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Abelian function

An Abelian function is a meromorphic function in Cg

with a lattice of periods Γ ⊂ Cg of rank 2g .

We say that an Abelian function is a meromorphic function

on the complex torus T g = Cg/Γ.

Denote the coordinates in Cg by u = (u1, u3, u5, . . . , u2g−1).

If f (u) is Abelian, then ∂
∂uk

f (u) is Abelian for the same periods.
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Hyperelliptic functions

We consider the model for a plane hyperelliptic curve of genus g

Vλ ={(x , y) ∈ C2 :

y2 = x2g+1 + λ4x
2g−1 + λ6x

2g−2 + . . .+ λ4gx + λ4g+2}.

Denote by B ⊂ C2g the subspace of parameters

such that Vλ is non-singular for λ ∈ B.

A hyperelliptic function of genus g is a smooth function de�ned

on an open dense subset of Cg ×B, such that for each λ ∈ B it's

restriction on Cg × λ is Abelian with T g the Jacobian Jλ of Vλ.

U
Cg/Γ
��
B

E. Yu. Bunkova

Di�erentiation of Hyperelliptic Functions: Genus 3 Case



Genus 1

Plane elliptic curve of genus 1

Vλ = {(x , y) ∈ C2 : y2 = x3 + λ4x + λ6}.
l

Weierstrass form: y2 = 4x3 − g2x − g3

B = {(g2, g3) ∈ C2g : g3
2 6= 27g2

3 }

U
C/Γ
��
B

Γ is generated by (ω1, ω2),

g2 = 60
∑

(2kω1 + 2mω2)−4,

g3 = 140
∑

(2kω1 + 2mω2)−6.

℘(u; g2, g3) =
1

u2
+

∑
(k,m)6=(0,0)

(
1

(u − 2kω1 − 2mω2)2
− 1

(2kω1 + 2mω2)2

)
.
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Genus 1

F. G. Frobenius, L. Stickelberger, �Uber die Di�erentiation der

elliptischen Functionen nach den Perioden und Invarianten, J.

Reine Angew. Math., 92 (1882), 311�337.

L0 = L0 − u∂u, L1 = ∂u,

L2 = L2 − ζ(u;−4λ4,−4λ6)∂u.

Here ℘(u; g2, g3) and ζ(u; g2, g3) are Weierstrass functions,

and the �elds Lk on B are

L0 = 4λ4∂λ4 + 6λ6∂λ6 , L2 = 6λ6∂λ4 −
4

3
λ2

4∂λ6 .

Lie algebra

[L0,L1] = L1, [L0,L2] = 2L2,

[L1,L2] = ℘(u;−4λ4,−4λ6)L1.

E. Yu. Bunkova

Di�erentiation of Hyperelliptic Functions: Genus 3 Case



Problem of Di�erentiation of Hyperelliptic Functions

A hyperelliptic function of genus g is a smooth function de�ned

on an open dense subset of Cg ×B, such that for each λ ∈ B it's

restriction on Cg × λ is Abelian with T g the Jacobian Jλ of Vλ.

Denote the �eld of hyperelliptic functions by F .

Find the generators of the F-module DerF
of derivations of the �eld F and their action on F .
Describe the structure of Lie algebra DerF
(i.e. �nd the commutation relations).

V. M. Buchstaber, D. V. Leikin, Solution of the Problem of

Di�erentiation of Abelian Functions over Parameters for

Families of (n, s)-Curves, Funct. Anal. Appl., 42:4, (2008).
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Genus 2

V. M. Buchstaber,

Polynomial dynamical systems and Korteweg�de Vries equation,

Proc. Steklov Inst. Math., 294 (2016), 176�200.

Set ζj = ∂
∂uj

lnσ(u;λ), j = 1, 3, where

σ(u;λ) is the two-dimensional hyperelliptic sigma-function.

L0 = L0 − u1∂u1 − 3u3∂u3 , L1 = ∂u1 ,

L2 = L2 + (−ζ1 +
4

5
λ4u3)∂u1 − u1∂u3 , L3 = ∂u3 ,

L4 = L4 + (−ζ3 +
6

5
λ6u3)∂u1 − (ζ1 + λ4u3)∂u3 ,

L6 = L6 +
3

5
λ8u3∂u1 − ζ3∂u3 .
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Polynomial bundle

U
π

��

ϕ // C3g

p
��

B �
� // C2g

L1 L3 . . . L2g−1

L0 L2 . . . L4g−2

ϕ : (u, λ) 7→

℘1;1 ℘1;3 . . . ℘1;2g−1

℘2;1 ℘2;3 . . . ℘2;2g−1

℘3;1 ℘3;3 . . . ℘3;2g−1

 , ℘i ;j = − ∂i+1

∂ iu1
∂uj

lnσ(u;λ).
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V. M. Buchstaber, V. Z. Enolskii, D. V. Leikin,

Kleinian functions, hyperelliptic Jacobians and applications,

Reviews in Mathematics and Math. Physics, 10:2, (1997).

For i , k ∈ {1, 3, . . . , 2g − 1} we have the relations

℘3;i =6℘2℘1;i + 6℘1;i+2 − 2℘0,3;i + 2λ4δi ,1,

℘2;i℘2;k =4 (℘2℘1;i℘1;k + ℘1;k℘1;i+2 + ℘1;i℘1;k+2 + ℘;k+2,i+2)−
− 2(℘1;i℘;3,k + ℘1;k℘;3,i + ℘;k,i+4 + ℘;i ,k+4)+

+ 2λ4(δi ,1℘1;k + δk,1℘1;i ) + 2λi+k+4(2δi ,k + δk,i−2 + δi ,k−2),

where ℘i ;j = − ∂ i+1

∂ iu1
∂uj

lnσ(u;λ), ℘i ;j ,k = − ∂ i+2

∂ iu1
∂uj∂uk

lnσ(u;λ).
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Corollary

Consider the map ϕ : U 99K C
g(g+9)

2 , with coordinates (x , y , λ),

ϕ : (u, λ) 7→ (x , y , λ) = (xi ,k , yk,j , λs) = (℘i ;k(u, λ), ℘;k,j(u, λ), λs).

