(k,m)#(0,0)
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Genus 1

F. G. Frobenius, L. Stickelberger, Uber die Differentiation der
elliptischen Functionen nach den Perioden und Invarianten, J.
Reine Angew. Math., 92 (1882), 311-337.

Lo = Lo — udy, L1 =0y,
Lo =Ly — ((u; —4Xa, —4X6)0,.
Here p(u; g2, g3) and ((u; g2, g3) are Weierstrass functions,
and the fields L, on B are
Lo=4Mdh, +6Xedss, L= 6Nedy, — 330
Lie algebra
[Lo, L1] = L1, [Lo, L2] = 2L,,
[L1, L2] = p(u; —4Ng, —8X6)L1.
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Problem of Differentiation of Hyperelliptic Functions

A hyperelliptic function of genus g is a smooth function defined
on an open dense subset of C& x B, such that for each A € B it’s
restriction on C& x \ is Abelian with T& the Jacobian Jy of V.

Denote the field of hyperelliptic functions by F.

o Find the generators of the F-module Der F

of derivations of the field F and their action on F.
@ Describe the structure of Lie algebra Der F

(i.e. find the commutation relations).

V. M. Buchstaber, D. V. Leikin, Solution of the Problem of
Differentiation of Abelian Functions over Parameters for
Families of (n,s)-Curves, Funct. Anal. Appl., 42:4, (2008).
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Genus 2

V. M. Buchstaber,
Polynomial dynamical systems and Korteweg—de Vries equation,
Proc. Steklov Inst. Math., 294 (2016), 176-200.

Set ;= % Ino(u; A), j = 1,3, where

o(u; A\) is the two-dimensional hyperelliptic sigma-function.
Lo = Lo — 10y, — 3u30,,, L1 =0y,
Lo = Lo+ (=G gats)Ouy — a0, o=,
Loy=La+(—G+ g)\6u3)8u1 — (G + Aau3)Ous,
L6 =L + §A8U38ul — (30,
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Polynomial bundle

U-=>ce
j’r lp L1 L3 ... Lrg1
BC c (C2g ﬁo £2 000 £4g—2
P11 P13 -0 P12g-1 gi+l
@ (U, )‘) = 921 923 ... 02281, Rij = _8i ) In U(U; >‘)
P31 P33 .- P3;2g-1 =l
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V. M. Buchstaber, V. Z. Enolskii, D. V. Leikin,
Kleinian functions, hyperelliptic Jacobians and applications,
Reviews in Mathematics and Math. Physics, 10:2, (1997).

For i,k € {1,3,...,2g — 1} we have the relations

©3;i =021, + 6p1.i42 — 200,3;i + 2A40; 1,
02:i02:k =4 (P201,i01:k T PLAPLI+2 + PLiPLK+2 T Pik42,i+2) —
— 2(p1,i0:3.k T O1kO;3,i + Pik,ita T i k+a) T
+ 204(0i101;k + Ok,1901:7) + 2N it k44(20j k + Ok i—2 + di k—2),
o1 o2

33, no(u; ),  @ijk 07,000

where p;.; = — Ino(u; A).
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Corollary

g(g+9)

Consider the map ¢ : U --» C~ 2| with coordinates (x,y, A),
@ - (U, )‘) = (Xa)/7 )‘) = (Xi,kayk,jv)‘s) = (@i;k(uv >‘)a @;k,j(u7 )‘)7)‘5)

g(g+9)

Set Xx4+1 = Xk,1- The image of p liesin SC C 2 :

x4 =655 + 4x13 + 24,
X3,k =6X2X1 k + 6X1 k42 — 2¥3 k»
x§ :4x23 +4xox13 + 4y33 — 4x15 + 4Aaxo + 4,
X3X k = (4x22 +2x13 + 2)\4) X1k + 4XoX1 k42 — 2X1 ktat
+4y3 k12 — 2¥5.k — 2X2y3.k + 2803 &,
Xo,ix0 K =& (XoX1 iX1 k + X1 kX1,i42 + X1,iX1 k42 F Vit2,i+2) —

— 2(x1,iy3.k + X1,kY3,i + Yk ita + Vikta)+
+ 2N it k+4(20; k + Ok i—2 + 0j k—2).
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.. g(e+9)
The projection m1: C™ 2

gives the isomorphism S ~ C38.

— C32 on the first 3g coordinates

Corollary

.. g(e+9)
The projection m3: C™ 2

gives a polynomial map p: C3 — C?8,

— C28 on the last 2g coordinates

(Cg(g2+9) (C3g y (Cg(ngl) % ng
/
U-2>8~Ck
3
!
B——(C?8
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Generators of the polynomial Lia algebra in C3&

U-*>css
jw lp £1 ,C3 ce Egg_l
BC C2g ;CO ;CZ e £4g72

Denote the ring of polynomials in A € C?8 by P.

Find 3g polynomial vector fields on C38 such that for any
P € P we have
Li(p*(P)) € p*P.
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Genus 1

The projection p takes the form
1

)\4 = §X4 — 3X22 5
1 1
A6 = ng — §X2X4 + 2x§’.
The vector fields are
Lo 2x> 3x3 4dxy 3%2
L1] = X3 X4 12x0x3 a%
Lo %X4 —2x3 3xox3 2xox4 + 3x3 6%4

The polynomial Lie algebra is
[Lo, L1] = L1, [Lo,L2] = 2L, [L1,L2] = xL1.
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Genus 2

In the formulas below we write y4 instead of xq 3, ys instead of
x23 and yg instead of x3 3 to shorten down the formulas.

The projection p takes the form

1
Ay = —3X22 + =xq — 2ya,

2
1
Ag = —§(X4}/4 — x3y5 + Xo¥6) + (4X22 + ya) ya,
1 1 1
A6 = 2X§ + 2 3? = §X2X4 — 2x0y4 + §y6,
1 1
Ao = 2xoy; + ZY52 — 546
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Genus 2: The polynomial Lie algebra

[»607 »Ck] = kﬁk, [‘Cla £2] =xL1 — £37 [‘Cla £3] =0,
(L1, L4] = yalys + x0L3, [L1,Le] = yaLs,

4 3 1
(L2, L3] = — <Y4 + 5>\4> Gy |, Ll = g)\sﬁl + <3X2)/4 = 2)/6> L3,

8 1 8 1
(L2, L4] = g)\csﬁo — 5)/551 — 5)‘452 + §X3£3 + 2L,
1 6
(L3, L4] = <3X2y4 — Y6t 5>\6) L1+ (ya — \a)L3,
4

1 1 4
[£2,L6] = g)\sﬁo — §(X3Y4 — xoy5)L1 + 5}/553 — 5A4E4,

1 1 1
(L4, L6] = —2A10L0 — 5 <X22)/5 —XX3Ys — SXa¥s 4 5%3Y6 == )/4)/5> L1+

6 1 6
+ g/\sﬁz + §(X3y4 — Xxoy5)L3 — g)\6£4 +2X\4Ls.
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Genus 3: projection p

In the formulas below we write y, 3 instead of xx 3
and z,4s5 instead of x 5.

C3e
1 2
)\4 = §X4 = 3X2 - 2)/4’ P
1, 1 1 %
X = 7X32 — —XoXx4 + 2X§’ — 2x2y4 + 5 Y6 — 22, ©
4 2 2
1 1
Ag = —E(X4y4 — X3¥5 + Xo¥6) + (435 + ya) ya — 2x226 + 2%
1> > 1 1 2
Ao = 2y + 2xeys — Sya¥s — 5(xaz6 — xs27 + xe2s) + 2264 + 4x3 26,
1
A2 = dxoyaze + 25 — 5(%26 — ¥521 + Yazg),

1 1
/\14 = Z 72+ 2X2Z62 — 52628.
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