Set xk+1 = xk,1. The image of ϕ lies in S ⊂ C
g(g+9)

2 :

x4 =6x2
2 + 4x1,3 + 2λ4,

x3,k =6x2x1,k + 6x1,k+2 − 2y3,k ,

x2
3 =4x3

2 + 4x2x1,3 + 4y3,3 − 4x1,5 + 4λ4x2 + 4λ6,

x3x2,k =
(
4x2

2 + 2x1,3 + 2λ4

)
x1,k + 4x2x1,k+2 − 2x1,k+4+

+ 4y3,k+2 − 2y5,k − 2x2y3,k + 2λ8δ3,k ,

x2,ix2,k =4 (x2x1,ix1,k + x1,kx1,i+2 + x1,ix1,k+2 + yk+2,i+2)−
− 2(x1,iy3,k + x1,ky3,i + yk,i+4 + yi ,k+4)+

+ 2λi+k+4(2δi ,k + δk,i−2 + δi ,k−2).
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Theorem

The projection π1 : C
g(g+9)

2 → C3g on the �rst 3g coordinates

gives the isomorphism S ' C3g .

Corollary

The projection π3 : C
g(g+9)

2 → C2g on the last 2g coordinates

gives a polynomial map p : C3g → C2g .

C
g(g+9)

2OO

?�

C3g × C
g(g−1)

2 × C2g

π1vv

π3

yy

U
π

��

ϕ // S ' C3g

p
��

B �
� // C2g
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Generators of the polynomial Lia algebra in C3g

U
π

��

ϕ // C3g

p
��

B �
� // C2g

L1 L3 . . . L2g−1

L0 L2 . . . L4g−2

Denote the ring of polynomials in λ ∈ C2g by P.

Find 3g polynomial vector �elds on C3g such that for any

P ∈ P we have

Lk(p∗(P)) ∈ p∗P.
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Genus 1

The projection p takes the form

λ4 =
1

2
x4 − 3x2

2 ,

λ6 =
1

4
x2

3 −
1

2
x2x4 + 2x3

2 .

The vector �elds areL0

L1

L2

 =

 2x2 3x3 4x4

x3 x4 12x2x3
2
3x4 − 2x2

2 3x2x3 2x2x4 + 3x2
3


 ∂
∂x2
∂
∂x3
∂
∂x4


The polynomial Lie algebra is

[L0,L1] = L1, [L0,L2] = 2L2, [L1,L2] = x2L1.
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Genus 2

In the formulas below we write y4 instead of x1,3, y5 instead of

x2,3 and y6 instead of x3,3 to shorten down the formulas.

The projection p takes the form

λ4 = −3x2
2 +

1

2
x4 − 2y4,

λ8 = −1

2
(x4y4 − x3y5 + x2y6) +

(
4x2

2 + y4

)
y4,

λ6 = 2x3
2 +

1

4
x2

3 −
1

2
x2x4 − 2x2y4 +

1

2
y6,

λ10 = 2x2y
2
4 +

1

4
y2

5 −
1

2
y4y6.
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Genus 2: The polynomial Lie algebra

[L0,Lk ] = kLk , [L1,L2] = x2L1 − L3, [L1,L3] = 0,

[L1,L4] = y4L1 + x2L3, [L1,L6] = y4L3,

[L2,L3] = −
(
y4 +

4

5
λ4

)
L1, [L3,L6] =

3

5
λ8L1 +

(
3x2y4 −

1

2
y6

)
L3,

[L2,L4] =
8

5
λ6L0 −

1

2
y5L1 −

8

5
λ4L2 +

1

2
x3L3 + 2L6,

[L3,L4] =

(
3x2y4 −

1

2
y6 +

6

5
λ6

)
L1 + (y4 − λ4)L3,

[L2,L6] =
4

5
λ8L0 −

1

2
(x3y4 − x2y5)L1 +

1

2
y5L3 −

4

5
λ4L4,

[L4,L6] = −2λ10L0 −
1

2

(
x2

2y5 − x2x3y4 −
1

2
x4y5 +

1

2
x3y6 + y4y5

)
L1+

+
6

5
λ8L2 +

1

2
(x3y4 − x2y5)L3 −

6

5
λ6L4 + 2λ4L6.
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Genus 3: projection p

In the formulas below we write yk+3 instead of xk,3
and zk+5 instead of xk,5.

λ4 =
1

2
x4 − 3x2

2 − 2y4,

λ6 =
1

4
x2

3 −
1

2
x2x4 + 2x3

2 − 2x2y4 +
1

2
y6 − 2z6,

λ8 = −1

2
(x4y4 − x3y5 + x2y6) +

(
4x2

2 + y4

)
y4 − 2x2z6 +

1

2
z8,

λ10 =
1

4
y2

5 + 2x2y
2
4 −

1

2
y4y6 −

1

2
(x4z6 − x3z7 + x2z8) + 2z6y4 + 4x2

2 z6,

λ12 = 4x2y4z6 + z2
6 −

1

2
(y6z6 − y5z7 + y4z8),

λ14 =
1

4
z2

7 + 2x2z
2
6 −

1

2
z6z8.

C3g

p
��

C2g
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Thank you!
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